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Exponential Functions

1

10

11

The function f is defined by f(x) = 3*.
Find the exact value of (a) f(4), (b) f(—2).

The function f is defined by f(x) = 5 x 2%,

(& Findf(0) and f(3).

(b)  Find the value of x for which f(x) = 160.
Evaluate (a) 2°, (b) 1073, (c) 9%2.

Simplify (a) € x e*, (b) (€)%, (c) e + .

State, with a reason, whether each function isincreasing or decreasing for al rea x.
@y=3(b)y=(05)"(c)y =€ (d)y=1.01"

The diagram shows the curve with equation y = k a*, where k and a are positive constants.
The curve passes through the points (0, 4) and (2, 36).

yh

401 (2, 36)

30
20 -
10 A

(0,4) .

>

-2 -1 O 1 2 X

(@ Find the value of k and the value of a.
(b) Find the value of y when x = —1.

Answer the following.
! . e5x X e—2x
(@ Simplify —

(b) Thefunction f is given by f(x) = € + 3. Find the exact value of f(In 4).
Expand and simplify (a) (€° + 2)?, (b) (e* — e™)2

£2500 isinvested at 3% per year compound interest. Find the value of the investment after 8
years, to the nearest pound.

A car costs £18 000 new and loses 12% of its value each year. Find a formula for its value £V
after t years and its value after 5 years, to the nearest £100.

The function f is defined by f(x) =2* + 3, x € R.
(a) Write down the range of f. (b) Solve f(x) = 11.
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A colony of bacteriais modelled by P =800 x 1.05', where P is the number of bacteriat hours after the start

of an experiment.

(@ Statetheinitial number of bacteria

(b) Find the number of bacteria after 10 hours, giving your answer to the nearest whole
number.

(¢) Usetria and improvement to find the smallest whole number of hours after which the
colony first exceeds 1500 bacteria. Show the values you test.

Answer the following.
(@ Show that 4** — 4X =3 x 4%,
(b) Hence solve 41 — 4* =192,

The table gives values of y for three values of x. The variables are related by y = ab*, where a
and b are constants.
Find a and b, and hence the value of y when x = 6, to 3 significant figures.

x=0 x=1 x=2

5 7.5 11.25

The curve C has equation y = 4e*. Find % and the gradient of C at the point where x = In
3.

9x X X+1

2

Simplify showing that it does not depend on X.

(1]
(2]

(3]

(2]

(6]

(4]

(3]

The number of fish in alake is modelled by P = 1200 x 0.94', where t is the number of years after the start

of 2020.

(@ Find the model's prediction for P at the start of 2023, to the nearest whole number.
(b) Find the percentage decrease in the population over 10 years, to 1 decimal place.
(c) Find, by tria, the first year in which the model gives fewer than 500 fish.

f(x) =3 and g(x) = x? — 1, for x € R.
(& Findfg(2) and gf(2).
(b)  Show that gf(x) = 9* — 1 and solve gf(x) = 80.

The functions f and g are defined for all real x by f(x) = 6e™ and g(x) = x + 3.
(@ Find an expression for gf(x).

(b) State the range of df.

(c) Solvethe eguation gf(x) = 4.5, giving the answer in exact form.

The function f is defined by f(x) =7 — 2¥, x € R.

(@ State therange of f.

(b) Solvef(x)=-—09.

() Find the coordinates of the points where the graph of y = f(x) crosses the axes, giving
any decimal value to 3 significant figures.

The functions f and g are defined for all real x by

e+e* e —e*

fX)=—=— 9x) = —
(@  Show that [f(x)]* — [g(x)]? = 1 for all x.
(b)  Show that f(2x) = 2[f(x)]? — L.

(c) Giventhatf(a) = %, find the possible values of g(a).
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The value, £V, of an investment t years after it was made is modelled by V = A k', where A and k are
positive constants.
The value is £1650 after 1 year and £1996.50 after 3 years.

(@ Find the value of k and the value of A. [4
(b) Find the value of the investment after 10 years, to the nearest penny. [2]
(c) Give one reason why the model may not be suitable for large values of t. [1
Show that (2% + 27%)? — (2* — 27%)2 = 4 for al redl x. [4]

The number V of visitors to a website in month t is modelled by V = V k', where V, and k are constants.
There were 4500 visitors in month 2 and 7776 in month 5.

