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First Principles

1 (4 marks)
2 _
() Gradient of AB = E*1° =9 M1
2 _ 2

=9+6thth 9=6h;h —6+h AL

Answer: 6+ h 2 marks

(b) Ash—-0,6+h—6 B1

Thisis the gradient of the tangent (the curve) at A El

Answer: 6; gradient of the curve at A 2 marks
2 (3 marks)

s _ v fx+h)y—f(x) _ ..  5(x+h)?—5x?

f'(x) = Ihl_rB — - Ll_Qg - M1

2
= Jim 2205 jim (20x + 5h) M1
h—0 h—0

Ash - 0, f'(x) = 10x Al

Answer: 10x 3 marks
3 (3 marks)

2 _

Chord gradient = W =6+h M1

h= 1—10: gradient = 6.100 Al

Others. 6.01 and 6.001; the gradient approaches 6 Al

Answer: 6.1, 6.01, 6.001; approaches 6 3 marks
4 (4 marks)

f(x+h) —f(x) =5(x +h) —2 — (5x — 2) =5h M1

f(x+h2]—f(x):5_r:1:5 -

Ash-0,f(x) =5 Al

The graph is a straight line of gradient 5, so the gradient is the same at every point B1

Answer: 5 (the gradient of the straight line) 4 marks
5 (3 marks)

f(1+h)=(1+h)?+3(1+h)=4+5h+h? M1

2

Gradient of AB= 2 =54 1 AL

As h — 0 the gradient tendsto 5 B1

Answer: 5 3 marks
6 (4 marks)

f(x + h) = —h? — 2hx + 2h — x® + 2x M1

f(x + h) — f(x) = —h? — 2hx + 2h M1

—f(x+h2]—f(x) =—h—2x+2 Al

Ash-0,f(x) =2 — 2x Al

Answer: f'(x) =2 — 2x 4 marks
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7 (4 marks)
_ 3 _ 3

f(x + h% f(x) _ x+ h)h X .

(x + h)®=x3+ 3x?h + 3xh? + h® M1

So the gradient of the chord = 3x? + 3xh + h? Al

Ash— 0, f'(x) = 3x? Al

Answer: 3x? 4 marks
8 (4 marks)

fx+h) =2x+h)?2—=3x+h) +1=2x>+4xh+2h>—3x — 3h+1 M1

f(x + h) — f(x) = 4xh + 2h* — 3h M1

w =4x+2h—3 Al

Ash—-0,f(x)=4x — 3 Al

Answer: 4x — 3 4 marks
9 (4 marks)

f(_ZJ'h%_f(_z):f(—2):4— 10-1=-7 B1

f(-2+h)=(—2+h)?+5—2+h)—1==7+h+h? M1

2

Gradient of chord = h +hh =1+h Al

Ash — 0thegradient — 1 Al

Answer: 1 4 marks
10 (5 marks)

2°*h —4

(a) Gradient of PQ = h M1

h=0.1: 2.8709; h = 0.01: 2.7822; h = 0.001: 2.7735 A1 AL

Answer: 2.8709, 2.7822, 2.7735 3 marks

(b) The gradients are decreasing towards a limit M1

The gradient at P is approximately 2.77 Al

Answer: 2.77 2 marks
11 (4 marks)

fx+h —f(x) _ 1, 2 2, 1 _ 2Xx—2(x+h)

h =7GER X TR X(x + h) MLAL

_ =2 _ 2

T hx(x+h —  x(x+h) M1

Ash -0, f'(x) = —% Al

Answer : —% 4 marks
12 (4 marks)

f(x+h)=h?>+2hx+6h+x?>+6x +9 M1

f(x + h) — f(x) = h? + 2hx + 6h M1

Ash—-0,f(xX)=2x+6 Al

Answer: f'(x) =2x + 6 4 marks
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13 (5 marks)
(@) y + By = (x + 6x)% + (x + 6x) = x? + 2xO6x + (6x)? + x + 6x M1
So By = 2x6x + (6x)? + 6x Al
(b) 6y—2x+6x+1 M1 A1
Asﬁx—>0ﬂ:2x+1 Al
Answer: By = 2xbx + (6x)? + bx; d X =2x+1 5 marks
14 (5 marks)
fx+h —f(x) _1, 1 1
h =rGFR %) M1
_lxx—u+m
“h X(x + h) M1
_1, -h __ 1
“h 7 x(x+h) T x(x+h) A1A1L
Ash -0, f'(x) = —X—12 Al
Answer : —% 5 marks
15 (5 marks)
f(x+h) — f(x) _ yx+h —qx
h = P M1
Multiply top and bottom by YX +h +qx: M1
- = x M1 AL
h(yx + h +yx) \/x+h+\/_
Ash -0, f'(x) = Al
TR
Answer : L 5 marks
v
16 (6 marks)
(2+h)®=8+12h+6h%+h? M1 A1
2 3
Gradient of chord = w =12+ 6h + h? M1
Ash — 0, the gradient tends to 12 Al
Tangent:y — 8=12(x — 2) M1
y=12x — 16 Al
Answer:y = 12x — 16 6 marks
17 (5 marks)
f(x+h) —f(x) _ y2x+2h+1 —y2x+1
- = = M1
Multiply top and bottom by {2x + 2h + 1 ++/2x + 1: M1
_ (xX+2h+1)— (2x+1) _ 2 ML AL
T h(2x+2h+1+y2x+1) {2x+2h+1+y2x+1
Ash - 0: 2 ! Al
2y2x + 1 \/2x +1
Answer : ! 5 marks
Ty2x+1
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18 (5 marks)
f(x+h)=aXx+h)?+b(x+h)+c M1
f(x + h) — f(x) = 2axh + ah? + bh M1 A1
Ash—-0,f'(x) =2ax +b Al
Answer: 2ax + b 5 marks
19 (4 marks)
f(x) — f(a _ x* — a*
X—a  x—a M1
x* —a* = (x — a)(x® + ax? + & + &), so the quotient is x® + ax? + ax + & M1 AL
Asx — athistendsto a® + a® + & + a® = 4a° Al
Answer: 4a° 4 marks
20 (7 marks)
f(x + h) — f(x) = (3x*h + 3xh? + h® — 3h M1 AL
w:3x2+3xh+h2—3 M1 A1
Ash—0,f(x)=3x*>—3 Al
3x?—3=0s0x==1 M1
y=1—-3=—-2andy=—-1+3=2, sothepointsare (1, —2) and (—1, 2) Al
Answer: (1, =2), (=1, 2) 7 marks
21 (9 marks)
@yaQ=(1+h®—41+h=1+3n+3n>+h®—4—4h M1
Differenceiny = =3 — h+3h*+h®— (=3)=h*+3n* — h M1
3 2 _
Gradient = =N _ 2y g g AL
Answer: h?+3h =1 3 marks
(b) Ash - 0, gradient - —1 B1
Answer: —1 1 mark
_ 2 2,13
(© f(X”?] 1) 3Xh+3Xhh+h M 32y 3xh+h?— 4 M1 AL
Ash—0,f'(x)=3x*>— 4 Al
3x?—4=8s0x==2, givingy=0 M1
Points (2, 0) and (—2, 0) Al
Answer: f'(x) = 3x? — 4; (2, 0) and (=2, 0) 5 marks
22 (8 marks)
fx+h) —f(x) _ 1 1 1
(a) h - h((X+ h)Z X2) M1
_1 xX—(x+h?
T hT x%(x+h)? M1
x? — (x + h)2= —=2xh — h? Al
—2x—nh .
= —XZ(X " h)2 (after Cancelllng h) M1 A1
—2X 2
Ash - 0: 7 = _F Al
Answer: —% 6 marks
, 1 2
©) f(=3)=——7; M1
(=3)
=——2-=16 A
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Answer: 16
23 (6 marks)
O+ h) = £(x) = 2[(x + h)° = X% = (e — %)

2[(x + h)® — x3] = 6x°h + 6xh? + 2h®
11, “h _ 3h
=BGER T X T T3 E ) T X+

Divide by h and let h — 0: 6x? + 6xh + 2h? +

3 , 3
X+l e

Answer: 6x2+%
24 (6 marks)
f(x+h) —f(x) _ _( 1 i)_lx ]ZX —32x+h
h hix+h  x’h " yxyx+h
Multiply top and bottom of ME by yX +yx + h:

X —x+h _ x—(x+h _ L
h h(\/§+\/X+h) \/§+\/x+h
So the quotient = — \/_\/x+h(\/;+‘/X+h)
Ash—-0: — \/;xﬁxZ\/_ 2X]\-/;
Answer: _2x_\/§
25 (4 marks)
(a) 3230 L 5399

(b) f'(2) = cos 1, and the chord gradient approximates f'(1), so cos 1 = 0.5399

True value cos 1 = 0.5403, so the estimate is slightly too high (a chord with small his only
approximate)

Answer: (a) 0.5399 (b) cos 1 = 0.5399

26 (6 marks)

_ X+h X _ (x+hx+1) —x(x+h+1)
fx+h) =10 =33 pv1 — %1 = X+h+D)(x +1)
Numerator: x>+ x + hx +h — x2 — xh — x=h
f(x +h) — f(x) _ 1

h T (x+h+Dxx+1

o 1

Ash—»O,f(x)——(XJrl)2

1
Answer: X+ 1)?
27 (8 marks)
()f(x+h) f(x) _ sinxcosh+ cosx sinh — sinx

- h

:sinx(—COSh )+cosx(—smh)

h? cosh—1 h
cosh—lz—7soT~—§

Ash -0, —g—>0

dsmh 1

Sof'(x) =sinx x 0+ cosx X 1 = cos X
Answer: cos X
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2

(b) The approximationssinh = hand cosh = 1 — h7 are only valid for h in radians

In degrees, f'(x) = % COS X

i1}

Answer: radians needed; 180 COSX

28 (10 marks)
(a) Error: (x + h)? # x2 + h?, the term 2xh is missing
Correct: f'(x) = 2x

Answer: 2x
(b) (x+h)“:x“+nx“‘1h+—n(nz_l)x”‘zh2+...+hn
f(x+h2]—f(x) x4 n(nz_ 1)Xn—2h+ L +hnt

Every term after the first still contains a factor h
Ash — 0thesetermstend to 0, so f'(x) = nx"~*
Answer: nx"~?

(c)%:nx”‘l— n

Atx=1.n—n=0, so stationary

y=1-—n

Answer:y=1-—n

29 (8 marks)
(@) f(x +h) — f(x) =" *" — e =e(e" — 1)
f(x+h2]—f(x) — o x eh; 1

Ash — Othistendstoe* x 1 = ¢*

Answer: *

(b) g(x + h) — g(x) = (x + h)e* *" — xe* = &[(x + h)e" — X]
= e[x(e" — 1) + he"

— h _
g(X+h?-] g(X) :eX[X X € P 1 +eh]

-1

Ash— 0 —slande" -1

Sog'(x) = €(x + 1)
Answer: (x + 1)e*

30 (8 marks)
3_ .3 2 2 3
€) (p+h)h g =3ph+3;]ph+h =3p” +3ph + h?

As h — 0 the gradient tends to 3p?

Answer: 3p?

(b) Tangent: y — p° = 3p(x — p)

Meets C where x® — p® = 3p%(x — p)

(x = P)(x* + px + p?) — 3p*(x — P) =0, 50 (x — p)(x* + px — 2p’) =0
(X — p)’(x + 2p) = 0, s0 Q has x = —2p (x = p is the point of tangency)
Answer: x = —=2p

stemup.co.uk | page 6

El

Bl

2 marks

El
B1
2 marks

M1

M1 Al

Bl
Al

5 marks

M1

Al
Al
3 marks

M1

Al

Al
3 marks
M1
M1

Al

M1

Al

5 marks

M1 Al

Al

3 marks
M1

M1

M1 A1

Al
5 marks



StemUp | A Level Mathematics | Pure Mathematics: Differentiation | Model Answers

Basic Differentiation

1 (2 marks)
Differentiate term by term: 4 x 3x2 = 12x?, —6 x 2x = —12x, constant gives 0 M1
dy _ .2
ax = 12x 12x Al
Answer: 12x2 — 12x 2 marks
2 (3 marks)
f(x) =10x* — 2x + 7 M1 Al
f'(x) = 40x3 — 2 Al
Answer: f'(x) = 10x* — 2x + 7, f"(x) = 40x> — 2 3 marks
3 (3 marks)
s _g
T M1 AL
Whenr=5,%:40n Al
Answer: 40m cm? per cm 3 marks
4 (3 marks)
ff(x)=6x — 8 M1 Al
f'(3) = 10 Al
Answer: f'(x) =6x — 8; f'(3) =10 3 marks
5 (2 marks)
y = 6xY2 M1
dy _ 5, -12_ 3
ax = 3X i Al
3
Answer: _X 2 marks
6 (2 marks)
y=5x"3 M1
dy _ .oo-4_ _15
ax - "xT= N Al
Answer . —% 2 marks
7 (3 marks)
Write as powers; y = 3xY2 — 4x~2 M1
dy _ 3 - -3
Tx = 2X + 8x Al
-3 .8 Al
2x X
Answer . 3 + 8 3 marks
ol X
8 (4 marks)
Expand the numerator: (2x + 3)(x — 1) =2x*> + x — 3 M1
y=2+x"1t—3x"2 M1
dy _ - -3
ax - X + 6X Al
1 6
= —? + F Al
1 6
Answer: —— + — 4 marks
X X
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9 (4 marks)
ds _ oo
(a)m—15t 4
Answer: 15t> — 4
dv _
(b)m—U"'aI
Answer: u + at

10 (3 marks)
y=3x—2x!
%=3+2x-2= +%

11 (3 marks)
dy _ 312 _ _1 -3
ax - 2% EX 4 x ( 2)X
= 3xY2 + 232
Answer: 3xV2 + 2x~32

12 (5 marks)
(a)%:3x2—8x+7
Atx=2:12—-16+7=3

Answer: 3
(b)3x> —8x+7=7,03x*—8x=0
X(3x —8)=0
XZOOI’ng
8
AnSNer:x:Oorx:§
13 (4 marks)
%:4x3—12x
dy _ .o
e = 12x 12

Atx=-1:12—-12=0
Answer: 4x3 — 12x; 12x*> — 12; 0

14 (5 marks)
dy _ 52 _
d—x-3x 12x+9

Decreasing when % <03x—D(x—-3 <0

Critical valuesx = 1 and x = 3, and the quadratic is U-shaped
1<x<3
Answer: 1<x<3

15 (6 marks)
(8) S = 0,067 — 06t + 15
Answer: 0.06t? — 0.6t + 1.5
(b) 32 = 0.06(2 — 10t + 25)
= 0.06(t — 5)2

. . dh
A square is never negative, so v = 0 and h never decreases
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Answer % =0.06(t —5?=0

(c) Smallest value of 0.06(t — 5)?isOatt=5: rate O m per hour att =5

Answer: t =5, rate 0 m per hour

16 (5 marks)
A — 4x+ 1
Expand: y = T
y= 4X3/2 _ 4X]JZ + X—:UZ

dy _ oxV2 — ox-v2 _ Ly -3

dx 2X
Answer: 6xY2 — 2x~12 — %x‘g’z
17 (4 marks)

f(X) =x*> —5x+6

f isincreasing when f'(x) > 0: (x — 2)(x — 3) >0

XxX<2o0rx>3
Answer: x<2or x>3

18 (5 marks)
dy _ 5.2
H—SX —12x+5

d

The gradient is a quadratic with its least value at dix(d—i) =6x —12=0,s0x=2

Least gradient =12 — 24+ 5= —7

y=8— 24+ 10= —6, so the point is (2, —6)

