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Simplify (a) y—25, (b) y—18.

Write down the real part and the imaginary part of (a) 4 — 7i, (b) 3i.

Write i3, i* and i® in their simplest form.

Solve the equation x* + 16 = 0.

Express—36 +y—9 in the form bi.

Giventhat x andy arereal and x +yi =5 — 3i, write down x and y.

Find the values of i* and i ™.

Solve the equation x* + 2x + 5 = 0, giving your answers in the form a + bi.
Giventhatx andy arereal and (x + 3) + (y — 2)i =7 + 5i, find x and y.

Simplify (a) (2i)3, (b) (—3i)2

A student writes: "y—4 x /—9 =36 = 6". Explain the error and state the correct value.
Giventhatpandgarerea andp + gi = 2i(3 — i), find p and q.

Solve 2x? + x + 3 = 0, giving your answers in the form a + bi.

Evaluate i'® + 1% + {103 4 j104,

Giventhat x andy arereal and (2x +y) + (X — 3y)i =8 — 3i, find the values of x and y.
Show that (1 + i)? = 2i and hence evaluate (1 +i)8.

Solve x* — 6x + 13 = 0. Verify that the sum of the roots is 6 and that their product is 13.

Simplify i*® — i + 3i =3, giving your answer in the form a + bi.

The equation x? + kx + 4 = 0 has no real roots. Find the set of possible values of k. For k = 2,

solve the equation, giving the roots in the form a + bi.
Find the real values of x for which (x + 2i)? is () real, (b) purely imaginary.

Given that x and y are real and (x + yi)® = 5 + 12i, find the possible values of x and y.

40 42
Find the value of (a) >, i¥, (b) >, i*.
k=1 k=1

Theroots of z2 — 4z + k = 0, where k > 4 isreal, are o and B. Given that the imaginary parts

of a and B differ by 6, find the value of k, and write down o and B.
The equation z* + 4 = 0 has four complex roots.

(@ Showthat 1+ iisaroot of z*+4=0.
(b) Find al four roots.
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Find the real values of afor which (a+ i) is purely imaginary.

Find all the possible values of i" +i~", where n is an integer, and state for which values of n
each occurs.

Find the real values of afor which (a+i)* is (a) real, (b) purely imaginary. Give exact values.

Let x and y be real with (x + yi)> = p + qi, where p and q are real and q # O.
(@ Show that x* — y? = pand 2xy = g

2 2
(b)  Hence show that 4x* — 4px? — g*> = 0, and that x° = pr p2 ta

(c) Usetheseresultsto find the square roots of 21 + 20i.

Let aand b be real numbers.

(@ Show that (a+ bi)? = (a — bi)? if and only if the number a + bi is either rea or purely
imaginary.

(b) Hencefind al the numbers a+ bi that satisfy (a+ bi)? = (a — bi)? and & + b? = 25.

The sequence u,, is defined by u,, = i" + (—i)" for positive integers n.
(& Finduy, u,, uz and u,.

(b) Show that u, = 0 when nis odd and that u, = 2(—1)Z when n is even.
100
(c) Hencefind > u,.

n=1

Complex Arithmetic and Conjugates
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Givenz=3+2iandw=1— 4i,findz+wand z — w.
Givenz=2—iandw =4+ 3i, find 2z — w and z + 3w.
Write down the complex conjugate of (a) 5 — 2i, (b) 7i, (c) —3.
Expand and smplify (2 +1)(3 — i).

Find the value of (3 + 4i)(3 — 4i).

Simplify % giving your answer in the form bi.

Express (1 + 3i)? in the form a + bi.

Express % in the form a + bi.

Givenz=4 — 3i, find z + z* and zz*.

Solve (1 + 2i)z =4 + 3i, giving z in the form a + bi.

Simplify (2 + 3i)? — (2 — 3i)2.

Given that z=3 — i, find (a) z2, (b) (z*)?. Comment on your answers.

Giventhat x andy arerea and (x +iy)(2+i) =3+ 4i, find x and y.
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Express % in the form a + bi, and hence find its square.

Find the complex number z that satisfies 3z + 2z* = 10 — .