(@ Find the values of k and V. [4]
(b) Interpret k in context and find the month when the model first predicts more than 20
000 visitors. [3]

The diagram shows the curvesy = 2* and y = 8 x 27, which meet at the point P.
Find the exact coordinates of P.

yh
8
6-
4 A y=2x
2-
_/ y=8><2*i
-2 -1 O 1 2 X

(5]

The curve C has equation y = p + ¢ €, where p and q are constants. C passes through the point (0, 7) and
the gradient of C at this point is 10.

(@ Find the value of p and the value of q. [4
(b) Find the exact x-coordinate of the point on C where the gradient is 40. [3]

A student claims that 3* + 3* = 9% for all values of x.

(@ Show, by substituting x = 1, that the claim is not true for all x. [2]
(b) Describe the error the student has made and write down the correct simplification of 3*
+ 3 [2]
() Find the value of x for which the two sides are equal, giving your answer to 3
significant figures. [5]
Let f(n) = 2".
(@& Show that f(n + 1) — f(n) = f(n). [2]
k
(b) Henceshow that > 2" =21 — 2, [3]
n=1
k
() Find the least integer k for which E 2" exceeds 1 000 000. [3]

n=1

Let f(x) = &, wherea>0and a = 1.
(@  Show that f(x +y) = f(x) f(y) and f(x) f(=x) = 1. [4]
(b) Hence, by considering (a2 — a™?)?, prove that f(x) + f(—x) = 2 for all real x, and

state when equality holds. [5]
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30

Investment A is £5000 at 4% compound interest per year. Investment B is £4000 at 6% compound interest

per year.
(@ Write down expressions for the values of A and B after n years.
(b)  Show, by trial, that B first exceeds A after 12 years.

In1.25
(c) Show that B > A whenn > Tn(Z.06/1.04) "
part (b).

Lawsof Logarithms

1

10

11

12

13

14

Evauate, without a calculator,

@ log, 32

(b) log,, 0.001
1

(€ logs 5

Write 3log, 2 + log, 5 — log, 10 as a single logarithm, simplifying your answer.

Write each as a single logarithm.
(8) log; 4 +1og; 5 (b) log, 40 — log, 8

Without using a calculator, evaluate (a) log; 54 — logs 2, (b) logg 4 + logg 9, () 31og, 6 —
log, 27.

Write each of the following in the form k In 2, where k is a constant.
1
@ In8(b) In 7 (c) Iny2

Given that log, 2 = p and log, 3 = g, expressin terms of p and g

@ log,12
8
(b) log,g

Answer the following.
(8 Usethe change of base formulato show that log, x = % log, X.

(b) Hence, or otherwise, find the exact value of logg 32.
By writing both in base 3, show that logg 27 = %

Simplify (a) log, @, (b) 107, (c) In e, (d) e"®.
Write (a) 2 + log;o 3 and (b) 1 — log,, 4 each as a single logarithm to base 10.

Use the change of base formulato evaluate logs 20, giving your answer to 3 significant
figures.

Giventhat y = 5 x 3% express x in terms of y, giving your answer in terms of logarithms to
base 3.

Find the value of the constant k such that % In64 — % In16+In8=klIn2.

Show that 2 log, 6 — log, 9 + 3=5.

and explain how this confirms your answer to

(2]
(4]

(4]

(1]
(1]

(3]

(2]

(3]

(3]

(2]
(2]

(2]

(2]

(3]

(4]
(4]

(3]

(3]

(4]

(4]
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15 Giventhat Inx =aand Iny = b, where x and y are positive.
2
X .
(@) Express In(Je&) interms of aand b.

2
(b) Given also that In(XV) =3 and In(xy) =6, find x and y in terms of e.

16 In this question x > 3.
(@  Show that log,o(x? — 9) — log;o(X + 3) = log;e(x — 3).
(b) Hence solve log(x? — 9) — log,o(x + 3) = 1.

17 Prove that log, b x log, a= 1 for all positive a, b not equal to 1.

18 Given that log, x = p, find log,(8x) in terms of p.

2

19 Given that log, x = 3 and log, y = —2, find the value of Ioga(XJa&).
20 The magnitude M of an earthquake is defined by M = Ioglo(ll—o), where | isthe intensity of the earthquake

and |, is a constant reference intensity.

(@ Find, interms of |,, the intensity of an earthquake of magnitude 5.8.

(b)  Show that an earthquake of magnitude 7.2 is about 25 times as intense as one of

magnitude 5.8.

21

integers.

22  Answer the following.
_ 1
(& Provethatlog, b= Tog, &'
(b) Hence simplify log, 3 % log; 4 x log, 5 x logs 8.
(@) SolvelogX2+Iogzx=g.