Answer: Minimum gradient —7 at (2, —6)

19 (5 marks)
dy _
ﬁ =2kx — 6

Atx=2.4k —6=10,s0k =4
Gradient zero: 8x — 6=O,x:%;y=4(%)2

Point (3, —2)

Answer: k = 4; (%, —%)
20 (5 marks)

98 -«

Whent = 10: % = 30 birds per year

3 5
—6(z)+1=—7

Population stops increasing when % =0,s0t=40years

Answer: 30 birds per year; t = 40

21 (8 marks)
(@) Point (1,5):a+b=5
dy b

dX:Zax—?,SOZa—bzl

Adding: 3a=6,s0a=2andb=3
Answer: a=2,b=3

2,
(0) $h=a+5
At x = 1thevaueis 10
dy _
dx®

Answer: 4+ %; 10
X
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2
(© % =10 > 0, so the gradient isincreasing B1
Answer: increasing 1 mark
22 (7 marks)
2 2 2.2
a +2 % X —+ (=
(@ (/%) Pox =+ () M1
_ 4
=xX+4+ X Al
Answer:y=x+4+§ 2 marks
(b)y=x+4+4x7! M1
dy _ 4
ax = 1- Z Al
Answer: 1 — % 2 marks
4 3 4 1
(C)l— ? Z —2=Z M1
=16, x=%4 Al
Asx>0,x=4 Al
Answer: x =4 3 marks

23 (8 marks)

(@) y = 5x¥? + 2xV2 — 4712 M1 A1
Answer: y = 1x3’2 + 2xV2 — 4x~v2 2 marks
(b) 3 xV2 4 x7V2 4 ox 732 M1 AL
Answer %x”z +x7V2 4 2x 792 2 marks
_ .3 1 1_9
(C)Atx_4'ZX2+§+2X§_Z M1 A1
For x > 0 every term of % is positive, so % >0 M1
Hencey is an increasing function for all x >0 Al
9
Answer : 2 4 marks
24 (7 marks)
@ gy dy =6x¥2 — 6x7V2 M1 A1
2
% =3x Y2 4+ 3732 M1 AL
Cdy o -112, dy o -32
Answer: = = 6x7° — 6X s =3X"7°+ 3X 4 marks
(b) 6x¥2 =6xY? sox =1 M1 AL
2
% isasum of positive terms for x > 0, so positive El
Answer: x =1 3 marks
25 (6 marks)
f'(x) = 3ax® + 2bx + 2 M1 Al
f'(x) = 6ax + 2b Al
f(1)=23a+2b+2=2,03a+2b=0 M1
f'(2) = 18: 12a+ 2b =18 M1
Subtract: 9a=18,soa=2and b= -3 Al
Answer:a=2,b=-3 6 marks
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26 (7 marks)
dVvV _ ...
(@ a9t - 12t — t M1 Al
Answer: 12t — t? litres per minute 2 marks
(b) Letr=12t — % S =12 — 21 M1
dr _ _
qi - Owhent=6 Al
dir - .
W——2<0,30|t|samaX|mum El
r=72—36=36 M1 Al
Answer: t = 6 min; 36 litres per minute 5 marks
27 (9 marks)
(@ f'(x)=3x>—6x+5 M1
=3(x — 1)%+2 M1
(x —1)?>=0s0f(x) = 2>0foral x Al
Answer: f'(x) =3(x — 1)?+2>0 3 marks
(b) f isacubic with positive leading coefficient so it takes both negative and positive values, El
hence crosses the x-axis at least once
Asf isawaysincreasing it cannot cross more than once El
Answer: exactly one root 2 marks
(©g(x)=3x*—6x+p M1
Need g'(x) > O for all x, so no real roots. 36 — 12p <0 M1 Al
p>3 Al
Answer: p >3 4 marks
28 (9 marks)
(a) The expression has not been written as a power (y = %x‘z); the numerator and denominator El

cannot be differentiated separately
The power has been lowered incorrectly and the constant multiplier changed wrongly El
Answer: Not written as a power, and numerator and denominator differentiated separately; the powemasdowered incc

(b)y = ax2 M1
dy _ 4 . -3
ax ~ 3 (72X "
-_8 Al
S
. 8
Answer : PV 3 marks
8 _1 3_
(© 33 30X = 8 M1
X=2 Al
Answer: x =2 2 marks
d%y _4_ 8
) g7 =8 "=
%>Oforall x > 0, so the gradient is increasing Al
dy _ 8
Answer : v :7>0 2 marks
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29 (8 marks)
(a)%:3x2+2px+q

Stationary points need 3x? + 2px + q =0
Discriminant = 4p® — 12q
If p? < 3q then 4p? — 12q < 0 so there are no real roots

So % # 0 for every x: no stationary points

Answer: Shown
dy _ L2 _ )
(b) gx =3 +4x+5=3(x+ )" +

MinimumEWhenx= _2
3 3
11 2
Answer: ?atX— 3

11
3

30 (9 marks)

dy -
(a)ﬁ=nx” 1

2
% =n(n — )x" 2
x2xn(n— Dx"~2=n(n — Dx" = n(n — 1)y
Answer: Shown
(bynn—1)=12,son* —n—12=0
(n—4Hn+3)=0
n=4orn=-3
Answer:n=4or n= -3
(c) y is asum of the two power functions x* and x 3, each satisfying the equation (differentiation
islinear)

oty 9Y o2 s
Directly: v 12x° + 12x
2
XZ% = 12x4 + 12x 3 = 12y
Answer: Shown

Tangentsand Normals

1 (3 marks)
Whenx=2,y=4+6—2=8

dy _ _ _
Tx S X+3=Tax=2

y—8=7x—2)soy=7x — 6
Answer:y=7x — 6

2 (3 marks)

%:2x—4:2atx:3,sothenormal hasgradient—%

y+2:—%(x—3)
2y+4=—x+3s0x+2y+1=0
Answer: x+2y+1=0

3 (2 marks)

dy _ L2

H—SX 2

Atx=2:10

Answer: 10
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4 (3 marks)
When x =0,y =1, sothe paintis (0, 1) B1
%:3x2—4,sothegradientatx:0is—4 M1
y—1=—-4x,s0y=—-4x+1 Al
Answer:y = —4x + 1 3 marks
5 (3 marks)
% = 3x?, so the gradient of the tangent at x = 1is 3 M1 AL
Gradient of the normal = —% Al
Answer : —% 3 marks
6 (3 marks)
%:—2X,Sothegradientatx:—lisZ;y:4 M1 A1l
y—4=2(x+1),s0y=2x+6 Al
Answer:y=2x+6 3 marks
7 (5 marks)
dy _
ﬁ—2x+2 M1
The tangent has gradient 6, so 2x + 2=6and x = 2 M1 Al
y=4+4+5=13, so the point of contact is (2, 13) Al
13=12+c,s0c=1 Al
Answer: ¢ = 1; point of contact (2, 13) 5 marks
8 (5 marks)
(a)y:4x‘lso%:—4x‘2:—1atx:2 M1 AL
y—2==-1x—2)soy=4—x Al
Answer:y =4 — x 3 marks
(b) Gradient of the normal =1 M1
y—2=X—20Yy=X Al
Answer: y =X 2 marks
9 (4 marks)
4y _y-2- L thegradientat x = 4is~y =4
aIx =X —‘/;,so egradientat X =4is 5,y = M1 Al
y—4= %(x —4) M1
X—2y+4=0 Al
Answer: x — 2y +4=0 4 marks
10 (5 marks)
%=1—X—lz,sothetangentgradientatx=2is%;y=g M1 Al
Normal gradient = —% M1
— g = _%(X —_ 2) M1
8x+6y—31=0 Al
Answer: 8x+ 6y —31=0 5 marks
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11 (4 marks)

dx

dy _ 2x — 3, so the tangent gradient at A is 1

Normal gradient= -1y — 3=—(X — 2),s0y =5 —x

y=0whenx =5,s0Bis (5, 0)
Answer: B(5, 0)
12 (5 marks)

dy _ 52 _ _
ﬁ—3x 12x — 6

Parallel toy = 9x means gradient 9: 3x*> — 12x — 6=9

x?—4x—5=0,50(X —5)(x+1)=0,x=
y = =55when x =5; y = —1 when x = —1; points (5, —55) and (—1, —1)

Answer: (5, =55) and (—1, —1)

13 (4 marks)

% = 3x?, so the gradient at (1, 1) is 3

Tangent:y — 1=3(x — 1),s0y=3x — 2

50rx=-1

When x = 0, y = —2, so the tangent passes through (0, —2)

Answer: Shown

14 (6 marks)
() Y =3 —6x=3+6=9ax=~1

y+2=9(x+1)soy=9x+7
Answer:y =9x+7

(b) x-axis: X +7=0s0x = —%; y-axis.y =7

1.7 _ 49
Area= 2 X 9 X7 = 18
.49
Answer: 7=
15 (6 marks)

(a) % = 3x? — 6x — 9; the line has gradient —9

3> —6x—9=—-9503x(x —2)=0,x=00rx=2

Points (0, 4) and (2, —18)

Answer: (0, 4) and (2, —18)

(b)y —4=—-9xgivesy = —9x + 4
y +18=—9(x — 2) givesy = —9x
Answer:y=—=9%+4andy = —9x

16 (5 marks)
dy _
ax — 2ax + b

Through (2, 6): 4a+2b=6
Gradient5atx=2:4a+b=5
Subtracting: b=1,s0a=1
Answer:a=1,b=1

17 (6 marks)

3y + x = 7 has gradient —%, so the tangent has gradient 3

dy _ _ _
ﬁ—4x—5—3,sox—2

y=8—-10=—-2,s0Pis(2, —-2)
Tangent: y +2=3(x — 2),s0y=3x — 8
Answer: P(2, =2); y=3x — 8
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18 (6 marks)
% = 6x — 2, so the tangent gradient at Pis 4 M1 A1
Tangent:y — 1=4(x — 1) meetsx =0aty = —3,s0A is (0, —3) M1
Normal gradient—%:y— l:—%(x— 1) meetsx:OaIy:% M1 Al
5 _ 17
AB_Z+3_T Al
Answer: % 6 marks
19 (4 marks)
dy _ 3 -1 M1 AL
dx ~
Atx =0: gradient=2andy =3 B1
Tangent: y =2x + 3 Al
Answer:y=2x+3 4 marks
20 (5 marks)
dy _ .
ﬁ—2cosx—smx M1 Al
Atx=%:gradient=0—1=—1,andy=2+0=2 B1
y—2=—(X— %) M1
y:—x+2+% Al
Answer:y=—x+2+% 5 marks
21 (8 marks)
(a)%:Zx—S:—3atx:1 M1 AL
Normal gradient %: y—2= %(x -1) M1
y=x+5s0x—-3y+5=0 Al
Answer: x —3y+5=0 4 marks
(b) 3(x> = 5x+6) =x+5 M1
3x?—16x+13=0 Al
(3x—13)(x—1):030x:1—§(x:1isA) M1
13 28 13 28
y=(3+9+3=5.,B(73.75) Al
Answer: B(%, %) 4 marks
22 (8 marks)
(a)%=2x—2,sothegradientatPi52p—2 M1
Tangent:y — (p> — 2p+5) =(2p — 2)(x — p) M1 Al
Through (0, 0): —p®+2p — 5= —2p*+ 2p M1
Sop?=5 Al
Answer: p?=5 5 marks
(b) p = +/5; gradient = 2p — 2 M1
p=15:y=(2/5 — 2)x AL
p=—5:y=(—2/5 — 2)x AL
Answer: y = (2/5 — 2)x and y = —(2//5 + 2)x 3 marks
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23 (7 marks)
% = 2xX — 2, so the tangent gradient at Pis 4 M1 Al
Tangent:y — 4=4(x — 3); y=0givesx =2,s0A is(2, 0) M1 Al
Normal gradient —%: y—4= —%(x — 3);y=0givesx =19, s0o B is(19, 0) M1 Al
Area= 5 x (19— 2) x 4= 34 AL
Answer: 34 7 marks
24 (9 marks)
@ % = —2x, sothegradientat x = pis —2p M1
y — (4-p?)=—2p(x = p) M1
y=—2px +2p° +4 — p®= —2px + p° + 4 Al
Answer: Shown 3 marks
(b) Through (0, 5): p?+4=5,s0p = #1 M1 AL
Tangents:y = —2x+5andy=2x +5 Al
They meet thex—axisatngandx: —g M1
1 _ 25
Area—EXSXS—7 M1 Al
25
Answer:y = £2x + 5; - 6 marks
25 (7 marks)
(a) % =3x? — 6, so the gradient at Pis —3 M1 AL
y+4==-3x—1),s0y=—-3x—1 Al
Answer:y==3x—1 3 marks
(b)x®*—6x+1=—-3x—1,0x>—3x+2=0 M1
(x — 1) isarepeated factor (tangent at x = 1): (x — 1)%(x +2) =0 M1 AL
Xx==2,y=—3(—2) —1=5,s0Qis(—2,5) Al
Answer: Q(—2, 5) 4 marks
26 (7 marks)
(@ x?=—x>+4x —2,502x> —4x+2=0 M1
2(x — 1)>=0,s0x =1 only Al
y=1s0Tis(11) Al
Answer: T(1, 1) 3 marks
(b)C:%=2x=ZatT B1
D:%:—2x+4:2atT B1
The curves have the same gradient at T so they touch there El
Commontangent:y — 1=2(x — 1),soy=2x — 1 Al
Answer:y=2x — 1 4 marks
27 (10 marks)
(a) ForC:%=—x‘2=—1atx=1 M1 AL
ForD:%:2x+a:2+a,302+a:—1,a:—3 M1 Al
PonD:1—-3+b=1s0b=3 Al
Answer:a=-3,b=3 5 marks
(b) Tangent:y —1=—(x — 1),y =2 —x. Thenx®> = 3x +3=2 — x M1
x? — 2x + 1= (x — 1)®> = 0: repeated root x = 1 only Al
Answer: (x — 1)2=0 2 marks
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(c) Normal: gradient 1 through (1, 1) isy = x B1
C:%zxsox=—1, Q(—1, -1 M1
D:x?—3x+3=xs0(x — 1)(x — 3)=0,R(3, 3) Al
Answer: Q(—1, —=1), R(3, 3) 3 marks
28 (9 marks)
)] % = 2x = 2p at P, so the normal has gradient _2_lp M1 Al
1
Normal:y — p? = —z—p(x -p) M1
1
Atx=0:y=p2+2—%=p2+§ Al
Answer: (0, p* + %) 4 marks
(b)p2+%:530p2:% M1
_e3 32
p= i—z =t Al
y= %: points (J_r%é, %) Al
Answer: (i%, %) 3 marks
(c) The intercept is p? +% E1
p? = 0 so the intercept is always at least %; the case p = 0 gives the y-axis E1
Answer: intercept = % 2 marks
29 (10 marks)
)] % = —%, gradient at Pis —é M1 A1
2__2, _
Y= 5= =P 1
:_£X+E+g:_ix+ﬂ Al
p? p P p? p
Answer: Shown 4 marks
(b)y=0: éx:%,sox:Zp;Ais(Zp,O) M1 A1
—ov=4 o 4
x—O.y—p,Bls(O, IO) Al
Answer: A(2p, 0), B(0, %) 3 marks
(c)Area:%XZpX% M1 Al
= 4, independent of p Al
Answer: 4 3 marks
30 (10 marks)
(a)%:3x2—3:3(x—1)(x+1) M1
Thisiszerowhen x = +1 Al
Answer: Shown 2 marks
(b) The x-axis touches C at a point where the gradient is0, soy =0atx=10orx=—1 M1
x=11-3+k=0givesk=2 Al
x=—-1-1+3+k=0givesk = —2, rgected sincek > 0 M1 A1l
Answer: k =2 4 marks
E©y=x}—3x+2=(x—DX*+x— 2 M1
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=(x — )*(x+2)

