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Indices and Surds

1 (2 marks)
8134 = (4/81)* M1
=3%=27 Al
Answer: 27 2 marks
2 (2 marks)
V75 =5/3,12 =2/3,y27 =33 M1
So the expression is (5 + 2 — 313 = 4/3 AL
Answer: 43 2 marks
3 (2 marks)
s 1 1
- (3‘/§)2 - 22 M1
-1
=7 Al
1
Answer: Vi 2 marks
4 (3 marks)
4 -
\& 4x M1
BxyXx = 5x x x1? = 5¢%? M1
So the expression is 4x Y2 + 5x32 Al
Answer: 4x~ Y2 + 5x32 3 marks
5 (2 marks)
Difference of two squares: 3> — (/5)? M1
=9—-5=14 Al
Answer: 4 2 marks
6 (2 marks)
Square each factor: 42 x3* 2 y=2*2 M1
= 16x%y~* Al
Answer: 16x°y~* 2 marks
7 (3 marks)
(2x3)? = 4x°®, so the numerator is 4x® x 3x ™! = 12x° M1
12, 5-4
o - X M1
= 2x Al
Answer: 2x 3 marks
8 (3 marks)
. (6+42)(3+12)
Multiply top and bottom by (3 +{2): 812G +12) M1
ply top Y B2 3 Bae )
Numerator: 18 + 6y2 + 3y2 + 2 =20 + 92 Al
Denominator: 9 — 2 =7, so theresult is 20 +7 2 Al
Answer: 20 +79\/§ 3 marks

stemup.co.uk | page 1



StemUp | A Level Mathematics | Pure Mathematics: Algebra and Expressions | Model Answers

9 (3 marks)
Write both sides as powers of 2: (2%)* = 2° M1
2% =2°s02x=5 M1
=3
X=3 Al
5
Answer: X = > 3 marks
10 (3 marks)
(2-3/5)(2-35)=4—-6/5—-6/5+9x5 M1 A1
=49 — 125 Al
Answer: 49 — 12,5 3 marks
11 (3 marks)
x = x¥2, so the numerator is 2x"? M1
- 2 1 T 11
Divide the numbers: 7% subtract the indices: 5~ (=2 = > M1
_ 1 oup
= E)( Al
Answer %sz 3 marks
12 (3 marks)
XJE:Zﬁxmd%:\/ﬁx M1

2(3x — 5=143x,503x =5 M1
_5 _58
X= 53 Al

Answer: X = %\/§ 3 marks
13 (3 marks)

8x+1:(23)x+1:23x+3 M1

= (293 x 23 M1

= 8a° Al

Answer: 8a° 3 marks
14 (5 marks)

Lety = 2%, Then 221 = 2 x (2)? = 2y? M1

2y>—5y+2=0 Al

y—-1Dy—2=0 M1

1

y=sory= 2 Al

2=2"tor2*=2sox=—1orx=1 Al

Answer: x==1or x=1 5 marks
15 (5 marks)

32=2%sox+y=5 M1 AL

9" =3%s03*+3=3*"Y=3! M1

2Xx—y=1 Al

Adding the equations. 3x =6,sox=2andy = 3 Al

Answer: x=2,y=3 5 marks
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16 (5 marks)
12=ax4"and 18 =ax 9"
ividi H . 3 — 9 n— 3 2n
Dividing the equations: 5 = (7)" = (3)

Soanlandn:%

12=ax4"¥? =23 spa=6

1
Answer: n=§,a=6

17 (4 marks)
1 2+43 _2+43
2-43  (2-{3)@2+y3) 1
1 __ 2= _,_
2+\/§'(2+\/§)(2—\/§)_2 I3
(2+y3) = (2—-13)=23

Answer: Shown

18 (5 marks)
12 _

Lety:&,s;otha:ty>o.Theny—7 4

y2—4y—12=0

(y—-6(y+2=0

y = —2isrejected because\/; cannot be negative, soy = 6
x =36

Answer: x = 36

19 (5 marks)
(@)3""?=3"xF=9x3"
9x3"-3"=8x3"
Answer: Shown
(b) Using (a) with n = 99: 31" — 3% =g x 3%

99
B =ex
=72
Answer: 72
20 (5 marks)
Lety = x¥3 sox?3 = y?
y?—5y+4=0

(y-—1(y—-4=0soy=1lory=4
x=y%x=1orx=64
Answer: x =1or x = 64
21 (8 marks)
21+ 1143 |
5+2/3
Numerator: 105 — 423 + 553 — 66 = 39 + 13,3
Denominator: 25 — 12 = 13, so width = 3 + 3
Answer: 3+43
(b) Perimeter = 2[(5 + 2y/3) + (3 +y/3)]
=16+ 63 cm
Answer: 16 + 63 cm
(0) 2 = (5+ 23)2 + (3+13)°
(5+2y3)2 =25+ 203 + 12 = 37 + 203