23 1 1 1 1
Prove that log, x * logs X + logs X ~ logg X

forx>0,x # 1

24 The positive numbers x and y, with x >y, satisfy 2 log;o(X — Y) =109, X + 1094 V.

(@ Show that x* — 3xy +y?=0.

(b) Hence find the exact value of §

25 Use the laws of logarithms for the following.

(& Provethatlog, b= % log, b, wherea, b> 0, a# 1 and nis apositive integer.

(b) Hence evaluate log,; 9 + 10g;,5 25.

26  The positive numbers x and y satisfy
log, x +log,y =4, log,y — log, x = %

(& Showthatlog,y = % log, Y.

(b) Findthevaluesof x andy.
(c) Hence find the exact value of log, y.

Simplify In(16€®) — In(%), giving your answer in the forma+ b In 2, whereaand b are

where aand b are positive and not equal to 1.
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27

28

29

30

The positive numbers a and b satisfy a + b? = 7ab.
(@ Showtha In(252) = 2(na+Inb).

(b) Givenasothatlna+Inb=6,findIn(a+ b)intheformp+Inqwherepand qare

integers.

Let x, y and z be positive numbers.

(& Giventhat X, y, z are consecutive terms of a geometric sequence, prove that In x, Iny, In

z are consecutive terms of an arithmetic sequence.

(b) The numbers 2, 6, 18 are in geometric sequence. Find the common difference of In 2, In

6, In 18.

Prove that log, 3 + log; 2 > 2.

Prove by contradiction that log, 5 isirrational.

Exponential Equations

1

10

Solve (&) 2* = 32, (b) 3* = .

Solve 5* = 12, giving your answer to 3 significant figures.
Solve (a) 2% = 16, (b) 5* = % (c) &4 =2.

Solve, giving exact answers: (a) € = 7, (b) > = 9.

The diagram shows the curve y = 3* and the line y = 20. Find the x-coordinate of their
intersection, to 3 significant figures.

yl
30 -
20 1

10 -

Solve 1.5* = 10, giving your answer to 3 significant figures.
Solve 4* = 871,

Solve each equation.

(@ €* =7, giving your answer in an exact form.

(b) 2*71=10, giving your answer to 3 significant figures.
Solve 27% = 9**2,

Solve 2¥*1 + 2¥ = 48.
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Solve e*~1 = 5, giving the answer as an exact value and then to 3 significant figures.
Solve 5*1 = 40, giving your answer to 3 significant figures,

Solve 9* — 4 x3*+3=0.

(3]
(3]

(4]

A cup of coffee cools so that its temperature, T °C, at time t minutes after it was poured is modelled by T =

20 + 70e 0%,

(@ Findtheinitial temperature of the coffee.

(b) Find the time taken for the coffee to cool to 50 °C, giving your answer to 3 significant
figures.

(c) Explain what the model predicts about the temperature in the long term.

Solve > — 5e* + 6 = 0, giving exact answers.
Solve the simultaneous equations 2**¥ = 64 and 3*7Y = 81.
Solve € + 12e™* = 7, giving exact answers.

Solve 3* >~ = 12, giving your answer as an exact fraction in terms of natural logarithms,
and then to 3 significant figures.

Without using a calculator, solvex In 12 +In45=1n5 + x In 4, giving X as an integer.

Consider the equation 3! = 5**2,

25

(@  Show that the equation can be written as (%)X =3

(b) Hence find the value of X, giving your answer to 3 significant figures.

In(8

Iin@@) d evauaex to 3

Show that the solution of 3*** = 2**2 can be written as x =

significant figures.

Solve the inequalities, giving the smallest integer n in each case.
@ 105">2
(b) 0.8"<0.01

Solve 2%t — 5 x 2+ 2=0.

The size of a bacteria population is modelled by P = P,e", where t is in hours. The population doubles

every 12 hours.

_In2
(@ Showthatk= EVE

(b) Find the time for the population to treble, to 3 significant figures.
() Find the percentage increase in population every hour, to 3 significant figures.
Solve e* — 3e* — 6€* + 8 = 0, giving exact answers.

Solve e**? — 7e**1 + 10 = 0, giving exact answers.

Answer the following.

(@ Solvetheinequality 3> — 10 x 3+ 9< 0.

(b) A student solves 3* + 3**1 = 36 by writing In(3¥) + In(3**) = In 36. Explain the error,
then solve the equation correctly.

