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Exponential Functions

1 (2 marks)
f(4) =3*=81 B1
_oy=g32-1_1
f(—=2)=3 =379 B1
Answer: (a) 81, (b) % 2 marks
2 (4 marks)
(@) f(0)=5x2°=5 B1
f(8)=5x8=40 B1
Answer: f(0) =5, f(3) = 40 2 marks
(b) 5x 2 =160, s0 2* =32 M1
2X=2% sox=5 Al
Answer: x=5 2 marks
3 (3 marks)
2°=32 B1
3_ 1 1
107° = W = 1000 B1
93/2 - (\/5)3 =27 B1
Answer: () 32, (b) 7055, (©) 27 3 marks
4 (3 marks)
Add indices: e* x e = > B1
Multiply indices: (€°)* = e* B1
Subtract indices: e + ¢ = e® B1
Answer: (a) €, (b) e*, (c) e* 3 marks
5 (4 marks)
3>1,s0y=3"isincreasing B1
0<05<1,s0y=(0.5)"isdecreasing B1
e = (e™h)* = (0.368...)* with base below 1, so decreasing B1
1.01 > 1, soincreasing B1
Answer: (a) increasing, (b) decreasing, (c) decreasing, (d) increasing 4 marks
6 (5 marks)
(@) At (0,4): ka®=4,s0k=4 B1
At (2,36): 4a>=36,50a° =9 M1
a>0,s0a=3 Al
Answer: k =4,a=3 3 marks
(b)y=4x371 M1
-4
y=3 Al
4
Answer:y = 3 2 marks
7 (4 marks)
(a) Add the indices on the top: e~ > = ¢* M1
3x
Subtract the index below: ee—x = e* Al
Answer: e 2 marks
(b) f(In4) = "% + 3= (e"%% + 3 M1
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=42+3=19
Answer: 19

8 (4 marks)
(°+2°=e*+4e+4
(e —eX)2=e* —28e X +e X=X -2+ ¥
Answer: (a) € + 4e* + 4, (b) e* — 2 + e

9 (2 marks)

Multiplier 1.03 each year: 2500 x 1.038
= £3166.93..., S0 £3167
Answer: £3167

10 (3 marks)
Multiplier 0.88: V = 18000 x 0.88"
t=5:V = 18000 x 0.88° = 9499.17
= £9500 (nearest £100)
Answer: V = 18000 x 0.88'; £9500

11 (3 marks)
2*>0foral x,sof(x) >3
2*+3=11,502*=8=2°
x=3
Answer: (a) f(x) >3, (b) x =3

12 (6 marks)
(@t=0:. P=800x 1=800
Answer: 800
(b) P =800 x 1.05%
=1303.1..., so 1303 bacteria
Answer: 1303
(c) t = 12: P =800 x 1.05* = 1437 < 1500
t=13: P=800 x 1.05" = 1509 > 1500
So the smallest whole number of hoursis 13
Answer: 13 hours

13 (5 marks)
(a)4x+1:4xx41:4x4x
4x 4 — 4 =3 x4
Answer: shown
(b) 3x 4*=192
4 =64=4°
X=3
Answer: x =3

14 (6 marks)
x=0:a=5
x=1.5b=75s0b=15
Check x =2: 5 x 1.5% = 11.25
X =6:y=5x 15°=56953
y =57.0(3sf)
Answer: a=5,b=15y=570
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15 (4 marks)
y:4e”so%:8ezx M1 AL
Atx=In3:8e?"3=8x€e"9=8x9 M1
Gradient = 72 Al
Answer : % = 8e*; gradient 72 4 marks
16 (3 marks)
9% = 3%, 27% = 3* M1
Numerator: 3% x 3**1 = 3%*1 M1
33><+1 o
= - 37=3 Al
Answer: 3 3 marks
17 (8 marks)
(a) P = 1200 x 0.94° = 996.70 M1
=997 Al
Answer: 997 2 marks
(b) P(10) = 1200 x 0.94%° = 646.34 M1
Decrease = (1 — 0.94%°) x 100 = 46.1% M1 AL
Answer: 46.1% 3 marks
(c) P(14) = 504.6 > 500, P(15) = 474.4 < 500 M1 AL
15 years after the start of 2020, so 2035 Al
Answer: 2035 3 marks
18 (6 marks)
(@) g(2) =3,s0fg(2) =32=27 M1 AL
f(2)=9,s00f(2)=81—-1=80 Al
Answer: fg(2) = 27, gf(2) = 80 3 marks
(b) gf(x) = (3> —1=9" -1 B1
X =81=9? M1
X=2 Al
Answer: x =2 3 marks
19 (7 marks)
(@) of(x) = g(6e™) M1
=6e*+3 Al
Answer: gf(x) = 6e™* + 3 2 marks
(b) e*>0foral x,so6e™*>0 B1
Range: gf(x) > 3 B1
Answer: gf(x) > 3 2 marks
(c)6e™+3=45s0e "= % M1
~x=In(3) = ~In4 M1
x=1In4 Al
Answer: x=1In4 3 marks
20 (7 marks)
(@ 2*>0fordl x,s07—2"<7 B1
Range: f(x) <7 B1
Answer: f(x) <7 2 marks
(b)7—2"=-9,502=16 M1
Xx=4 Al
Answer: x =4 2 marks
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(c)x=0:y=7—1=6, so the point (0, 6)
y=0: 2X=7,sox=:2—;
x = 2.81, so the point (2.81, 0)

Answer: (0, 6) and (2.81, 0)
21 (8 marks)

e2>(+2+e—2x

(@) [f(1° = Z

eZX _ 2+e—2>(

[900]? = =—5
Difference = % =1
Answer: shown
er + e—2><
(b) f(2x) = —5—
2X —2X
Af(X)]2 — 1= % 1
er + e—2x
= — = f(2x)
Answer: shown
2 _ [ 2_1_25_1_ 9
(0 [g@1*=[f@)* - 1= — 1=
3
9@ ==+
Answer: g(a) = J_r%
22 (7 marks)
(@) A k=1650 and A k®=1996.5
o, 1995 _

Divide: k= = 1650 = 121
k>0,s0k=11

1650

A= ﬁ = 1500

Answer: k = 1.1, A =1500

(b) V = 1500 x 1.1%°

= £3890.61

Answer: £3890.61

(c) The model gives unlimited growth at a fixed rate of 10% per year, but interest rates change
over long periods

Answer: fixed growth rate unrealistic over long periods

23 (4 marks)
Expand: (2% + 2792 = 2% 4 2 x 2¢ x 27X 4 27X = 22 4 9 4 27X
(ZX— 2—X)2:22X _ 2x2xx2—x+2—2x:22>(_ 2+2—2x
Subtract: (2% +2+272) — (2% —2+27%) =4
Answer: shown