(a) Width = multiply top and bottom by (5 — 2y/3)
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(3+43)>=12+ 63, s0 d? = 49 + 263 Al
Answer: 49 + 263 3 marks
22 (8 marks)
(a) The middle term has been missed: (a+ b)? is not & + b?; there is also a 2ab term E1
Answer: Thecrossterm 2ab is missing 1 mark
(b) (2+y3)(2+3)=4+2/3+2/3+3 M1
=7+ 4\/§ Al
Answer: 7 + 43 2 marks
© (2-+43)2=7-14/3 M1
Sum = (7 + 4(3) + (7 — 4/3) = 14 AL
Answer: Shown 2 marks
(d) (2+13)° = (2 +3)(7 + 43) M1
=14+ 83 + 73 + 12 Al
=26 + 15/3 Al
Answer: 26 + 153 3 marks
23 (6 marks)
() Expanding: a2 + 2aby3 + 3b? = 19 + 8/3 M1
Comparing rational and irrational parts; a® + 3b* =19 and 2ab=8,s0o ab =4 Al
Positive integer pairs with ab = 4: (1, 4), (2, 2), (4, 1); only (4, 1) gives 16 + 3= 19 M1
a=4,b=1 Al
Answer: a=4,b=1 4 marks
(b) {19 + 83 = 4 + /3 (positive root) M1 AL
Answer: 4+43 2 marks
24 (6 marks)
(@) M =96 x 27194 = g6 x 2752 M1
52 1 1 _ 24
2 72 x\/_ \/_ soM = \/5 Al
=122 g AL
Answer: 122 g 3 marks
(b) 96 x 27 = 12, 5027 = ¢ =272 M1 AL
%:B,SOtzlzhours Al
Answer: 12 hours 3 marks
25 (5 marks)
62  f3+1_6/2 (ﬁ +1) _
F-1" et =3(6 302
‘/Jﬁ% L =62 —1)=2/3 — |6 M1 A1
Subtractlng.3\/§+3«/_— V3 +16 =32 — 2/3 + 4/6 Al
Answer: a=3,b=-2,c=4 5 marks
26 (6 marks)
(a) By Pythagoras, h? = (1 ++3)% — (1425)2 M1
3 3
=Z(1+\/§)2,soh=3g(l+\/§) M1
- 1[32+ 3 Al
Answer: Shown 3 marks
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1 3+43
(b) Area= (1 +43) x 42[ M1
_3+y3+3/3+3 _6+4/3
= 7 =—7 Al
_3 2
=5+ 3cm Al
Answer: % +4/3 cm? 3 marks
27 (9 marks)
. v yn+1—4n
(a) Multiply top and bottom by (yn+1 — yn ): u, = T T M1
Denominator =(n+1) —n=1 Al
Sou,=yn+1—+n Al
Answer: Shown 3 marks
(b) Using (@): sum = (y2 — y1) + (y3 = y2) + .. + (/N + 1 — {N) M1
Every term except the first and last cancels M1
Sum=yN+1—y1={N+1-1 Al
Answer: Shown 3 marks
()yN+1—-1>9,s0¢yN+1>10 M1
N+ 1>100,soN >99 Al
The least integer valueis N = 100 Al
Answer: N =100 3 marks
28 (9 marks)
@ A$ume\/_ = % where aand b are integers with no common factor B1
Then a® = 2b?, so & is even and hence ais even M1
Let a= 2c: 4¢® = 2b?, so b? = 2¢® and b is al'so even M1
aand b both even contradicts 'no common factor', s0 2 isirrational El
Answer: Proved 4 marks
(b) Assume 3 + 52 = % with p, g integers, q # 0 M1
Then2 = 2 ;qu’ aratio of integers M1
So+/2 would be rational, contradicting (a); hence 3 + 52 isirrational E1
Answer: Proved 3 marks
©42xy2=2 B1
Y2 isirrational by (a) but 2 is rational E1
Answer: 2 xy2 =2 2 marks
29 (7 marks)
From the second equationy:3—2x,50x+y\/§:x+%@x: %(2+3«/§) M1 AL
G x2 x?
Squaring: (2 + 3y/2)? = (4 + 122 + 18) = ;(22 + 122) M1 AL
2
S0 (22 + 12y2) = 22+ 12y/2, and since 22 + 122 = 0 we get x = 4 M1 A1
x=2,y=30rx=—-2,y=-3 Al
Answer: x=2,y=30r x==-2,y=-=3 7 marks
30 (11 marks)
@u=1+1=2 B1
u=B+y5)+(3B—15)=6 B1
u, = (14 + 6/5) + (14 — 6/5) = 28 B1
Answer: 2, 6, 28 3 marks

stemup.co.uk | page5



StemUp | A Level Mathematics | Pure Mathematics: Algebra and Expressions | Model Answers

(b) Sum of the numbers =6 and product =9 — 5=4 M1
so they arethe roots of t> — 6t + 4 =10 Al
Answer: Shown 2 marks
(c) For eachroot t: t> = 6t — 4, sot" "1 = 6t" — 4t" ! M1 AL
Adding the two results gives u,,, ; = 6u,, — 4u,, _; Al
Answer: Shown 3 marks
(dyu;=6x28—4x6=144 B1
u, = 6 and u, = 28 are even integers M1
If u, and u, _ ; are even integers then 6u,, — 4u,, _ ; is an even integer, so all terms are even El
integers (induction)

Answer: uz; = 144; each term is6u, — 4u, 3 marks

Expanding and Factorising

1 (2 marks)

x? —5x +3x — 15 M1

=x*—2x—15 Al

Answer: x> — 2x — 15 2 marks
2 (2 marks)

The highest common factor is 3xy M1

6x%y — 9xy? = 3xy(2x — 3y) Al

Answer: 3xy(2x — 3y) 2 marks
3 (3 marks)

4(x% — 3x) = 4x2 — 12x B1

(X+1)(x+4)=x>+5x+4 M1

A —12x — x? —=5x — 4=3%*—17x — 4 Al

Answer: 3x? — 17x — 4 3 marks
4 (2 marks)

The highest common factor is 5x° M1

15x® — 10x? = 5x?(3x — 2) Al

Answer: 5x%(3x — 2) 2 marks
5 (1 mark)

Difference of two squares. (x — 7)(x + 7) Al

Answer: (X = 7)(x +7) 1 mark
6 (2 marks)

