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Introduction to Complex Numbers

1 (2 marks)
—25=5 B1
{—18 =/18i = 32i B1
Answer: (a) 5i (b) 3y2i 2 marks
2 (2 marks)

(a) Real part 4, imaginary part —7 B1

(b) Real part 0, imaginary part 3 B1

Answer: (a) 4and =7 (b) 0and 3 2 marks
3 (3 marks)

iP=i?xi=—i Bl

i‘=(@%2=1 B1

iP=itxi=i Bl

Answer: =i, 1,i 3 marks
4 (2 marks)

x?=—16 M1

X = +4i Al

Answer: x = £4i 2 marks
5 (2 marks)

y—36 =6i and {—9 = 3i B1

Sum = 9i B1

Answer: 9i 2 marks
6 (2 marks)

Equating real parts: x =5 B1

Equating imaginary parts. y = —3 B1

Answer: x=5y=-3 2 marks
7 (3 marks)

i27=(i4)6xi3 M1

=—i Al

._l — 1 — I — .

| =7 = |—2 ==l B1

Answer: i% = =i, i7t= —j 3 marks
8 (3 marks)

X:—Ziw/24—20 L

=24

=— Al

x==1x2 Al

Answer: x==1+2iorx==1—-2i 3 marks
9 (2 marks)

Red parts: x +3=7,s0x =4 B1

Imaginary parts;y — 2=5,so0y =7 B1

Answer: x=4,y=7 2 marks
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10 (2 marks)
(@ (2)*=8i*=—8i B1
(b) (—=3))?=9i?= -9 B1
Answer: (a) —8i (b) —9 2 marks
11 (3 marks)
The ruley/a x yb =+/ab is only valid when at least one of a, b is positive. E1
Y—4 =2i and{—9 = 3i M1
Product = 6i° = —6 Al
Answer: —6 3 marks
12 (3 marks)
2i(3—i)=6i — 2i? M1
=2+6i Al
P=209=6 Al
Answer: p=2,0=6 3 marks
13 (3 marks)

—1J_r1[1 — 24
X = M1

4

—-23 =123 Al
B =iB

X = —liilz23 AL

4
Answer: X = ﬁi'@ 3 marks
14 (3 marks)
00 =, 12 = —1,i1% = —j, {1 = 1 (powers repeat every 4) M1 Al
Sum=i—1—i+1=0 Al
Answer: 0 3 marks
15 (4 marks)
Read parts: 2x +y =8 (1) B1
Imaginary parts: x — 3y = —3 (2) B1
() x3+(2): 7x=21,s0x=3 M1
y=8—-6=2 Al
Answer: x=3,y=2 4 marks
16 (4 marks)
(L+0)2=1+2 +i? M1
= 2i (shown) Al
@+D¥=(1+1)d)*=(2)* M1
=16i* =16 Al
Answer: 16 4 marks
17 (4 marks)
X = 6++36 — 52 M1
2
X=3x2 Al
Sum=(3+2)+(3—2)=6 B1
Product = 9 — 4i2=13 B1
Answer: x=3+ 2i 4 marks
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18 (4 marks)
i =i i
j0-j2=_1
5_1_1

TotAdl=—i+1+3i=1+2
Answer: 1+ 2i

19 (5 marks)
No real roots; k? — 16 <0
—4<k<4

k:2:x2+2x+4:0,x:_2i24_E
_ —2+2i3

2
x=-1+iy3
Answer: —4<k <4, x=—1+iy3

20 (4 marks)
(X + 20)% = X% — 4 + 4xi
(@) Rea when4x =0,s0x =0
(b) Purely imaginary when x> — 4=0, so x = +2
Answer: () x=0(b) x =+2

21 (6 marks)
(x +yi)? =x* — y? + 2xyi
x? —y?=5and 2xy = 12

6 36
y=;:x2—7=5,sox4—5x2—36=0

x> —9(x*+4)=0

x?=9 (x rea), so x = +3
x=3,y=20rx=-3,y=-2
Answer: (3,2) or (=3, =2)

22 (5 marks)
Any four consecutive powerssumtoi —1—i+1=0
(a) The 40 terms form 10 complete cycles, so the sumis0
(b) Extratermsi® +i* =i + (—1)
Sum=—1+i
Answer: (a) 0 (b) =1 +1i