Meets the x-axis at (1, 0) and (—2, 0)
Meets the y-axis (x = 0) at (0O, 2)
Answer: (1, 0), (=2, 0), (0, 2

Stationary Points and Optimisation

1 (3 marks)

dy _ _

Ix - 2x—6=0

x=3

y=9—18+5=—4, sothepointis (3, —4)
Answer: (3, —4)

2 (3 marks)
dy _ o2 1o _ _
ﬁ—3x 12=0,so0x =%2

X=2:y=-16; x = —2:y = 16. Points (2, —16) and (—2, 16)
Answer: (2, —16) and (=2, 16)

3 (3 marks)
dy _ 4.2
W—ISX - 27

3x?=27,s0x = +3
Answer: x = +3

4 (4 marks)
ﬂ=4—2x=0 SOX =2
dx ’
y=5+8—4=9, sothepointis(2, 9)
dy _

e —2 <0, so amaximum

Answer: (2, 9), maximum

5 (3 marks)
dy _ .2 _ Py e
dx—3x 12x,dx2— X — 12

2,
At x =4, % =12>0, soitisaminimum
Answer: Minimum

6 (3 marks)

dy _ o o_ _
ﬁ—4x 8=0,s0x=2
y=8-—16=-8
Answer: —8

7 (5 marks)
f(x)=6x2—18x+12=6(x — 1)(x — 2) =0
x=1,1(1) =6; x=2,f(2) =5. Points (1, 6) and (2, 5)
f'(x) = 12x — 18
f'(1) = —6<0s0 (1, 6) isamaximum; f*(2) =6 >0 s0 (2, 5) isaminimum
Answer: (1, 6) maximum, (2, 5) minimum
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8 (4 marks)

ﬂ—l—i—050x2—4x—2(asx>0) M1 AL

dx -7 2~ -mAT

y=2+2=4, point (2, 4) Al

dy 8 _ B i

— =—=1>0atx =2, soaminimum Al

dx X

Answer: (2, 4) 4 marks
9 (6 marks)

8Y — 3¢ — 6x — 9=3(x — 3)(x + ) M1 A1

Stationary whenx =3 orx=—1;y=—26andy =6 M1 Al

2

% =6x — 6 ax=—-1litis—12<0,amaximum; at X = 3itis12 > 0, aminimum M1 A1l

Answer: (=1, 6) maximum; (3, —26) minimum 6 marks
10 (5 marks)

9P — 40— 04x=0

ax = AX = M1 A1

x =100 Al

d’P .

o = —0.4 <0, so amaximum B1

P = 4000 — 2000 — 300 = 1700, so the maximum profit is £1700 Al

Answer: 100 items;, maximum profit £1700 5 marks
11 (4 marks)

% = 4x° — 16x = 4x(x* — 4) M1 AL

x=0,20r =2 Al

y =0, —16 and —16: points (0, 0), (2, —16), (—2, —16) Al

Answer: (0, 0), (2, —16), (=2, —16) 4 marks
12 (5 marks)

Other side = 10 — x (half the perimeter minus x) B1

A =x(10 — x) = 10x — x? M1

dA _ _ _

W—lO—Zx—O,sox—S M1 Al

A =50 — 25 =25 cm? Al

Answer: 25 cm? 5 marks
13 (4 marks)

%=20—10t=0,sot=2 M1 Al

h=2+40—-20=22 M1 Al

Answer: 22matt=2s 4 marks
14 (6 marks)

(a) Side parallel to the wall = 80 — 2x M1

A = x(80 — 2x) = 80x — 2x? Al

Answer: A = 80x — 2x° 2 marks

(b) 82 =80 — 4x = 0s0x = 20 M1 AL

2

%=—4<Osoamaximum B1

A =80 x 20 — 2 x 400 = 800 m? Al

Answer: x = 20, A = 800 m? 4 marks
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15 (7 marks)
(a) Baseis a square of side 24 — 2x and the height is x M1
V = x(24 — 2x)? = x(576 — 96x + 4x?) = 4x>® — 96x° + 576X Al
Answer: shown 2 marks
(b) cé—\)i = 12x% — 192x + 576 = 12(x — 4)(x — 12) M1 A1
O0<x<12s0x=4 Al
d?v .
W:24x—192:—96<Oatx:4,amaX|mum B1
V =4 x 16 = 1024 cm® Al
Answer: x = 4,V = 1024 cm?® 5 marks
16 (6 marks)
y =24 —x,s0P=24x*> — x3 M1 A1
%:48x—3x2:3x(16—x):O,sox:16(x>0) M1 Al
dP .
W=48—6x=—48<0whenx=16,soamaX|mum M1
x=16andy = 8 (P = 2048) Al
Answer: x =16,y =8 6 marks
17 (10 marks)
(a) Area= %rze =50,500 = % M1
Arclength=r0 = iio M1
P=2r+ g Al
Answer: Shown 3 marks
(b)%=2—1—00=0 M1 Al
r’=50,s0r=5/2 Al
2
%:%>Owhenr>0,soaminimum B1
100
P=10y2 + == = 10y2 + 10y2 = 202 M1 A1
5/2
Answer: 202 cm 6 marks
100 _
(C) 0= 50 - 2 B1
Answer: @ =2 1 mark
18 (10 marks)
_ 2
(a) Surface area: 2m1r? + 2rrh = 1501, so h = I - [ M1 AL
V =nur?h = ar(75 — r?) = 75mar — 1r? M1 Al
Answer: Shown 4 marks
(b) (?j_\r/ =751 — 3ar’ =0 M1 AL
r’=25s0r=5 Al
d3v .
q = —6rr = —30m < 0, so a maximum B1
V = 3751 — 12511 = 25011 M1 Al
Answer: r =5; maximum volume 250 cm? 6 marks
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19 (7 marks)
% = 2ax — % M1 A1
Atx:2:4a—%:0,sob:16a M1
y=6atx=2:4a+%=6,so4a+8a=6 M1
_1 . _
a=s, b=8 Al
d?y 2b 16
W:28+?21+F:3>OEIX:2 M1
A minimum Al
Answer: a= % b = 8; minimum 7 marks
20 (5 marks)
&Y —3x? — 6x+3=3(x — 12 M1 AL
Thisis zero only when x = 1, so there is one stationary point (1, 1) Al
Either side of x = 1, % =3(x—1)?>0 M1
The gradient is positive on both sides, so it is neither a maximum nor a minimum: a point of E1
inflection
Answer: Shown 5 marks
21 (9 marks)
(8 mrh=500s0h = 22 vt
S=2nr? + 2rrh M1
=2mr? + &roo Al
Answer: shown 3 marks
ds _ 1000
(b) o =4mr — 7z M1 A1
_ 3_ 250
=0sor’= ETH M1
r=4.30cm Al
Answer: r =4.30 4 marks
2
(c)$=4n+ 2?20 > 0 for r >0, so aminimum B1
_ > 1000 _ 2
S = 2m1(4.30)” + 730 - 349 cm Al
Answer: 349 cm? 2 marks
22 (8 marks)
(a) % = 4x3 — 12x2 = 4x*(x — 3) M1 A1
x=0o0rx=3 Al
Points (0, 0) and (3, —27) Al
Answer: (0, 0) and (3, —27) 4 marks
2
(b) % = 12x% — 24x; at x = 3itis36 > 0, s0 (3, —27) is aminimum M1 A1
o dy . :
Atx =0, v 0 so the test is inconclusive B1
% = —16a x=—1and —8 at X = 1: negative on both sides, so (0, 0) is a point of inflection Al
Answer: (3, —27) minimum; (0, 0) point of inflection 4 marks
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23 (10 marks)
(a)Perimeter:2x+2h+nx:6,soh:3—x—%x M1 A1
A=2xh+%1‘1x2 M1
:6x—2x2—r1x2+%r1x2:6x—2x2—%x2 Al
Answer: Shown 4 marks
b) 92 =6 — 4x — mx =0, X = 2
()dx = X —TX=0,0X= 7 M1 Al
2
%:—4—H<O,amaximum El
_ o, ,_ 36 (4+m) 36
A=bx— 2+ 5= gom — X G M1 AL
_ 3% 18 _ 18
T 4+1 4+m " 4+1 Al
A .. _ 6 . 18 2
nswer: X = 7 o maximum area 7+ m 6 marks
24 (9 marks)
@) 2x2h:108,soh:% M1
Top and base: 2 x 2x? x 30 = 120x? M1
Sides: 2(2x x h) +2(x x h) = 6xh = 2 50 cost 20 x o = H0 M1
C=120x2+@ Al
Answer: Shown 4 marks
dC _ 6480 _ 3 _ _
(b)d—x—240x— . =0,s0x°=27,x=3 M1 Al
2
d_C2 =240 + 129360 > 0, aminimum El
dx X
C=120x 9+ 222 = 1080 + 2160 = £3240 M1 AL
Answer: £3240 5 marks
25 (9 marks)
(8) Velocity v = 3% = 62 — 30t + 36 = 6(t — 2)(t — 3) M1 AL
v=0whent=2andt=3 Al
S(2)=16—60+72=28m; 5(3) =54 — 135+ 108 =27 m M1 A1
Answer:t=2(s=28m),t =3(s=27m) 5 marks
dv _ _ _5
(b)F—IZt—BO—O,s;ot—2 M1 A1
5 5 1 1
V=6(§—2)(§—3)=6XEX(—§) M1
__3 1
=—3ms Al
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Answer —% ms™? 4 marks
26 (7 marks)

Let Pbe (x, yx). AP? = (x — 4)2 + x = x> — 7x + 16 M1 AL

d(APY) _ _ 7

T—ZX—7—0,SOX—§ M1 Al

Second derivative 2 > 0, so a minimum El

7 (7. 1. 7_15

PIS(?’\/;)’APZ_Z-’-?_T M1

AP = 3@ Al

Answer: P(%, \/z), AP = l@ 7 marks
27 (10 marks)

(a) Profit per item =30 — x — 12 =18 — x; items sold = 300 + 20x B1B1

P = (18 — x)(300 + 20x) = 5400 + 60x — 20x° M1

Answer: Shown 3 marks

(b)%=60—40x=0,sox=1.5 M1 Al

d*P .

W:—40<0,soamaX|mum B1

Selling price = 30 — 1.5 = £28.50 Al

P =5400 + 90 — 45 = £5445 Al

Answer: £28.50, maximum profit £5445 5 marks

(c) 60x — 20x* = 0,0 20x(3 — X) = 0 M1

O0=sx=3 Al

Answer: 0 =x=3 2 marks
28 (11 marks)

- side X X2
(a) Square: side 7 aea s B1
Circle: circumference 100 — x sor = % M1
5 (100 — x)?
Area=1r° = - Al
Answer: shown 3 marks
dA _x 100 — x

(b) Ix -8 o M1 Al

_ _ _ _ 400 _

=0 so mmx = 4(100 x),x—n+4—56.0 Al

Answer: x = 56.0 3 marks

d°A _ 1 I S -

(C)W_g 57 > 0, so aminimum B1

A =350 cm? Al

Answer: 350 cm? 2 marks

(d) Greatest valueis at an end of the interval since the only stationary point is a minimum El

x=0:A=290% - 796 (3 5f.); x = 100 A = 625 M1

Greatest area is 796 cm?, when the whole wire forms a circle Al

Answer: 796 cm? 3 marks
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29 (9 marks)
(a)%:?:xz— 6x — 24 = 3(x — 4)(X + 2) M1 AL
X=—2y=—-8-—12+48+20=48 M1 Al
X=4:y=64—48 — 96+ 20=-60 Al
2
% =6x —6: —18<0at x = —2 (maximum) and 18 > 0 at x = 4 (minimum) Al
Answer: (=2, 48) maximum; (4, —60) minimum 6 marks
(b) Three roots when the liney = k cuts C three times M1
This needs k between the minimum and the maximum values M1
—60<k<48 Al
Answer: —60 < k <48 3 marks
30 (10 marks)
(a) The centre of the sphere is at the midpoint of the axis; Pythagoras on aradius to the rim: R? = M1 Al
4 ()
2
h2
V =mr*h = n(R? — -)h Al
Answer: Shown 3 marks
—oR%h — I o 3V — pr2 — 302
(b) V =11R"h 4h’30dh_HR 4h M1 A1
2
%—X:Ogiv&shzz%,h:% M1 AL
gy _ —3—Hh <0 i
=T , SO @ maximum El
R?, 2R 2R? 2R
— 2 —
V—H(R—?)ﬁ—HXTXﬁ M1
_ 4uR® AL
33
Answer : 4uR® 7 marks
Product Rule
1 (3 marks)
Letu=x3v=2x—5sou=3x% Vv =2 M1 AL
% =3x?%(2x — 5) + 2x3 = 8x® — 15x? Al
Answer: 8x® — 15x? 3 marks
2 (3 marks)
u=x,v=e,u=1v=¢ M1 A1
d
d—izex+xe:(1+x)e" AL
Answer: (1 + x)e* 3 marks
3 (4 marks)
u=3x+1,v=x>*—2u=3V =2 B1
&Y~ 3x2 — 2) + (3x + () M1 AL
= 9x? + 2x — 6 (check: y = 3x® + x2 — 6x — 2, which gives the same derivative) Al
Answer: 9x? +2x — 6 4 marks
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4 (3 marks)

u=x,v=sinx,sou =1, v' =cosx Bl

ﬂ-sin + X cos

Tx = SnX+Xcosx M1 A1

Answer: sin X + X cos X 3 marks
5 (3 marks)

u=x%Vv=cosx,sou =2x,V = —sinx B1

d .

d—§:2xcosx—xzsmx M1 A1

Answer: 2x cos X — X2 sin X 3 marks
6 (3 marks)

u=x”2,v=x+4,sou'=%x‘”z,v‘=1 B1

d 1 _

—i = Sx(x + 4) + x M1

s Al

2 2\&
3 _

Answer: §Xﬂ2+2X 2 3 marks

7 (4 marks)
2wy dy : 2

(a)u—x,v—smx.ﬁ—szmx+x COS X M1 A1

Answer: 2x sin X + x? cos X 2 marks

(b) 2 sin 1 + % cos 11 M1

=0—m?= -1’ Al

Answer: —1m? 2 marks
8 (5 marks)

