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Paper: Pure Mathematics (120 marks)

1 (11 marks) Edexcel | AQA | OCR A | OCR MEI
(a) Key idea: powers of 2 and 3 can never be equal, by parity.

Suppose log, 3 = p/q with p, q positive integers (it is positive as 3 > 1). M1
Then 3 = 279, 50 39 = 2P, M1
LHSis odd but RHS iseven (p = 1), acontradiction, so log, 3isirrational. E1
Answer: Proof. 3 marks
(b) Key idea: the expressions under the roots are perfect squares.

X=t?+1,0x+2/x — L=t +2t+1=(t+1)>° M1
andx —2x —1=t?—2t+1=(t— 1> M1
Sincet = 0 and the root is non-negative: y(t+1)> =t + 1 and y/(t—1)® = |t — 1| (not t — 1). Al
Sof(x)=1+t+|t— 1]

Answer: Shown. 3 marks
Olft=Lf=1+t+1—t=2foreverysucht. M1
Ift>1:f=2t>2 nosolution. Sothe solutionsetis0=t=<1,iels=x=<2 Al
Answer:1=sx=2 2 marks
dCaset=1(1=sx=2):f=2,s0x=2,andx =2doessatisfyt=1 < 1. M1 A1
Caset> 1 f=2t,502(x — 1 =x, giving 4(x — 1) =x% (x — 2)>=0,x = 2, but then t = 1, not > B1
1: rejected.

So the only solutionisx = 2.

Answer: x =2 only 3 marks

2 (10 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
(a) Key idea: the substitution x — 1 — 1/x has order 3, so three equations close up.

1 Xx—=1 1 1 1
Letyzl—yz( - ).Thenl—y:m:z,andl—gzx. M1 Al
fX)+fy)=1+xf(y)+f@=1+y,f@ +fxX)=1+z M1
(first) — (second) + (third): 2f(x) =1+ Xx —y + z. M1
1 1 1 1 1 1
f(X):§(1+X—1+Y+m):§(X+;—m). Al
Answer: f(x) = %(x +Ux = 1Ux—=1)) 5 marks
2 _ _ _ 3 _ 2 _
(b) Common denominator: x +% " i 7= X i)(;ixl) D-x_ XX(XX_ ) 1, sof= M1
x2—x2—-1
2X(x—1) -
8—4—-1_3 1,1 9 3.9
f(2):T:Z;f(1/2):§(7+2+2)zz,andz+z:3:1+2(notel— 1/2:1/2) Al
Answer: Shown; f(2) = 3/4, f(1/2) = 9/4 2 marks
(c) Usef = %(x + 1/x — 1/(x — 1)) (partia fractions aready done). M1
2
[P rdc=2[% +Inx—Inx - 11,% M1
1,9 3 5 1,3
=5(5 —2+In5 =In2)=7+5Inz. Al
Answer: 5/4 + (1/2) In(3/4) 3 marks
3 (13 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
(a) Key idea: integrate a binomia expansion term by term.
_ n+l
Direct: 1:1 (l—x)”dx:[—(ln:(i ]Olznil. M1
Expansion: (1 — x)" = C(nk)(—x), so theintegral is >, (—1)kC(n,k)lel. M1 A1
k=0 k=0
Answer: Shown. 3 marks
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(b) Integrate x(1 — x)" on [0, 1]; expansion gives gé (—D)*C(nk) £1 X< dx = 26 (—1)k(|:((2’|;). M1 Al
. 1 1 1
Substltuteuzl—x:£ (1—u)u“du:n+1—m. M1
_ 1
GERGERE Al
Answer: Shown. 4 marks
(c) Key idea: the same method with x*(1 — x)", which now needs (1 — u)? after substituting u = 1
- X.
. N . o, N . . « C(nK)
Expanding (1 — x)" and integrating x*(1 — x)" over [0, 1] gives > (—1) K3 M1
k=0