23 (5 marks)
4 +416 — 4k .
2:42::21”%—4

Imaginary parts are +{k — 4, which differ by 2/k — 4
2\/k—4:6,sok—4:9andk:13

o, B=2+3i

Answer: k =13, roots 2 £ 3i

24 (6 marks)
(@ (L+i)?=2i,s0 (L+i)"=(2)?=—4
(1+0)*+4=0

Answer: Shown
(b) Check: (—1+i)2=—2i,0 (—=1+i)*=—=4 (1 —i)?==2i; (=1 —i)?=2i
Eachof 1 +i,1— i, —1+i, —1 — i hasfourth power —4
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A quartic has at most four roots, so these are all of them El
Roots: +1 + i A1
Answer: z=x14+i 4 marks
25 (5 marks)
(a+i)®=a’+3a% +3ai’+i® M1
=(a® — 3a) + (3a° — 1) Al
Purely imaginary: real part zero, a® — 3a=0 M1
aa®—3)=0 Al
a=0ora=+/3 Al
Answer: a=0, +3 5 marks
26 (5 marks)
i" takesthevalues 1, i, —1, —iasn=0, 1, 2, 3 (mod 4) B1
nN=0:1+1=2 M1 A1
nElor3:i‘1:—i,soi+(—i):0;likewisefornE3 Al
n=2-1+(-1)=-2 Al
Answer: 2 (n multiple of 4), 0 (n odd), =2 (n = 2 mod 4) 5 marks
27 (9 marks)
(a+i)’=a’—1+2a B1
(a+i)* = (a2 — 1)® — 4a® + 4a(@ — 1) M1 AL
(@) Redl: 4a(a® — 1) =0 M1
a=0,1lor -1 Al
(b) Purely imaginary: (a> — 1) = 4&a° M1
a?—1=2aora’—1=-2a M1
& —2a—1=0givesa=1+2;a*+2a— 1=0givesa=—1++2 M1
a=+1+2 (four values) AL
Answer: (@) a=0,%1(b) a=+1+42 9 marks
28 (11 marks)
(@) (x +yi)? = x2 — y? + 2xyi M1
Equate real and imaginary parts Al
Answer: Shown 2 marks
By =g 0% = L =p -
4x
Multiply by 4x?: 4x* — g? = 4px? Al
x2 = PE ‘/1652 +16q° _ p+ ‘/1022 t M1 A1
x? must be positive, so the + sign is taken E1
Answer: Shown 5 marks
(C) p =21, q = 20: /441 + 400 = 29 M1
x2=21;229=25,sox=15 Al
Square roots: (5 + 2i). Check: (5 + 2i)? = 25 — 4 + 20i Al
Answer: £(5 + 2i) 4 marks
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29 (9 marks)
(a) (a+ bi)?> = a®> — b? + 2abi M1
(a— bi)>=a> — b® — 2abi M1
Equal iff the imaginary parts are equal: 2ab = —2ab Al
4dab=0,s0a=00orb=0 Al
a=0: purely imaginary; b = O: red El
Conversely if a=0 or b = 0 then 2ab = 0 and the two squares are equal. El
Answer: Shown 6 marks
(b) From (@), a=0orb=0 M1
a=0: b? =25, so b = +5, giving %5i Al
b=0:a=15 Al
Answer: 5 and %5i 3 marks
30 (9 marks)
@u,=i—i=0,u,==1+(-1)=-2 B1
Uu=—i+i=0,u,=1+1=2 B1
Answer: 0, —=2,0, 2 2 marks
b) (=)"=(=D"i" sou,=i"1+(=1)") M1 A1
nodd: 1+ (-1)"=0,s0u,=0 Al
neven: u,=2i"= 2(i2)% = 2(—1)% Al
Answer: Shown 4 marks
(c) Only even n = 2m contribute, giving 2(—1)™ for m=1, ..., 50 M1
These terms alternate —2, +2, ... with 50 terms, in 25 cancelling pairs Al
Sum=0 Al
Answer: 0 3 marks

Complex Arithmetic and Conjugates

1 (2 marks)
z+w=4-2i B1
Z—wW=2+6i B1
Answer: 4 — 2i; 2 + 6i 2 marks
2 (3 marks)
22=4 -2 B1
2z —w = -5 B1
z+3w=14+8i B1
Answer: =5i; 14 + 8i 3 marks
3 (3 marks)
@5+2 B1
(b) —7i B1
(c) —3 (area number isits own conjugate) B1
Answer: (a) 5+ 2i (b) =7i (c) =3 3 marks
4 (2 marks)
+)@B—i)=6—2+3i —i? M1
=7+i Al
Answer: 7 + i 2 marks
5 (2 marks)
=9 — 12 + 12i — 16i° M1
=9+16=25 Al
Answer: 25 2 marks
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6 (2 marks)

N

TTixi 2 M1

= —i Al

Answer: —i 2 marks
7 (2 marks)

(1+3)2=1+6i +9i° M1

= —8+6i Al

Answer: —8 + 6i 2 marks
8 (3 marks)

Multiply numerator and denominator by 1 + i: —((13 i 'i))((llili)) M1

Numerator =3 + 3i +i +i% = 2 + 4i; denominator =1 — i2 =2 Al

=1+2 Al

Answer: 1+ 2i 3 marks
9 (3 marks)

Z=4+3i B1

z+7*=8 B1

72z =16+9=25 B1

Answer: z+z* =8,zzx =25 3 marks
10 (3 marks)

_4+3i _ (4+3)1 - 2)

Z=T+2 ~ @+2)@ - 2) M1

_4—-8i+3i+6 _ 10— 5i

= 5 == Al

z=2— Al

Answer: z=2 — i 3 marks
11 (3 marks)

(2+3i)2=4+12i —9=-5+12i B1

2 — 3)%=—-5-12i B1

( )

Difference = 24i B1

Answer: 24i 3 marks
12 (4 marks)

(@z*2=9—6i +i? M1

=8 — Gi Al

(b) (z*)?> = (3+i1)>=8 + 6i Al

(z*)? is the conjugate of z> B1

Answer: 8 — 6i; 8 + 6i 4 marks
13 (4 marks)

X+iy)2+i)=2x —y + (X + 2y)i M1 Al

2X—y=3andx+2y=4 Al

x=2,y=1 Al

Answer: x=2,y=1 4 marks
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14 (4 marks)
2+D)@B+i) _6+2i+3i—1
@-0N@+i) ~ 10
_5+5 _1 1.
10 22
Square= S(1+i)2= =+ x 2i
4 4
1.
:§|

Answer: %+%i; %i

15 (4 marks)
Letz=x+1iy: 3x + 3iy + 2x — 2ily =5x + iy
5x=10andy = -1
z=2—i
Answer: z=2 — |

16 (5 marks)
a+2i _ (a+2)(1+1i)
1—i "~ 2
_a+ai+2i—2_a—2+a+2.
B 2 T2 2

(@) Purely imaginary: real part 0, a= 2
(b) Redl: imaginary part 0,soa+2=0
a=-2

Answer: (a)a=2(b)a=-2

17 (4 marks)
Subtract: 3w = (4 +1i) — (1 + 4i)
3w=3—-3i,sow=1—
z=4+i—(1-1)
z=3+2
Answer: z=3+2i,w=1—|

18 (4 marks)
=4+ 4i — 1=3+4i
72— 47+5=3+4i—8—4i+5
=0

2 — iisaso aroot: the coefficients are real, so roots come in conjugate pairs.