Writey = (2x — 1)x¥%4 u=2x — 1, v = x¥? M1

1 _

U=2,v= 5x i) Al

day _ o2 _ 1

OIX-2x + (2x 1)><2\/; Al

. Ix+2x — 1
Common denominator: XEXT 2 M1
20
_ 6x — 1 Al
E

Answer: shown 5 marks

9 (3 marks)
1

u=eX,v=Inx,sou‘=eX,v'=; B1

dy _ e*

W—exlnx+7 M1 A1l

eX

Answer: exlnx+7 3 marks
10 (5 marks)

u=x?+3 v=x>—xu=2x,v=3x*>-1 B1

d

d—i =2x(x3 — x) + (x2 + 3)(3x* — 1) M1 AL

=5x*+6x°>—3 Al

d
Check:y:x5+2x3—3x,sod—§:5x4+6x2—3 B1
Answer: 5x* + 6x2 — 3 5 marks
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11 (4 marks)
u:x,v:cosx:%:cosx—xsinx M1 A1
Atx=m: cosm —msinm M1
=—1—-0=-1 Al
Answer: —1 4 marks
12 (4 marks)
2, oo Loap 1
u=x ,v—Inx.u—Zx V= B1
dy _ Inx 1
d_x_ﬁ""/;xi M1 A1
_In_x+i_ 2+Inx AL
2 T 2
Answer : 2+Inx 4 marks
ok
13 (4 marks)
%:tanx+xseczx ML AL
Atx:%:tan%:landsecz%:z B1
dy _ o _ o
d_X_l+Zx2_l+E Al
Answer: 1+% 4 marks
14 (6 marks)
Au=x%v=Inx u=3C V= M1 AL
X
%:3lenx+x2:x2(3lnx+1) Al
Answer: x*(3In x + 1) 3 marks
(b)x2(3lnx+1):Owithx>0,solnx:—% M1
x=e ¥ Al
_ 1 1 . _ 1
y=etx(=3)=—3g point (€7, -5 Al
Answer: (€713, —%) 3 marks
15 (7 marks)
(@ u=x3v=g M1
=xe(2 + x) Al
Answer: xe*(x + 2) 3 marks
(b) Atx =1:y = e, gradient = 3e B1
y—e=3ex —1),s0y=3ex — 2e Al
Answer:y = 3ex — 2e 2 marks
(c)0=3ex — 2e M1
2
)(:§ Al
2
Answer: X== 2 marks
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16 (7 marks)

(@u=x’v=eXu=2xVv=—e~ B1

dy — —X __ y2a—X

ax = 2xe x‘e M1 Al

=x(2 — x)e™* Al

Answer: x(2 — x)e™* 4 marks

(b) % =0:x=0o0orx=2ande * = 0; Pisat x = 2 (the origin is the other stationary point) M1 A1

a=2y=4e? Al

Answer: a=2; 472 3 marks
17 (6 marks)

(@u=3x+2v=eu=3\Vv=-—2% M1

% =3e * — 2(3x + 2™ M1 AL

= (83— 6x — 4)e" > = —(bx + 1)e™* Al

Answer: Shown 4 marks

(b) y is decreasing when % <0;e *>0foralx,soneed 6x + 1> 0 M1

> -1
X 5 Al
1

Answer: x > -5 2 marks
18 (5 marks)

u=x,v=eu=1,v =2e¥ B1

% = €2 + 2xe® = (1 + 2x)e M1 A1

Stationary: 1+2x=0,sox=—% M1

1 _ _ 1 1 _

y = —5e ", sothepointis (-3, =€) Al

Answer: (—%, —%e'l) 5 marks
19 (5 marks)

ﬂ =g +

dx = SiNX +Xxcosx M1 A1

dy _ .

O = CoSX +osX — xsinx M1 A1

. d%y . .

:2cosx—xsmx,som+y:2cosx—xsmx+xsmx:2cosx Al

Answer: Shown 5 marks
20 (5 marks)

% = e + 2xe® = (1 + 2x)e* M1 Al

d2y — 2X 2X — 2X

vl 2™ + 2(1 + 2x)e™ = (4 + 4x)e M1 Al

d? d

d_xyz_ d_§+4y:e2X[(4+4x)—4(1+2x)+4x]:o Al

Answer: shown 5 marks
21 (8 marks)

@u=€e,v=sinx:u=¢" Vv =cosx M1 AL

%=exsinx+excosx=ex(sinx+cosx) Al

Answer: shown 3 marks

(b) Product rule again with u = €*, v = sin x + cos x M1
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2
% = €*(sin X + cos x) + €‘(Cos X — sin x)

= 2€* cos x
Answer: shown
(0)e*=#0,s0sinx+cosx=0,tanx=—1

_ 3 7o
T4 4
.. _3m 7o
Answer: X = 2 a
22 (8 marks)
(@ % e ¥ —xe*=(1—-x)e*
=0sox=1
y=el, P, 3)

Answer: P(1, %

d2y —_ —X —X — —X
(b)m——e —(1—=x)e"=Kx—2e
Thisis 0 at x = 2 and changes sign from negative to positive
Answer: shown
(cy=2e2

Answer: 2e~2

23 (5 marks)

Takeu = xe*, v=sinx: U’ = € + xe&* (product rule again), v' = cos x

dy
dx
=eg(xsinx+sinx+xcosx),soa=1b=1,c=1
Answer:a=1,b=1c=1

= (e" + x€*) sin X + X" cos X

24 (7 marks)

%=2X|nx+x2x%zlenx+x=x(2lnx+1)

Stationary: 2Inx +1=0,s0Inx = —%, x=e 12

_ 1 1
y=e lx(_j):_%

2
% =2Inx + 3 (product rule on 2x In x + X), whichequals2>0at x = e~
So aminimum at (™2, —%)

_ 1 ..
Answer: (e7Y2, —5g), minimum

25 (8 marks)
(a) u=100t, v=e""% u =100, v' = —%e‘”z
dB

_ 2 _ —12
at - 100e 50te

=50(2 — t)e "2
Answer: Shown

dB .
(b) gt - Ogivest=2

Sign of %—? changes from positive to negative, so a maximum

B = 200e~! = 73.6 thousand, i.e. about 73 600 bacteria
Answer: t =2 h; B=200e"! = 73600
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26 (6 marks)
Uu=ax+bv=e*u=avVv=—e"* B1
9Y - ae™ — (ax+ b)e ™ = (a— ax — bje™ M1 A1
Stationary at x =2:a—2a—b=0,so0b=—a M1
y=3e?ax=2 (2a+be?=3e? s02a+b=3 M1
a=3,b=-3 Al
Answer: a=3,b=-3 6 marks
27 (9 marks)
( ) _ U(x + hjv(x +hh) — U(X)v(x) w1
— u(x + h) V(X + h) - v(x) V(X )u(x + h) u(x) ML AL
V(X + h) — Vv(x) u(x +h) — u(x)
Ash—=0 —x— = dxandf dx B1
and u(x + h) = u(x) (uis continuous), so :i u% + v% Al
Answer: shown 5 marks
(b) u=x3 v =sin2x, so u' = 3x? and V' = 2c0s 2x M1 Al
%:x3‘><2c052x+'5;in2x><3x2 M1
= x%(2x cos 2x + 3 sin 2X) Al
Answer: x*(2x cos 2x + 3 sin 2x) 4 marks
28 (10 marks)
(@ u=20t,v=e"" v =—-05e0% M1 Al
9 = 206705 — 10te70% = 20670%(1 — 0.50) AL
Answer: 20e™%%(1 — 0.5t) 3 marks
(b)c:j—(t::OsotZZ M1 AL
C =40e™* = 14.7 mg per litre Al
Answer: t = 2 hours, 14.7 mg per litre 3 marks
2
(©) ‘:“f = —10e™% — 10e™%%(1 — 0.5t) = 5(t — 4)e™°* M1
Att=2thisis —10e™! < 0, so amaximum Al
Answer: shown 2 marks
(d) % = 206%(1 - 3) = —40677 = ~1.99 M1 A1
Answer: —1.99 mg per litre per hour (concentration falling) 2 marks
29 (11 marks)
(@) Productrule u=x", v=e™ u=nx""1 v = —e™* B1
f'(x) =nx" "™ — x"e™* M1
=x""Yn — x)e™* Al
Answer: Shown 3 marks
(b) x"~Ye™* > 0 for x > 0, so f'(x) has the sign of (n — x) M1
f'(x) >0for x <nandf'(x) <Oforx>n Al
So f hasamaximum at x = n Al
Maximum value f(n) = n"e™" Al
Answer: x =n; n"e™" 4 marks
(c) From (b) with n=3: x®™* < 27e73 M1 AL
Multi pIy both sidesby € > 0: x® < 27e 3¢ M1
So€ = —=(3 )32 Al
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Answer: Shown

30 (10 marks)
(a) % = 2xe* + x%e* = (x% + 2x)€e*
% = (2x + 2)eX + (X2 + 2x)€* = (X% + 4x + 2)&*
Answer: (x? + 2x)e%; (X2 + 4x + 2)€”
(b) Pattern: gr;zln = (x%+ 2nx + n(n — 1))e*

Trueforn=1:x>+2x+0

Assume true for n = k. Differentiating: (2x + 2k)e* + (x> + 2kx + k(k — 1))e*

= (X% + 2(k + Dx + k(k — 1) + 2k)e*, and k(k — 1) + 2k = (k + 1)k

So true for n = k + 1; true for n = 1, hence true for all positive integers n by induction
Answer: (x% + 2nx + n(n — 1))e*

Quotient Rule

1 (3 marks)
u=x,v=x+1u=1v=1
dy _ (x+1)—x _ 1

dx = (x+1)?  (x+1)°

Answer: W
2 (3 marks)

u=e€e’,v=x

dy _xef—¢€ _ e(x—-1)

d X - X2 - X2
ex — 1)
2

Answer:

3 (3 marks)

u=2x+1lv=x-—3 sou=2Vv=1

dy _uv—-uw _2x(x—-3)—-(x+)x1_ 7
dx = v T (x — 3)? T (x—=23)?

Answer : —m

4 (3 marks)
U=CoSX,V=X,S0U =—-sinx,v' =1
dy _uv—uw' _ —sinxxx—cosxx1l  xsinX+cosx
dx ~ V2 - (X)z - x2
X Sin X + COS X

Answer: — v

5 (3 marks)
u=x,v=€e,sou=1v=¢
dy _uv—uw' _1xe —xx¢e _
[ = i G L

Answer: —(x — 1)e™*
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6 (3 marks)
u=1lLv=x*+1,0U=0,Vv =2 B1
dy _0x(*+1)—1x2x 2 VAL
dx — (X2+1)2 - (X2+1)2
Answer: S 3 marks
(X2+1)2
7 (4 marks)
o _ .. dy _ xcosx —sinx
(a)u—smx,v—x.ﬁ—T M1 A1
_ X COSX — Sin X
Answer.T 2 marks
IMCOSI — SNII _ —II
O =@ M
_ 1
=—= Al
Answer : —% 2 marks
8 (4 marks)
u=2x+3,v=x—-1Lu=2v=1 M1
von _ 2x—=1) —(2x+3)
f'(x) = x = 1) Al
-—__ 5 _ AL
RCEEE
(x —1)?>>0forx # 1, s0f(x) <0andf is decreasing E1
Answer: f'(x) = —ﬁ <0 4 marks
9 (4 marks)
u=|nx,v=x+1,sou'=%,v‘=1 Bl
1
C|y_;(x+1)—lnx
d_X_W M1 Al
= % multiplying top and bottom by x Al
o x+1=xInx
Answer.w 4 marks
10 (6 marks)
u=x2—=3x+6,v=x—1,s0U=2x—3adVv' =1 M1
o (2X=3)(x—1) — (x2—3x+6)
f'(x) = =17 Al
_x2—2x-3 AL
S (x=?
2 _ oy —
X(X_—le)z?’=%,so4(x2—2x—3)=3(x—1)2 M1
x?—2x—15=0,s0(x — 5)(x +3) =0 Al
x=50rx=-3 Al
Answer: x=50r x = =3 6 marks
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11 (4 marks)
u=e,v=x?+1sou =€, Vv = 2x
dy _ e(x®+1) — 2x&"

dx = (x®+1)?
e —2x+1) _ ex—1)7?
R ek

Answer: Shown

12 (5 marks)
u=sinx,v=1+cosx, 0 U =cosX, V' =—snx
dy _ cosx(1+ cosx) + sin’x
dx ~ (1 + cos x)?
Numerator = cos X + C0s?X + Sin®x
=cosx+1 soﬂ: 1toosx =

T dXx  (1+cosx)?  1+cosx

Answer: Shown

13 (5 marks)
u=x”2,v=x+2,sou'=%x
1

dy Z—E(X+2)_‘/§

dx (x +2)°
Multiply top and bottom by 2/x: numerator (x +2) — 2x =2 — x
dy = 2-x
dx = 2fx(x +2)
2—=X
Answer. ——

22X (x + 2)?
14 (6 marks)

1
(a)u:Inx,v:xz,u':;,v':Zx

dy _ x—2xInx _ 1—2Inx
dx_ X4 - X3
Answer: shown
(b)1-2Inx=0s0lnx= 3
x=e"=\le

1 1 . 1
y = (3) * e= 55 point (e, )

Answer: (e, %)

15 (6 marks)
(8 u=sinx,v=CcosXx, U =CcosX, V' = —sinx
dy _ cosx-cosx —sinXx - (—sinx)
dx ~ cos? X
_cos?x+snix _ 1 _ o,
B cos? x T ooex oo X
Answer: sec? x
(b) sec®(5) = ——

V2

=2
Answer: 2
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16 (5 marks)
u=x*+1,v=x—1s0u=2x,v' =1 B1
dy  2x(x—1)—(x*+1) _x*—-2x—-1
dx (x — 1) T (x—1)? AL
Stationary: x> — 2x — 1=0 M1
x=2ﬁzﬁ=li\/§ Al
Answer: x = 1+42 5 marks
17 (5 marks)
dy _exx—€e'x1 _¢ex—-1
dx x2 - e M1 AL
. e’ e
Atx =2 grad|ent:7,y:7 B1
e e
Tangent:y — — = T(X -2 M1
e’ e e € .
Y= X— 5t 5 =X which passes through (0, 0) Al
Answer: Shown 5 marks
18 (6 marks)
dy _ 2x(x —a)? — x>x 2(x — a)
ax — (x—a)“ M1 Al
_x(x—a) - 2% _ 2
= x— a7 o M1 A1
o dy 4 4
AtX—ZaH——?— a M1
4
—5=—2,soa=2 Al
Answer: a=2 6 marks
19 (5 marks)
— l 0 _l — . I_O 1 —
COseCX = g—1u=1v=sinx,u =0,V =cosx B1
d _ O0xsinx — 1xcosx
dx (C0SECX) = sn’x M1 AL
COS X
=—— Al
SIiN“X
__ 1 cosx _ _ i
= TEnx “dnx | coSECXcotX Al
Answer: Proved 5 marks
20 (6 marks)
Through (0, 3): 2 =3,50b=3 B1
_ _ Ldy _ax+1) — (ax+b)
u=ax+b v=x+1 4= = X+ 1) M1 Al
__a=b Al
C(x+ 1
Atx=0a—b=-2,s0a—3=-2 M1
a=1 Al
Answer:a=1,b=3 6 marks
21 (8 marks)
@u=4x,v=x*+1,u =4,V =2x M1 A1l
dy _ 4(x*+1) —4x-2x _ 4-4¢° L
dx = (xF+)? (D)’
Answer: shown 3 marks
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(b)1 —x*=0sox==1

(1,2)and (—1, —2)

Answer: (1, 2) and (=1, —=2)

(c) Maximum value 2 at x = 1 and minimum value —2 at x = —1

Asx — *oo, y — 0 and the curve is continuous, with no other turning points
—-2=sy=<?2

Answer: —2=sy =<2

22 (8 marks)
@u=x’v=x—2u=2xVv=1
dy _ 2x(x —2) — x®> _ x®—4x
ax = (x=27 T (x—2)
Answer: shown
(b)x(x —4)=0sox=00rx=4
(0, 0) and (4, 8)

Answer: (0, 0) and (4, 8)

(c) The denominator (x — 2)? is positive, so the sign of % isthe sign of x(x — 4)

X < 0: positive; 0 < x < 2 and 2 < x < 4: negative, so (0, 0) is a maximum
X > 4: positive, so (4, 8) isaminimum
Answer: (0, 0) maximum, (4, 8) minimum

23 (8 marks)

(a)u=|nx,v=x:%— 5 = >

Stationary:lnle,sox:e,y:%

dy . dy
FOI‘X<€,|HX<1SOW>O,f0rX>e,ﬂ<0

Gradient changes from positive to negative: a maximum at (e, %)

1 .
Answer: (e, E) maximum

(b) The greatest value of InTX is%, S0 % =

ol

Multiply by x > 0: Inx = %
Answer: Shown
24 (9 marks)

(@ u=sinx,v=2—CcosXx, U =CcosX, V' =sinx
dy _ cosx(2 — cosx) — SinX x sin x

dx ~ (2 — cosx)?
_ 2cosx — (cos’x +sin’x) _ 2cosx — 1
(2 — cosx)? (2 — cosx)?