24 (7 marks)
(@) Vk? = 4500 and V (k® = 7776

Divide: Kk = %gg = 1728

k=12,V,= Ton = 3125

Answer: k =1.2,V,= 3125
(b) k = 1.2 means visitors increase by 20% each month
t=10: 3125 x 1.21% = 19349; t = 11: 23219
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Month 11 Al
Answer: 20% growth per month; month 11 3 marks
25 (5 marks)
AtP. 2=8x27* M1
Multiply by 2%: 2> =8 = 23 M1
2X=3,50x= % Al
y=2%= 2\/5 M1
3
P= (3 2(2) AL
Answer: P = (%, 2\/5) 5 marks
26 (7 marks)
@x=0p+tq=7 B1
%:quzx,soatx:O:Zqzlo M1 AL
q=5p=2 Al
Answer: p=2,9=5 4 marks
(b) 10e* = 40, so e* = 4 M1
2xX=In4=2In2 M1
Xx=In2 Al
Answer: x=1n2 3 marks
27 (9 marks)
(@ x=1LLHS=3+3=6 B1
RHS=9,and 6 # 9 B1
Answer: 6 # 9 2 marks
(b) The student has treated adding the terms as if it were multiplying them (adding indices); 3* x El
3X — 32)( — 9X
F+F=2x3F E1
Answer: 2 x 3" 2 marks
(€) 2 x 3 =9* = (32 M1
Lety=3:y?—2y=0,%0Yy(y—2)=0 M1
y>0,0y=2thais3 =2 Al
xIn3=1In2 M1
_In2 _
X= 3= 0.631 Al
Answer: x = 0.631 5 marks
28 (8 marks)
(@f(n+1) —f(n)=2"t—2"=2x2"— 2" M1
=2"=1(n) Al
Answer: shown 2 marks
(b) From (a), 2" = 2™ — 2" so the sumis = (2™ — 2") M1
Writing out the terms, (22 — 2%) + (2° — 22) + ... + (2¥*! — 2%): &l middle terms cancel M1
Sum =21 — 21 =2k — 2 A1
Answer: shown 3 marks
(c) 2“* — 2> 1000 000, so 2¢** > 1 000 002 M1
219 =524 288 and 2% = 1 048 576 M1
k+1=20 s0k=19 Al
Answer: k =19 3 marks
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29 (9 marks)
(@ f(x +y) =a” =a* x a = f(x)f(y) M1 A1
ff(—x)=a*xa*=a’=1 M1 A1
Answer: shown 4 marks
(b) (@2 — a™?)? = 0 asit isa square M1
Expand: & — 28’ +a* =0 M1 A1
Sof(x) +f(—=x) = 2 El
Equality when a2 =a™?,i.e.x=0 Al
Answer: proved; equality at x =0 5 marks
30 (10 marks)
(a) A =5000 x 1.04" B1
B = 4000 x 1.06" B1
Answer: A = 5000 x 1.04", B = 4000 x 1.06" 2 marks
(b) n=11: A =7697.27, B = 7593.19, so B < A M1 A1l
n=12: A =8005.16, B =8048.79,so0B > A M1 Al
Answer: shown 4 marks
(c) 4000 x 1.06" > 5000 x 1.04", 50 (1.00)" > 1.25 M1 AL
1.06 1.06
Take logs: n In(m) >1|n 1.25, and In(m) >0 M1
n> 11.71, so the first whole number isn = 12 E1l
Answer: n > 11.7, s0 12 years 4 marks
Lawsof Logarithms
1 (3 marks)
(@) 2°=32,s0log,32=5 B1
Answer: 5 1 mark
(b) 0.001 = 1073, so log,, 0.001 = —3 B1
Answer: —3 1 mark
1 _ 1
(€) 55 =577 s0logs o = —2 B1
Answer: —2 1 mark
2 (3 marks)
3log, 2 =log, 2°=log, 8 M1
log, 8 +log, 5 — log, 10 = Ioga% M1
=log, 4 Al
Answer: log, 4 3 marks
3 (2 marks)
Add logs: logs(4 % 5) = log; 20 B1
Subtract logs: Iog7(%) =log, 5 B1
Answer: (a) log; 20, (b) log; 5 2 marks
4 (3 marks)
54
Iog3(7) =log; 27=3 B1
logg(4 x 9) = logg 36 = 2 B1
log, 6% — log, 27:Iogz(%) =log,8=3 B1
Answer: (a) 3, (b) 2, (c) 3 3 marks
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5 (3 marks)
INn8=In2%=31In2
In272=-=21In2

1
72 _ L
In2%< = 5 In2
Answer: (a) 3In 2, (b) =21n 2, () % In 2

6 (4 marks)
(@) 12=22x3,s0log, 12=2log, 2 + log, 3

=2p+q
Answer: 2p +q

(b) Iogag =3log, 2 — 2log, 3
=3p—2q
Answer: 3p — 2q

7 (4 marks)

| _ log, x
(@) logs X = 1557

log, 4 =2, 50109, X = % log, x
Answer: shown

log, 32
(b) |Ogg 32= W
_5
-3
.5
Answer: 3
8 (3 marks)