Two numbers with product —20 and sum 1 are 5 and —4 M1

X+5)(x—4 Al

Answer: (X + 5)(x — 4) 2 marks
7 (3 marks)

(X+4)(x—3)=x>+x— 12 M1

(2x —DXP+x—12) =23+ 2x2 — 24x — x> — x + 12 M1

=2x3+x? — 25x + 12 Al

Answer: 2x3 + x? — 25x + 12 3 marks
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8 (3 marks)
Take out the common factor x: x(4x? — 25) B1
4x? — 25 = (2x)? — 52 M1
=X(2x — 5)(2x + 5) Al
Answer: x(2x — 5)(2x + 5) 3 marks
9 (3 marks)
Find two numbers with product 6 x (—12) = —72 and sum 1. 9 and —8 M1
6x% + 9x — 8x — 12 = 3x(2x + 3) — 4(2x + 3) M1
=(2x+3)(3x — 4) Al
Answer: (2x + 3)(3x — 4) 3 marks
10 (3 marks)
Write (2x + ay)(x + by): ab=—-1and 2b+a= -1 M1
a=landb=-1 Al
(2x +y)(x —y) Al
Answer: (2x + y)(X = y) 3 marks
11 (3 marks)
Take out the common factor x: X(x*> — X — 6) M1
x2—x—6=(x—3)(x+2) M1
X(x — 3)(x + 2) Al
Answer: x(x = 3)(x + 2) 3 marks
12 (3 marks)
(x+3)?2=x*+6x+9and (x — 3)>=x>—6x+9 M1 Al
Subtracting: 12x Al
Answer: Shown 3 marks
13 (4 marks)
Group in pairs: x*(2x + 3) — 4(2x + 3) M1 A1
= (2x + 3)(x* — 4) Al
=(2X+3)(x — 2)(x + 2) Al
Answer: (2x + 3)(x — 2)(x + 2) 4 marks
14 (4 marks)
x+2°%=x3+6x>+12x+8 M1
x—2°=x>*—6x>+12x — 8 Al
Subtracting: (x® — x3) + (6x + 6x?) + (12x — 12x) + (8 + 8) M1
=12x° + 16 Al
Answer: Shown 4 marks
15 (4 marks)
(a) Treat as a quadratic in x (x* — 4)(x*> — 9) M1 AL
=X —=2JX+2Y(x — (X +3) Al
Answer: (X — 2)(x + 2)(x — )(x + 3J) 3 marks
(b) x =2 0r x =£3 Al
Answer: X = £2, £3 1 mark
16 (4 marks)
Use (a+ b)®=a + 3a’b + 3ab® + b3 witha=3x, b= —2y M1
(3x)* = 27x3 and 3(3x)?(—2y) = —54x%y Al
3(3x)(—2y)* = 36xy” and (—2y)° = —8y° Al
27x% — 54x%y + 36xy? — 8y* Al
Answer: 27x3 — 54x%y + 36xy? — 8y* 4 marks
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17 (4 marks)
81x* — 16 = (9x?)? — 4% = (9x® — 4)(9° + 4)
Ox? —4=(3x — 2)(3x + 2
(3x — 2)(3x + 2)(9%* + 4)
Answer: (3x — 2)(3x + 2)(9x? + 4)

18 (4 marks)
Let the odd integers be 2k — 1 and 2k + 1 for an integer k
(2k + 1) — (2k — 1)° = (4> + 4k + 1) — (4k® — 4k + 1)
=8k
8k isamultiple of 8 since k is an integer
Answer: 8k, a multiple of 8

19 (6 marks)
(@ (x+1?=x>+2x+1
P+2x+ D% =x*+4x3+6x>+4x + 1
Answer: x*+ 43+ 6x%+4x + 1
(b) Take x = 0.01: 1.01* = 0.01* + 4(0.01) + 6(0.01)2 + 4(0.01) + 1
= 0.00000001 + 0.000004 + 0.0006 + 0.04 + 1 = 1.04060401
Answer: 1.04060401

20 (7 marks)
(a) Area of the rectangle = (3x + 2)(2x + 1) = 6x? + 7x + 2
Subtract the square (x — 1) =x% — 2x + 1: 5x* + 9x + 1
Answer: Shown
(b) 5x* +9x +1=139,505x* + 9x — 38=0
Bx+19(x—2)=0
x=2(x= —% isrejected as a length cannot be negative)

Answer: x =2

21 (8 marks)
(a) Outer rectangle measures (x + 2) m by (x + 6) m
Areaof path = (X + 2)(x + 6) — X(X + 4) = x% + 8x + 12 — x? — 4x
=4x + 12
Answer: Shown
(b) 4x + 12 =60, sox = 12
Thelawnis12 mby 16 m
Answer: 12 m by 16 m
(c) Outer rectangle measures (x + 3) mby (x + 7) m
Area= (X + 3)(X + 7) — x(X + 4) = x* + 10x + 21 — x? — 4x
=6x +21
Answer: Shown