(1]

(4]
(1]

(4]
(5]
(4]

(2]

(3]
(2]

(5]
(4]

(5]

(5]
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28 The first term of a geometric seriesis 5 and its common ratio is 3.
(@  Show that the sum of the first ntermsis 2(3n - 1.

(b) Find the least value of n for which the sum exceeds 10 000 000.
() Solve4* — 6 x2* — 16 =0, explaining why one of the roots of your quadratic is
rejected.

29  Consider the equation 4 — 2**1 + k = 0, where k is a constant.
(@ Show that when k = 1 the equation has exactly one solution and find it.
(b) Find the set of values of k for which the equation has two distinct real solutions. Justify
your answer.
(c) Solvethe eguation when k = —3.

30  Consider the equation € — e™* = 2k, where k > 0 is a constant.

(@ Show that when k = 1 the equation has exactly one real solution and find it in exact
form.

(b) Hence, or otherwise, solve € — e™* = 2k for k > 0 in terms of k.

L ogarithmic Equations

1 Solve (a) log; x = 4, (b) log, 64 = 2, where x > 0.
2 Solve (8) In x = 3, giving your answer in terms of e, (b) log,o(X + 1) = 2.

3 Theliney = 1.5 meets the curve y = In x at the point P, as shown. Find the x-coordinate of P,
as an exact value and to 3 significant figures.

y A

2_

4 Solve logs(2x + 1) = 2.
5 Solve log; x + log; 4 = log, 20.

6 Answer the following.
(8 Giventhat log, 64 = 3, find the value of a
(b) For thisvalue of a, solvelog, x = —2.

7 Solve each equation.

@ log,(3x —1)=4

(b) logs(x+4) —logsx=1
8 Solveln(3x — 2) =Inx +In 2.

9 Solve logyo(x + 6) — logyp(x — 3) = 1.
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Solve 2 logs x = logs(x + 6). [3]
Solve In(3x + 4) = 2 In x, where x > 0. [5]

The sound level, L decibels, of a sound of intensity | watts per square metreis given by L = 10
|

|0910(W .
(@ Find the sound level when | = 107°. (2]
(b) Find the intensity of a sound of level 95 decibels, giving your answer in standard form

to 3 significant figures. [3]
(c) Show that doubling the intensity of any sound increases its level by about 3 decibels. 2]
Solve (Inx)2 — 4 In x + 3 = 0, giving exact answers. [4]
The positive numbers x and y satisfy 0gg X + 109,90y =3 and y = 10x. Find x and y. [5]
The pH of asolution is given by pH = —log,, h, where h is the concentration of hydrogen ionsin mol per
litre.
(@ Findthe pH when h=3.2 x 107>, to 2 decimal places. [2]
(b) Find h when the pH is 6.3, giving your answer in standard form to 3 significant figures. [3]
Solvelog,(2x + 3) = 2, wherex >0 and x # 1. [4

The timet days for a culture of bacteriato grow from 250 to N bacteriais modelled by t = 8 In(%).

(@ Findtwhen N = 4000, to 3 significant figures. 2]
(b) Find N when t = 20, to the nearest whole number. [3]

Find the exact solution of the simultaneous equations
Xx+e=7In(x+1)=y. (4]

SolveIn(2x — 1) =1 + In(x — 2), giving the exact answer. [5]

Solve each equation, showing clearly how you decide which values of x are valid.
(@ logs(x?) — logy(x — 2) =2 (4]
(b)  logs(x — 2) =log, X (4]

The positive numbers x and y satisfy logyo X +10g,0y =2 and x — y = 15.

(@ Findthevaluesof x andy. [5]
(b) Thepair x = =5,y = —20 aso satisfies xy = 100 and x — y = 15. Explain why it is not

a solution of the original equations. [2]
Solve log,(x + 4) = 3 — log,(x — 1), giving your answer in exact form. (6]

Solve 2 1ogyo(x + 2) = 1 + log, X. [6]
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25
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30

The diagram shows the curve 'y = 1og,(3x — 1) and the liney = 4.
y A

y = log2(3x — 1)

—1 A

-2 4

(8 Find the exact x-coordinate of their intersection. [2]
(b) Hence solve the inequality log,(3x — 1) > 4. [2]
(c) Soalveln(5 — x) = In(x + 1), stating the full range of x. [3]

’

A student solves log,(x?) = 4 asfollows: ‘2 log, x = 4, solog, X =2, S0 x = 4.