Answer: Shown; 2 — i

19 (4 marks)
240 _ (2+D)@A+i0) _ 1+3i
1—i~ 2 -2
21: iI is the conjugate of the first, = #
Sum =1 (real)
Answer: 1

20 (3 marks)
z+z* =(a+hi)+(a—bi)=2a
zz* = (a+bi)(a— bi)=a?> — b%?=a’+ b?
aand b arereal, so 2aand a® + b” are real.
Answer: Shown
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21 (6 marks)

Let (x +iy)>=—8+6i,50x* —y>=—8and 2xy = 6 M1 AL

yzg:xz—%:—8,$x4+8x2—9:0 M1

(x> +9)(x> — 1) =0, s0 x> =1 (x real) Al

x=1ly=30orx=-1y=-3 Al

Square roots: =(1 + 3i) Al

Answer: £(1 + 3i) 6 marks
22 (5 marks)

Letz=x+iy:zz* =x*+y?and z — z* = 2iy M1 AL

x? +y?+ 6y = 13 + 12i Al

Imaginary parts: 6y =12,y =2 M1

x?+4=13, s0x=%3z=3+2iorz=—3+2i Al

Answer: z=+3 + 2i 5 marks
23 (5 marks)

zw = (ac — bd) + (ad + be)i M1 A1l

(zw)* = (ac — bd) — (ad + bc)i Al

z*w* = (a— bi)(c — di) = ac — adi — bci + bdi? M1

= (ac — bd) — (ad + bc)i = (zw)* Al

Answer: Proved 5 marks
24 (5 marks)

1 _2—i di A+

Z, -5 dZ, =73 M1 A1l

1 _22—-i)+51+i) _9+3i

zZ~ 10 =710 M1

_ 10 _ 1009 — 3i)
Z=9+3 - @ M1
_ 1.

Z=1-3i Al

Answer: Z=1-— %i 5 marks
25 (6 marks)

_ (z+hE= -1

@W= =z -1 =

Denominator = (x — 1)? +y? Al

Numerator = zz* — z+z* — 1=x?>+y? — 1 — 2iy M1

_ Xy’ -1 _ Yy
Rew—()(_1)2+y2,lmw—()(_l)2+y2 Al
. _ xi+y?P-1 _ -y

Answer: Rew = X =12 ry?’ Imw = X=12+y2 4 marks

(b) If x? + y? =1 therea partisO M1

and the imaginary part is 1—_yx which is non-zero wheny # 0, so w is purely imaginary Al

Answer: Shown 2 marks
26 (5 marks)

From the second equation, w =i — iz M1

Substitute: z +i(i —iz2) =3+ 2i M1

z—1+z=3+2i Al

Z=2+i Al

w=i—i(2+i)=i—2i+1=1—i Al

Answer: z=2+i,w=1—| 5 marks
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27 (12 marks)
@ 1_a- bi
zZ a2+b?
. 1 b
Imaginary partofz+E:b—m

1
= b(l - m) =0
b=0ora®+b*=1
Answer: Shown
(b)yz2—z+1=0
_1+1—4
2

z= % + gi
(check: a® + b? = 1, consistent with part (a))

1 3.
Answer: z=§ilg|

¢) Non-real zneedsa? + b2 = 1, thenz + 1/z=2a= 2, s0a= 2, but & < 1: impossible
2 4

Real:222—52+2:0,z:20rz:%

1
Answer: z=2or 5

28 (10 marks)
(@) Letz, =a+hi,z,=c+di
(zy+29)* =(@+c) — (b+d)i =z,* + 2z,
(z42,)* = z,*z,* (expand both sides: (ac — bd) — (ad + bc)i)
Answer: Proved
(b) Repeated use of (z,z,)* = z,*z,*, with z, = z""* and z, = z (induction)
gives (2)* = (z*)"
Answer: Shown
(© p@)* =(pZ®+qz+r)* =p(z*)*+qz* +r(p, q,rrea, parts (a) and (b))
=p(z*)
If p(a) = 0 then p(ac*) = p(a)* =0* =0
Answer: Shown

29 (9 marks)
Letz=x+iy:x? — y?+ 2xyi =x — iy
Real parts: x> — y? = x (1)
Imaginary parts: 2xy = =y (2)
From (2): y(2x+1)=0,so0y=00r x = —%

y=0: (1) givesx*=x,s0x=0o0r1

1 2_

Xx=—=5:(1) gives; —y 3

_l 223
22 PY =7
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30 (9 marks)
o 1—it
@ 2= @iga -1 v
1t L
1+t
Equate real and imaginary parts Al
Answer: Shown 3 marks
s o 1+t
(b)y x“+y TR M1 A1
1 _
=Tie " Al
Answer: Shown 3 marks
(x> —x+y?=0 M1
1, -, 1
X=3)+y" =3 Al
Circle with centre (%, 0) and redi us% Al
Answer: Centre(%, 0), radius% 3 marks
Argand Diagrams
1 (3 marks)
Ais(2,3),s02+3i B1
Bis(—3,1),s0 =3 +i B1
Cis(1, —2),s01 — 2i B1
Answer: A: 2+ 3i,B: =3+i,C: 1 —2i 3 marks
2 (2 marks)
Reflection in the real axis changes the sign of the imaginary part: 2 — 3i B1
Thisis the conjugate z* B1
Answer: 2 — 3i = z* 2 marks
3 (3 marks)
4—1iis(4, -1 B1
—2iis(0, —2) B1
5is(5, 0) B1
Answer: (4, —1), (0, —2), (5, 0) 3 marks
4 (2 marks)
OP = \/32 +42 M1
=5 Al
Answer: 5 2 marks
5 (2 marks)
—z==-2+3i B1
A rotation of 180° about the origin (reflection in O) B1
Answer: —2 + 3i; rotation through 180° about O 2 marks
6 (2 marks)
Midpoint = 2((2 + ) + (6 + 50)) M1
=4+3i Al
Answer: 4 + 3i 2 marks
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7 (3 marks)
Z,+2,=4+i