Answer: Shown

(b) dy—OWhencosx— sox—%orx:T
_ om,
3

2’
3 B 4,5, B
2 3’ 3

dy >0forx <= % < 0 between, so(%, 3@) is the maximum and (%H, —lg) the minimum

dx
\/_

Answer: maximum (%, g) minimum (— -3

Atx-— y—£
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25 (8 marks)
(@ u=xe", sou =€ +xe"=(x+ 1)e" (product rule); v=x+1,v' =1 M1 A1
dy  (x+1e(x+1) — xe
ax — (X n 1)2 M1 Al
P+ 2xX+1—x) _ exP+x+1)
= 5 = 3 Al
x+1) (x+1)
Answer: Shown 5 marks
(b)%=Oneedsx2+x+1=03inceex>0 M1
Discriminant 1 — 4 = —3< 0, so no real roots M1
So there are no stationary points Al
Answer: Shown 3 marks
26 (10 marks)
dy  1x(x?+1) —xx2x
_ — 2 Lady _
@u=x,v=x tL g% = o+ 1) M1 A1
_1=x AL
- (X2+ 1)2
Answer: Shown 3 marks
b)yu=1—x%v=>x>+1%uU=—-2xV =4x(x*+ 1) B1
dly  —2x(x2+ 1) — (1 — x?) x 4x(x* + 1)
—= = M1 A1
dx? (x%+1)*
5 =22+ 1) — 4x(1 - X3
+1):
Cancel (x“+ 1) 1) M1
_2X3—6x _ 2X(x* - 3) AL
S (¢ r)°
Answer: Shown 5 marks
() 2x(x2 = 3)=0 M1
x=0,x=y30orx=—/3 Al
Answer: x =0, /3 2 marks
27 (10 marks)
(@u=1v=cosx,u=0,Vv =-snx M1 Al
dy 0—-1-(-sinx) _ snx _ 1 sinx _ ¢
dx ~ Cos? X _COSZX_COSX.COSX_SeCX anx Al
Answer: shown 3 marks
_ COSX . .
(b)cotx-sinx.u—cosx,v—smx M1
dy _ —sinX-sinX — COSX - COSX
dx — sin? x Al
_ 1 _ 2
= ———— = —CO0SEC” X Al
sin® x
Answer: shown 3 marks
()u=1+sinx,Vv=cosx: % — COSX - COSX — (12+ sin x)(—sin x) M1 A1l
X COos” X
cos® x +sin®x +sinx _ 1+sinx
= 5 = Al
cos? x cos? x
_n G5
AtX—§.1—2—4+2\/§ Al
()
Answer: 4+ 23 4 marks
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28 (10 marks)
(a) The quotient ruleis Vuv;zuv; the student has used u v' — v U' (numerator reversed) E1
so the sign of the whole numerator is wrong E1
Answer: numerator reversed 2 marks
b)u=x3v=x+1 M1
dy _ (x+1)-2x—x?-1
dx ~ (x + 1)2 Al
X2+ 2X _ X(x+2)
= 5 = > Al
(x+1) (x+1)
. X(x+2)
Answer : X+ 1)? 3 marks
(cgx=0o0rx=-2 M1
(0,0) and (—2, —4) Al
Answer: (0, 0) and (=2, —4) 2 marks
X _x+hx-=1+1 _
(d)x+1_ Xx+1 =X 1+x+1 B1
dy _ . 1
dx — (x + 1)2 M1
Cx+D?P-1_ x*+2x .
=11y —(X+1)2,asm(b) Al
Answer: agrees 3 marks
29 (12 marks)
@u=x’+kv=x+1lu=2xv=1 B1
dy _ 2x(x+1) = (x* +K)
dx — (x + 1)2 M1
X2+ 2x—k AL
T (x+ 1
Answer: Shown 3 marks
(b) Need x2 + 2x — k = 0 to have two distinct real roots M1
Discriminant: 4 + 4k >0 M1
k>-1 Al
Answer: k > —1 3 marks
() x*+2x —3=0givesx=1orx=—3 M1 AL
A(1, 2) and B(—3, —6) Al
2 -
Gradient % is negative for —3 <x <1 (x # —1) and positive for x > 1 and for x < —3 M1 A1
So A isaminimum and B is a maximum Al
Answer: A(1, 2) minimum, B(—=3, —6) maximum 6 marks
30 (10 marks)
@u=€e,v=1+etu=Vv=¢ B1
oy _ E(1+e) —e xe
)= =g 1
S (e
Answer: Shown 3 marks
_l+e—¢ _ 1
(b)y1—-1f(x) = 1o 148 M1 A1
f— ex 1 — 1
L = 100) = T X Tygr =) AL
Answer: Shown 3 marks
©F =f—f2=7 —(f - 3)? M1 AL
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Maximum %, when f(x) = % Al
e 1 . _ _

m—Eglvesex—l,sox—O Al

Answer: Maximum % atx=0 4 marks
Chain Rule
1 (2 marks)

Letu=3x+2:%=5(3x+2)4><3 M1

=15(3x + 2)* Al

Answer: 15(3x + 2)* 2 marks
2 (3 marks)

Letu:x2+1:%:4(x2+l)3><2x M1 Al

Atx=1:4%x8x2=64 Al

Answer: 64 3 marks
3 (2 marks)

Y _ 24— %P x —1 M1

dx ~

=—7(4 —x)° Al

Answer: —7(4 — x)® 2 marks
4 (2 marks)

d .

d—iz—sm(2x+1)><2 M1

=—-2sin(2x+1) Al

Answer: —=2sin (2x + 1) 2 marks
5 (2 marks)

dy — A5X

ax -& x 5 M1

= 5e™ Al

Answer: 5e> 2 marks
6 (2 marks)

dy _ 1

ax ~ @x+d) * 3 M1

_ 3

T 3x+4 Al

Answer: I d 2 marks
7 (4 marks)

(a) % = (6x — 1)e> ~* M1 AL

Answer: (6x — 1)e3x2‘x 2 marks

(b) y = (cos x)*: % = 3(cos x)? x (—sin x) M1

= —3cos® x Sin x Al

Answer: —3 cos® X sin x 2 marks
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8 (5 marks)

(@)y=(x+17 03 =-3@x+ 1" x2 M1

___ 6 Al

S @&+

Answer: R 2 mark

. (2X+l)4 marks

(b) Whenx =0,y =1 B1

gradient = —6 M1

y—1=—-6xsoy=1-—6x Al

Answer:y =1 — 6X 3 marks
9 (3 marks)

Letu=4x+1,s0y=u?? B1

dy _ 1 _qp du _

qu-2Y x4 M

dy _ 5 12 __2

ax — & T ax+ 1 Al

Answer: 2 3 mark

. \/m marks

10 (3 marks)

Letu:sin3x,soy:e”and%:3cos3x M1 Al

dy — sin 3x

ﬁ—3c053xe Al

Answer: 3cos 3x " 3 marks
11 (3 marks)

Letu=x?>+2x,s0y=¢" B1

%:e”,%:2x+2 M1

% = (2x + 2)e T & L

Answer: (2x + 2)e< * 3 marks
12 (4 marks)

Letu=sinx, soy = u? B1

%:Zu,%:cosx M1

dy _ , .

ﬁ—anxcosx Al

= sin 2x (double angle formula) Al

Answer: sin 2x 4 marks
13 (4 marks)

Letu:x2—2x+3:%:3u2><(2x—2) M1 Al

Atx=2u=4—-4+3=3and2x—2=2 B1

dy _ _

ﬁ—3X9X2—54 Al

Answer: 54 4 marks
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14 (6 marks)
@y =(x*+9)™ B1
%:%(x2+9‘1’2><2x M1
X
= Al
Yx2+9
Answer: shown 3 marks
4 _4
(b) E =5 Bl
Answer: g 1 mark
(c) Atx =4y =5; normal gradient—%,soy— 5=—%(x—4) M1
4y — 20 = —5x + 20 s0 5x + 4y =40 Al
Answer: 5x + 4y = 40 2 marks
15 (6 marks)
d "
(8) g = €7 x (=x) M1
= —xe X" Al
Answer: —xe™*" 2 marks
2 2 2,
(b) Product rule: % = —e 2 4 (—x)(—x)e™*"? M1
= (x2 — 1)e "2 Al
Answer: shown 2 marks
(c)d—2y—030x2—1—0 M1
dx® a
x = +1 (the sign of x*> — 1 changes at both) Al
Answer: x =1 2 marks
16 (5 marks)
(@) gf(x) = (2In3x)?> + 4= 4(In 3x)> + 4 B1
Answer: Shown 1 mark
d _1 dy _ 1
(b)H(InSX)—;,soﬁ—8ln3xx§ M1 A1
_ .. dy _8In6
Atx =2 ax - "2 M1
=4In6 Al
Answer: 41n 6 4 marks
17 (5 marks)
Left side: 11 (sin 3X) = 3c0s 3x B1
Right side: d_dx(3 sinx — 4 sin®x) = 3cos x — 12 sin®x cos X M1 A1
S0 cos 3x = cos X — 4 sin?x cos X = cos X — 4(1 — cos>X)cos X M1
= 4cos®x — 3cos x Al
Answer: shown 5 marks
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18 (7 marks)
Letu=x%—2x: % =3(x*> — 2X)4(2x — 2) M1 AL
Stationary: x> — 2x=0(x=00r2)or2x —2=0(x = 1) M1 A1
Points (0, 0), (2, 0), (1, —1) Al
% = 6x2(x — 2)%(x — 1): the factor x*(x — 2)2 = 0, so the sign changes only at x = 1 M1
Only (1, —1) isaturning point (a minimum); (0, 0) and (2, 0) are points of inflection Al
Answer: (0, 0), (2, 0) inflections; (1, —1) minimum 7 marks
19 (4 marks)
% = —%(1 +x?) 732 x 2x = —x(1 + x?) %2 M1 A1
(1+ xz)% = —x(1+x?)7Y2= —xy M1
2dy —
So(1+x)ﬂ+xy—0 Al
Answer: Shown 4 marks
20 (6 marks)
dy = 2x—-4
dx = x2—4x+5 M1 A1l
Zeroonlywhen2x —4=0,s0x=2,y=ln1=0 M1 Al
X2 —4x+5=(x—2?+1=1 M1
Soy =In((x — 2)? + 1) = 0 with equality at x = 2: aminimum at (2, 0) Al
Answer: (2, 0), minimum 6 marks
21 (8 marks)
(a) Outer power: 3(1 + sin 2x)? M1
inner function: derivative of sin 2x is 2 cos 2x Al
% =6 c0s 2x(1 + sin 2x)? Al
Answer: 6 cos 2x(1 + sin 2x)? 3 marks
(b) 6 cos()(1 + sin(3))? = 3(1 + @)2 M1 AL
7 21
:3(Z+\/§):T+3\/§ Al
Answer: % +3(3 3 marks
(c)cost=Oor1+sin2x=0:2x=%,37H M1
_o 3
X=7:72 Al
A .._m 3
nswer: X_Z’ T 2 marks
22 (8 marks)
(a) Product rule: u=x2, v = (1 — x3)¥2 M1
1 2y-1/2 _ X
V=51 —x X (=2X) = — M1 Al
2= X)X (20 =~ e
3 w2y 3 _ 2
%=2x1—x2— X =2x(1 X) x=x(2 3x9) AL
X J1—x2 Y1 —x2 {1 —x?
Answer: shown 4 marks
(b)2—3x2:050x:\/g M1 Al

_2 [1_2B
y‘§xJ;‘ 9 Al
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Answer: (\/g, Eg@) 3 marks

(© % > (O for x dlightly less than \/g and < 0 dlightly above, so a maximum B1
Answer: maximum 1 mark
23 (5 marks)
Letu=x> % = cog(x?) x 2x = 2x cos(x?) M1 AL
Product rule on 2x cos(x?): u = 2x, v = cos(x?), V' = —2x sin(x?) M1
2
% = 2c08(x%) + 2x X (—2x Sin(x?)) A1
= 2cos(x?) — 4x2 sin(x?) Al
Answer: 2x cos(x?); 2cos(x?) — 4x? sin(x?) 5 marks
24 (6 marks)
Product rule: u=x3, v = (1 — x?)%2, u' = 3x? B1
Chainrule: v' = %(1 — x?)¥2 x (=2x) = =3x(1 — x?)¥? M1 A1
% = 3x%(1 — x?)¥2 — 3x4(1 — x?)¥? M1
Take out the common factor 3x%(1 — x3)¥2: 3x%(1 — x)Y[(1 — x3) — x7 M1
= 3x¥(1 — 2x%)1 — x° Al
Answer: Shown 6 marks
25 (6 marks)
(a) TN =800 x (—~0.04)e 0% = —32¢0%% M1 A1
Att=10: —32e7%4 = —21.5 million per day Al
Answer: —21.5 million per day 3 marks
(b) 326700 = 8, s0 g0 = % M1
—0.04t=—-In4 M1
t= % =34.7 days Al
Answer: 34.7 days 3 marks
26 (7 marks)
(a)g—§:3y2+1 M1 AL
dy _ 1 _ 1
dx = dx T 3y?+1 Al
dy
Answer: Shown 3 marks
by Aty=1: 3% = 2
(b) Aty =1 4 =7 M1A1
y—1= %(x -2 M1
X—4y+2=0 Al
Answer: x —4y+2=0 4 marks
27 (9 marks)
(a) & =e'n@ B1
%(e""‘a‘):lnaxe"'na M1
=a‘lna Al
Answer: shown 3 marks
(b) Chainrule:%:sz‘lanXZx M1
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=2xIn2x 21 Al
Answer: 2x In 2 x 2X'~1 2 marks
(o) Atx=1y=1 gradient=21In2 B1
y—1=2In2(x—1) Al
Answer:y —1=2In2(x — 1) 2 marks
(d)—=1=2In2(x—1) M1

o1

X=1~ 2z Al
Answer: x =1 — Tﬁz 2 marks
28 (10 marks)

A2 e _ 5 du _ dw _ dy _

(a) Let u=3x +1andw-smu,soy—w,d—X—6x,ﬁ—cosu,d—W—2W M1
dy _ . .