(@ Show that x = —4 is aso a solution. [2]
(b) Explain the error in the student's working. [2]
() Solvelog,(x?) = 4 correctly. [2]
Solve 3Inx + % =7, giving exact answers. [5]

A student is asked to solve log,(x — 1) + log,(x — 3) = 3 and writes: ‘log,[(Xx — 1) + (X — 3)] =3, S0 2x —
4=8,s0x=6".

(@ Identify the error in the student's first step. [2]
(b) Solve the equation correctly. [5]
(c) Show that for every real value of k the equation log,(x — 1) + log,(x — 3) =k has

exactly one solution. [4]

Answer the following.

(@ Solve(log, x)> — 4log, x — 5=0. [4]
(b) Solve x'°%* = 16x3, where x > 0. 6]
Solve 2 log, 3 — logy x = 1, where x > 0 and x # 1, giving your answers in the form 3. [8]

The positive numbers x and y, both different from 1, satisfy log, y + log, x = 1—39 and xy = 64.

Find al pairs (x, y) in exact form. [8]
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Exponential and Logarithmic Graphs

1

10

11

The diagram shows the curve y = log, x, where a> 1. The curve passes through the point (9,
2).

Find the value of a, and the value of y when x = 27.

y

(9, 2)

For each curve write down the coordinates of the point where it crosses the y-axis and the
equation of its horizontal asymptote.

@y=2"(b)y=€e+3(c)y=5"
Sketch the curve y = 27, showing the coordinates of the point where it crosses the y-axis.

The curve C has equation y = €*. Write down the equation of the curve obtained when C is (a)
tranglated 2 units to the right, (b) reflected in the x-axis, (c) translated 3 units up.

Sketch the curve y = € — 4. Show the coordinates of the points where the curve crosses the
axes and state the equation of the asymptote.

Sketch the curve y = In(x + 3). Show the coordinates of the points where the curve crosses the
axes and state the equation of the asymptote.

Sketch the curve y = In(2x), showing where it crosses the x-axis, and state the equation of its
asymptote. Describe the transformation that mapsy = In x onto y = In(2x).

The function f is defined by f(x) = € + 1, x € R. Find f}(x) and state its domain.

Describe the single transformation that maps the graph of y = €* onto each of (a) y = e*, (b) y
=3¢, (y=€e"%

The variables x and y arerelated by y = ab*. A graph of log,; y against x is a straight line
through (0O, 0.70) and (3, 1.60).
Find aand b, each to 2 significant figures.

Make x the subject of each equation, where x and y are real.
@ y=Inx—2)+3

() y=je+3

(3]

(3]

(2]

(3]

(4]

(4]

(4]

(3]

(3]

(5]

(3]
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13

14

15

The diagram shows the curve with equation y = ab* + ¢, where a, b and ¢ are constants and b > 0. The

curve has the horizontal asymptote y = 2 and passes through (0, 5) and (1, 8).

yh

-3 -2 O1 2 3 «x
(@ Findthevaluesof a b and c. [4
(b) Find the value of x for which y = 50. [3]

Two variables x and y are related by y = ab*, where aand b are constants.
The graph of Ig y against x (logarithms to base 10) is a straight line passing through (0, 0.6) and (4, 2.5), as
shown.

19y ,
3.0 1

2.5 4
20 4 (4, 2.5)
1.5 A

1.0 1

(0, 0.6)

O | 2 3 4 5 x
(@ Showthatlgy=Iga+xlgh. [2]
(b) Find the values of aand b, giving each to 2 significant figures. [4

The function f is defined by f(x) = 3e* — 1, x € R.
Find the range of f, and find f ~(x) with its domain. [5]

The diagram shows the curvey = aln(x — 1), where ais a constant. The curve passes through the point (e +
1, 3).

y A

6 4

4

9 4

-9
(@ Findthe value of a. [2]
(b) Find the exact x-coordinate of the point on the curve wherey = 6. [2]
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16

17

18

19

20

21

22

By sketching the graphs of y = In x and y = 2 — x on the same axes, show that the equation In
X + X — 2 =0 has exactly one rea root, and show that it lies between 1 and 2. [4

The curve C has equation y = In(Ax + B), where A and B are positive constants. C passes through the points
(4, In5) and (3, In 11).

(@ Findthe vaue of A and the value of B. (4]
(b)  Write down the equation of the vertical asymptote of C, and find the exact coordinates
of the points where C crosses the axes. [4]

The curve C has equation y = In x. The curve D has equationy = 4 — In(x + 2).