. _ . . ong _ 1 2 1
Withu =1 — x the integral |s£ 1—-uwu"du= nx1 " ni2 thara M1
_(n+2(n+3)—2(n+3)+2 _ n+3n+2 _ 2
ST D+ 2(n+3) (W Dn+M+3  (FrDn+2n+3) Al
Answer: Shown. 3 marks

: — 1 11 1 11

(d) Partial fractions: KiDK+D)K+3) —2Kk+1  K+2 t 513 M1

. ) 11 1 1
Using (&), (b), (©): UM = 3157 ~ e D+ 2 T i+ D+ +3) M1
_n+2(n+3)—2(n+3)+2 _ 1
=T 2n+D(n+2)(n+3) _ 2n+3) Al
Answer: 1/(2(n + 3)) 3 marks

4 (11 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
_ _ tan20+tan O

(@) tan39—tan(29+9)——1_tan29tane. M1

. 3 _ 2+t -t _ 3t—t3 : _1—t2— 2t
With tan 26 = 1 _ @ humerator = — =5 = T, denominator = T M1 Al
Cancelling 1 — t? gives the result.
Answer: Shown. 3 marks
(b) Key idea: three distinct angles give three distinct roots of one cubic.
3t—t3=v3(1—3t%),iet®—3/3t? - 3t+V3=0. M1 A1
tan 30 = V3 for 6 = 20°, 80°, 140° (30 = 60°, 240°, 420°), and tan 140° = —tan 40°, so the roots B1
are tan 20°, tan 80°, —tan 40°, distinct.
Comparing coefficients with (t — a)(t — b)(t — ¢): a+b+c=3V3,ab+bc+ca=—3and abc = M1
—V3.
Sum of squares = (3v3)? — 2(—3) = 33 (squares of tan 40° and —tan 40° agree). Al
Answer: 33 5 marks
(c) Key idea: a* + b* + ¢* = (a2 + b? + ¢?)? — 2(a’b? + b’c? + ¢?a?), and the last bracket is (ab +
bc + ca)? — 2abc(a+ b + ¢).
a’b? + bc? + c%a® = (—3)? — 2(—V3)(3V3) =9+ 18 =27. M1 AL
Fourth powers (even powers ignore the sign of ¢): 33° — 2 x 27 = 1089 — 54 = 1035. Al
Answer: 1035 3 marks

5 (12 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
, 1—-Inx

@ f'(x) = 2 M1
ff=0onlyatx=¢f>0forO<x<eandf <Oforx>e Al
So amaximum at x = e and f strictly decreasing for x > e (and increasing on (0, €)). Al
Answer: Shown. 3 marks
(b) 11 > e o () <f(8), i.e. "ot < <. M1
Henceelnm <1, so i€ < e Al
Answer: Shown. 2 marks

(c) Key idea: @ = b® means f(a) = f(b), and f takes each value at most once on each side of e.
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Taking logs: b Ina=alnb, so f(a) = f(b). M1
f(1) = 0<f(x) forx > 1, soa= 1. Sincef is strictly monotonic on (0, €] and on [e, «), equa M1 Al
valueswitha< b forcea< e<b; asaisan integer, a= 2.

f(2) = InTZ = InT4 =1f(4) and f is strictly decreasing for x > e, so b = 4 uniquely. Al
Answer: a=2,b=4 4 marks
(d) n'" = €™ so we maximise f(n). M1
f(2):m72:mT8<mT9:f(3),since8<9. M1
f(3) > f(n) for al n = 4 asf is strictly decreasing for x > e, and f(1) = 0. Son = 3. Al
Answer: n=3 3 marks