22 (7 marks)
(@) & + a’b + ab® — a’b — ab® — b®
=a® - p°
Answer: a® — b®
(b) x® — 64=(x%2—8%= (x> - 8)(x* +8)
From (@) witha=x,b=2: x> — 8= (x — 2)(x* + 2x + 4)
Replacing b by —2in (a): x3 + 8 = (x + 2)(x* — 2x + 4)
X8 —64=(x — 2)(x +2)(x% + 2x + 4)(x2 — 2x + 4)
Answer: (X — 2)(X + 2)(x% + 2x + 4)(x> — 2x + 4)
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23 (7 marks)
(@ (x*+2)2=x*+4x>+4 M1
Subtract 4x?: x* + 4 Al
Answer: Shown 2 marks
(b) Difference of two squares: (x> + 2 — 2x)(x? + 2 + 2X) M1 AL
(x> — 22X+ 2)(x>+ 2x + 2) Al
Answer: (x> — 2x + 2)(x> + 2x + 2) 3 marks
(c) Takex=5: (25— 10+ 2)(25+ 10+ 2) =17 x 37 M1
Both factors exceed 1, so 629 is composite El
Answer: 629 = 17 x 37 2 marks
24 (8 marks)
@ (xx—1x+4)=x>+3x—4and(x — 2)(x +5)=x*+3x — 10 M1 A1
Let m = x? + 3x. The product is (m — 4)(m — 10) = m? — 14m + 40 M1
= (x% + 3x)? — 14(x? + 3x) + 40 = x* + 6x% — 5x% — 42x + 40 Al
Answer: Shown 4 marks
(b) (m — 4)(m — 10) = 40 givesm? — 14m =0 M1
m=0orm=14 Al
x?+3x=0givesx=00rx=—3 Al
x2+3x—14:09ivesx:_34i2@ A1
Answer: x =0, =3, _3—2@ 4 marks
25 (7 marks)
(@) (a+ b)® = a® + 3a%b + 3ab? + b® M1
3a’b + 3ab? = 3ab(a+ b) M1
Rearranging gives the result Al
Answer: Shown 3 marks
(b) 125 —3 x4 x5 M1
=65 Al
Answer: 65 2 marks
(c) aand b are the roots of t2 — 5t + 4 = 0, so they are 1 and 4 M1
1¥+4°=65 Al
Answer: 65 2 marks
26 (6 marks)
(a) The student has squared each term and missed the middie term El
(2x — 3)(2x — 3) =4x* — 6x — 6x + 9 M1
=4x% — 12x+ 9 Al
Answer: 4x? — 12x + 9 3 marks
(b) (x — 2)(x — 3) = x? — 5x + 6, which does not match M1 Al
The correct factors have product —6 and sum —5: (X — 6)(x + 1) Al
Answer: (X — 6)(x + 1) 3 marks
27 (8 marks)
(a) Pair the outer and inner factors: n(n + 3) = n? + 3n M1
N+ 1)(n+2)=n>+3n+2 Al
Answer: Shown 2 marks
(b) Let m = n? + 3n; the expression ism(m + 2) + 1 M1
=m?+2m+1 M1
=(m+1)%=(n”+3n+1)? Al
nisan integer, so n? + 3n + 1isan integer and the expression is a perfect square El
Answer: Proved 4 marks
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() n=20: n>+3n+1=400+ 60+ 1= 461 M1

20 x 21 x 22 x 23 + 1 = 4612 (= 212 521) AL

Answer: 4612 2 marks
28 (7 marks)

(@ Putx=y:f(y,y)=(6+7— 12— 3+2)y* M1

=0,s0(x —y) isafactor Al

Answer: Shown 2 marks

(b) Dividing by (x — y): f(x, y) = (x — y)(6x> + 13x%y + xy? — 2y?) M1 A1

Put x = —2y in the cubic: 6(—8) + 13(4) + (—=2) — 2=0, so (X + 2y) isafactor M1

6x> + 13x%y + xy? — 2y® = (x + 2y)(6x° + xy — y?) Al

6x? +xy — y? = (2x +y)(3x — y), S0 f(x, ¥) = (x = y)(x + 2y)(2x +Y)(3x — ) AL

Answer: (X = y)(X + 2y)(2x + y)(3X — Y) 5 marks
29 (9 marks)

(@) n(n* — 1) M1

=n(n—1)(n+1) Al

Answer: (n — )n(n + 1) 2 marks

(b) (n — 1), n, (n + 1) are three consecutive integers B1

At least one of them is even, so the product is divisible by 2 M1 E1

Exactly one of them is a multiple of 3, so the product is divisible by 3 El

Answer: Proved 4 marks

(c) By (b), n® — nisaways divisible by 6, so it is divisible by 30 exactly when it is divisible by 5 M1

n=2:6and n=3: 24 are not multiples of 5 M1

n=44>-4=60=2x30 Al

Answer:. n=4 3 marks
30 (10 marks)

1, _ > 1

(a)(x+;) =X +2+7 M1 Al

Sox2+x—12:25—2:23 AL

Answer: Shown 3 marks

1 3 1
(b)(X+;)3=x3+3x+;+F M1 AL
1 1
:x3+F+3(x+;) M1
X3+ L =125 - 15=110 AL
X
Answer: 110 4 marks
(c)(x2+i2)2:x4+2+i4 M1 Al
X X
xt+ L =232 — =537 AL
X
Answer: 527 3 marks