OC is the diagonal of the parallelogram formed by OA and OB: the vector from B to C is z,,

equal to OA
so BCis equal and parallel to OA, and OACB is a parallelogram.
Answer: 4 +i

8 (3 marks)
iz=i(3+i)=3i +i?
=—1+3i
OB is OA rotated through 90° anticlockwise about O (same length).
Answer: iz= =1+ 3i; rotation of 90° anticlockwise

9 (3 marks)
Difference=(5+7i) — (2+ 3i) =3 + 4
Distance = |3 + 4i|

=y9+16=5

Answer: 5

10 (3 marks)
|z — (1 + 2i)| is the distance from z to the point 1 + 2i
s0 the locus is acircle with centre 1 + 2i
and radius 3
Answer: Circle, centre 1 + 2i, radius 3

11 (3 marks)
A haf-line from the origin (not including O)
making an angle of % with the positive real axis
Cartesian eguationy = x with x >0
Answer:y=x,x>0

Im A

4 4
3 4
2 4
1 4

12 (3 marks)
Rez=x=tandImz=y=2t+1
Eliminatet: y=2x + 1

P lies on the straight liney = 2x + 1 (gradient 2, passing through the point i)

Answer:y=2x+1
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13 (3 marks)
zisequidistant from 3 and —1
so the locus is the perpendicular bisector of the line joining (3, 0) and (—1, 0)
Cartesian equation x = 1 (thelineRez = 1)
Answer: Rez =1 (thelinex = 1)

Im A

14 (4 marks)
Since ABCD isapardlelogram,d=a+c—Db
d=(1+)+@+4)—@+i)=1+4i
AC=|4+4i)— (L+1)=]3+3i
=\/E=3\/§

Answer: D =1+ 4i, AC =32

15 (4 marks)
|z — 1] = 2 isthe disc with centre 1 and radius 2
Im z = O is the half-plane on and above the real axis
The region is the upper half of the disc (the centre lies on the real axis)
Area:%XHXZZZZH
Answer: 21

A

2-
/\ Re
041 2

4

Im

16 (4 marks)
Thelocusis acircle with centre C(3, 4) and radius 2
OC=1|3+4i|=5
Greatest |zl =5+2=7
Least|z7l=56—2=3
Answer: Greatest 7, least 3

17 (4 marks)
|z — 2| = 3isthe disc with centre 2 and radius 3
|z — 2| = 1 excludes the interior of the disc with centre 2 and radius 1
The region is the ring (annulus) between the two circles
Area=n x 3% —mx12=8n
Answer: 81t
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18 (4 marks)
Vector PA=(4+i) —(1+i)=3
Rotating by 90° anticlockwise multiplies by i: PB = 3i
b=(@Q+i)+3i=1+4i
Answer: 1 + 4i

19 (4 marks)
@x—22+(y—1)°=9
byz—2=(x—2)+iy hasargument%, soy=(X— 2)tan%

y =y3(x — 2) withx > 2
Answer: (@) (x — 22+ (y — 1)2=9(b) y =3(x — 2),x>2

20 (4 marks)
Letz=x+3i:x>+9=25
x?=16
z=4+3iorz=—4+3i
Answer: z=+4 + 3

21 (4 marks)
Thelocusisacircle, centre C(4, 0), radius 2. The greatest argument is at the tangent from O

In the right-angled triangle OCT (T the point of tangency): sin 6 = %
_ I
=%

II
Answer: 3

22 (6 marks)
AB: (4+2))— (1+i)=3+i
AC: 4i —(1+i)=—1+3i
iB3+i)=38i—1=—1+3i,s0AC=ixAB
IAC| = |AB| =10, so isosceles
Multiplying by i rotates through 90°, so angle BAC = 90°

Area=%x\/ﬁx\/ﬁ=5

Answer: Shown; area 5

23 (5 marks)
|z — 4| = |z — 4i|: perpendicular bisector of 4 and 4i, theliney = x
|z — 2| = 2: circle centre 2, radius 2
Substitutey = x into (x — 2)2+y?=4
2x° —4x=0,50x=00rx=2
z=0andz=2+2i
Answer: z=0,z=2+2i
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24 (5 marks)
L, isahaf-line from 2 at % to the real axis; L, isacircle, centre 2, radius 4 B1B1
Intersection: z — 2 = 4(cos% +isin %) M1

1 3. .