6 (10 marks) Edexcel | AQA | OCR A | OCR MEI | CIE

I _l—-tanu
(a) tan(z - U) “A¥tanu- M1
1+ 1—-tanu _ 2
l+tanu ~ 1l+tanu” Al
Answer: Shown. 2 marks
(b) Key idea: the substitution maps the integral to a copy of itself, so | appears on both sides.
dx = —du; limitsx=0—-u=n/4,x=1/4 > u=0. M1
/4 II
I = £ In(1 + tan(z — u)) du. Al
= [™ N2 -In@+tanu)] du=J In2—1. M1 AL
_ I _ I
SoZI—ZInZ,I—§In2. Al
Answer: Shown. 5 marks
(c) Key idea: sec?0/(1 + tan 0) is the derivative of In(1 + tan 0), so integrate by parts and the
integral from the start reappears.
=0, dv =30 49, v =In(L + tan 0): integral = [ 6 In(L + tan 8) 1;™ — [™ In(L + tan 6
u=0,dv=3re ,V=1In( an 0): integral =[ O In( an 0) |, £ n( an 0) M1 A1l
do.
_ o I _ o
—Zln2—§In2—§In2. Al
Answer: (11/8) In 2 3 marks
7 (12 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
@ Letgx)=x—In1l+x);g(Xx)=1— 1T1x = % negative for —1 < x < 0 and positive for x M1
> 0.
So g hasits only minimum at x = 0, where g(0) = 0, hence g(x) > O for every other x > —1. Al
Answer: Shown. 2 marks
(b) Key idea: put x = Uk and x = —=1/(k + 1) in (a).
x=Uk: In(1+ ) < 7, 0k In(1+ ) < 1, giving (1 + 1)* < e M1 AL
1 k 1 k+1 1 . 1 1k
X= = I <~ I > e (k+ ) In(l+ ) > 1and (L+ ) > e Al
Answer: Shown. 3 marks
(c) Key idea: the products telescope.
IT@a+ 1)k =11 ket _ o _ o (every j with 2 < j < n — 1 contributes j'~Y/j! = 1/j) M1 A1
K) = KK =D _nl Yl == ooy =)
So % < e giving n! > n"e'™" = g(n/e)". Al
Similarly [T (1 + l)k+l - e sonl < n™e™" = en(n/e)" Al
k (n—1)! n! ’ ) )
Answer: Shown. 4 marks
(d) Take n-th roots in (¢) and divide by n: & " <u, < 2(en)™". M1 AL
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e’ - 1 and (e n)¥" = e¥"n?" > 1, so by the sandwich u,, — %. Al

Answer: u_n = 1/e 3 marks

8 (13 marks) Edexcel | AQA | OCR A | OCR MEI
(a) Key idea: 2 + \/§ aretherootsof r> — 4r + 1= 0.

Each root satisfies r? = 4r — 1, so multiplying by r™: r™? = 4r™! — " add the two cases. M1 AL

Sy =2 and S; = 4 are even integers and the recurrence preserves this, so al S, are even integers B1

(by induction).

Answer: Shown. 3 marks

(b)0<2—43<1,500<(2—+3)"<1forn=1 M1

Hence (2 +3)" =S, — (2 — 3)" lies dtrictly between S, — 1and S, M1

Soitsinteger part is S, — 1, whichisodd as S, is even. Al

Answer: Integer partisS n — 1, odd. 3 marks

(c) Key idea: the last digits of S, repeat, and the recurrence fixes the next term from the previous

two.

S, S1. Sy, S3, S, = 2, 4, 14, 52, 194, with last digits 2, 4, 4, 2, 4. M1

Since S, = 4S,,; — S, (mod 10), the pair of last digits (2, 4) of (S;, S,) equals that of (S,, S,), M1 Al

so the last digits repeat with period 3: 2, 4, 4, 2, 4, 4, ...