Letlogg 27 = X, s0 9 =27
3> =3%s02x=3

=3
X=3
.3
Answer: >
9 (4 marks)
log,a> =5
10997 =7
In e = 3x
e|n5 =5

Answer: (a) 5, (b) 7, (c) 3x, (d) 5

10 (4 marks)
2 =109, 100, so the sum is log,, 300

1=1l0gq 10, s0 Ioglo(¥) =logy 2.5
Answer: (a) log,, 300, (b) log,, 2.5

11 (3 marks)
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12 (3 marks)
Y _ a2
£=3 M1
- y
2X = Iog3(5) M1
1
X=3 Iog3(%) Al
. 1 y
Answer: X = 5 Iogs(g) 3 marks
13 (4 marks)
IN64=6In2,In16=4In2,In8=3In2 M1
2 x6In2— 3 x4In2+3In2 M1
=5In2—-6In2+3In2=2In2 Al
k=2 Al
Answer: k =2 4 marks
14 (4 marks)
2log, 6 = log, 36 M1
log, 36 — log, 9 = log, % =log, 4 M1
log, 4=2 Al
2+3=5 Al
Answer: shown 4 marks
15 (7 marks)
2
(a)ln(ue&):lnxzﬂnym— Ine M1
:2Inx+%lny—1 M1
_ 1
-2a+§b— 1 Al
Answer: 2a+ % b—-1 3 marks
(bh)2a—b=3anda+b=6 M1 M1
Adding: 3a=9,soa=3andb=3 Al
x=edy=¢ Al
Answer: x=¢e’ y=¢® 4 marks
16 (5 marks)
(@ x> —9=(x — 3)(x +3) M1
X—3)(x+3
1010 X =259y = jog(x - 3) M1 AL
Answer: shown 3 marks
(b) logyo(x —3) =1 M1
Xx—3=10,s0x =13 Al
Answer: x = 13 2 marks
17 (4 marks)
Letlog,b=m,s0a"=b M1
Takelog,: mlog,a=log, b=1 M1 A1
SologabXIogba:mX%:l E1
Answer: proved 4 marks
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18 (3 marks)
10g,(8x)
log,(8x) = @7 M1
_ log, 8 + log, x _3+p
- 2 2 M1 Al
Answer: 3 ; P 3 marks
19 (4 marks)
log, x* + log, y*? — log, a M1
=2(3) + %(—2) -1 M1 Al
=4 Al
Answer: 4 4 marks
20 (5 marks)
(a) ll— =10°8 M1
0
| =10°81, Al
Answer: | =10°8 1, 2 marks
. 1074, 14
(b) Ratio = 10581, 10 M1 A1
=251=25 Al
Answer: ratio 104 = 25.1 3 marks
21 (4 marks)
In(16e®) =In16+Ine*=4In2+3 M1 AL
inC)=in8-e=3in2-1 M1
Difference=4In2+3—-3In2+1=4+1In2 Al
Answer: 4+1n 2 4 marks
22 (9 marks)
(@) Letlog,b=p,soa’=b M1
Take logy, of both sides: p log, a=log, b =1 Al
1 . 1
S()p—m,thatSlOgab—m Al
Answer: proved 3 marks
(b) Using natural logs: :2—2 X :2—; X :2—2 X :2—2 M1
Everything cancels except ::—g =log,8=3 Al
Answer: 3 2 marks
(c) Lett=1log, x; thenlogX2=% M1
%+t:%,502t2—5t+2:0 M1
(2—1)(t-2=0t=30rt=2 AL
x=2"=\20rx=22=4 Al
Answer: x =2 or x=4 4 marks
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23 (5 marks)
Togox = log, a(change of base to base x) M1
LHS=log, 2 + log, 3 + log, 5 Al
=log,(2 x 3 x 5) =log, 30 M1 Al
__ 1 _
" logg X RHS Al
Answer: proved 5 marks
24 (7 marks)
(@) 10g10(x = ¥)? = l0gs0(xy) M1
(x —y)*=xy M1
x2—2xy +y?=xy,s0x? — 3xy +y?=0 Al
Answer: shown 3 marks
(b) Divideby y% r? — 3r+ 1 =0 wherer = § M1
_3+45
r=— Al
3+45
X>ysor>1lr= 5 E1Al
Answer: S%E 4 marks
25 (6 marks)
Change base to a log,s b = ~92°
(a) Change baseto a log,» b = log, M1
_log, b
= M1 Al
Answer: proved 3 marks
log; 9 2
(b)|0g279:w:§ M1
09195 25 = % Al
_ 4
Sum = 3 Al
4
Answer : 3 3 marks
26 (9 marks)
_ logyy
(@ 1094y = 7557 M1
_logy,y AL
2
Answer: shown 2 marks
(b) Let X =log, x and Y =log, y. Then X +%Y =4andyY — %X :% M1 M1
Multiply: 2X + Y =8and 2Y — X =1 Al
Eliminate: 22Y —1)+Y =8,s0Y =2and X =3 Al
x=23=8andy=2°=4 Al
Answer: x=8,y=4 5 marks
| _log, 4
(c) logg 4 = 00, 8 M1
2
= 3 Al
2
Answer: 3 2 marks
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27 (8 marks)
(@) (a+b)?=a’+b?+ 2ab M1
= 7ab + 2ab = 9ab M1
S0 (252)2=ab AL
a+b
Take natural logs: 2 In(T) =In(ab) =lna+Inb M1
@52 = Z(na+inb) AL
Answer: shown 5 marks
a+b 1
(b)In(5=) =5 x6=3 M1
Ina+b) —In3=3 M1
Ina+b)=3+In3 Al
Answer: 3+1n 3 3 marks
28 (6 marks)
(@) y? = xz (geometric) M1
2lIny=Inx+Inz M1 Al
Solny —Inx=Inz — Iny: arithmetic El
Answer: proved 4 marks
(B)IN6—=1In2=In3 M1 Al
Answer: In 3 2 marks
29 (5 marks)
Lett=1log, 3. Thenlogs 2 = % (reciprocal of change of base) M1
12
t+%—2:(t tl) M1 Al
t>0 andt= 1since2 = 3,50 (t—1)?>0 M1
Hencet + % >2 El
Answer: proved 5 marks
30 (5 marks)
Suppose log, 5 = % with p, q positive integers M1
Then 29 =5 sp 2P = 59 M1 Al
2 iseven (p = 1) but 5% is odd M1
Thisis a contradiction, so log, 5 isirrationa El
Answer: proved 5 marks
Exponential Equations
1 (2 marks)
32=2°0x=5 B1
1 _ .3 _
57 = 377, so0x=-3 Bl
Answer: (a) x =5, (b) x = -3 2 marks
2 (2 marks)
xIn5=1n12 M1
_In12 _
X= s — 1.54 Al
Answer: x = 1.54 2 marks
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3 (3 marks)
2 =24 sox+1=4andx=3 B1
5=5"1 sox=-1 B1
22":21,sox:% B1
Answer: (a) 3, (b) =1, (¢ % 3 marks
4 (2 marks)
Xx=In7 B1
2x=|n9,sox=%|n9=|n3 B1
Answer: (a)In7,(b) In 3 2 marks
5 (2 marks)
“ _In20
3*=20,s0x = T3 M1
X =2727 Al
Answer: 2.73 2 marks
6 (2 marks)
Takelogs: x In1.5=1In10 M1
_In10 _
X = m =5.679 Al
Answer: 5.68 2 marks
7 (3 marks)
4=2%and 8= 2% 50 2% = 2%Y M1
2Xx=3x — 3 M1
X=3 Al
Answer: x =3 3 marks
8 (5 marks)
(@ 2x=In7 M1
_1
X=3 In7 Al
Answer: x=%|n7 2 marks
(b)) 3x—1)In2=In10 M1
_In10 _
X—-1= w = 3.3219... M1
x=144 Al
Answer: x = 1.44 3 marks
9 (3 marks)
33X - 32(X+2) M1
X=2x+4 M1
X =4 Al
Answer: x =4 3 marks
10 (3 marks)
21 =2 x 2X s03x 2X=48 M1
2*x=16 M1
X =4 Al
Answer: x =4 3 marks
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11 (3 marks)
3x—1=In5 M1
X = 1+In5 AL
3
x =0.870 Al
Answer: X = ! +?I’n 5 =0.870 3 marks
12 (3 marks)
(2x+1)In5=1In40 M1
2x +1=2.2920 M1
X = 0.646 Al
Answer: 0.646 3 marks
13 (4 marks)
Lety=3,s09=y%y?—4y+3=0 M1
(y—1D(y—3)=0,soy=1ory=3 Al
3*=1givesx=0 Al
3*=3givesx=1 Al
Answer: x=00r x =1 4 marks
14 (6 marks)
@t=0:T=20+70=90°C B1
Answer: 90 °C 1 mark
(b) 20 + 70e%%" = 50, so 70e™ %% = 30 M1
o005t =$ AL
3
—0.05t = In(7) M1
t=20 In(%) = 16.9 minutes Al
Answer: 16.9 minutes 4 marks
(c) Ast - o, %% 5 0, 50 T = 20 °C, the room temperature E1
Answer: T tendsto 20 °C 1 mark
15 (4 marks)
Letu=€e<u?—5u+6=0 M1
(u=2)(u—3) =0 Al
e=2o0r3 Al
x=In2orx=1In3 Al
Answer: x=In2,x=1n3 4 marks
16 (5 marks)
2 =20 sox+y=6 M1 A1
¥ V=3"s0x—-y=4 M1 A1
x=5y=1 Al
Answer: x=5y=1 5 marks
17 (4 marks)
Multiply by €% € + 12 = 7" M1
e* —7e+12=0,(e—3)(e*—4=0 M1 AL
x=In3orx=1In4 Al
Answer: x=In3,x=1In4 4 marks
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18 (5 marks)
Take natural logs: In 3* + Ine*™1 =n 12 M1
xIn3+2x —1=In12 M1
X(2+In3)=1+In12 M1
_1+In12
= 2+mn3 Al
x =112 Al
Answer: x = % =112 5 marks
19 (4 marks)
Collect thetermsinx: xIn12 — xIn4=In5—In 45 M1
12 5
X In(T) = In(4—5) M1
xIn3=In(z)=-2In3 M1
X=-=2 Al
Answer: x = =2 4 marks
20 (6 marks)
(@) 3%*1 = 3 x 9¥ and 5**2 = 25 x 5 M1
3x9¥=25x5 M1
Divide by 3 x 5% (%)X = % Al
Answer: shown 3 marks
(b) X In(g) = In(%) M1
25
In(3)
X = Al
9
In(z)
X = 3.61 Al
Answer: x = 3.61 3 marks
21 (5 marks)
x+1)In3=(xx+3)In2 M1
xIn3—=xIn2=3In2-1In3 M1
xIn(3)=In8 - In3=In3) M1 AL
__In@ _
X = HMn@E2) ~ 2.419 Al
Answer: x =2.42 5 marks
22 (7 marks)
(@nin1.05>In2 M1
In2  _
N>55 = 14.21 Al
n=15 Al
Answer: n =15 3 marks
(b) nIn0.8<1n 0.01 M1
In 0.8 < 0, so dividing reverses the inequality: n > Ilnno_(gl = 20.64 M1 E1
n=21 Al
Answer: n=21 4 marks
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23 (6 marks)
221 = 2(29% letu=2 20> — 5u+2=0 M1 AL
Cu—1Yu—-—2=0 M1
u= = or2 Al
2
x=—lorx=1 A1AL
Answer: x=-=1or 1 6 marks