(@) Describe a sequence of three transformations that maps C onto D. [3]
(b)  Write down the equation of the vertical asymptote of D. [1
(c) Find the exact coordinates of the points where D crosses the axes. [3]

The variables x and y are related by y = ax", where a and n are constants. Some values are shown in the
table (y is given to 2 decimal places).

X 2 4 6 8
\% 8.49 24.00 44.09 | 67.88
(@ Show that the graph of Iny against In x isa straight line, and state its gradient and
intercept in terms of aand n. [2]
(b) Usethevaluesatx =4 andx =8tofindnand a [5]
(c) Predict the value of y when x = 10, giving your answer to 3 significant figures. [2]

The curve C, has equation y = 2%. The curve C, is obtained by reflecting C, in the y-axis and then
tranglating the result by 3 units in the positive y direction.

(@ Write down the equation of C,. [2]
(b) Sketch C; and C, on the same axes, showing the coordinates of their intersections with

the y-axis and the equation of any asymptote. [3]
(c) Find the exact x-coordinate of the point where C; and C, intersect. [4]

The curve C has equation y = €*.
(@ Cistrandated by 3 unitsin the positive x-direction and then stretched by scale factor 2

paralle to the y-axis. Find the equation of the resulting curve. [2]
(b)  Show that the curve y = 2e“~2 can also be obtained from C by a single stretch parallel to
the y-axis, and give the scale factor. [2]

The diagram shows the graphs of y = f(x), where f(x) = € — 1 for x € R, and y = f~}(x), together with the
liney = x.

y 4

y=1

3

2

1

T

~h -

e 2 4
(@ Find f~*(x) and state its domain and range. [5]

(b) Explain why the graphs of f and f~* are reflections of each other iny = x, and state the
number of intersections of the two curves. [4]
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Let f(x) = [2¥ — 4.

(@  Sketch the graph of y = f(x), showing the coordinates of any points where it meets the
axes and the equation of its asymptote.

(b) Solvef(x) =4.

The table shows experimental values of x and y (first row x, second row y). It is suggested
that y = ax".

By plotting In'y against In x, or otherwise, show that this model fits the data, and find a and n.

X 1 2 3 4 5
y 3.00 8.49 15.59 24.00 33.54

The curve C has equation 'y = In x.
(8 Show that the tangent to C at the point P(e, 1) passes through the origin.

(b) Deducethat Inx < = for all x> 0.

The curve C has equation y = e — € — 6x.
. dy
(a) Find ax°

(b) Show that C has exactly one stationary point and find its exact coordinates.
(c) Determine the nature of the stationary point.

The function f is defined by f(x) = 3" — 2, for x € R.

(@  Write down the range of f.

(b) Find f~(x) and state its domain.

(©) Sketchy =f(x) and y = f~}(x) on the same axes, showing the coordinates of any points
where the curves cross the axes and the equations of any asymptotes.

(d)  Given that the solutions of f(x) = f~%(x) are the solutions of f(x) = x, show that the
curvesy = f(x) and y = f~*(x) do not intersect.

Answer the following about transformations and graphs of logarithmic functions.

(@  Show that the graph of y = In(3x) can be obtained from the graph of y =Inx by a
tranglation, and state the translation vector.

(b) A student claims that the graphs of y = In(x?) and 'y = 2 In x are identical. Sketch both
graphs on the same axes and explain why the claim is false.

() Find, in exact form, the x-coordinates of the points where the liney = 4 meetsy =
In(x?).

(5]
(3]

(6]

(4]

(2]

(2]

(2]

(3]

(4]

(4]

(3]

(4]
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The diagram shows the graphs of y = 2X and y = x°.

yh
y =x? /
15 4
10
5-
/ y=2x
— o
-2 -1 O1 2 3 4 x

(@ Verify that x = 2 and x = 4 are solutions of 2% = x2. [2]
(b) Usethe diagram to explain why the equation has exactly one other solution, and show

that it lies between —0.8 and —0.7. [4]
(c) Solve2* < x?forx>0. [2]

Letf(x) =x —1—Inx, forx>0.

(@ Show that f has a single stationary point and that it is a minimum. Find its value. [5]
(b) Henceprovethat Inx = x — 1foral x>0. [2]
(c) Deducethat € = 1+ tfor all real t. [3]

Exponential Growth and Decay

1

The number of insects in a population is modelled by N = 200e*, where t is the time in days

after the start of observation.