Quadratics and Completing the Square

1 (2 marks)
x2+6x=(x+3)?2-9 M1
x2+6x+2=(x+3)?2—-7 Al
Answer: (x +3)2 =7 2 marks
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2 (3 marks)
x?—8x+3=(x—4)>—-16+3 M1
=(x —4)*—-13 Al
Minimum valueis —13whenx =4 Al
Answer: Minimum —13at x =4 3 marks
3 (2 marks)
(X +2)(x —5)=0givesx* —3x — 10=0 M1
b=-3andc=-10 Al
Answer: b=-=3,¢c=-=10 2 marks
4 (2 marks)
x=5x+2)=0 M1
x=50rx=-2 Al
Answer: x =5,x=-=2 2 marks
5 (2 marks)
A squareis zerowhen x = 3 M1
Minimum at (3, 4) Al
Answer: (3, 4) 2 marks
6 (2 marks)
(2xX—1)(x—3)=0 M1
X = 1 orx=3 Al
2
Answer: x:%,x:S 2 marks
7 (3 marks)
2X2 — 12x +5=2(x> — 6x) + 5 M1
=2[(x—3)?—-9]+5 M1
=2(x — 3> — 13 Al
Answer: 2(x — 3)? — 13 3 marks
8 (5 marks)
(@x2—4x=(x—2?2>—-4 M1
x2—4x—-5=(x—22-9 Al
Answer: (x — 22— 9 2 marks
(b) Turning point (minimum) at (2, —9), U-shaped B1
y-intercept: x = 0 gives (0, —5) B1
x? — 4x — 5= (x — 5)(x + 1) = 0, so crosses the x-axis at (—1, 0) and (5, 0) B1
Answer: See sketch 3 marks
N
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9 (4 marks)
Lety=x%:y?+4y —12=0 M1
(y+6)y—-2=0 Al
y = —6 gives no real x, because x* cannot be negative; y = 2 B1
X =42 Al
Answer: x = +2 4 marks
10 (3 marks)
—2(x* = 3x) —4=—-2[(x — %)2 - %] -4 M1 A1
= % —2(x — g)z, maximum val ue% Al
Answer : % - 2(x — %)2; max% 3 marks
11 (3 marks)
(X—22—-—4-3=0,50(x—2?%=7 M1 AL
X=2+47 Al
Answer: x =2 +47 3 marks
12 (3 marks)
X:—3J_r£/9+_4:—3¢2\/1_3 i AL
x=0.303 or x = —3.30 Al
Answer: x = 0.303, x = —3.30 3 marks
13 (4 marks)
y-axis. x =0 givesy =5,s0 Cis (0, 5) B1
x-axis: x> — 6x+5=0 M1
x=1)x-=5=0 Al
A(1, 0) and B(5, 0) Al
Answer: A(Z, 0), B(5, 0), C(0, 5) 4 marks
14 (4 marks)
(x+32—-9-2=0 M1
(x+3)%2=11 Al
X +3 =411 M1
x=—3+411 Al
Answer: x = =3 + 11 4 marks
15 (7 marks)
(@) f(x) = —(x>* — 6x) + 7 M1
= [(x—3?%?—9 +7 M1
=16 — (x — 3)? Al
Answer: 16 — (x — 3)? 3 marks
(b) Maximum value 16 when x =3 B1
Answer: 16 at x =3 1 mark
(c) Inverted U shape with maximum at (3, 16) B1
y-intercept (0, 7) B1
—x?+6x+7=—(x — 7)(x + 1) =0, so crosses the x-axis at (—1, 0) and (7, 0) B1
Answer: See sketch 3 marks
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g
(3, 16)
-1 7

16 (4 marks)
(@ (x — 42— 16+19 M1
=(x—4)?+3 Al
Answer: (x — 4)>+ 3 2 marks
(b) A squareisat least 0, so f(x) = 3>0 El
Minimum value 3, at x = 4 B1
Answer: Minimum 3 2 marks

17 (4 marks)
Expand the right-hand side: Bx? + 4Bx + 4B + C M1
Compare the x? terms: B = 5 Al
Compare the x terms. A = 4B = 20 Al
Compare the constants: 4B + C= —7,s0 C= =27 Al
Answer: A =20,B=5C=-=-27 4 marks

18 (6 marks)
@y=ax—1)(x+5) M1
x=0:—-5a=15s0a=-3 M1
y=—=3x— 1)(x+5)=-3x*—12x+ 15 Al
Answer:y = —3x? — 12x + 15 3 marks
(b) Axis of symmetry halfway between the roots: x = —2 M1
y = —=3(=3)(3) =27 M1
(=2, 27) Al
Answer: (=2, 27) 3 marks

19 (6 marks)
(@x*—4x+1=(x—2?%-3 M1 Al
Tis(2, =3 Al
Answer: T(2, —3) 3 marks
(b) (x —2)>=3 M1
X —2=1/3 Al
x=2+y30rx=2-43 Al
Answer: x =2+ 43 3 marks

20 (5 marks)
X2 —3x+4=2x—2 M1
x2—5x+6=0 Al
xX—2)(x—3)=0,s0x=20rx=3 M1 Al
A(2,2) and B(3, 4) Al
Answer: A(2, 2), B(3, 4) 5 marks
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21 (8 marks)
@y=(x—3?%+2
=x?—6x+9+2
Sob=—-6andc=11
Answer: b=-6,c=11
(b) (x —3)>=0,s0y = 2forall x
The minimum value of y is2 > 0, so y = 0 has no solution
Answer: Shown
(©(x—3)?+2=6,0(x —3)?°=4
x=1lorx=5
AB=5—-1=4
Answer: 4

22 (8 marks)
(8) h=—5(% — 2) + 2

= —5{(t - §)* — 3] +2
=2 5t~ 2)°(A=52B=5C=08)

Answer: 5.2 — 5(t — 0.8)?