24 (7 marks)

(a) 2P, = Pe'*, so e = 2 M1
12k:In2,sok:|2—22 Al
Answer: shown 2 marks
(b)3:ekt,sot:|nT3: 1?;23 M1 AL
t =19.0 hours Al
Answer: 19.0 hours 3 marks
(c) Hourly multiplier e = 2¥12 = 1,0595 M1
Increase = 5.95% Al
Answer: 5.95% 2 marks
25 (5 marks)
Letu=€“u*— 3P —6u+8=0 M1
u=1givesl—3—-6+8=0,s0(u—1)isafactor M1
U—DW—-2u—8)=(u-—1Uu-—4u+2 Al
€ >0, sou=—2isrejected E1
eg=1lore“=4,s0x=00rx=1In4 Al
Answer: x=0,x=1In4 5 marks
26 (4 marks)
Leu=e" s0e*?=uzu?—7u+10=0 M1
(u=—2)(u—5-=0 Al
el=20re"t=5 Al
X+1=In2orIn5 sox=In2—1orx=In5—-1 Al
Answer: x=ln2—-1,x=In5-1 4 marks
27 (10 marks)
(@) Lety =3%:y>— 10y +9<0 M1
y-1Dy—-9<0 AL
Sol<y<9thaisl<3<9 M1
¥ >1givesx>0and 3* <9 givesx <2 M1
O<x<2 Al
Answer: 0<x<2 5 marks
(b) In(A + B) isnot In A + In B; the log of a sum cannot be split. The correct ruleisIn(AB) = In E1E1
A+InB
3 =3x3,503+3%x3=36 M1
4x3=36,503=9 Al
X=2 Al
Answer: x =2 5 marks
28 (10 marks)
(a)Sn:wwitha:S,r:3 M1
S, = —5(3n2_ Y Al
Answer: shown 2 marks
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(b) 3(3" — 1) > 10, 50 3" > 4 000 001 M1
nin3>In4 000 001 M1
n>138... Al
Least integer n =14 Al
Answer: n =14 4 marks
() Lety=2%y?>—6y —16=0 M1
(y—8)(y+2)=0,soy=8ory=-2 Al
2*>0foral x,soy = —2isrgected E1
2X=8,50x=3 Al
Answer: x =3 4 marks
29 (11 marks)

@u=2%u*—2u+k=0 M1
k=1 (u—1?=0,s0u=1 Al
2¥=1, sox =0 (only one) Al
Answer: x =0 3 marks
(b) Two distinct real u needs discriminant 4 — 4k >0,so0k <1 M1 Al
Each solution must be positive (2 > 0): product of roots=k >0and sum=2>0 M1 Al
So0<k<1 Al
Answer: 0<k<1 5 marks
@Qu*—2u—3=0,(u—-3)(u+1)=0 M1
u= —1isrejected since 2* >0 El

_ _In3
2X—3,x—m Al
A .. _In3

nswer: X = n2 3 marks

30 (8 marks)

(a)u:ex:u—%:Z,souz—Zu—lzo M1 AL
u=1%+2 M1
u>0sou=1+42only(1—+2<0) E1
x = In(1+42) AL
Answer: x = In(1 +42) 5 marks
(b)u*—2ku—1=0,s0u=k*k*+1 M1 AL
Positive root only: x = In(k +yk? + 1) Al
Answer: x = In(k +k* + 1) 3 marks

L ogarithmic Equations

1 (2 marks)
x=3*=81 B1
x>=64,andx>0s0x =8 B1
Answer: (a) x =81, (b)x=8 2 marks
2 (2 marks)
x=e B1
X +1=10%=100, s0 x = 99 B1
Answer: (a) x = €%, (b) x = 99 2 marks
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3 (3 marks)

Inx=15 M1

x = el Al

X =4.48 Al

Answer: x = e® =448 3 marks
4 (2 marks)

2X+1=5*=25 M1

x=12 Al

Answer: x =12 2 marks
5 (2 marks)

log; 4x = logs 20 M1

4x=20,x=5 Al

Answer: x=5 2 marks
6 (4 marks)

(a)a*=64 M1

a=4 Al

Answer: a=4 2 marks

(b) x =472 M1

_ 1

X = 16 Al

Answer: X = 1_16 2 marks
7 (5 marks)

(@3x—1=2*=16 M1

_ 1
X= Al
Answer: X = % 2 marks
X+4

(b) logs( ” )=1 M1

X;4:5,sox+4:5x M1

x=1 Al

Answer: x=1 3 marks
8 (2 marks)

IN(3x — 2) =In 2x M1

3X—2=2X,50x =2 Al

Answer: x =2 2 marks
9 (3 marks)

X+ 6

logy(3=3) =1 M1

X+6=10(x — 3) M1

9x=36,x=4 Al

Answer: x =4 3 marks
10 (3 marks)