:4(§+§|):2+2¢§| AL
2= 4+ 23] Al
Answer: z=4+ 2\/§i 5 marks

Im A

6 4

~3b-1

01 23456 7

25 (5 marks)
w=(1+)B+)=3+i+3i —1=2+4i M1 A1
wW—z=2+4)— @B+i)=—1+3i=iB+i)=iz Al
ZW is OZ rotated through 90°, so ZW is perpendicular to OZ El
and [ZW| = |i||z| = |0Z], so triangle OZW is isosceles with aright angle at Z. E1l
Answer: w = 2 + 4i; shown 5 marks
26 (6 marks)

Centre M = 5((1+ 20) + (5 + 4i)) = 3+ 3 M1 AL
MA=(1+2)—B8+3)=—2—1i Al
The diagonals are equal and perpendicular, so MB =i x MA (or —i x MA): MB =i(—2—1i)=1 M1
-2
B=3+3i+(1—-2)=4+iandD=3+3 — (1 — 2i) =2+ 5i (labels may be swapped) Al
Side’?=|B — A>=[3 —i|*= 10, area= 10 Al
Answer: B,D=2+5iand 4 +i; area 10 6 marks
ImA

6 -

5 - B

. C

3 -

21 A

T D Re

CHE I
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27 (10 marks)
(@) Let z=x+iy: (x — 4% +y? = 4((x — 1)* +y?) M1
x? — 8X + 16 +y? = 4x? — 8x + 4 + 4y? Al
3x?+3y?=12, s0x*+y*=4 Al
Circle, centre O, radius 2 Al
Answer: Circle, centre O, radius 2 4 marks
(b) z=2(cos 5 +i sin ) M1

= 1+43i Al

Iz — 4/=]-3+3i|=9+3=2/3 M1

Iz — 1| = |3i| = /3, and 2/3 = 2 x /3, so verified Al
Answer: z=1+3i 4marks
(c) Greatest Rez=2atz=2 B1
|z—4]=2 B1
Answer: 2; 2 2 marks

28 (11 marks)
(@ Letz=x+iy: x> +y? = (x — 2)2 +y? M1
0= —-4x+4,so0x=1 Al
|z — 2| = 2isthedisc, centre 2, radius 2 B1
R is the part of the disc on or to the right of thelinex =1 B1
Answer: Rez=1 4 marks
(b) (1—2°+y?=4,50y*=3 M1
z=1%+3i Al
Answer: z=1% i\/§ 2 marks
(c) The chord PQ is at distance 1 from the centre C(2, 0), so cos a = % where « is the half angle M1 A1

-
ac, o= 3
Segment on the left of the chord: %r2(2(x —sin2a) = Z(Z?H — @) M1
_ 4o
=3 - 3 Al
4 8

Areaof R=4m — ( —y3) =3 +13 Al
Answer: 8%[ +43 5 marks
Im
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29 (8 marks)
@lkz-1°P=z-)@ -1=1 M1
72z —z—7+1=1 Al
727* =z +Z7* Al
Answer: Shown 3 marks
1 _z
(b) e M1
1
1_Rez 2(@*+7)
Rez =7 =" M1
_1
=5 Al
Answer: Shown 3 marks
(c) Rew = % for every such point M1
sow liesontheline Rew = % aline parallel to the imaginary axis (whole line, as z ranges over Al
the circle).
Answer: ThelineRew = % 2 marks
Im A
1 -
Re
*— . >
Ol 1 2
_1 .
2 4
30 (8 marks)
(@) [z + Zl* = (@+ ©)* + (b + d)? M1
=a’+2ac+ c? + b? + 2bd + d? Al
= |z4* + |2,)* + 2(ac + bd) Al
Answer: Shown 3 marks
(b) ac + bd = |ac + bd| < |z4]|z,| M1
|21 + 2,/ < 24 + [2o* + 2lz4]|z,] = (|24] + [22]) M1
Take positive square roots Al
Answer: Proved 3 marks
(c) Intriangle OAC (C = A + B) one side is not longer than the sum of the other two. El
Equality when O, A, B are collinear with A and B on the same side of O (arguments equal). E1
Answer: Triangle ineguality; equal when z,, z, have the same argument 2 marks

Modulus and Argument

1 (2 marks)
I3+ 4i|={9+16 =5 B1
|5 — 12i| = /25 + 144 = 13 B1

Answer: (a) 5 (b) 13 2 marks
2 (2 marks)

|=7 + 24i| = \/49 + 576 M1

=25 Al

Answer: 25 2 marks
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3 (4 marks)

@o B1

(b) B1

(© % B1

() —% B1

. n n

Answer: (a) 0 (b) mx (c) > (d) - 4 marks
4 (2 marks)

tan 6 = 1 and the number isin the first quadrant: arg(1 + i) = % B1

ag(l—i)=—7 B1

Answer: % and —% 2 marks
5 (2 marks)

o_1 N E

cosg—iandsmg— > B1

z=1++3i B1

Answer: 1+ \/Ei 2 marks
6 (2 marks)

[zw] = |z|lw| = 10 B1

z,_ |72 _5

W= =2 B1

Answer: 10 and g 2 marks
7 (3 marks)

Izl =y1+3=2 B1

Acute angle: tan™*(/3) = % M1

. o _ 20

zisin the second quadrant, soarg z =11 — 353 Al

Answer: |z| =2, argz = ZTH 3 marks
8 (3 marks)

Acute angle = tan~*(1) = % M1

Third quadrant: arg = — (11 — %) M1

-3

== Al

3

Answer . -1 3 marks
9 (3 marks)

r=y1+3=2 B1

0 = —tan"Y(y/3) = —% (fourth quadrant) M1

1 — f3i = 2(cos(—3) +1 sin(— 3)) AL

Answer: 2(cos(—%) +i sin(—%)) 3 marks
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10 (4 marks)

|zw]|=2x3=6 B1

II II II

agzwv) =g+t 3 =5 M1 A1

2w = 6(cos % +1 Sin 5) = 6i AL

Answer: 6(cos % +isn %) =6 4 marks
11 (4 marks)

|%| = % =4 B1

z,_Sn_m_m

ag(y)=% —3°-3% M1 A1

z _ .