(b) (t — 0.8)> = 0, so the greatest value of his 5.2

This occurswhent = 0.8

Answer: 52matt=0.8s

(c)h=0:5(t— 08)?=52 50 (t — 0.8)>=1.04
t=08+104

The positive root ist = 1.82 s (the other root is negative)
Answer: 1.82 s

h
6

5 4

A

(0.8, 5.2)

T T T L

0] 05 10 15 20t

23 (6 marks)
(a) Origina share %; new share %

840 840

n=6_n '

Multiply by n(n — 6): 840n — 840(n — 6) = 7n(n — 6), o 5040 = 7n? — 42n and n? — 6n — 720

=0

Answer: Shown

(b) (n—30)(n+24)=0

n cannot be negative, so n = 30
Answer: n =30

840
(© >4 =£35
Answer: £35
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24 (8 marks)
2 _ k2 k2
@x“+kx+4=(x+3)" — 7 +4
- _k _ k2
Minimumatx = =5,y =4 — &

Answer: Shown

K2k
(b)4—7=3(3)—5
Multiply by 4: 16 — k? = —6k — 20
k?—6k —36=0

(- OLVEEIE o g

Answer: k =3+ 35

25 (8 marks)
(a) Sum of roots=7
Product of roots = 3
Answer: ac+B =7, ap =3
(b) o + B* = (a + B)* — 208

=49 — 6=43
Answer: 43

_1 1 _a+B _7
(C)Sum—a'i'g— op 3

1 _1
Product—O(—B—3
2 Ix+2=2003-7x+1=0
X §X 3~ , SO oX X =

Answer: 3x° = 7x+1=0

26 (7 marks)
(@ C: x=0givesy =3,s0C(0, 3)
3+2x —x?=0,50 (3= x)(1+x) =0, giving A(—1, 0) and B(3, 0)
y=4—(x—1)7?
Pis(1, 4)
Answer: A(—1, 0), B(3, 0), C(0, 3), P(1, 4)
(b) Base AB =4, height OC = 3
Area= % Xx4x3=6

Answer: 6

27 (9 marks)
(@) x? — 4kx = (x — 2k)? — 4k?
f(x) = (x — 2k)? — k? + 6k + 10, minimum value —k? + 6k + 10
—k?+6k+10=—(k —3)?+9+10=19 — (k — 3)?
Answer: Shown

(b) (k — 3)? = 0, so the minimum value of f is at most 19
The greatest value is 19, when k = 3
Answer: 19 when k =3

(c) Need the minimum value positive: 19 — (k — 3)2> 0
(k —3)?<19
—19 <k — 3<+19

3—y19 <k<3+419

Answer: 3 — /19 <k < 3 +419
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28 (8 marks)
4.5, 5 4 16
(a)(x—;)—x—zxxx§+7 M1
:x2—8+%,sog(x):(x—§)2+8 Al
Answer: Shown 2 marks
(b) (x — ;)2 =>0,s09(x) =8 B1
Equality when x = ;, iex’=4 M1
Minimum value8at x =2and x = =2 Al
Answer: 8at x = £2 3 marks
(c) x = 0isnot aroot, so divide by x?: x? + % =k,i.e.gx) =k M1
g(x) = 8for al real x = 0 by (b) El
So g(x) = k has no solution when k < 8 E1
Answer: Shown 3 marks
29 (9 marks)
(a)(x+B:—%andaB:% B1
(« — B)? = (a +B)* — 40 M1
2 O _ 4 _ g’ 4pr
ke = D o2 M1
So g? — 4pr = p*k? Al
Answer: Shown 4 marks
b)p=3,qg=—14,r=c, k=2 B1
196 — 12c=9%x4=236 M1
_ 160 _ 40
1273 Al
Answer: c = % 3 marks
(c) Sum of roots %, difference 2: 2a = % +2= 2—3? M1
_ 10 _ 4
X=—3 0rXx=z Al
A .._10 _ 4
nswer.x—?,x—§ 2 marks
30 (9 marks)
(a) Stationary at x = 2 with value 9: g(x) = a(x — 2)*> + 9 M1
(0,5):4a+9=5s0a=-1 M1 Al
gX) = —(X* —4x+4) + 9= —x?+4x+5 M1
a=-1,b=4,¢c=5 Al
Answer: a=—-1,b=4,c=5 5 marks
(b) —x?>+4x+5=0givesx’? —4x —-5=<0,0(x —5)(x+1) <0,ie. —1=x<5 M1 AL
g6)=—36+24+5=-7 M1
Range —7=9gx) =9 Al
Answer: —1=x=5 -7=9g(xX) =9 4 marks
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Algebraic Fractions