log; X% = logs(x + 6) M1

x?=x+6,(x—3)(x+2) =0 M1

x>0,s0x =3 (X=—2rejected) Al

Answer: x =3 3 marks
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11 (5 marks)
2Inx =Inx? M1
3X+4=x2 M1
x> —3—4=0 Al
xX—4Hx+1=0 M1
x>0,s0x =4 (x=—1isreected) Al
Answer: x =4 5 marks
12 (7 marks)
107° -
(& L=10 Ioglo(ﬁ) =10log,, 10 M1
=70 decibels Al
Answer: 70 decibels 2 marks
(b) 95=10 |0910( 12) SO 10g0( 10" 12) = M1
| = 107" x 10%° M1
| =316x107°Wm™2 Al
Answer: 3.16 x 107° W m'2 3 marks
(c) New level = 10 Ioglo( 2) =101log;, 2 + 10 logqo( 10_12) M1
=L + 3.01, an increase of about 3 decibels Al
Answer: increase of 10 log,, 2 = 3.01 2 marks
13 (4 marks)
Letu=Inx:u’!—4u+3=0 M1
(u—DHu-3) =0 Al
Inx=1or3 M1
x=eorx=eg’ Al
Answer: x=e x = ¢e° 4 marks
14 (5 marks)
[0g40(Xy) = 3, so xy = 1000 M1 A1
x(10x) = 1000, so x* = 100 M1
x =10 (x >0),y =100 A1A1L
Answer: x =10,y = 100 5 marks
15 (5 marks)
(a) pH = —log;(3.2 x 107°) M1
=4.49 Al
Answer: 4.49 2 marks
(b) log,o h=—6.3 M1
h=10753 M1
h=5.01x 107" Al
Answer: 5.01 x 10~/ 3 marks
16 (4 marks)
x>=2x +3 M1
x=3)(x+1=0 Al
A base must be positive, so x = 3 (x = —1 rejected) E1A1
Answer: x =3 4 marks
17 (5 marks)
(@t=8In16 M1
t =222 days Al
Answer: 22.2 days 2 marks
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(b) In(5a5) = 25 M1
N = 250e?° M1
N = 3046 Al
Answer: 3046 3 marks
18 (4 marks)
Inx+1)=y,sox+1=¢ M1
Xx+(x+1)=7 M1
x=3 Al
¢=4,0y=In4 Al
Answer: x=3,y=1In4 4 marks
19 (5 marks)
In2x —1) —Inx—2)=1 M1
x—1 _
~=7 " M1
2X—1=ex— 2e M1
2e—1
x(2—e):1—2e,sox:ﬁ Al
X = 6.18 > 2, so both logarithms are defined E1
A L. _2e-1
nswer: X = e—2 5 marks
20 (8 marks)
x2 x2
(@ |Ogg(m) =2, X=2 =9 M1 Al
x2—9x+18=0,50(x — 3)(x — 6)=0 M1
Both values are greater than 2, so both arevalid: x =3 orx =6 Al
Answer: x=30r X =6 4 marks
logsx 1
(b) logs X = 1555 = 5 1005 X, S0 10ga(x — 2) = log, yx M1
(x —2) =yX, 0 (x — 2)? =X AL
x?—5x+4=0,s0x=1orx=4 M1
x=1lgivesx —2<0, sorgectit;x=4 Al
Answer: x =4 4 marks
21 (7 marks)
(@) logy(xy) = 2, so xy = 100 M1 Al
Substitute x =y + 15: y(y + 15) = 100, so y? + 15y — 100 =0 M1
(y—5((y+20)=0,andy>0s0y=5 Al
x=20 Al
Answer: x=20,y =5 5 marks
(b) log, x and log,, y are not defined for negative numbers El
The step log,, X +10g,5 Y = 10g,(Xy) only holdswhen x > 0 and y > 0, so xy = 100 has E1
introduced extra solutions
Answer: logs of negative numbers undefined 2 marks
22 (6 marks)
log,(X + 4) +log,(x — 1) =3 M1
x+Hx—-1)=8 M1 Al
x2+3x—12:0,sox:_34;E M1 AL
x>1isneeded,sox=_3%@ E1
Answer: X = _?’%@ 6 marks
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23 (6 marks)
logyo(X + 2)% = logy, 10 + log,o X = log,o 10x M1 A1
(X +2)?=10x,0x*> —6x+4=0 M1 Al
x=3%45 Al
Both are positive, so both satisfy x > 0 and the logarithms exist: x = 3 + /5 or 3 — {5 E1
Answer:x=3i\/§ 6 marks
24 (7 marks)
(@ logy(3x — 1) =4,503x — 1=16 M1
_ 17
X== Al
Answer: % 2 marks
(b) The curve is above the line to the right of the intersection M1
17
X > = Al
Answer: x > % 2 marks
(c) Logsdefined: 5 —x>0andx+1>0,s0—1<x<5 B1
Inincreasing: 5 —x < x+1,s0x =2 M1
2=x<5 Al
Answer: 2 = x<5 3 marks
25 (6 marks)
(@) log,((—4)?) = log, 16 = 4 M1 A1
Answer: shown 2 marks
(b) Therule log x*> = 2 log x needs x > 0 E1
log,(x?) is defined for all x # 0, so this step loses the negative solution; the correct rule is log x? El
= 2 log|x|
Answer: the step 2 log x requires x > 0, losing x = =4 2 marks
() x*=2=16 M1
X=%4 Al
Answer: x = +4 2 marks
26 (5 marks)
Lett=|nx,witht¢0:3t+%=7 M1
3t —7t+2=0 M1
Bt—-—Dt—2=0 Al
Inx=%or|nx=2 Al
x=eorx=¢€ Al
Answer: x = e'3, x = € 5 marks
27 (11 marks)
(a) The sum of two logarithms is the log of the product, not of the sum El
The correct step islog,[(x — 1)(x — 3)] =3 El
Answer: should multiply, not add 2 marks
(b) logy[(x —1)(x —3)] =3, sox—1(x—3)=8 M1 Al
x> —4x—5=0 Al
x=5x+1)=0 M1
Need x > 3 for both logarithms to exist, so x =5 Al
Answer: x=5 5 marks
©(x—1Dx—3)=2s0x?—4x+3—2=0 M1

X=2+1+2¢ Al
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2¢>0,50y1+2">1and2 — {1+ 2 < 1, which isrejected as x > 3 is needed M1
2+41+ 2% > 3 is aways valid: exactly one solution Al
Answer: X=2+\/l+2k 4 marks
28 (10 marks)
(@) Lett=log, x:t> — 4t —5=0 M1
t—=—5@+1)=0sot=50rt=-1 Al
x=2°=32 Al
_o-1_1
X=2 =5 Al
Answer: x =32 0r X = % 4 marks
(b) Take log, of both sides: log,(x'°%*) = l0g,(16x%) M1
(log, X)?> = 4 + 3log, x Al Al
Witht=log, x: t* = 3t — 4=0 M1
t—4Ht+1)=0sot=4ort=-1 Al
- _1
x=160rx = 5 Al
Answer: x =16 or X = % 6 marks
29 (8 marks)
Lett=log; X. Iogx3:%andloggx:% M1 A1
2t
T-2°1 M
4-t?=2,0t°+2t—4=0 M1 A1
t=—1+45 Al
Both givex > 0, x # 1: x =3B orx = 371715 E1A1
Answer: x = 3715 3715 8 marks
30 (8 marks)
Lett=log,y:log, x = % M1
t+1=2 037~ 100+3=0 M1 AL
(B—-1)(t-3)=00t=30rt=3 AL
t=3y=x%s0x*=64andx =22,y = 16/2 M1 A1
t:%: x =y 50 (X, y) = (16y2, 2/2) M1 AL
Answer: (2y2, 16/2) and (162, 2y2) 8 marks

Exponential and L ogarithmic Graphs

1 (3 marks)
log,9=2,s0a" =9 M1
a>lsoa=3 Al
x=27y=log;27=3 Al
Answer: a=3;y=3 3 marks
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2 (3 marks)
x=0:y=1,0(0, 1); asymptotey =0 B1
x=0:y=1+3=4,s0(0, 4); asymptotey = 3 B1
x=0:y =550 (0, 5); asymptotey =0 B1
Answer: (a) (0,1),y=0; (b) (0,4),y=3;(c) (0,5),y=0 3 marks
3 (2 marks)
Reflection of y = 2* in the y-axis: decreasing curve, asymptotey = 0 as X — B1
Crosses the y-axis at (0, 1) B1
Answer: decreasing curve through (0, 1), asymptotey =0 2 marks

‘yA

3 -2 -1 01 2 «x

4 (3 marks)
y=¢e? B1
y = —¢ B1
y=€+3 B1
Answer: (@Q)y=€2 (b)y=—e" (c)y=¢€"+3 3 marks