Given that ais real, find the value of a for which ‘;*_Zi' is (a) purely imaginary, (b) redl.

Solve the simultaneous equationsz + w =4 + i and z — 2w = 1 + 4i for the complex numbers
zand w.

Given z = 2 + i, show that zZ> — 4z + 5 = 0. State, with a reason, another root of this equation.

Show that 2~ + 21 is real, and find its value.
The complex number z = a+ bi, where aand b are real. Show that z + z* = 2aand zz* = & +

b?, and explain why both are real.

Find the square roots of —8 + 6i, giving your answers in the form a + bi.

Find the complex numbers z that satisfy zz* + 3(z — z*) = 13 + 12i.

Letz=a+ bi andw =c + di, where g, b, ¢, d arereal. Prove that (zw)* = zZ*w*.

Two components in an electric circuit have impedancesZ, =2 +iand Z, =1 — i (in ohms).

1 1 1

When they are connected in parallel, the total impedance Z satisfies =5t Find Zin
1 2

the form a + hi.

z+1

z—1

(@ Findthereal and imaginary parts of w in terms of x and y.
(b)  Show that if x*> + y? = 1 then w is purely imaginary (z # 1).

The complex number z=x + iy and w =

Solve the simultaneous equations z + iw = 3 + 2i and iz + w = i for the complex numbers z
and w.

Let z=a+ bi be anon-zero complex number with aand b real.
(8 Showthatz+ 3 isred if andonlyif b=0or &+ b’ = 1.
(b) Find al the complex numbers z such that z + % =1.

(c) Show that thereis no non-real z with z + % = % and find the real solutions.

For complex numbers z; and z, define the conjugate z* = a — bi when z=a+ hi.

(@ Provethat (z; + z,)* = z,* + 2,* and (z2,2,)* = z,*Z,*.

(b) Deduce that (z")* = (z*)" for every positive integer n.

(©) Letp(z) =pz?+qgz+r, wherep, qandr are real. Show that p(z)* = p(z*), and deduce
that if p(o) = 0 then p(o*) = 0.

Find all the complex numbers z such that z2 = z*.
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30 Forrea t, let z= 1%” wherez = x + iy with x and y real.
1 _
(a Showthatx-mandy— i [3]
(b)  Show that x2 +y? = x. [3]
(c) Hence show that ast varies the point (x, y) lieson acircle, and give its centre and
radius. [3]
Argand Diagrams
1 Write down the complex numbers represented by the points A, B and C on the Argand
diagram.
Im A
sy &
B 2]
(] 1 1 Re
—'4—'3—'2—_']1 01 2 3
-2 4 ‘(:
-3 4
(3l
2 The point P represents z = 2 + 3i. Write down the complex number represented by the
reflection of P in the real axis, and state its relation to z. [2]
3 State the coordinates of the points on an Argand diagram that represent 4 — i, —2i and 5. [3]
4 The point P represents the complex number 3 + 4i. Find the distance OP, where O is the
origin. [2]
5 Write down —z for z = 2 — 3i. Describe the geometrical relationship between the points
representing z and —z. [2]
6 Find the complex number represented by the midpoint of the line joining the points
representing 2 +i and 6 + 5i. [2]

7 The points A and B represent z, = 1 + 2i and z, =3 — i. Find z, + z,, represented by C, and
explain why OACB is a parallelogram (as drawn).
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The point A represents z = 3 + i and B represents iz. Find iz, and describe the geometrical
relationship between OA and OB.

Im

4

Find the distance between the points representing 2 + 3i and 5 + 7i.

Describe and sketch the locus of points z on an Argand diagram satisfying |z — (1 + 2i)| = 3.
Sketch the locus of points z satisfying arg z = %, and state its Cartesian equation.

The complex number z =t + (2t + 1)i, where t isredl, is represented by a point P on an
Argand diagram. Show that P lies on a straight line as t varies, and find its Cartesian equation.

Describe the locus of points z for which |z — 3| = |z + 1], and find its Cartesian equation.