ﬁ—anUCOSUXGx M1 A1l
= 6x sin 2u = 6x sin(6x? + 2) Al
Answer: Shown 4 marks
(b) % = 0 with x > 0 requires sin(6x? + 2) = 0 M1
For0<x<1,2<6x?+2<8,s06x>+2=10r2m M1

x=12 22 orx =21
=15 =13 Al

AnS\Ner:x=\/H6_2,x=\/H3_,l 3 marks
2
(©) % = 6 Sin(6x? + 2) + 72x° cog(6x” + 2) M1 AL
om—2 d¥y 5 .
Atx = 6 'W:(H?ZX cost = —12(11 — 2) <0, so amaximum Al
Answer: maximum 3 marks
29 (10 marks)
a2
(a)Le’cu:—(X za):%:—(x—a) M1 A1
Gy = x (—(x— &) = —(x — ay A1
Answer: Shown 3 marks
2
(b) Product rule: % =—y—-(xX- a)% M1 Al
=—y+(x—a%=(x—a>— 1y AL
Answer: Shown 3 marks
2

(c) Inflection needs % =0 withasign change;y >0so(x — a)?=1 M1 Al
x=aztl Al
y = e Y2 g both points: (a — 1, e Y?) and (a+ 1, e Y?) (the sign of ((x — @) — 1) changes at Al
each)

Answer: (a+ 1, e™%?) 4 marks

30 (8 marks)

(a)Letu:sinx,soy:u”:%:nu”‘lxcosx M1
=nsin"~ X cosx Al
Answer: Shown 2 marks
(b) Product rule on nsin" ~ *x x cos x M1
d—dx(sin”‘lx):(n— 1) sin"~ ?x cos x M1 A1l
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2
%:n(n— 1) sin"~ %x cos’x — nsin"x Al
Usecos’x =1 — sin®: n(n — 1) sin"~2x — n(n — 1) sin"x — nsin"x M1
=n(n — 1) sin"~?x — n?sin"x Al
Answer: Shown 6 marks
Implicit Differentiation
1 (3 marks)
Differentiate both sides with respect to x: 2x + Zy% =0 M1 Al
dy _ X
ax- "y A
Answer: —§ 3 marks
2 (3 marks)
dy _
ZyH =4 M1
dy _ 2
axy A
At (1, 2): gradient = 1 Al
Answer: %; 1 3 marks
3 (3 marks)
Differentiate both sides: 2x + 6y 5% = 0 M1 AL
dy _ X
ax — @ Al
Answer : —%y 3 marks
4 (3 marks)
Product rule on xy: y + x% =0 M1 Al
dy _ Yy
dx ~  x Al
Answer : —% 3 marks
5 (3 marks)
dy
20y _
By"gx ¥1=0 M1 A1
dy __ 1
dx ~ " ey? Al
Answer: -1 3 mark
T ey? arks
6 (4 marks)
o +8ydY =0
X 8de = M1 A1l
dy _ X
dx 4y Al
_2__1
At(2,1.—Z— 5 Al
Answer : —% 4 marks
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7 (4 marks)
(a)2x+2y%—6+4ﬂ20 M1 Al
dy _ dy _3—x
—X(2y+4)—6 2xsodx—y+2 Al
A . 3=X
nswer: y+2 3 marks
3—-6 3
®) 753773 B1
Answer: —% 1 mark
8 (5 marks)
(@) 3?3 +y+x3Y =0 M1A1
dy _ _y
dx ~ 3yZ+x Al
.y
Answer : 3y + x 3 marks
(b) Gradient &t P= — 5 M1
y—2———(x—l)902x+13y 28 Al
Answer: 2x + 13y = 28 2 marks
9 (4 marks)
: e a2 2dy _ dy
Differentiate: 3x“ + 3y ——3y+3x— M1 AlA1L
d - x2
Collect: (d )(3y — 3x) =3y — 3x?, sod§:§ - Al
Answer: Shown 4 marks
10 (5 marks)
At(2,1):4+4—-1=7,s0PliesonC B1
x+oy+xdY Y g M1 AL
dx dx —
dy _ _x+y. .o 3 _ _
ax = X_y,aIP. 1~ 3 Al
y—1==3(x—2),s0y=—3x+7 Al
Answer:y = —=3x+7 5 marks
11 (4 marks)
2 y_ dy
Differentiate: 2ey 1+ 3% M1 A1AL
dy 2y _ dy _ 1
(2e 1= 1S°dx'2e2y_1 Al
. 1
Answer: 2D — 1 4 marks
12 (3 marks)
. dy _
—smyﬁ+2x—0 M1 Al
dy _ 2x
dx " sny Al
A X
nswer : sny 3 marks
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13 (5 marks)
(a) Differentiate both sides: Iny + ; gi dy _ 0 M1 Al
X d In
—i(y+1)— Inyso y 3)/(+3// Al
._Yylny
Answer : Xty 3 marks
.dy _ 3In3 _
(b) At (0, 3): 7 = 3 = —In3 M1
y—3=—(n3)x,s0y=3—-xIn3 Al
Answer:y=3—x1In3 2 marks
14 (6 marks)
(@) 2x+ey%=0 M1 A1
dy _ X _ _
ﬁ = g = —2xe y Al
Answer: shown 3 marks
(b) Gradient at (3, 0) = —6 B1
Normal gradient %: y= %(x -3 M1
X—6y—3=0 Al
Answer: x —6y —3=0 3 marks
15 (6 marks)
(8)2(x = 2) + 2y - DT =0 M1 A1
dy = x—-2 _2-X
dx ~ y—-1"y—-1 Al
Answer: shown 3 marks
() ¥ =0sx=2 M1
(y—1?=9s0(2, 4) and (2, —2) Al
Answer: (2, 4) and (2, —2) 2 marks
(c) Denominator zero: y = 1, so (x — 2)2=9: (5, 1) and (=1, 1) B1
Answer: (5, 1) and (-1, 1) 1 mark
16 (6 marks)
Differentiate: 2x + 4y— -4+ 4 =0 M1 Al
dy _4—-2x _ 2-X
dx ~ dy+4 " 2y+2 Al
Parallel to x-axis: g =0,s0x=2 M1
4+2y>—8+4y=4,0y>+2y —4=0 M1
y = —1++5: points (2, —1 +5) and (2, =1 — 4/5) AL
Answer: (2, —1 +45) 6 marks
17 (5 marks)
Product rule both sdes e +yet=¢ + xey— M1A1A1L
. dy _ & —ye
(e xe)=¢ — yexso rinir—— Al
.1-0_
At (0, O) 1TO =1 Al
Answer: Gradient 1 5 marks
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18 (4 marks)
Differentiate: sec’y dx = 2xy+xZOIy M1ALAL
2y _ y?) = dy _ Xy
—X(Secy ) 2xy SO = —m Al
Answer : % 4 marks
sec’y — X
19 (6 marks)
Substitute (1, —1):a+3+2=7,s0a=2 M1 A1
4x+6yd——2y—2xdy 0 M1 AL
dy _ 2y — 4x —2— 4 3
dx ~ 6y — Lab. -2 3% Al
y+1=%(x—1),503x—4y—7=0 Al
Answer:a=2;3x —4y —7=0 6 marks
20 (6 marks)
. . d d 2ax +
Differentiate: 2ax + 3y + gy t 2yd§ 0,0 5% y = 3X+233/ M1 Al
The normal has gradient 10, so the tangent at P has gradient —1—70 M1
AtP:. — a7+6 10 ,S02a+6=10anda=2 M1 A1
b=2(1)+3(2)+4—12 Al
Answer: a=2,b=12 6 marks
21 (8 marks)
(a)2x+y+x +2ydy—0 M1 A1
—X(x + 2y) = —(2x + ), giving the result Al
Answer: shown 3 marks
(b)l+y+y?’=7s0y’+y—6=0,y=20ry=-3 M1 A1
4 -1 1
1, 2): —g; (1, =3): - = -5 Al
Answer: —% at (1, 2) and —% at (1, =3) 3 marks
_ _ 2 2 2 _ _ |7
(c)2x+y=0s0y =—2x: X~ — 2X° + 4x —7,x-i\/; M1
7 7 7 7
5. -2{5 -5 .
Answer: (iﬁ, F2 %) 2 marks
22 (8 marks)
dy _
(@ X+2yg5 =0 M1
dy _ X
ax ="y Al
Answer : —§ 2 marks
dy
dx? y?
X2
dy _ _x. Y'Yy yP+x
Substitute 5 = v v ¥ M1
dy 25
x? +y? = 25, /S0 457 = ¥ Al
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Answer: shown 4 marks
H=oa@©5md il =-2 =3
© ax (0,5) an E = "E M1
Negative, so a maximum Al
Answer: maximum 2 marks
23 (12 marks)
(a) Product rule on each term: y2 + 2xy% — 2Xy — X gy 0 M1 ALA1L
y(2x
(2xy - x%) =2xy — y?, so = H Al
Ansvver. Shown 4 marks
(b) At (1,3):9—3=6,s0PliesonC B1
dy 32-3 _ 3
dx‘1(6—1)‘ 5 MLAL
y—3———(x 1),s03x + 5y =18 Al
Answer: 3x + by = 18 4 marks
(c) Vertical tangent: the denominator x(2y — x) =0, sox =2y (x # 0) M1 A1
Substitute: 2y x y? — 4y? xy = 6,50 —2y* =6 M1
y = —=%/3, x = —2%(3: the point is (—2%/3, —%(3) Al
Answer: (—23\/§, —3\/5) 4 marks
24 (8 marks)
(a) Horizontal tangent: % =0,s0y=x° M1 AL
Substitute: x® + x® = 3x3, so x3(x®* — 2) = 0 M1
x#0,0x3=2x=3%2 Al
y:X2:3\/Z;PiS(3\/§,3\/Z) Al
Answer: P(3/2, %(4) 5 marks
(b) Vertical tangent: y?> — x = 0, so x = y? M1
By the symmetry of the equationin x andy, y® = 2 M1
Qis (W4, %2) Al
Answer: Q(3\/Z, 3\/5) 3 marks
25 (6 marks)
C,2x — 2y3Y Y=o, 4y _X_34p
1 Y ax Oy = M1 A1
Ca: y+Xdy—Osog§:—%:—%aIP M1 A1
Product of gradients = 3 x —%) =-1 M1
So the tangents are perpendicular Al
Answer: Shown 6 marks
26 (6 marks)
Product rule: cos x cosy—smxsmy% 0 M1 A1A1L
dy _ cosxcosy
dx ~ sinxsiny Al
AT RENE B
—_ M1
6’3
Gy
II II
y—§=x—€,soy=x+§ Al
Answer:y =X+ % 6 marks
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27 (9 marks)

(@ 2x—y —x +2yOly 0

d—i(Zy — X) =y — 2x, giving the result
Answer: shown
(b)x=0:y?=3s0y =+/3

gradient = % = % at both points

Equal gradients, so the tangents are parallel
Answer: both gradients%

(c)2y —x=0s0x=2y

y? —2y?+y?=3,y?=1
(2,1) and (-2, —-1)
Answer: (2, 1) and (=2, =1)

28 (10 marks)

(a) Differentiate x = & with respect tox: 1 = ey%
dy _ 1 _ 1

ax ~ @ X

Answer: shown

(b) Iny =xInx

1ldy _ 1

yax - Inx+x><; Inx+1

dy

Tx = X@+Inx)
Answer: shown
(c)l+Inx=0sox=¢e
y=(e")® =e ¢ sothepointis(e”l, e 9
1+Inx<0forx<etand>O0forx>e™l soaminimum
Answer: (€71, e ¥¢), minimum

-1

29 (9 marks)
(a)2x—2ydy 0, so?:
Answer: Shown

<[|x

(b) Let the point of contact be (p, g): tangenty — q = %(x -p

2
Through (0, 4): 4 — q = —%,sopz— q>+49=0
(p, ) lieson Csop? — > =8; hence4q= —8andq= —
p*> =8+ 4 =12, so the points are (2/3, —2) and (—2/3, —2)
Answer: (23, —2) and (—2/3, —2)
(c) The gradientsg are —(3 and |/3; tangents: y = —3x + 4and y =/3x + 4

Answer: y =4 —+3xand y = 4 +3x
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30 (10 marks)
. .2 2ydy _ dy _  b%x
(a) Differentiate: =z + TZax - 0,50 g% = oy M1 Al
2
At P: gradient = —% Al
aq
: __bp
Tangent:y — q= —aTq(x -p) M1
Multiply by a?q: a’qy — a2q® = —b?px + b?p? Al
b%px + a’qy = b’p? + a?g® = a’b? since P lieson E M1
Divide by a’b?: % + % =1 Al
Answer: Proved 7 marks
b) Check: 22 + £ =1
(b) Check: TR B1
2][3x y _

6 +Z_l M1
Multiply by 16: 2/3x + 4y = 16, i.e.{3x + 2y = 8 AL
Answer: {3x + 2y = 8 3 marks

Parametric Differentiation
1 (3 marks)
dx _ dy _
at - 2t, ar - 2 M1 A1l
dy _dy .dx _2 _1
dx - dt - dt At Al
Answer : % 3 marks
2 (3 marks)
dx _, dy _
m—&m—zt M1
dy _ 2t
ax-3 A
Att=3: gradient = 2 Al
Answer: %; 2 3 marks
3 (3 marks)
ax _ ., 2 dy _ ¢
g7 - 2e andm—4e M1 A1
dy _ 4" . _,
R "
Answer: 2e™ 3 marks
4 (3 marks)
dx _ o dy _
at = 3t at =6t B1
dy
dy _dt _2
dx = dx "t M1 A1
dt
2
Answer: — 3 marks

t
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5 (3 marks)
d_x_2 ﬂ_3t2—1
dt < dt - B1
dy 3t?-1
ax - 2 M1
_o 11
Att=2 5 Al
AnaNer:% 3 marks
6 (3 marks)
%=—sint,%=cost B1
dy _ cost
dx ~ —sint M1
= —cott Al
Answer: Shown 3 marks
7 (4 marks)
ax _ .. dy _
ar - 2s8nt, at =3cost M1
dy _ _ 3cost
dx = 2sint Al
II
cos(%)
Att:%: —gx r? M1
sin()
__3,.5._3B
_—ix\/ﬁ_— 5 Al
3
Answer: — 5 4 marks
8 (5 marks)
Att=2x=4,y=2 B1
dy _3*-3
ax - o M1 Al
_5 9
Att—Z.Z Al
y—2=%(x—4),909x—4y—28=0 Al
Answer: 9x — 4y — 28=0 5 marks
9 (6 marks)
(@3t°—1=2 0t?=1andt=1 M1 AL
2+k=7,s0k=5 Al
Answer:t=1,k=5 3 marks
) 9 =6, 9 =62 0 I = M1
dt T dt ’ dx
At Pthegradientisl, soy — 7=x — 2, which givesy =x +5 AL1Al
Answer: gradient 1; y =x+5 3 marks
10 (4 marks)
dx _ 1 dy _ 1
37 = _t_z’_t_1+t2 B1B1
1
ﬂ_ l+?
dx =, _ 1 M1
t2
. , t2+1
Multiply top and bottom by t*: e Al
Answer: Shown 4 marks
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11 (4 marks)

dX_ ¢ dy _ o2
at - € qr - %e
dy _ 2¢* "
dX_ et =2

Check: y = X2, so% =2x = 2¢'

Answer: 2€'

12 (5 marks)
(;)t( = cost, (;)t/ =—=2sn2t
% = —% =—4sint

o . . 11
Att=5: gradient = —2; point (5, E)