1 (2 marks)
Numerator = (x — 3)(x + 3); denominator = x(x + 3) M1
Cancelling (x + 3): X%S AL
Answer: X%g 2 marks
2 (2 marks)
Common denominator x(x + 1): W M1
_ 5x+2
T X(x + 1) Al
A . Bx+2
nswer: m 2 marks
3 (2 marks)
. 12 3 -
Divide numbers: 5 % subtract indices of x and y M1
=% Al
2
Answer: % 2 marks
4 (2 marks)
Factorise the numerator: M M1
=x—-5 Al
Answer: x — 5 2 marks
5 (2 marks)
Common denominator 12: % + % M1
-
=1 Al
A . TXx
nswer . ] 2 marks
6 (2 marks)
4x?
L2
=X Al
2
Answer : X 2 marks
7 (3 marks)
Numerator = (x + 2)(x + 3) M1
Denominator = (X — 4)(x + 3) M1
Cancelling (x + 3): 222 AL
Answer: ;:%i 3 marks
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8 (3 marks)
Common denominator (x — 2)(x + 1): S(X(; i) 2_) (f (i(l_) 2) M1 AL
_ X+7
T X—2x+1) Al
Answer : S 3 marks
x=2)(x+1)
9 (3 marks)
L X+2  (x—3)(x+3)
Factorise: ~—3 % X=X+ 2) M1 A1l
Cancel (x +2) and (x — 3): ))((iz Al
Answer: ;((:32 3 marks
10 (3 marks)
y’—8=(y—2(y*+2y+Handy’ —4=(y — 2)(y +2) M1 AL
. yiP+2y+4
Cancel the common factor (y — 2): theresult is BT Al
2
Answer: % 3 marks
11 (3 marks)
22 —x—6=(2X+3)(x—2) M1
2%+ T7x+6=(2x+3)(x +2) M1
. o X=2
Cancelling (2x + 3): <52 Al
Answer: ))((%22 3 marks
12 (3 marks)
Multiply by 12: 4x — 3(x — 1) =24 M1 Al
X+3=24,s0x=21 Al
Answer: x =21 3 marks
13 (3 marks)
Cross-multiply: 3x = 2(x — 1) M1 Al
X==2 Al
Answer: x = =2 3 marks
14 (4 marks)
e X=2(x+2) L X—=2
Factorise: X +3) BT M1
_xX=2(x+2) (x—=3(x+3
=T 2x+3) T x-2 M1
Cancel the common factors (x — 2) and (x + 3) M1
_ (x+t2)(x =3 AL
2
Answer . W 4 marks
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15 (5 marks)
Multiply through by x(x + 1): 2(x + 1) + 3x = 2x(x + 1) M1
BX + 2 = 2x% + 2X Al
2X>=3x—2=0 Al
2x+1)x—2=0 M1
-9 __1
X=20rx=—> Al
Answer:x=20rx=—% 5 marks
16 (5 marks)
x> — 1= (x — 1)(x + 1); multiply through by (x — 1)(x + 1) M1
Xx+1) —2x—1)=8 Al
x>—x—6=0 Al
x—=3)(x+2)=0 M1
x =3orx =—2(nether is+1) Al
Answer: x=3or x = —2 5 marks
17 (4 marks)
x3(x + 1) = x3 + x% subtract: —=3x2+ 7x — 1 M1
—3x(x + 1) = —3x? — 3x; subtract: 10x — 1 M1
10(x + 1) = 10x + 10; subtract: —11 Al
a=1,b=-3,¢c=10,d=-11 Al
Answer:a=1,b=-3,¢c=10,d=-11 4 marks
18 (4 marks)

. X(x + 3) (X —4)(x + 4)

Factorise: X=X +3) X v M1 A1
Cancd x, (x +3), (x — 4) M1
_X+4

= Al
Answer : X : 4 4 marks

19 (4 marks)

X243 —1=(x+2)(x+1) -3 M1 Al
(x+2(x+1) =3 _

XD =X+1—- 12 M1
p= 1, q= -3 Al
Answer: p=1,9=-3 4 marks

20 (6 marks)

(&) Times: % and X2+44 B1
24 _ 22 _1

X X+4 7 2 M1
48(x + 4) — 48x = X(X + 4), 0 192 = x? + 4x M1 AL
Answer: Shown 4 marks
(b)) (x —12)(x+16) =0 M1
x = 12 km/h (the root x = —16 is rejected) Al
Answer: 12 km/h 2 marks
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21 (7 marks)
(a) In one hour pipe A fiIIs% of the pool and pipe B fills le3 of it B1
1,1 _1
xTx+3~ 2 M1
Multiply by 2x(x + 3): 2(x + 3) + 2x = x(x + 3) M1
Ax+6=x>+3x,0X°—x—6=0 Al
Answer: Shown 4 marks
) x—3)(xx+2)=0 M1
x =3 (x = —2isrejected as atime cannot be negative) Al
Pipe A takes 3 hours and pipe B takes 6 hours Al
Answer: A: 3 hours, B: 6 hours 3 marks
22 (7 marks)
(a) Only common factors can be cancelled; x is aterm in each sum, not a factor of the whole El
numerator or denominator
Answer: Terms cannot be cancelled, only factors 1 mark
(b) Numerator: x* + x — 12 = (x + 4)(x — 3) M1
Denominator: x? — 16 = (x — 4)(x + 4) M1
. . Xx—3
Cancelling (x +4): 3— Al
Answer: i : i 3 marks
X-3_» 3=2(x—4
(c)x_4—,sox— =2(x — 4) M1
X=5 Al
X =5 isnot one of the excluded values (x # +4), soitisvalid B1
Answer: x=5 3 marks
23 (8 marks)
x+1
x—1 +1
(a) ff(x) = ~+1i M1
X—1
. X+1)+(x—1
Multiply top and bottom by (x — 1): m M1 Al
_ X _
=5 = X Al
Answer: Shown 4 marks
(b)x+1=3x —1) M1
X=2 Al
Answer: X =2 2 marks
(c) Since ff(x) = x, f isits own inverse E1l
-1 _ X+ 1
7 (x) = =1 B1
Answer: f71(x) = f(x) 2 marks
24 (6 marks)
1 1 _ (x+3+(x—3) _ 2
(a)x—3+x+3_ X—3)(x+3) ~ x2-9 MLAL
1 1 _(x+3-(x—-3 _ 6
X—3 x+37 (x—=3)x+3) T x2-9 ML AL
E - 2X - —6 - % e 5
“TX¥-9 X¥-9 6 3 Al
Answer: Shown 5 marks
(b)§=4,sox=12 B1
Answer: x =12 1 mark
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25 (6 marks)
X2 =x—6=(X—3)(x+2)
Multiply through by (x — 3)(X + 2): 2x — (X + 2) = X(X — 3)
X—2=x2—=3x,50x> —4x+2=0
_ 4+{16-8
2
X = 2 £4/2, and neither valueis 3 or —2
Answer: x =2+ 42