W 4 Al

Answer: 4i 4 marks
12 (3 marks)

|—4+3i|=y16+9=5 B1

Acute angle = tan‘l(%) =0.6435 M1

arg =11 — 0.6435 = 2.50 (second quadrant) Al

Answer: 5, 2.50 rad 3 marks
13 (3 marks)

5TH is outside the range —11 < O < 11; Subtract 21t: 5TH — 21 = —3TH M1

2= 4(cos(—20) +i sin(—3) AL

z* has the opposite argument: arg z* = %TH B1

Answer: z = 4(cos(—3Tn) +i sin(—37H)); argz* = 3711 3 marks
14 (6 marks)

@ [1+i| =2, 3 — i| = 2, so the modulus is 22 B1

. II . II

agl+i)= g, agf3 — )= —5 B1

arg of product = % - % = % B1

Answer: 22, % 3 marks

(b) Expand: (1 +i){/3 — i) = (3 + 1) + (/3 — D)i M1

tan E = M Al

2 3+1
—1)2 -

:(‘/521) =4 22‘/522—\/5 Al

Answer: Shown 3 marks
15 (4 marks)

_ 3o

agz=— B1

22=1—2i—1=—2i,soarg(22)=—% M1 A1

2agz= 3711 which differs from —% by 21m1; the argument is only defined to within multiples of El

211, and —% is the value in the principal range.

Answer: argz = 3711; arg(z?) = —% 4 marks
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16 (4 marks)

L+y3i|=2andarg = B1

(1 ++/3i)® has modulu 26=64 "

and argument 6 X = = 211 .

so(1+\/§|)6:64 "

Answer: 64 4 marks
17 (4 marks)

1 _1-i
1+i 2 M1 A1
Moduluszlg:i AL
V2
__n 1 o .o o
Argument = =7, S0 ﬁ(cos(_z) +isin(—7)) Al
.1 m, . n

Answer: ﬁ(cos(_f) +i Sm(_z)) 4 marks
18 (4 marks)

2= 2(2(cos(— ) +1 sin(—7)) -

=2\/§(@—%)=2—2i AL

z2 has modulus 8 and argument —% M1
72 = —8i Al
Answer: z=2 — 2i, 7> = =8i 4 marks
19 (5 marks)
II II
|21|=|22|=2aar921=§aargzzzg Bl
Z1 _ LTS o
Z_Z_COSE | Slng M1
_3, L
=7 t3 A
()(1+¢§|)(( _3-i+3+4y3 "
(3 +D(3 — 4
= J@ £ —| which agrees AL
Answer : g % 5 marks
20 (4 marks)
A 3
tanT:—\/gz5 M1
= _\/§ Al
I 1 b
tan(—§)=—ﬁ=z M1
b= —i = —iﬁ Al
\/§ 3
Answer: a= —y3,b = —%E 4 marks
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21 (5 marks)
y/3 + i has modulus 2 and argument %, 50 (3 +i)" has argument %H
(a) Real when %H isamultiple of : n = 6, value 2%(cos 1 + i sin 1) = —64
(b) Purely imaginary when - = 3 + ki: n = 3, value 2%(cos  +i sin %) = 8i
Answer: (Q)n =6, —64 (b) n = 3, 8i
22 (5 marks)
_ N _ I
L —il=v2,a01-i)= -7
1 -1)*=(2)*=32
10m
4
S0 (1 — i) = 32(cos(— %) + i Sin(—%)) = —32i
Answer: Shown

arg=— = _5711’ equivaent to —% (adding 2rm)

23 (5 marks)
z 30 I 1311
G =7 ~ 3=
. 11
This exceeds 11, so subtract 211: -

_3n o _ 51
A =ZF 3 1

which isin the principal range

Answer: arg(z/w) = —111—;, arg(zw) = 51—r2[

24 (5 marks)

1
2 — * —
[c=1,s0z =3

7zt =z
If z=cosO +isin 6 thenz* =cosO — i sin B = cos(—0O) +i sin(—0), soarg z* = —6
z+%:z+z*:(cose+isin9)+(cose—isin9)

=2cos 0
Answer: Shown

25 (4 marks)
(1 +1)® modulus (y2)® = 16, argument 8 x % =21, (1+i)%=16

(3 — i)®: modulus 2° = 64, argument 6 x —%) = —m,s0= —64

16 _ 1
Vdue—m——z
. 1
Answer : -2
26 (6 marks)

Z2=1+2i—1=2i
Z2=2i(1+i)=—2+2i

' =(2)*’=-4
|zl =42, 50 |2"| = (4/2)": the modulus is multiplied by {2 each time
agz= %, soarg z" = nTH: the argument increases by % each time (anticlockwise spiral)