1
y—5=-2x~- 2) oy =-—

Answer:y = —2x + %

13 (5 marks)

dx_ dy _ dy _
qt Mg T A

+3
X+

Att=1: gradient 1, point (2, 4); normal gradient —1

y—4=-(x-2
X+y=6
Answer: x+y =6

14 (6 marks)

_ -1 y _ 4 dx
(a)y_4t 1w_t_ t21 dt

dy __ 4 1__2
dx = 272t 3
AnSNer:—E3
t

(b) Att=1: (1, 4), gradient —
Normal gradient = %: y—4=
X—2y+7=0
Answer: x =2y +7=0
15(7marks)

y 2 _ __
ﬂ_BtZ—S
dx = 2

3t2 -3
Answer: 5

(b)3t2—3=0s0t=+1
t=21(2 —-2);t=-1:(-2,2)
Answer' (2, =2)and (=2, 2)

@ = (i H=ae2=3

t= 1. posmve, minimum at (2,

Answer: (2, —2) minimum, (—

5(

1x—l)

3t
2

—2); t = —1: negative, maximum at (—2, 2)
2, 2) maximum
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16 (7 marks)
() cost:)(%l,smt:Ls,2 M1 AL
Use cos’t + sin’t = 1 Al
Answer: Shown 3 marks
dx _ . dy _
(b)m——ZSnt,ﬁ—3cost B1
%:_3(;9;: :—gcott M1 Al
_m, 3.1 _ {3
Att= § 5 X E = 2 Al
Answer: —%cot t; —@ 4 marks
17 (6 marks)
dx _ dy _ a2 _
m—2t+1,dt—3t 3 B1
(a) Horizontal: 3t> — 3=0,t =1 M1 AL
t=1 (2 —-2);t=-1.(0, 2 Al
(b) Vertical: 2t +1=0,t= —3 M1
. 1 11
Point (_Z’ §) Al
1 11
Answer: (a) (2, =2), (O, 2) (b) (_Z’ §) 6 marks
18 (5 marks)
dy _ 3t?
d_X —7 M1 Al
d% _d,dy, . dx
@ - attad) T ar L
3t
= 7 Al
Att=2:3 Al
3t
Answer: > 3 5 marks
19 (5 marks)
dx _ dy _ 5
W—secttant,m—sect B1B1
dy _ sect _ sect
dx ~ secttant  tant M1
-1 jcost_ 1 _ t
= Cost (@nt _ sint _ COSC Al
[— H- H —
Att—g.cosecg—z Al
Answer: cosect; 2 5 marks
20 (5 marks)
%=%=%,sothegradientatPis% M1 A1l
2 ) _1 2
Pls(p,2p).y—2p—6(x—p) M1
Multiply by p: py — 2p? = x — p? Al
py = X + p? Al
Answer: Shown 5 marks
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21 (8 marks)
_ dy _
(a) dt =2 cost, qi - 6sin2t M1 Al
dy 6(2sintcost) _
Ix -~ 2cst - —6sint Al
Answer: shown 3 marks
(b)costhl—Zsinztsoy:3—65in2t M1
2
smt— , S0y = 3—6——3—§2 Al
Answer. shown 2 marks
dy _ oo s
(c)ﬁ— 3x=—6sint B1
Answer: confirmed 1 mark
(d) Att= 3 (1, 3), gradient —3 B1
y—g=—3(x—1),soy=—3x+% Al
Answer:y = —=3x + % 2 marks
22 (8 marks)
2
() —3t = t=3att=2 M1 Al
y—8—3(x—4),soy:3x—4 Al
Answer:y=3x — 4 3 marks
b)t2=3t2— 4, 0t3—3t2+4=0 M1
(t — 2)%(t + 1) = 0 (t = 2 is a repeated root) M1 AL
t=-1: (1, -1 Al
Answer: (1, =1) 4 marks
a*__3
©5=-35 B1
3
Answer: -5 1 mark
23 (8 marks)
(8) ¥ = 2 = sothe gradient at Pis 2; Pis (4, 4) M1 A1
Normal gradient —%: y—4= —%(x — 4) M1
X+2y=12 Al
Answer: x + 2y =12 4 marks
(b) Substitute x = 2t, y = t% 2t + 2t = 12 M1
t?+t—6=0,50(t—2)(t+3)=0 M1 AL
t=-3:Qis(—6,9) Al
Answer: Q(—6, 9) 4 marks
24 (9 marks)
dx _ 3(1+t3) —3tx3t? _ 31— 2%
( ) (l+t3)2 - (1+t3)2 M1 Al1Al
dy _ 6t(1 +1%) — 3t? x 3¢ _ 32— t%)
qr = 1707 1707 M1 A1
dy _3@2-t) _t2-1t) AL
dx " 31 -2t%  1-28
Answer: Shown 6 marks
(b) Horizontal: t(2 — t°) = 0, sot* =2 (t > 0) M1 Al
x:%éz3\/§,y:%ﬁz 4: the point (2, *4) AL
Answer: (32, %/4) 3 marks
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25 (9 marks)

dx _ dy _ 12 dy _ 4
(a)m—3andm——t—2,SOW——t—2
Tangent: y — 172 = —iz(x — 3t)

t

Multiply by t% t?y — 12t = —4x + 12t, S0 4x + t?y = 24t
Answer: Shown
(b) Substitute (4, 8): 16 + 8t = 24t
t?—3t+2=0,50(t—1){t—-2)=0
t=Lldx+y=24;t=2:4x+4y =48, sox +y = 12
Answer: 4x +y=24and x +y =12

26 (8 marks)
_X—=3 . _y+1
(@) cose—T,smG =5
(x — 3)2 + (y + 1)® = 25(cos’0 + sin’Q) = 25
Circle with centre (3, —1) and radius 5
Answer: Centre (3, —1), radius 5

(b)At(6,3):5c059=3and55in6=4,socose=%,sin6=g
dy  5cos6 _ 3
dx = —5sng - ~0t0=-7

y = 3= —>(x— 6),503x + 4y = 30
Answer: 3x + 4y = 30
27 (10 marks)

(a)%zl—cost ﬂ=sint

T dt

ot t
dy _  sint _25|n(§)cos(§)

dx ~ 1-—cost ~ Zsjnz(%)
t
:cot(E)
Answer: shown
(b) cot(7) = 1
Answer: 1
dy _ _
(C)W—Osot—n
(11, 2)
Answer: (1, 2)
(d)Att_i'X_i lLy=1
y—1=1x(x— 5 +1)
y:X+2—%
Ansmer:y=x+2—%
28 (9 marks)
_ X
@t=25
_1x _5¢ 3 ¢
=720 200 - 3*T ®
Answer: shown
dy _ .0 _ ax _
(b)m—15 10t’dt‘20
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dy _15—10t _ 3— 2t

dx~ 20 ~ 4 Al
3—2t
Answer: Z 2 marks
(c) Att =0, gradient = % M1
ten 6= 00 =369 AL
Answer: 36.9° 2 marks
(d) dy Osot=15 M1
y=225-1125=11.25m Al
Answer: 11.25 m 2 marks
(e) Lands at t = 3: gradient = —%, s0 36.9° below the horizontal B1
Answer: 36.9° below horizontal 1 mark
29 (12 marks)
(a) dt —3acos’t sint, Zt 3asin’t cost M1A1AL
dy _ 3asintcost _  sint - _tant L
dx = —3acos’tsint  cost
Answer: Shown 4 marks
(b) y — asin®t = —tan t(x — acos’) M1
Multiply by cost: y cost — asin®t cost = —x sint + asint cos’t M1
X sint+y cost=asint cost(sin’t + cos’t) Al
=asintcost Al
Answer: Shown 4 marks
(coy=0:x=acost,so Ais(acost, 0) M1 Al
x=0:y=asnt, soBis(0, asint) Al
AB? = a’cos’t + a’sin’t = &, so AB = a, independent of t Al
Answer: AB=a 4 marks
30 (11 marks)
dx _ 1 dy _ 1
()Olt T ar - 1_t_2 B1B1
dy _ 1
=(1- 2) t=t— ¢ Al
AnSNer. Shown 3 marks
dy _ dy dx
b) 5z = dt( )+ gt M1
d _
m(t - T) =1+ '[_2 Al
(1"‘%2)"'[:“% M1
=y Al
Answer: Shown 4 marks
(c)t—%:o,sotzl(t>0) M1 Al
x=Inl=0andy=2: (0, 2) Al
dy _
v =y =2>0, soaminimum Al
Answer: (0, 2), minimum 4 marks
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Trigonometric, Exponential and L ogarithmic Differentiation

1 (2 marks)

d .

d—i:3cosx—2(—smx) M1

=3cosXx +2snx Al

Answer: 3cosx + 2sin X 2 marks
2 (3 marks)

%(3e4x) = 12e™ M1AlL

d 1 , 1

W(In 2X) = X’ so f'(x) = 12e™ — X Al

Answer: 12e™ — % 3 marks
3 (2 marks)

Y osee?x — 3 M1 AL

dx

Answer: 2sec’X — 3 2 marks
4 (2 marks)

dy _ 1 02

ax — 6 x §ex M1

=3e"2 Al

Answer: 32 2 marks
5 (2 marks)

f'(x) = g -2 M1 Al

Answer: ; -2 2 marks
6 (3 marks)

%:4C054X—(—23in 2X) M1 Al

=4cos 4x + 2 sin 2x Al

Answer: 4cos 4x + 2 sin 2x 3 marks
7 (4 marks)

(a)%:ZSec2 2X M1 AL

Answer: 2 sec® 2x 2 marks

. d _f(x). dy _ 6x
(b) Usngﬁlnf(x)—m. H—m M1 Al
. 6x

Answer : e — 1 2 marks
8 (5 marks)

(a)%:ZeZX—S:—latx:O M1 Al

y=lax=0,s0y=1-—xX Al

Answer:y=1-—x 3 marks

(b) 2¢* =3, €* = 3 M1

1 3
X=3 In(E) Al
Answer: X = % In(%) 2 marks
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9 (4 marks)
dy _ 12
ax - x &

y is decreasing when

x >16

Answer: x >6
10 (4 marks)

y:5x:exln5

dx
Atx=0:In5
Answer: In 5

11 (7 marks)

dy
dx

<0, so% < 2x; since x > 0 this gives x* > 6

4Y X ens =54 n5

(a)%:2&*—6eX—8:0,soe2X—3eX—4:o

Answer: Shown

(b) (& —4)(e*+1) =0
g = —1lisimpossible, soe*=4andx =1In4

2,
% = 4> — 6e*

e Y _
Atx—In4.W-64—24-40>0

So the stationary point is a minimum

Answer: x=1n 4

12 (3 marks)
d y _ —2X
ax — 6e

3e‘2x:4—y,so%:2(4—y):8—2y

Answer: shown

13 (3 marks)
iy dY
Letu—smx.ﬁ—

= cot X
Answer: Shown

14 (6 marks)
- cdy _
(@) Chainrule: ax -

= —2tan 2x

Answer: shown

(b) —2tan(7) = —2

Answer: —2

Sin X

1
COS 2X

X COS X

X (=2 sin 2x)

(c) tan 2x = 0 on the interval so % < 0: y isdecreasing
y(0) = In 1 = O istherefore the greatest value

Answer: Oatx=0
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15 (6 marks)

(a) Product rule: u = e™, v = cos 2x M1

% = —e X cos2x + e7¥(—2sin 2x) Al

= —e7*(cos 2x + 2 sin 2x) Al

Answer: shown 3 marks

(b)c032x+23in2x:050tan2x:—% M1 Al

2x =11 — 0.4636 = 2.678, sox =1.34 Al

Answer: x =134 3 marks
16 (5 marks)

Product rule: %:excosx—exsinx:ex(cosx—sinx) M1 A1

Stationary: cosx =sinx sincee* # 0, sotanx =1 M1 A1l

. D
X=Zorx==> Al
A _ o 5m
nswer: X = 724 5 marks

17 (4 marks)

dy _ _€

Ix - 13o M1 A1

Divide top and bottom by €*: i1 M1 A1

Answer: Shown 4 marks
18 (5 marks)

sec x = (cosx) ™t d—dx(sec X) = —(cos x) 2 x (—sin x) M1 Al

_snx _ 1 » sinx _ t

~ cos®x  COSX ~ COSX = seextanx Al

N S | o _

Atx=zisec 5 =2andtan 3 =43 M1

Gradient = 2/3 Al

Answer: sec x tan x; 23 5 marks
19 (3 marks)

a:elna’g)y:exlna M1

dy — Ina

Tx = nax et M1

=alna Al

Answer: Shown 3 marks
20 (4 marks)

y=In(x + 1) — In(x — 1) (laws of logarithms) M1

dy ~ 1 _ 1

dx ~“ x+1 x-1 MLAL

_x=1)—=-(x+1 _ 2

B x2—1 T oxe-1 Al

Answer: Shown 4 marks
21 (8 marks)

dy _ secxtanx +sec’x

(a)dx_ Sec X + tan x MLALAL

_ secx(tanx +secx) _

= T scx+tanx | >XcX Al

Answer: shown 4 marks
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(b) sec(3) = 2 B1
Answer: 2 1 mark
II
(©)y=In(2+3) whenx = B1
= _ I
y = In(2+43) =2(x — 3) M1
y=2x—2TH+In(2+\/§) AL
AnSNer:y:2x—zTn+In(2+\/§) 3 marks
22 (7 marks)
@Iny=3Inx =D +2In2x+1) —4In(x + 2) M1 Al
1dy _ 3 + 4 4
ydx ~ x—1  2x+1 x+2 MLAL
Multiply by y to obtain the result Al
Answer: Shown 5 marks
.. _1x25 25
(b)AtX—Z.y—W—ﬁ Bl
a.4 14 _dy_25 14 _ 35
Br('x:ket—3+g l—?,soﬁ_ﬁx?_m Al
Answer: 35
nswer: 128 2 marks
23 (9 marks)
_1 _Inx
(a)lny-;lnx—T M1
1y X —Inx
. . 1ldy _x""°7 _1-1Inx
Differentiate: yax - v, == M1 A1
Answer: Shown 4 marks
(b) x¥* > 0 and x? > 0, so stationary whenInx =1, x = e M1 AL
y=¢e'® Al
dy _ dy
Forx<e,|nx<lsoﬁ>0,forx>e,W<O M1
The gradient changes from positive to negative: a maximum at (e, €' Al
Answer: (e, €®), maximum 5 marks
24 (10 marks)
(@) Product rule: u=e™*, v=sinx M1
%:—e‘xsinx+e‘x COS X Al
= e *(cosx — sinx) Al
Answer: Shown 3 marks
(b)cosx:sinx,sotanx:landx:% M1 Al
y= e—n/4 X }g — jge—nm Al
Answer P(%, lge‘“’“) 3 marks
Y o ¥(cosx — s ~X(_sinx —
(C)dxz_ e *(cosx — sinx) + e *(—sin X — cos x) M1 Al
=e ¥(—cosx +sinX — SinX — CosX) = —2e " cos X Al
At x = %thisis —2e W4 x 3@ < 0, SO amaximum Al
Answer: Shown 4 marks
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25 (9 marks)
(@t=0:T=20+70=90°C B1
Ast— ©,e " >0,50T—>20°C B1
Answer: 90 °C; 20 °C 2 marks
(b) ST = 70 x (~0.1)e™ = —7701 M1 A1
T — 20=706™0%, 0 9T = —0.(T — 20) AL
Answer: Shown 3 marks
(c) =7 %= -2 soe 0= % M1
t=101n 3.5 =12.5 minutes Al
T=20+70%2 M1
=40°C Al
Answer:t=125min; T =40 °C 4 marks
26 (9 marks)
(@ % = —e ¥ sin 3x + 38 cos 3x = e7*(3cos 3x — sin 3x) M1 A1
Rcosa=3and Rsina =1, since R cos(3x + &) = R cos & cos 3x — R sin a sin 3x M1
R =410 Al
¢ _1
an & = 3 Al
Answer: R =410, tan (x=% 5 marks
(b) Stationary when cos(3x + o) =0, s0 3x + o = % for the smallest positive x M1 Al
BX:%—arctan%:arctanB,sox:%arctan3 M1 Al
Answer: x = % arctan 3 4 marks
27 (9 marks)
d 2 12y _ X
a) 7-(x+(x“+1 =1+ M1 A1
(@) gy (x + (< +1)*?) ——