The points A, B and C represent 1 +i, 4 + i and 4 + 4i. Given that ABCD is a square, find the
complex number represented by D, and the length of the diagonal AC.

ImA

5_

4 C
3_

2_

11 A Re
O1 2 3 4 5

Shade on an Argand diagram the region in which both |z — 1| = 2 and Im z = 0 hold, and
find its area.

The complex number z satisfies |z — 3 — 4i| = 2. Find the greatest and least possible values of
|].

Shade on an Argand diagram the region defined by 1 < |z — 2| < 3, and find its area.

The point A represents z = 4 + i. The point B is obtained by rotating A through 90°
anticlockwise about the point P representing 1 + i. Find the complex number represented by
B.

Im
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Find the Cartesian equation of (a) thelocus |z — 2 — i| = 3, (b) thelocus arg(z — 2) = %

Find the complex numbers z which satisfy both |zl =5and Im z = 3.

The complex number z satisfies |z — 4| = 2. Find the greatest possible value of arg z, giving
your answer as an exact multiple of 1.

Im A

The points A, B and C represent 1 + i, 4 + 2i and 4i. Show that triangle ABC is isosceles with
aright angle at A, and find its area.

Im

On an Argand diagram sketch theloci |z — 4| = |z — 4i| and |z — 2| = 2 on the same axes, and
find the complex numbers represented by their points of intersection.

ThelocusL, isarg(z — 2) = % and thelocus L, is |z — 2| = 4. Sketch both loci on one

Argand diagram and find the complex number at which they intersect, giving it in the form a
+ bi.

The point Z represents z = 3 + i and the point W represents w = (1 + i)z. Find w, and show
that w — z = iz. Hence show that triangle OZW is isosceles and right-angled at Z.

Im A

w
4 4

3

A square ABCD has opposite vertices A and C representing 1 + 2i and 5 + 4i. Find the
complex numbers represented by B and D, and the area of the square.
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The complex number z satisfies |z — 4| = 2|z — 1].
(@ Show that the locus of z isacircle, and state its centre and radius.

(b) Find the complex number z on this locus with arg z = % and verify that it satisfies the

origina equation.
() Find the greatest value of Re z on the locus, and the value of [z — 4] there.

The region R of the Argand diagramisdefined by |z — 2| <= 2and |z]| = |z — 2.

(@ Showthat |z| = |z — 2| isequivalent to Rez = 1, and sketch and shade R.

(b) Find the complex numbers where the line Re z = 1 meets the circle |z — 2| = 2.
(c) Find the exact area of R.

The complex number z # 0 satisfies |z — 1| = 1.
(@ Show that zz* =z + z*.

(b) Hence show that the real part of % is%.

(c) Hence describe the locus of w = % aszvariesover [z — 1|=1(z # 0).

Let z, =a+ bi and z, = ¢ + di, with &, b, ¢, d real, be represented by the points A and B on an Argand
diagram.
(@  Show that |z, + Z,|* = |z, + [2,)* + 2(ac + bd).
(b) Usetheinequality (ac + bd)? < (a® + b?)(c? + d?) to prove the triangle inequality |z, +
Zy| = |z4] + Izal-
(c) State the geometrical meaning of this inequality, and state when equality holds.

Modulus and Argument

o A W DN

8

Find the modulus of (a) 3 + 4i, (b) 5 — 12i.
Find |—7 + 24i|.
Write down the argument of (a) 3, (b) —2, (c) 4i, (d) —i, inradians, intherange —11 < 6 < 1.

Find the exact argumentsof 1 +iand 1 —i.

. II .o ID . .
Writez = 2(cos§ +1isin 5) in the form a + bi.
Given that |z] = 5 and |w| = 2, write down |zw| and |%|.

Find the modulus and argument of z= —1 + \/§i, giving the argument as an exact multiple of
.

Im

-3 -2 -1

Find the exact argument of —3 — 3i, intherange — 1 < 0 < 1.
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Express 1 — \/§i intheformr(cos© +isinB), wherer>0and —m1 <6 < 1.

Given z = 2(cos  + i Sin ) and w = 3(cos % + 1 sin ), find zw in the form r(cos © + i sin
0), and then in the form a + bi.