Answer: z2=2i,2°= =2+ 2i,z* = -4
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27 (9 marks)
(@ 1+cosO = 2COSZ% B1
. .. B8 _ 0
sn9—25|n§cos§ B1
0 6 .. 6
So the number = 2cos E(cos % *tisn 5) Al
Answer: Shown 3 marks
(b) Zcos% > 0 because 0 < % < % s0 it is the modulus B1
Argument = % B1
, 0 0
Answer: Modulus 2cos -, argument - 2 marks
(c) Modulus 80053%, argument ? M1 Al
I 3
6 = 3 modulus 8 x (%)3:3«/5 M1
argument =5, so the value is 3/3i Al
Answer: 3\/§i 4 marks
28 (9 marks)
(@) zyz, = ryry(cos a + i sin a)(cos P +i sin B) M1
=ryry(cosa cosP — sina sin B) +i(sin a cos B + cos o sin B)] Al
cosa cosP — sina sin B = cos(a + B) B1
sina cosP + cos a sin B = sin(a + B) B1
Answer: Proved 4 marks
(b) Let;:p(coscpﬂSin(p),sozlzp(cosmﬂsin(p) Z, M1
2
By (a), r, = pryand o = ¢ + 3 (mod 2m) Al
r
p=,0=a—B Al
2
Answer: Proved 3 marks
(c)z=r(cosa +isina) givesz* =r(cosa — i Sin ) M1
=r(cos(—a) +isin(—a)), soarg z* = —« Al
Answer: Shown 2 marks
29 (9 marks)
(a)1+\/§i:2(cos%+isin %) M1 AL
. II .. II
1—i=y2(cos(—7) +i sin(=7)) AL
Answer: 2(cos% +isn %); \/E(cos(—%) +i sin(—%)) 3 marks
(b) Product: modulus 2\/5, argument % - % = % M1 Al
Product = 2y/2(cos % +isin %) Al
Expanding directly: (1 +y3i)(1 — i) = (1 +43) + (3 — Di M1
Equate: Zﬁcos% :1+\/§,socos% = l;\/f = ‘/EZ‘/E Al
sin%:\ﬁ_l:‘/g_\/5 Al
22 4
Answer: cos%:l@é,sin%:l@E 6 marks

stemup.co.uk | page 21



StemUp | A Level Mathematics | Pure Mathematics: Complex Numbers | Model Answers

30 (9 marks)
@) |21 + 2,/ = (2, + 2,)(z,* * 2,%)
= |zif £ 2,2, £ 2,2,* + |z
Adding the + and — versions, the cross terms cancel
=2z, + 2Jz,?
Answer: Proved
(b) The diagonals have lengths |z, + z,| and |z; — z,|, the sides |z,| and |z,
The sum of the squares of the diagonals equals the sum of the squares of the four sides.
Answer: Parallelogram law
(C)49+ |z, — Z,*=2x9+2x25
|z, — z,|* =68 — 49=19

|z, = 2z, =\/E

Answer: /19

Complex Roots of Equations

1 (2 marks)
z>=-25
Z=5
Answer: z = £5i

2 (1 mark)
Complex roots of area quadratic come in conjugate pairs: 3 — 2i
Answer: 3 — 2i

3 (3 marks)
Sum of roots = 2, product = (L +i)(L —i)=2
722 -22+2=0
Answer: 22— 22+2=0