X
1+
dy _ = +1 M1
dX w2+
X2+ 1 +Xx
Numerator:% Al
X<+

Se] dy 1 Al
dx 2+ 1
Answer: shown 5 marks
11
(b) ﬁ =3 Bl
1
Answer: 5 1 mark
dy _ .2 —12
(© Tx = x“+1) B1
d%y 1 _ _
ax —5(E+ D)7 x2x = —x(x* + 1)7* M1
Thisis negative for x > 0, so the gradient is decreasing Al
Answer: shown 3 marks
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28 (10 marks)
(a) Therule dix(x”) = nx"~ ! applies when the base is the variable and the power is a constant El
Here the variable is in the power El
Answer: wrong rule used 2 marks
(b) 2% = g*'"? M1
sod—dX(ZX)=In2xeX'“2=2XIn2 Al
Answer: shown 2 marks
(© 3% =2°In2 - 2x = f(x), which is 0 at a stationary point B1
f0)=In2>0andf(l)=2In2—-2= —0.61<0 M1
f is continuous and changes sign, so thereisaroot in (0, 1) Al
Answer: shown 3 marks
(d)ZXInZ:ZXSOX:LZnZ:ZX‘lan B1
X, = 0.490, x, = 0.487 M1
X3 = 0.486 Al
Answer: x; = 0.490, x, = 0.487, x5 = 0.486 3 marks
29 (12 marks)
(@) % = —e ¥sn2x + 2e7* cos 2x = e *(2cos 2x — sin 2x) M1 A1
2
ay —e ¥(2cos 2x — sin 2x) + € X(—4 sin 2x — 2cos 2x) M1 A1
d x?
= e *(—3sin 2x — 4cos 2x) Al
Answer: Shown 5 marks
(b) 2% = e *(4cos 2x — 2 sin 2x) and 5y = 5 sin 2x M1
Sum: e *(—3 sin 2x — 4cos 2X + 4cos 2x — 2 §in 2x + 5 sin 2x) M1
=0 Al
Answer: Shown 3 marks
(c) Stationary: 2cos 2x = sin 2x, sotan 2x = 2 M1 Al
2x =1.107...,x = 0.554 Al
y = e %% gin 1.107 = 0.514; point (0.554, 0.514) Al
Answer: (0.554, 0.514) 4 marks
30 (9 marks)
(@ Iny=snxInx M1
ldy _ . 1
yﬁ—cosxlnx+smx><; M1A1A1L
%=xs‘”x(cosxlnx+$) Al
Answer: Shown 5 marks
II II II
(b) Atx=5:y=(3)'=5 B1
I . I d il 1
0037:0andsm7:1,sod—§:7(0+;):1 M1 Al
2
Tangent: y — % =1x(x— %), S0y = X, which passes through (0, 0) Al
Answer: Shown 4 marks
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Connected Rates of Change

1 (3 marks)

A= nrso?jr—an—lOn M1

dA _dA _dr _

F = W d_ 101 x 0.2 M1

=2mcm?st AL

Answer: 2 cm?s™t 3 marks
2 (3 marks)

3 AV _ o5 _

V—X,W—3X =48ax=4 M1 A1

(?j_\t/ =48x05=24cm®s! Al

Answer: 24 cm® st 3 marks
3 (3 marks)

C = 2mr, so %I(r: 21 B1

dC _dC _dr

gt OIIr><——2r1><04 M1

=08ncms? Al

Answer: 0.8 cm st 3 marks
4 (3 marks)

dpP 60 dx _

ax - "2 and aqt - —-05 M1 A1l

dP _ 60 B 1 . .

qr - "1 % (—0.5) = 1.875 kPas™* (the pressure is increasing) Al

Answer: 1.875 kPa s™* (increasing) 3 marks
5 (3 marks)

dy

ax = =3x*+2=5ax= B1

dy _dy _

dat ~dx * dt =5x2 M1

= 10 units per second Al

Answer: 10 units per second 3 marks
6 (3 marks)

dv )

ar " = 411r Bl

9V - anx25% 01 M1

=100 mm®s™? Al

Answer: 10m mm?®s™! 3 marks
7 (5 marks)

(a) After 5 sthe areais 10 cm?; mr? = 10 M1

r:ﬂlo 1.78 cm Al

Answer: 1.78 cm 2 marks

_ 2 dA _ dr

(b) A=1r SOW—ZHrm M1

2= 21'[(1.784)% M1

3— =0.178cms? Al
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-1

Answer: 0.178cm s 3 marks

8 (5 marks)
2 dA _

(a)A—r[r,soW—Zr[r B1

dr _dA _dA

dt — dt ~ dr M1

-3

- oomr Al

Answer: shown 3 marks

(b) r =12 = 3.989 M1

dr _ 3 _ —1

dt = 20 %3989 - 0.120m s Al

Answer: 0.120 m s™* 2 marks
9 (4 marks)

With h = 12: V = 4mr?, so %I_\r/ = 8mr M1 A1

dv _dv _dr

a9t - ar X ——8r1><3><05 M1

=12mcmis? Al

Answer: 12m cm® st 4 marks
10 (5 marks)

dv dx
— 3. _ 20X
V =X dt =3X at M1
dx _ 1

24 = 12m, at =2cms Al

S=6x% — d S = 12x B1

%S—lzxx =24 x2 M1

t

=48cm?st Al

Answer: (a) 2cm s~ (b) 48 cm? st 5 marks
11 (4 marks)

dy _ 1

ax = 2X — v M1 Al

—og_1_15

Atx=2:4 17 B1

dy 15 __ _ 45 _

W—TXB—Tunltspersecond Al

Answer: % units per second 4 marks
12 (3 marks)

V =11 x 10*h = 100mth, SO ——+— d = 1001 B1

200 = 10011 X (31? M1

dh_2 o

dt —m S Al

Answer: % cnms = 0637cms? 3 marks
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13 (5 marks)
ds _
at 8Hrdt,308n 321'[ M1 Al
dr _ 1 1
qr-zoms” Al
dVv odr 1
dt_4mdt_4nx16xZ M1
=16mcm®s! Al
Answer: (a) % cm s~ (b) 16m cm® s7? 5 marks
14 (6 marks)
(a) Radius of the surfacer = htan 30° = % B1
1 1 h?
V—§nrh 3H><§><h M1
uh®
-9 Al
Answer: shown 3 marks
(b) &Y = ﬂ_unath 6 M1
dh _ 8
dt T 12n M1
_ 2 _ -1
3 0.212cms Al
Answer: 0.212 cm s™* 3 marks
15 (7 marks)
(@) x> +y?>=25 B1
Differentiate with respect to t: 2x dt + 2y0| Y -0 M1 Al
Whenx=3:y=4 B1
O = 04902(3)(04) + 243 =0 M1 AL
% = —0.3, so the top moves down at 0.3 m s™* Al
Answer: 0.3 m s~ downwards 7 marks
16 (6 marks)
_ dVv _ 2 dx
V=x3s0 a7 - 3X at M1
6= 27 dx _ 2 inut
dt’ SO ¢ = —g Cm per minute Al
ds _ d x
S=6x2 50— at ‘12XW M1 A1l
:36x(—§):—8 M1
The areais decreasing at 8 cm? per minute Al
Answer: 8 cm? per minute 6 marks
17 (5 marks)
(a) Cross-sectional area = % x 2h x h = h? M1
V =3 x h?=3n? Al
Answer: Shown 2 marks
(b) $¥ = 6h=3whenh=05 M1
dv _dV _dh _.dh
F—HXF,SOO.O6—3W M1
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% = 0.02 m per minute Al

Answer: 0.02 m per minute 3 marks
18 (4 marks)

A:Hrz,S()%—AZZHI’ B1

r

dr _ —a =

qi - 2;whent=3,r= B1

%—A—ZHX7><2:28H M1

=88.0m?s™! Al

Answer: 88.0m?s™? 4 marks
19 (5 marks)

i - X

(@) Intriangle LOP, tan 6 = 100 B1

Answer: Shown 1 mark

(b) g—g =100 sec®0 M1 AL

dx gg de_lOOsec29x005 M1

Ate_— sec?d = ZSo?jt—lomsl Al

Answer: 10m s™! 4 marks
20 (5 marks)

V= %Hr3, S0 %—Y = 4nr? B1

?j_\t/:?j\r/ g:,so40r1 41'1r23: M1

dr _ 10

k= Al

0.1= lg,sor = 100 M1

r=10cm Al

Answer: r =10 cm 5 marks
21 (10 marks)

dr _ —t/2

@ qi- 2e M1 Al

A=1r’so —— dA = 2mr M1

=2m x 4(1 — e‘t’z) x 2e‘”2 =16m(e”"? — e™) M1 A1

Answer: Shown 5 marks

d’A _ U2, -t

(b) T 1611(——e +e =0 M1 Al

e (e — 5) =0,s0e 2= 5 andt=21In2 AL

Second derivative chang&e from positive to negative, so a maximum rate B1

dA = 16m (2 ):Alncmzs‘l Al

Answer: t = 2 In 2 seconds; 41 cm? s™! 5 marks
22 (8 marks)

_ dA _ ﬂ d dy

(a)A—xy,soF—ydt Xqt M1 Al

=10x2+6x(—1)=14cm?s* Al

Answer: 14 cm? st 3 marks

(b) P=2x+2y:2(2) +2(—1) =2cms™ B1
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Answer: 2cm st 1 mark

(c)dZ:x2+y2302dﬂ:2x%+2yi—¥ M1
_ 6(2) + 10(—1)

d =+136; —\/ﬁ Al

__2 _

‘/E =0.171cms™ Al
Answer: 0.171 cm s™* 3 marks
@x=6+2y=10-t S =14 4t=0,t=35s B1
Answer: 35s 1 mark

23 (8 marks)
(a) Triangles with the lamp and the man are similar: Sfx = % M1 Al
4s=18s+1.8x,s02.2s=18xands= %x Al
Answer: Shown 3 marks
ds _ 9 dx
®) Gt = T dr M1
19 x15= 5 21 >ms™ Al
27 1
Answer: 55 M s'=123ms 2 marks
(c) Distance of tip fromthelamp=x + s = %x M1 AL
Speed = = x 1.5= % ms™* Al
Answer % mst=273ms™? 3 marks
24 (8 marks)
(@ V =mr h.dv—r[(Zh Zdh) M1 A1
=m(2x5x 12 x 0.02 + 25 x (—0.05)) M1
=1(2.4 — 1.25) = 1151 = 3.61 cm st Al
Positive, so the volume is increasing Al
Answer: 1.15m = 3.61 cm®s™?, increasing 5 marks
(b) &2 = 2n(n 3T + 141 M1 A1
=21(12 x 0.02 — 5 x 0.05) = 2r(—0.01) = —0.02m cm? s~ * Al
Answer: —0.02m cm? st 3 marks
25 (8 marks)
> dy > dy = 2x+y
€)) x+y+x <t ydx— /S0 gx = Txx2y M1 A1
LAy _ _é
At (1, 2) ﬂ "5 Al
d d dx 4 .
d)t/ d—i Xqr =5 % 0.5 = —0.4 units per second M1 Al
Answer: —0.4 units per second 5 marks
(b)z—¥=0require52x+y=0,soy=—2x M1
X2 — 2 +4x?=7,503x*=7 M1
7
X = J_r\/; Al
7
Answer: x = J_r\/; 3 marks
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26 (7 marks)
h doe 1 dh
(a)tan@zso,sosecﬁdt——Od— M1 A1
%? 2 5c0s’0 = cos 20 Al
AnSNer Shown 3 marks
(b) h=50: tan © = 19— 00329—— M1
% = % rad st Al
d—? is greatest when cos?0 is greatest, i.e. © =0 M1
(at the start, when the balloon is on the ground), where the rate is 2—15 rad st Al
Answer: 5—10 rad s™%; greatest at @ = 0 4 marks
27 (10 marks)
dv _ >
(@ an = 11(20h — h?) M1
=1h(20 — h) Al
Answer: shown 2 marks
(b) S =11 x 5% 15= 75n M1
dh_ 30
dt ~ 75m M1
_ 2 _ -1
=55 " 0.127cms Al
Answer: 0.127 cm s™* 3 marks
30 .
(© at = m, smallest when h(20 — h) is greatest M1
h(20 — h) is greatest at h = 10 Al
30 1
1000 — 0.0955 cm s Al
Answer: h =10 cm, 0.0955 cm s™* 3 marks
(d) Net inflow = 10 cm®*s™* M1
dh _ 10 N
qt = 7Eo =0.0424cms™ Al
Answer: 0.0424 cm st 2 marks
28 (10 marks)
(@) OP? = x? + x* B1
200P) =37~ d(OP) =(2x + 4x‘°‘)ﬂ M1 AL
Atx =2 OP=2/5,s0 \/_d(op) =36 x 2, giving d((?tp) = % = 8.05 unitss™* Al
Answer: 28 = 805 units s~ 4 marks
\/E
dy _ . dx
(b) qr - ZXW M1
=2(2)(2) = 8 unitss™* Al
Answer: 8 unitss™! 2 marks
y _x
(C)tanez—:yzx B1
2 do d X
sec0—— a7 = =2 M1
sec26=1+tan26=5whenx=2 Al
%:é=0.4rads‘l Al
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Answer: 0.4rad s™*

29 (11 marks)
(a) %HI’B = 36mt?, so r® = 272
r=3t"3

Answer: Shown

dr _ 2.3 _ op—13
(b) G7 =3x st =2
Att:8:2><%:1cms‘1

Answer: 1 cm s™!
ds

(c) S=4m x 9t** = 36mt™, so 5 = 48mt™”®
Att=8:96mcm?st
(?j_\t/ = 72mt, so the ratio = A'gertf = %t‘%
r=3t?% givest™?* = % so the ratio = % x % = %
Answer: 961 cm? s™%; shown

30 (13 marks)
(@) Width = 20 — x
A:x(20—x):20x—x2,so?j—'§:20—2x

92 = (20 - 20 x 05210 -

Answer: Shown
dA
(b) at =0whenx =10
For x < 10 the areais increasing and for x > 10 it is decreasing
So the areais a maximum (a square) at x = 10
Answer: x = 10 (a square)
(9 D2=x? + (20 — x)2, 502052 = (2x — 2(20 — ) %
=(@x —40)x05=2x—20

- R - = d_D:—_8 :——4 :—iz— -1
x-6.D—\/36+ 196—\/232,90 at 2‘/@ ‘/@ @ 0.263cm s

%—? = 0 only when x = 10, negative for x < 10 and positive for x > 10: D isleast at x = 10, the

same value at which A is greatest

Answer: ——2 = —0.263 cm s~% shown

%
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