5 (4 marks)
Tranglation of y = € by 4 units down: correct increasing shape B1
x=0:y=1— 4= -3, sothe curve crosses the y-axis a (0, —3) B1
y =0: € =4, sox =In 4, giving the point (In 4, 0) B1
Asymptotey = —4 B1
Answer: see sketch: (0, —3), (In 4, 0), asymptotey = —4 4 marks

Va

6 (4 marks)
Tranglation of y = In x by 3 units to the left: correct shape B1
x=0:y=1In3, giving (0, In 3) B1
y=0:x+3=1 s0x=—2,giving (=2, 0) B1
Asymptote x = —3 B1
Answer: see sketch: (0, In 3), (=2, 0), asymptotex = =3 4 marks
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7 (4 marks)
Crosses the x-axis where 2x = 1, so at (¥, 0) B1
Asymptote x = 0 (the y-axis) B1
Stretch parallel to the x-axis with scale factor % B1
Increasing curve of the correct shape B1
Answer: (Y2, 0); x = 0; stretch in x, scale factor % 4 marks
y

8 (3 marks)
y=€+1,s0e=y—1 M1
x=Iny — 1), 0 f}(x) = In(x — 1) Al
Domain of f~* = range of f: x > 1 B1
Answer: f71(x) = In(x = 1), x> 1 3 marks
9 (3 marks)
Stretch parallel to the x-axis, scale factor % B1
Stretch parallel to the y-axis, scale factor 3 B1
Reflection in the y-axis B1
Answer: (a) x-stretch sf % (b) y-stretch sf 3, (c) reflection in y-axis 3 marks
10 (5 marks)
logy Yy = l0gqg @+ x log,p b M1
Intercept: log,, a=0.70, so a= 10" =50 M1 A1
Gradient = 22270 = 030 = log,, b, s0 b= 10° = 20 M1 AL
Answer: a=5.0,b=20 5 marks
11 (5 marks)
@Inx—-—2=y—-3 M1
x=e3+2 Al
Answer: x =73+ 2 2 marks
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(b)%ex‘4:y—3,soex‘4:2(y—3) M1
X —4=1In(2y — 6) M1
X=4+1In(2y — 6) Al
Answer: x =4+ 1In(2y — 6) 3 marks
12 (7 marks)
(a) Asymptotey = 2 givesc =2 B1
x=0a+2=5s0a=3 M1
x=1:3b+2=8,s0b=2 A1 AL
Answer:a=3,b=2,¢c=2 4 marks
(b) 3x2*+2=50,502"=16 M1 A1
X =4 Al
Answer: x =4 3 marks
13 (6 marks)
(a) Takelg of both sides: Igy = Ig(ab*) =Iga+ Ig b* M1
=lga+xlgb Al
Answer: shown 2 marks
(b) Gradient = Igb= 227°% = 0.475 M1
b=10%"=3.0 Al
Intercept =1ga=0.6 M1
a=10°=40 Al
Answer: a=4.0,b=3.0 4 marks
14 (5 marks)
e* >0, 036> — 1> —1; rangef(x) > —1 B1
y:IBeZX—l,szer’(:La1 M1
+1 _ 1 Xx+1
2x = In(yT), sof7Y(x) = 5 In(=%5=) M1 Al
Domain x > —1 B1
. Ce=1sn _ 1 x+1
Answer: f(x) > =1, {7 (x) = 5 In(T), x>-=1 5 marks
15 (4 marks)
(@ x=e+1l aln(e)=3 M1
a=3 Al
Answer: a=3 2 marks
(b)3In(x —1)=6,s0In(x —1) =2 M1
x—1=€*,s0x=1+¢ Al
Answer: x =1+ €? 2 marks
16 (4 marks)
Sketch: y = Inx isincreasing and y = 2 — x is decreasing, so they meet exactly once M1 Al
gx)=Inx+x—2:g(1) =—-1<0 M1
0(2) =In2=0.693 > 0, so by sign change 1 < root < 2 Al
Answer: oneroot, 1 <x<2 4 marks
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17 (8 marks)
(@A+B=5and3A+B=11
Subtract: 2A =6, S0 A =3
B=2
Answer: A=3,B=2
(b) Asymptote: 3x +2=0, SOX = _%
x=0:y=In2,50(0,In2)

y=0:3x+2=1,s0x%x = —%, giving (—%, 0)
Answer: X = —%; (0,In 2) and (—%, 0)

18 (7 marks)

0
Reflection in the x-axis: y = —In(x + 2)

(a) Trandation of

(2 unitsin the negative x-direction): y = In(x + 2)

Tranglation of (4 unitsin the positive y-direction): y =4 — In(x + 2)

0
4

Answer: trandate 0
(b)x=-=2

Answer: x = =2
©)x=0:y=4—-1In2,50(0,4—1In2)
y=0:In(x+2)=4,sox+2=¢
x=¢€e*"—2s0("—20)

Answer: (0,4 —In2) and (" — 2, 0)

), reflect in the x-axis, trandate 4

19 (9 marks)
@ Iny=Ina+nlnx
A straight line of gradient n with intercept In a on the vertical axis
Answer: gradient n, intercept In a
_ In67.88 — In 24.00

(b) n= In8—1n4
_ 1.0397... _

~ 0.6931... 150
24.00 = ax 4° =8a
a=3

Answer:n=15,a=3
(cy=3x10%

=949

Answer: 94.9
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20 (9 marks)
(a) Reflection in the y-axis: y = 27*
Trandation:y =27+ 3
Answer:y=2"%*+3
(b) C;: increasing curve through (0, 1) with asymptotey =0
C,: decreasing curve through (0, 4)
C, has asymptote y = 3, and the curves cross once
Answer: see sketch

(©2'=2"+3 Letu=2%u="1+3, 00> —3u—1=0

+41 +1/1

u:—3 5 3,andu>0,sou:3 5 &
3+Yl3

X = log,(*—=>)

Answer: X = Iogz(?ﬁz@) (= 1.72)

21 (4 marks)
(a) Trandlation: y = &~
Stretchiny: y = 2“2
Answer: y = 2e<3
(b) 2e*3 = 2e73 x &
So it is a stretch parallel to the y-axis, scale factor 2e™2 (= 0.0996)
Answer: stretch parallel to y-axis, scale factor 2e™3

3

22 (9 marks)
@y=€e"—1s0€e=y+1,x=Inly+1)
f74(x) = In(x + 1)
Domain x > —1, range f }(x) € R
Answer: f71(x) = In(x + 1), x > =1
(b) f~! undoes f, so (a, b) on f means (b, @) onf~*
Both curves pass through the origin (f(0) = 0); f has gradient 1 there
The curves meet only at (0, 0) as€* — 1 = x with equality only at x = 0: 1 intersection
Answer: reflection since f~ swaps x and y; one inter section (the origin)