Find the value of N when (a) t = 0, (b) t = 10, giving your answer to the nearest whole

number. [2]

A radioactive sample has mass m grams at time t years, where m = 50e™ %Y,
Find the mass of the sample after 5 years, giving your answer to 3 significant figures. [2]

£1000 isinvested at 4% compound interest per year. Find its value after 5 years, to the nearest
penny. [2]

The mass of a radioactive sample is modelled by m = mye %%, where t isin years. Find the

percentage of the original mass remaining after 10 years, to 3 significant figures. [2]

A radioactive isotope has a half-life of 5 hours. A sample has mass 80 g. Find its mass after
15 hours. [2]

K where M, and k are positive

The mass M of aradioactive isotope at time t daysis modelled by M = Me™
constants. The haf-life of the isotope is 8 days.

In2

(@ Showthatk = -5 [3]
(b) Find the percentage of the original mass that remains after 20 days, giving your answer
to 3 significant figures. [2]

The population of atown is modelled by P = P,e¥', where t is the number of years after 1 January 2020. The
population was 12 000 on 1 January 2020 and 13 500 on 1 January 2023.

(@ Find the value of k, giving your answer to 3 significant figures. [2]
(b) Predict the population on 1 January 2030, to the nearest hundred. [2]
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A population of bacteria doubles every 5 days. It is modelled by N = N,e*, with t in days.
Find the exact value of k and its value to 3 significant figures. [3]

A population is modelled by P = 300e®®*. Find the time for P to reach 1000, to 3 significant
figures. (3]

The value £V of amachinet years after it was bought is modelled by V = 25 000e™ %,
(@ Find the value after 3 years, to the nearest £10. [2]
(b) Find when the machine's value is half its original value. [2]

A population is modelled by N = 200e®**, Find O(lj—':' and the rate of increase at t = 10, to 2
significant figures. [3]

The concentration of adrug in the blood is C = Coe™%2, t in hours. Find the time for the
concentration to fall to 10% of itsinitial value, to 3 significant figures. [3]

The graph shows the mass, M grams, of a decaying substance at time t hours, where M = M,e™®. The curve
passes through (0, 80) and (6, 20).

M
0, 80
80 ( )
60
40 -
20
O2 4 6 8 10 12 ¢t

(& Findthe values of M, and k, giving k to 3 significant figures. [4
(b) Find the half-life of the substance. 2]

The number of bacteriain a culture is modelled by N = 500e%%, wheret is the time in hours since the
culture was set up.

(@ Showthat S = 0.2\, 2]
(b) Find the rate of increase in the number of bacteria when N = 2000. 1
() Find the time taken for the number of bacteria to reach 10 000, giving your answer to 2

decimal places. [3]

The number N of bacteria satisfiesN = Ae“. Whent=2,N =12 and whent =5, N = 75.
Find A and k to 3 significant figures. [5]
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A graph of In N against t is a straight line through (0, 3.2) and (10, 4.4), where N is the
number of animalsin a colony and t isin years. The colony is modelled by N = Ne*.
Find N, and k, and the predicted value of N when t = 25, to the nearest whole number.

InN

=N W s g O

(5]
The population P of a species on an island t years after it was introduced is modelled by P = 5000 —
4000 %",
P A
P =5000
5000 f=============So---ooe-
4000
3000 -
2000 -
1000 A
O 5 10 15 20 ¢t
(@ Findtheinitial population and the long-term limit of the popul ation. 2]
(b) Find the time for the population to reach 4000, to 3 significant figures. [2]
Carbon-14 has a half-life of 5730 years. A bone is found to contain 63% of the carbon-14 of a
living sample. Assuming exponentia decay, estimate the age of the bone to the nearest 100
years. (5]

A colony of insects is modelled by P = Ae", wheret is the time in days. When t = 10 the population is 300
and when't = 30 it is 1200.

(@ Show that €® = 4 and find the exact value of k. [2]
(b) Findthe value of A. [2]
(c) Find the population predicted when t = 50. 2]

The concentration, C mg per litre, of adrug in a patient's blood t hours after an injection is modelled by C =
Coe ™. The concentration is 64 mg per litre after 2 hours and 8 mg per litre after 5 hours.

(8 Findthe exact value of k and the value of C,,. [4
(b) A second injection is given when the concentration first falls below 5 mg per litre. Find,
to the nearest minute, the time after the first injection at which this happens. [3]

(c) Show that the time for the concentration to halve is the same whatever the starting
concentration, and state its value for this drug. [2]
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A cup of teaisleft in aroom of constant temperature 18 °C. Its temperature, T °C, at time t minutes after it
was made is modelled by T = 18 + 62e™, where k is a positive constant. After 10 minutes the temperature
is50 °C.