5u

Given z = 8(cos 6

+isn %“) and w = 2(cos 5 +i sin ), find — in the form a + bi.

Find the modulus and the argument of —4 + 3i, giving the argument in radians to 3 significant
figures.

The complex number z is given by z = 4(cos STH +isin STH). Write z in the form r(cos © + i
sin 0) withr >0 and —1 < 6 < 1, and write down arg z*.

Consider the complex numbers 1 + i and y/3 — i and their product.

(@  Find the modulus and argument of (1 + i)(\/§ — i), using the moduli and arguments of
the two factors.

H —
(b)  Hence show that tan 5 = 2 — /3.

Given z= —1+ 1, find arg z, and show that arg(z%) is not equal to 2 arg z when arg is taken in
therange —11 < 6 < n. Explain this.

Find the exact value of (1 ++/3i)°.

Express

1 .
710 modulus-argument form.

The complex number z has modulus 2\/5 and argument —%. Find z in the form a + bi, and
find 2%

Letz, = 1 ++3i and z, =3 +i. Find ;—i (a) by using moduli and arguments, (b) by
rationalising the denominator, and check that the answers agree.

21

Given that aisreal, find the value of afor which arg(a + 3i) = —-. Given that bisreal, find

the value of b for which arg(4 + bi) = — .

Find the smallest positive integer n for which (\/§ +1i)"is (a) real, (b) purely imaginary. Find
the value of (3 +i)" in each case.

Show that (1 — i)*° = —32i, using the modulus-argument form of 1 — i.

The complex numbers z and w satisfy arg z = 3711 and argw = —%. Find the principa value

of arg(%) (intherange —11 < O < ), and of arg(zw).

The complex number z satisfies |z| = 1. Show that z* = % and deduce that arg(z*) = —arg z.

Hence show that z + % =2cos 0, where 6 = arg z.

(3]

(4]

(4]

(3]

(3]

(3]
(3]

(4]

(4]

(4]

(4]

(5]

(4]

(5]

(5]

(5]

(5]



StemUp | A Level Mathematics | Pure Mathematics: Complex Numbers | Question Pack

25

26

27

28

29

30

@+i?®

/3 = °’

The points A, B, C and D on an Argand diagram represent z, z, z° and z*, wherez =1 +1i, as
shown. Find z?, z* and z* in the form a + bi, and describe how the modulus and argument of
z" change as n increases.

Evauate giving the exact value.

Im

Let © bean anglewith0< 6 <.

(& Showthatl+cosO+isin®= ZCOS%(COS% +idn %).

(b) State the modulus and argument of 1 + cos 6 +i sin 6.
(¢)  Hence find the modulus and argument of (1 + cos® + i sin ©)3, and for 6 = % giveits
value in the form a + bi.

Let z, =ry(cos o +i sin o) and z, = ry(cos B +i sin B), wherery, r, > 0.
(@ Provethat z,z, = ryry(cos(a + B) +i sin(a + B)).
z, o
(b)  Hence prove that —~ = —(cos(a — B) +i sin(ox — B)).
2 2

(c) Deduce that arg(z*) = —arg z when arg z is not 11.

Consider the complex numbers 1 ++/3i and 1 — i.

(@) Expressl+ \/§i and 1 — i in modulus-argument form.
(b) Hence, by considering the product (1 + \/§i)(1 — i), find the exact values of cos % and
. II
sn 1

The complex numbers z, and z, are represented by points A and B on an Argand diagram.

(@ Provethat |z, + z,|* + |z, — Z,|* = 2|z, + 2)z,*

(b) Explain what this result says about the parallelogram with vertices at the origin, A, B
and the point representing z, + z,.

(c) Giventhat |z, =3, |z,]=5and |z, + z,| = 7, find |z, — Z,].

Complex Roots of Equations

Solve z? + 25 = 0.

The equation z% + bz + ¢ = 0 has real coefficients b and ¢, and one root is 3 + 2i. Write down
the other root.

Find the quadratic equation with real coefficients which hasroots1 +iand 1 — i.