4 (2 marks)
2++44—20

2
z=1+2i
Answer: z=1=%2i

Z=

5 (3 marks)
a+B=6andaf =25
_ 6+436— 100
- 2
z=3%4
Answer: 6, 25; roots 3 + 4i

6 (2 marks)
B+il+i+l=—i—1+i+1
=0
Answer: Shown
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7 (3 marks)
_ —4%4y16-52
z= 5 M1
_ —44+6i
=— Al
z=—-2%3i Al
Answer: z= =2+ 3i 3 marks
8 (3 marks)
The other root is 2 + 3i B1
Sum:4:—p,30p:—4 M1
Product=4+9=13=q Al
Answer: p=-—4,q=13 3 marks
9 (4 marks)
(1+2)°—2(1+2)+5=1+4—-4—2—4i+5 M1
=0 Al
The other root is1 — 2i B1
722—22+5=(z—-1-2)(z—1+2) Al
Answer: (z—1-—2i)(z— 1+ 2i) 4 marks
10 (3 marks)
_2+44—140
z= 7 M1
_ 246
== Al
1. 3.
Z= 5 + §| Al
A 1.3
nswer.z—§_§| 3 marks
11 (4 marks)
Z2-1=@Z-1DEZ+z+1) M1
z=1isoneroot Al
22+z+1:0:z:$12E M1
_ 148,
z=—%* 5 Al
Answer: z=1, —% + @i 4 marks
12 (4 marks)
Discriminant = (—2a)? — 4(a® + 1) M1
= —4, which is negative for every a, so the roots are non-real Al
Z:2a:r\/—_4:2a12i "
2 2
z=ati Al
Answer: z=axi 4 marks
13 (3 marks)
' —16=(z22— 4)(Z*+4) =0 M1
z’=4givesz=+2 Al
72 = —4givesz = £2i Al
Answer: z=+2, +2i 3 marks
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14 (5 marks)
1-3+4—-2=0,s0z=1isaroot B1
22—32%+4z2-2=(z—- 1) -22+2) M1 AL
22— 2742=07= 2% 3_8 M1
z=1+i Al
Answer:z=1,1+i 5 marks
15 (5 marks)
A+i)?=2iand(1+i)*=—-2+2i B1
—2+2 —42)+6(1L+i)—4=(—2+6—-4)+(2—8+6)i=0 M1 A1
1 —iisasoaroot (rea coefficients) B1
Sum of roots = 4, so the third root is4 — 2=2 Al
Answer: 1 —iand 2 5 marks
16 (5 marks)
k?-36<0 M1
—6<k<6 Al
k:z:zzﬂ M1
_ —2+ 42
= 5 Al
z=—-1%2/2i Al
Answer : —6<k<6;Z=—1i2\/§i 5 marks
17 (4 marks)
(—1+2)°=1—-4i—4=-3—4 B1
—3—4i+p(—1+2)+q=0:red pat —3 —p+q=0,imaginary part —4+2p=0 M1 Al
P=209=5 Al
Answer: p=2,9=5 4 marks
18 (5 marks)
Letz=x+iy:x? —y?>=—5and 2xy = 12 M1 A1
yzg:x4+5x2—36:0 M1
(x> —4)(x?+9)=0,50X = +2 Al
z=2+3iorz=-2-3i Al
Answer: z = £(2 + 3i) 5 marks
19 (4 marks)
_ 2i (=22 +20
z= 5 M1
(—2i)>+20=—4+20=16 Al
_2i+4
z=— M1
z=2+iorz=—-2+i Al
Answer: z=%2 +i 4 marks
20 (5 marks)
ax+B=4ap =13 B1
a’+PB2=(ax+P)>—20p =16 — 26=—10 M1 AL
1,1 _a+p_4
a BT afp T 13 Al
Check: roots 2 £ 3i, squares —5 + 12i, sum —10 B1
Answer: —10 and 1% 5 marks
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21 (5 marks)
The third root is 1 + 2i (conjugate) B1
Quadratic factor from the complex pair: sum 2, product 5, so z2 — 2z + 5 M1 Al
(z—3)(z?—22+5)=2—22°+52— 32>+ 62— 15 M1
22 —522+11z—15=0 Al
Answer: 72 — 57° + 11z — 15 = 0; third root 1 + 2i 5 marks
22 (7 marks)
1— 2iisasoaroot (rea coefficients) B1
(z—1-2)(z—1+2)=2>—2z+5isafactor M1 AL
Divide: z* — 42> + 112> — 14z + 10 = (2> — 2z + 5)(z° + az + 2) M1
Compare 3 terms. a— 2= —4, s0a= —2 Al
22—22+2:09ivesz:21r 3_8 M1
Roots: 1+ 2iand 1+ i Al
Answer: z=1+2i,1+i 7 marks
23 (6 marks)
(2+)2=3+4diand (2+i)®=(3+4i)(2+i) =2+ 11i B1
22+ 11) — 93+ 4i) +14(2+i) —5=(4—27+28 — 5) + (22 — 36 + 14)i = 0 M1 AL
2 — i isaroot, giving the factor z2 — 4z + 5 B1
278 — 972+ 14z — 5= (2> — 4z+5)(2z — 1) M1
Other roots: 2 — i and% Al
Answer: 2 — i and % 6 marks
24 (6 marks)
(1+i0)3=—-2+2i B1
—2+2i+al+i)+b=0:red pat —2+a+b=0, imaginary part 2+ a=0 M1 A1
a=—-2,b=4 Al
72 — 22+ 4= (2> — 2z + 2)(z + 2), using the conjugate root 1 — i M1
Other roots: 1 — i and —2 Al
Answer: a=—=2,b=4;roots1 —1i, =2 6 marks
25 (6 marks)
22—8=(z—-2)(?+2z+4) M1
22+22+4=0:z=£_2i24_16=—1i\/§i M1 AL
|-1+43i|=y1+3=2and|2|=2 B1
AB%=(—1-2)%+({3)?=12,and AC?> = 12 M1
BC = 2//3 so BC? = 12: dl sides equal, so equilateral AL
Answer: z =2, —1 % +/3i; shown 6 marks
26 (6 marks)
_3+y9—4(3+i) _3+y-3—4i
z= 5 = 5 M1 A1
Findy—3 — 4i: (x +iy)> = —3 — 4i givesx? — y? = =3, xy = =2 M1
x*+3x>—4=0,50x*=1;x=1y=—-2(orx=-1,y=2) M1
Y—=3 —4i =%(1 — 2i) Al
_3+1-2 _ . _3-=1+2 _ .
—T—Z—lorz——2 =1+i Al
Answer: z=2—jorz=1+i 6 marks
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27 (8 marks)
(@) p(a) =0, so p(o)* = 0* =0

By the properties of conjugates, p(a)* = o + aa*2 + ba* + ¢ = p(a*) sincea, b, c are real

Sop(a*) =0
Answer: Shown
(b) There are three roots (counting multiplicity)

Non-real roots occur in conjugate pairs, so the number of non-real rootsis even (0 or 2)

So at least one of the three roots is real.

Answer: Proved

(c) Forexample (z — 1)(z?+ 1) =2 — z22+z—1
Roots 1, i and —i

Answer: 22— z2+z—-1=0

28 (10 marks)
(@) Roots: 1 + 2i, 1 — 2i and areal root r
Product of the roots = —10: (1 + 4)r= —10,s0r=—2
Sumof roots=—a2—2=0,s0a=0
Sum of products of pairs=b: 5+r(2)=5—4=1,s0b=1
Answer: a=0,b=1; roots1l — 2i and —2
(b) Za® = (Za)? — 2ZaPB
=0°-2(1)=-2
Check: (1+2i)2+ (1 — 2)?+(—=2)°=-3+4i—3—4i+4

Answer: =2

29 (11 marks)
(@) (Z2+2?—422=7"+4°+4— 4 =7"+ 4
Difference of two squares: (z° + 2 — 22)(z° + 2 + 22)
P +4=(2—22+2(Z2+22+2)
Answer: (22 = 2z + 2)(Z% + 2z + 2)
(b)z2 —2z+2=0¢givesz=1+i;22+2z+2=0givesz=—1+#i
Therootsare1+i, —=1+i,—1—1i,1—i

They are (£1, £1): asquare with sides parallel to the axes and side length 2

Area=4

Answer: z=+1+i; aread

(c) The squares are (1 +i)2=2i and (1 — i)2= —2i
Equation: w?> + 4=0

Answer: w2+ 4=0

30 (10 marks)
(a)z:_él_i@:_Zii\/m

JOA? =4+ (k — 4) =k, s0 |OA| =k
A and B are (—2, +{k — 4), s0 |AB| = 2/k — 4

Answer: |OA| =k, |AB| = 2/k — 4
(b) [OA| = |AB|, so k = 4(k — 4)

3k =16
_ 16
k==

Answer: k = %6

5 L 1

t A2 —
(c) Side =3, aea= - 3

_4f8

-3
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4
Answer : _SE 2 marks

stemup.co.uk | page 27