23 (8 marks)
(a) Sketchy = 2* — 4 then reflect the part below the x-axis
y-intercept: |1 — 4| =3, s0 (0, 3)
X-intercept: 2* = 4, s0 (2, 0); asymptotey = 4
Answer: (0, 3), (2, 0), asymptotey = 4
(b)2*—4=40r2—4=-4
2" =8 givesx = 3; 2 = 0 has no solution
Answer: x =3
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24 (6 marks)
Iny=niInx+Ina solnyaganst In x islinear if the model holds M1
Inx: 0, 0.693, 1.10, 1.39, 1.61; Iny: 1.10, 2.14, 2.75, 3.18, 3.51 M1
Gradient from first and last points = % =1.50 M1 A1
x=1:Ina=1n3.00, so a= 3.0; points lie on aline, so the model fits Al E1
Answer: n=15,a=30 6 marks
25 (6 marks)
dy _ 1 adi p= 1
(a)ﬁ—;,sogr ientat P= 2 M1 A1
Tangent:y—1=%(x—e),soy=% M1
At x =0, y = 0: passes through the origin Al
Answer: shown 4 marks
(b) C is concave (second derivative —X—lz < 0), so lies below its tangents M1
Hencelnx = %,with equality only at x = e Al
Answer: shown 2 marks
26 (11 marks)
dy _ 52
(a)ﬁ—ZeX—ex—G M1 A1
Answer % =26 —¢e -6 2 marks
(b) Letu=€2u>—u—6=0 M1
Cu+3)(u—2)=0 M1 Al
u:—%isrejectedasex>0,soex:23ndlen2 E1A1l
y=e?"2 g2 _gIn2=4—-2-6In2 M1
y=2—-6In2 Al
Answer: (In2,2—=61n 2) 7 marks
d%y
(C) W = 4e* — & M1
Atx=In2:16 — 2=14>0, soitisaminimum Al
Answer: minimum 2 marks
27 (12 marks)
(a) € >0,s0f(x)>—2 B1
Answer: f(x) > =2 1 mark
_ _y+2
(b)y=3e*—2,s0€" = 3 M1
x = In(5£2), 0 7(x) = In* %) AL
Domain: x > —2 B1
Answer: 719 = In(*52), x > =2 3 marks
(c) f: increasing curve through (0, 1) with asymptotey = —2 B1
£~ reflection of f iny = x, through (1, 0) with asymptote x = —2 B1
f crosses the x-axis at (In % 0) and f~* crosses the y-axis at (0, In %) B1
Curves symmetrical about y = x B1
Answer: see sketch 4 marks
(d) Let g(x) = 3¢* — 2 — x; need to show g(x) = 0 has no solution M1
g(x)=3e*—1=0atx=-In3 M1
g(-In3)=1—-2+In3=In3—-1>0(asIn3>1) Al
Thisis the minimum value of g, so g(x) > 0 for al x and there are no intersections El
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Answer: minimum of gisin3—=1>0 4 marks
28 (9 marks)
(@ In(8x) =In3 +Inx M1
Soy =1In(3x) isy = In x shifted up by In 3 Al
Tranglation Ir?3 Al
Answer: translation In3 3 marks
(b) y =2 Inx exists only for x > 0, giving one branch through (1, 0) B1
y = In(x?) exists for all x # 0 and has two branches, symmetrical about the y-axis B1
The two graphs coincide for x > 0 only B1
So the claim is false: the identity In(x?) = 2 In x holds only for x > 0 El
Answer: identical only for x >0 4 marks
(© In(x?) =4,s0x*=¢* M1
X = +e° Al
Answer: x = +€? 2 marks
29 (8 marks)
(@) 22=4=22 B1
2*=16=4? B1
Answer: verified 2 marks
(b) For x < 0 the curve y = x? falls to the left while 2 — 0, and they cross exactly once there; for E1E1
X > 4, 2* grows faster
Let h(x) = 2* — x% h(—0.8) = —0.0657 < 0 M1
h(—0.7) =0.126 > 0, so aroot liesin (—0.8, —0.7) Al
Answer: third solution in (=0.8, —0.7) 4 marks
(c) Between the intersections the curve y = 2% isbelow y = x? M1
2<x<4 Al
Answer: 2<x<4 2 marks
30 (10 marks)
@fx)=1- % M1 Al
ff(x)=0atx =1, f(x) = X—12 > (0, so aminimum M1 Al
fl)=1-1-0=0 Al
Answer: minimum valueOat x = 1 5 marks
(b) f(x) = f(1) =0foral x>0 M1
Sox—1—Inx=0 Al
Answer: proved 2 marks
©Putx=€e(>0):t=se' -1 M1 A1
Soe' =1+t Al
Answer: proved 3 marks
Exponential Growth and Decay
1(2 marks)
t=0: N =200e” = 200 B1
t=10: N = 200e*3 = 270 B1
Answer: (a) 200, (b) 270 2 marks

stemup.co.uk | page 28



StemUp | A Level Mathematics | Pure Mathematics: Exponentials and Logarithms | Model Answers

2 (2 marks)
m = 50e%1*° = 50e7%° M1
=303g Al
Answer: 30.3 g 2 marks

3 (2 marks)
1000 x 1.04° M1
=£1216.65 Al
Answer: £1216.65 2 marks

4 (2 marks)
m/m, = e %2 M1
= 0.8187, s0 81.9% Al
Answer: 81.9% 2 marks

5 (2 marks)
15 hoursis 3 half-lives M1
80 x (5)°=10g AL
Answer: 10 g 2 marks

6 (5 marks)
(a) After 8 days M :%MO, SO%MO: M e~ M1
e‘gk:%,so—Sk:In(%):—an M1
Answer: shown 3 marks
(b) Mﬂ — o2k = g=25In2 — 525 M1

0

=0.177, s0 17.7% Al
Answer: 17.7% 2 marks

7 (4 marks)
(a) 13 500 = 12 000e*, so e* = 1.125 M1

_In1125 _

k= 3 - 0.0393 Al
Answer: k =0.0393 2 marks
(b) P = 12 000e'% = 12 000 x 1.125'%® M1
= 17770, so 17 800 to the nearest hundred Al
Answer: 17 800 2 marks