Solvez? — 2z+5=0.
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Theroots of z> — 6z + 25 = 0 are a and B. Write down a + B and af, and find the roots.
Show that z =i isaroot of 22+ 22 +z+1=0.

Solve z2 + 4z + 13 = 0, giving your answers in the form a + bi.

The equation z% + pz + q = 0, where p and q are real, hasaroot 2 — 3i. Find p and q.

Show that 1 + 2i isaroot of z2 — 2z + 5= 0 and hence factorise zZ2 — 2z + 5 into linear
factors.

Solve 2z — 2z +5=0.
Factorise z2 — 1 and hence solve z* = 1, giving the non-real roots in the form a + bi.

Show that the equation z> — 2az + a® + 1 = 0, where ais areal constant, has non-real roots
for every value of a, and find the roots in terms of a.

Solve z* = 16 for complex z.
Show that z = 1 isaroot of z2 — 3z2 + 4z — 2 = 0 and find the other two roots.
Show that 1 + i isaroot of zZ2 — 4z? + 6z — 4 = 0 and find the other roots.

The equation z* + kz + 9 = 0 has non-real roots, where k is real. Find the possible values of k.
For k = 2, solve the equation, giving exact roots.

The real numbers p and q are such that z= —1 + 2i isaroot of z° + pz + ¢ = 0. By
substituting this root and equating real and imaginary parts, find p and g.

Solve the equation z2 = —5 + 12i, giving the roots in the form a + bi.
Solve the quadratic equation z> — 2iz — 5 = 0, which has complex coefficients.

Theroots of z2 — 4z + 13 = 0 are a and B. Write down a + B and af and hence find a? + B2

and é + % without finding o and B. Check your first answer by solving the equation.

A cubic equation with real coefficients has roots 3 and 1 — 2i. Find the equation in the form
73 + az? + bz + ¢ = 0, and state the third root.

Giventhat 1 + 2i isaroot of z* — 4z° + 11z°> — 14z + 10 = 0, find all four roots.
Show that z= 2 + i isaroot of 2z° — 922 + 14z — 5 = 0 and find the other two roots.

The real numbersaand b are such that 1 + i isaroot of z° + az + b = 0. Find aand b, and
find the other two roots.
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Solve z° = 8, giving the non-rea roots in the form a + bi. The roots are represented by points
A, B and C on an Argand diagram. Show that |A| = |B| = |C| = 2 and that triangle ABC is
equilateral.

Im A

B_o

1_
A Re
-3 -2 «F/O 2 3
1_
c=2

_3

Solve the quadratic equation z2 — 3z + (3 + i) = 0, which has complex coefficients.

The polynomial p(z) = 2% + az? + bz + ¢ has real coefficients a, b and c.

(8 Show thatif acisaroot of p(z) = 0 then so is its conjugate oc*.

(b) Hence prove that p(z) = 0 always has at least one real root.

(c) Giveanexample of acubic with real coefficients with exactly one real root, and state its
roots.

Given that 1 + 2i isaroot of z> + az” + bz + 10 = 0, where aand b are redl:

(@ find the values of aand b and the other two roots.

(b) find, without squaring each root separately, the value of the sum of the squares of the
three roots, and check your answer.

The equation z* + 4 = 0 has four complex roots.

Im A
2 -
B_. A
i Re
3 2 41 [0 2
cT D
-2 4
-3 4
(@ Show that z* + 4 = (22 + 2)® — 4z, and hence factorise z* + 4 into two real quadratic
factors.
(b) Hence solve z* + 4 = 0, and show that the four roots are the vertices of a square, finding
its area.
() Find aquadratic equation with real coefficients whose roots are the squares of the roots
of z*+4=0.
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The equation z° + 4z + k = 0, where k > 4 is real, has roots o and B, represented on an Argand diagram by
the points A and B. The origin is O.

Im A
Re
"
—2 4
(@ Showthat a, B = —2+iyk — 4, and find |OA| and |AB| in terms of k. [4]
(b) Given that triangle OAB is equilateral, find the exact value of k. [4

(c) For thisvalue of k, find the exact area of triangle OAB. [2]