T
0, 80
80 ( )
60 -
40 -
20 -
O10 20 30 40 50 60 ¢t

1 31

(8  Show that k = 5 In(35)- [3]
(b) Find the time at which the tea reaches 25 °C, to 3 significant figures. [3]
() Find the rate at which the teais cooling when t = 10, giving your answer to 3 significant

figures. (2]

. . 1200
The number P of members of a club t months after it opened is modelled by P = 17 5 0%
P A
o 5 10 t

(@ Find the initial membership and the limit of Past — . [2]
(b)  Find when the membership first exceeds 900. [3]
(c) Explain why this model is more realistic than P = P,e" for aclub. [1

The population of atown is modelled by P = P e with k > 0.
(@ Provethat thetime T for the population to double is the same whatever the starting

time, and find T in terms of k. [4]
(b) The population doubled between 1990 and 2010. Estimate the year in which it will have
trebled from its 1990 value. [4]

A capacitor discharges so that the voltage acrossit isV = Ve~ volts, t seconds after it starts to discharge.
The voltage fallsfrom 12 V to 4.5V in 3 seconds.

(@ Find the exact value of k. [3]
(b) Find the voltage after 5 seconds, to 3 significant figures, and the time at which it falls to
05V. [4]

Two accounts each start with £5000. Account A pays 3.5% per year compound interest, added once a year.

Account B grows continuously according to B = 5000e%%,

(@ Find the value of each account after 20 years, to the nearest pound. 4
(b) Findthetime, in yearsto 3 significant figures, for each account to double. [4]
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Thevalue, £V, of apainting t years after it was bought is modelled by V = 600 + 200 In(2t + 1), t = 0.

@
(b)
(©

(d)

The populations of two townst years after 1 January 2020 are modelled by A = 80 000e™%%% and B = 50

Find the value of the painting when it was bought.

Find the value of the painting after 10 years, to the nearest pound.

Find the exact time at which the model predicts that the value is £1000, and giveit to 3
significant figures.

Find %—\t/ and hence explain why the model predicts that the value keeps increasing, but
at adecreasing rate.

000e>%,

@

(b)
(©

Find the time when the two populations are predicted to be equal, giving your answer to
3 significant figures.

Show that the ratio % = 1.6e7 00,

Find the time at which the total population A + B isaminimum, and show that it isa

minimum. Give the minimum total population to the nearest hundred.

(1]
(2]

(3]

(3]

(4]
(2]

(5]

A biologist records the number N of cellsin a sample at time t hours and suspects that N = A e, where A

and k are constants. A graph of In N against t is a straight line passing through (2, 5.4) and (8, 6.6).
InN

A
7 (8, 6.6)
6 -/
5 1 (2,5.4)
4 .
3 -
2 .
1

O 2 4 6 8 t
(@ Show that the biologist's suspicion is consistent with a straight line graph of In N against

(b)
(©

(d)

t.

Find the values of k and A, giving A to 3 significant figures.

Find the time for the number of cells to double, giving your answer to 3 significant
figures.

Find when the number of cellsis predicted to reach 1 000 000, to 3 significant figures,
and comment on whether the model is likely to be valid then.

The concentration C mg per litre of adrug in a patient's blood t hours after it was taken by mouth is
modelled by C = 40(e™%Y — e7%), t = 0. The curve has a maximum at the point M.

C

20
15

10

A

M

»

@
(b)
(©

T T T T »

O5 10 15 20 25 ¢
Show that C=0 at t = 0 and explain what happensto C ast — .

Show that the maximum occurs when €®# = 5, and find the exact value of t at M.
Find the maximum concentration, to 3 significant figures.

(2]
(4]

(2]

(3]

(2]
(5]
(3]
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30  Thetable shows the population P (in thousands) of atown at the start of each of six years,t =0to 5.
t=0 t=1 t=2 t=3 t=4 t=5
50 61 75 91 105 116

(@ A student models the population by P = Ae¥, using thevaluesat t = 0 and t = 2. Find A

and k, and the predictionsatt =4 andt = 5. [5]
(b) Find the percentage error of the model at t = 5, and comment on how well the model fits

the data. [3]
(c) Give one reason why an exponential model is unlikely to be suitable for the long-term

population of atown. 1
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