8 (3 marks)
2Ny = Nye*, soe* =2 M1
k =0.139 Al
Answer: k = % = 0.139 3 marks

9 (3 marks)
3006 = 1000, s0 &% = % M1

_In(10
U= 3004 M1
t=30.1 Al
Answer: 30.1 3 marks
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10 (4 marks)
(a) V = 25 000e™ %% M1
= £15940 Al
Answer: £15940 2 marks
(b) e—0.15t = % M1
t=In2 _ 462
=015 4+ years Al
Answer: 4.62 years 2 marks
11 (3 marks)
9 = 622 = 0.03N M1 AL
t = 10: 6e°2 = 8.10 Al
Answer: 8.1 per unit time 3 marks
12 (3 marks)
e %2 =01 M1
t= In 10
=02 M1
t = 11.5 hours Al
Answer: 11.5 hours 3 marks
13 (6 marks)
(@t=0:My,=80 B1
20=80e"%, 0 e % = 7 M1
ek=1In4 M1
k= '”T“ = 0231 AL
Answer: M, =80, k =0.231 4 marks
—— _In2
(b)2—e ,Sot=— M1
_ In2 _
= m = 3 hours Al
Answer: 3 hours 2 marks
14 (6 marks)
(a) S =500 x 0.2¢°2 M1
= 0.2 x 500e”? = 0.2N Al
Answer: shown 2 marks
(b) O(Ij—':I = 0.2 x 2000 = 400 bacteria per hour B1
Answer: 400 bacteria per hour 1 mark
(c) 500e%? = 10 000, so %% = 20 M1
0.2t=1n20 M1
t=51In 20 = 14.98 hours Al
Answer: 14.98 hours 3 marks
15 (5 marks)
Ae* =12 and Ae* =75 M1
e 15
Divide: e* = kP M1
k=2 In6.25= 0611 A1
A=12e%*=354 M1 A1
Answer: k =0.611, A = 3.54 5 marks
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16 (5 marks)
INN =1InNg + kt M1
InNg =32, 0N, = e*? = 2453 Al
k = gradient = 4'41;03'2 =0.12 M1 AL
t=25:InN=32+3=6.2 N=¢% =493 Al
Answer: Ny =245,k =0.12, N = 493 5 marks
17 (4 marks)
(@) t =0: P=5000 — 4000 = 1000 B1
Ast— o, e %" - 0, s0 P - 5000 B1
Answer: 1000; 5000 2 marks
(b) 40006~ = 1000, s0 €™ = 7 M1
t=101In4=13.9 years Al
Answer: 13.9 years 2 marks
18 (5 marks)
_ T _In2
N = Nge “ withk = 5730 M1 A1
0.63=¢™™ M1
t= "0 - 3819 M1
= 3800 years Al
Answer: 3800 years 5 marks
19 (6 marks)
P(30) _ ook _ 1200 _
(@) B0y =€ = 300 ~ 2 M1
_ _In4 _In2
20k—|n4,sok—%—ﬁ Al
Answer: k = Ig_oz 2 marks
(b) e’ =2, 50300=A x 2 M1
A =150 Al
Answer: A = 150 2 marks
(c)e*=25=32 M1
P =150 x 32 = 4800 Al
Answer: 4800 2 marks
20 (9 marks)
(a) Dividing: % =e¥* s0e*=8 M1
3k=In8=3In2,so0k=1In2 Al
C
64=Cpe?"?= M1
C, = 256 Al
Answer: k =1In 2, C, = 256 4 marks
(b) 256e "2 =256 x 27! =5 M1
2'=51250t= 122 = 5678... M1
0.678 x 60 = 40.7, so 5 hours 41 minutes Al
Answer: 5 hours 41 minutes 3 marks
(C) Coe ) = %Coe‘kt givese ™ = % independent of C, and t E1
h= InTZ =1 hour E1l
Answer: 1 hour 2 marks
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21 (8 marks)
(a) 50 = 18 + 6271 50 6227 1% = 32 M1
—10k _ 16
e =5 Al
16 31 1 31
—10k = In(37) = —In(3g), so k = 45 In(75) Al
Answer: shown 3 marks
(b) 627K =7 M1
1 62
t= X In(7) M1
= 33.0 minutes Al
Answer: 33.0 minutes 3 marks
© 5T = —62ke™ M1
t=10: —k x 32 = —2.12 °C per minute Al
Answer: —2.12 °C per minute (cooling at 2.12 °C per minute) 2 marks
22 (6 marks)
(a)t=0:P= 22 =200 B1
e %" -0, so P— 1200 B1
Answer: 200; 1200 2 marks
1200 _ 04t _ 4
(b) 175004 - 900, s01+5e7"" = 7 M1
o4 _ 1
et =g M1
t= % = 6.77, so after 6.77 months Al
Answer: 6.77 months 3 marks
(c) Exponential growth is unbounded, but a club has a maximum size; this model levels off at E1l
1200
Answer: it hasan upper limit 1 mark
23 (8 marks)
(a) Doubling from time t,: P,e<t*D = 2p ekt M1
eT = 2 (independent of t,) M1 A1
_In2
T= S Al
Answer: T = % 4 marks
_ _In2
(b)T_ZO’SOk_Z_O M1
Kt _ _In3 _20In3 _
e —3,t—T—W—31.70 M1 A1
1990 + 31.7 = 2021.7, so during 2021 Al
Answer: 2021 4 marks
24 (7 marks)
(@) 4.5=12e™* M1
a_ 12 _ 8
=753 "
1 8
k= 3 In(§) Al
Answer: k = = In(2
nswer: k = 3 n(§) 3 marks
(b) V = 12¢™% = 12(3)% = 2.34 v M1 AL
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In 24

05=12e7, t= — M1
t = 9.72 seconds Al
Answer: 2.34V; 9.72 s 4 marks
25 (8 marks)
(a) A = 5000 x 1.035% = 9948.94 =~ £9949 M1 A1
B = 5000e” = 10068.8 = £10069 M1 A1
Answer: A: £9949, B: £10069 4 marks
003t _ 5 ¢ N2 _
(b) B: e =2,t= 0.035 19.8 M1 Al
. ¢ _ _ In2  _
A:1035 =2,t= Tn1.035 — 20.1 M1 A1
Answer: B: 19.8 years; A: 20.1 years 4 marks
26 (9 marks)
(8 t=0:V =600+ 200 In 1 =600 B1
Answer: £600 1 mark
(b) V =600 + 200 In 21 M1
= £1209 Al
Answer: £1209 2 marks
(c) 600 + 200 In(2t + 1) = 1000, so In(2t + 1) = 2 M1
2t+1=¢° M1
2 _
t:ezlz3.19years Al
2 _
Answer: t = © 5 ! =3.19 3 marks
dv 400
C) R M1 A1
Thisis positive, so V keeps increasing; it decreases ast increases, so the rate of increase falls El
Answer : %_\t/ = % 3 marks
27 (11 marks)
(a) 80 000e~%%% = 50 0002 M1
oost _ 80000 _
€ = 55000 - 16 M1 AL
t=201n 1.6 = 9.40 years Al
Answer: t = 9.40 years 4 marks
A _ 80 000e %%
®) 8 = 500007 =
= 1.6e002 — 003t _ 1 o005t A1
Answer: shown 2 marks
(©) %(A + B) = —1600e™ %% + 1500e>* M1
=0 givese®® = i—g, sot=20 In(i—g) =129 M1 AL
Second derivative 32e%%% + 45e%%% > 0, sp a minimum Al
A + B = 129935, so 129 900 to the nearest hundred B1
Answer: t = 1.29 years, minimum total population about 129 900 5 marks
28 (11 marks)
@ INN=InAe)=InA+Ine" M1
=1In A + kt, astraight line with gradient k and intercept In A Al
Answer: In N =In A + Kkt 2 marks
_66—54 _
(b)k—ﬁ—o.z M1 Al
INA=54-02x2=50 M1
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A =¢e>=148

Answer: k =0.2, A =148

(c) AektM = 2AeM gives e = 2
h=51In2=3.47 hours
Answer: 3.47 hours

(d) In10° =5+ 0.2t

13.8155... —
t:% = 44.1 hours

Growth cannot continue unchecked indefinitely as space and nutrients become limited, so the
model is unlikely to be valid
Answer: t = 44.1 hours; unlikely to be valid

29 (10 marks)
(@CO=40(1—-1)=0
Both exponentialstend to 0, so C — 0
Answer: C(0)=0;C-0
(b) 5% = 40(~0.1e71 + 0.5e70%)

=0:05e " =0.1e7 %", s0 e =5
t=25In5
Answer:t=25In5=4.02

(C) e 0 = 5-V4 =05t — g—5/4
C =405 — 579 = 40 x 5741 — £)
= 21.4 mg per litre
Answer: 21.4 mg per litre
30 (9 marks)
@t=0:A=50
506 = 75, 0 k = 5 In 15 = 0.2027
t=4:50x 152 =1125; t = 5: 50> = 137.8
Answer: A =50, k = 0.203; P(4) = 112.5, P(5) = 137.8
(b) Error = %1;116 x 100 = 18.8%

The model fits well for small t but overestimates later: the data shows growth slowing
Answer: 18.8% too high; model fits poorly for larger t

(c) Exponentia growth is unbounded, but resources and space limit the population
Answer: growth cannot continue without limit
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