2027 = 3 x 675 + 2, S0 S,y endsin 4 and the integer part, S,y,; — 1, endsin 3. Al

Answer: 3 4 marks

(d) Conjugating, (2 — y3)" = a, — by/3; multiplying, a,> — 3b,2 = (2 ++3)"(2 — 3)" = 1. M1

So % —y3= % _b?”\/g = bn(anjbn\ﬁ) >0, and a, > b3 gives a, + b,y/3 > 23 b, M1

nN=6,b=780: error < ——— =~ 474x 10~ < 5 x 107", AL
23 x 7807

Answer: Shown. 3 marks

9 (14 marks) Edexcel | AQA | OCR A | OCR MEI | CIE

(a) Intercept form: ﬁ + ﬁ =1. M1
Multiply through by sin © cos 6. Al
Answer: Shown. 2 marks
dy _ 3sn’@cos® _

() & = —3cof0sng . Mt
Tangent: y — sin®0 = —tan O(x — cos®0); multiply by cos0: y cos 0 + x sin® = sin®0 cos 0 + M1
cos®0 sin .

=sin 0 cos O(sin?0 + cos?0) = sin O cos 0. Al
Answer: Shown. 3 marks

(c) Key idea: the equation is symmetric in sin © and cos 0, so it isaquadraticin s=sin 6 + cos
0.

k(sin © + cos0) =sin O cos O, andsinGcose:%,'aos2 —2ks—1=0. M1 AL
s> 0 forcess =k +k? + 1 (the other root is negative). Al
On (0, 11/2), s =42 sin(6 + 11/4) takes each value in (1, y/2) twice and the value 2 once (6 = M1
11/4); it never exceeds /2.

k+k?+1<y2iff0<k< g, equal iff k =+/2/4. So: 2 valuesif 0 < k <y2/4; 1 valueif k = Al
y2/4; none if k > +/2/4.

Answer: 2if 0<k <V2/4; 1if k =v2/4; 0if k > V2/4 5 marks
(d) Area= Ll y dx, with x = cos®0: x from 0 to 1 corresponds to 8 from 11/2 to 0, dx = —3 cos’0 M1
sin 6 do.
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Area= fﬂz 3sn*0 cos?0 do. Al
sin“0 cos?0 = %si n%20 x sin®0 = %si n%20(1 — cos 20); integrate over [0, 11/2]: the sin®20 term M1

gives 11/4 and the sin®20 cos 20 term gives O (it is %si n320).

n2 .o, 2 1 no_ o _ 3
Soj; schosGdG—gxz—ﬁandArea—ﬁ. Al
Answer: 3m1/32 4 marks
10 (14 marks) Edexcel | AQA | OCR A | OCR MEI
(a) Substitute y = tx: x3(1 + t%) = 3tx. M1
_ o 3
x#O,sox—1+t3andy—tx—m. Al
Answer: Shown. 2 marks
dx _ 3(1+t]) — ot _ 31— 2t

(b) dt — (L+13? - 1+t32 - M1 A1l
dy _ 6t(1+t) —at* _ 32—t .

& @+ Qo7 , and divide. Al
Answer: Shown. 3 marks

2

(© () dyfdt = Owith t> 0: =2, 1= 2% x = 3 = 2%,y = 5 =27, M1 AL
([i)dx/dt=0:t3=1/2, t=2"Y3% 1+t3=32s0x =2t =223 y = 212 = 218, Al
Answer: (i) (213, 223); (ii) (223, 213) 3 marks
(d) Key idea: ast goes from 0O to o the point traces the loop once, so the areais — f y dx taken
round it, and the substitution u = t* makes everything rational.
Near t = 0 the point leaves the origin along the x-axis (y = tx, t small) and returns along the y-axis B1
ast — o, so the loop is traced anticlockwise and Area = —fc y %)t( at.

dx _ 9’1 — 2t°)
Y = (1+13)3 M1

. _ .3 _ 2 . _ © ZU -1
Wlthu—t,du—3tdt.Area—3£ —(1+u)3 du. M1
2u— 1=2(1+u) — 3, sotheintegrand is 2(1 + u) ™% — 3(1 + u) 3, with antiderivative —2(1 + M1
)7+ S+ )2
Thistendsto 0 asu — « and equals —% at u=0, sotheintegral is % Al

_ 1_3

Area= 3 x 55 Al
Answer: 3/2 6 marks
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