26 (6 marks)
x+D+(x—1)
@ G =—Dx+D
_ 2
Tx2-1
Answer: Shown

2x _ 3 —au?
(b)m—z,&)8x—3x 3

3x?—8x—3=0

(3x+1)(x—3)=0,sox=—%orx=3

Answer: x=3o0r X = —%
27 (8 marks)
1 _x+1—-1_ X
(ml_x+1_ X+1  x+1
1 _x—1+1 _ X
x—1~ x—1 ~x-—-1
_ X x—1_ x-1
h(X)_x+1x X  x+1
Answer: Shown
b)3(x—1)=x+1
X=2
Answer: x =2
Ox—1=x+1
—1=1, which isimpossible, so there is no solution
Answer: No solution

1+

28 (9 marks)
2 2 _
(a) Common denominator ab: w
_(a—=b?’
T ab

Answer: Shown

AY
(b) (a—b)?= 0andab>0,0 2 =0
a
b
Answer: Proved
(c) Equality holdswhen a=b
Answer: a=b

x2+9 _ X
@ =3

b . a_ b
+5—220,|.e.—+522

Hence b

3
X
Thisis of the form % + % witha=x,b =3, soitis = 2: minimum value 2

Equality when x = 3
Answer: Minimum 2 at x =3
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29 (8 marks)
1+x)—(1—x

@ ! a 0 x)(i %) )
_ 2
T1-x?
Answer: Shown
(b) X _ 2 _ 2x(1+ x?) — 2x(1 — x?)

1-x2  1+x2 (1= x?)(1+x3

4Axd
T1-x*
Answer: Shown

(© Use (b): 2, — ¢

1-—x 1+x
AR+ xh — 431 - xY)
(1= xH(L+x%

4

_ o8&
T 1—x8
8 7
Answer: l—XXS
30 (10 marks)
1 1 _ (k+2) —k

@ (D) " KrDKD - kk+ DK+ D)

2

“kk+nk+2) P the identity holds

Answer: Shown

(b) Sum = 3{(15 — 55) * (55 — 5g) * - ]

1

Terms cancel in pairs, leaving %(% - W)

1 1

247 2IN+D(N+2)
Answer: Shown
(c) As N — o the second term tends to 0, so the sum to infinity is %

1
Need m <0.001, so (N + 1)(N + 2) > 500

21 x 22 = 462 < 500 and 22 x 23 =506 > 500, so N = 21
Answer: %; N=21

Polynomial Division and Factor Theorem

1 (2 marks)
Remainder theorem: remainder = f(2)
=8+4—-5=7
Answer: 7

2 (2 marks)
f(3)=27—-36+3+6
=0, so (x — 3) isafactor by the factor theorem
Answer: Shown

3 (1 mark)
f2)=8—6+1=3
Answer: 3
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4 (2 marks)
f()=0:1+k—-—8+3=0 M1
k=4 Al
Answer: k =4 2 marks
5 (2 marks)
x2+5x+6=(x+2)(x+3) M1
Quotient x + 3, remainder O Al
Answer: x + 3 2 marks
6 (2 marks)
Remainder =f(—1)=—-2—-1+4 M1
=1 Al
Answer: 1 2 marks
7 (4 marks)
@f(2=16+12—-22—-6=0,s0 (x — 2) isafactor B1
Answer: Shown 1 mark
(b) Divide by (x — 2): f(x) = (x — 2)(2x? + 7x + 3) M1 A1
=X —2)(2x+1)(x +3) Al
Answer: (X — 2)(2x + 1)(x + 3) 3 marks
8 (3 marks)
Let f(x) = x* + ax? — 4x + 3; remainder = f(—2) M1
f(-2)=—-8+4a+8+3=4a+3 Al
4a+3=11,so0a=2 Al
Answer: a=2 3 marks
9 (4 marks)
f2)=16+4—-26+6=0,s0(x — 2)isafactor B1
23+ x? — 13x + 6= (X — 2)(2x? + 5x — 3) M1 A1
=X —2)(2x —1(x +3) Al
Answer: (X — 2)(2x — 1)(x + 3) 4 marks
10 (4 marks)
f(-1)=—-1+7—-6=0,s0(x +1)isafactor M1 Al
xX3—7x—6=(x+1)(x>—x — 6) M1
=(x+1)xx —3(x+2) Al
Answer: (X + 1)(x — 3)(x + 2) 4 marks
11 (4 marks)
f(4)=6x64—25x16+8+8=384—400+16=0 M1
So (x — 4) isafactor and 6x> — 25x> + 2x + 8 = (x — 4)(6x> — x — 2) Al
6x2 — x — 2=(3x — 2)(2x + 1) M1
x:4x:30rx:—— Al
’ 3 2
Answer: x =4, % —% 4 marks
12 (4 marks)
f2Q=24—-4—-24+4=0 M1 Al
A —x2—12x+4=(x — 2)(3x* + 5x — 2) M1
=Xx—2(3x —1(x+2) Al
Answer: (X = 2)(3x — 1)(x + 2) 4 marks
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13 (3 marks)
Remainder = f(3)

103
_4X§—§+5

=4
Answer: 4

14 (4 marks)
23 + x? = 2x, and 2x(x? + x — 1) = 2x3 + 2x% — 2x
Subtracting: —5x* + 6x — 5
—5x?+x%?=—5and =5(x®>+x — 1) = —5x> — 5x + 5
Subtracting: 11x — 10. Quotient 2x — 5, remainder 11x — 10
Answer: Quotient 2x — 5, remainder 11x — 10

15 (6 marks)
f(2)=0:16+4a+2b—-6=0
2a+b=-5
f(-1) =12 —2+a—b—-6=12
a—b=20
Adding: 3a= 15
a=5b=-15

Answer: a=5,b=-=15

16 (5 marks)
fx)=(x = Dx+2)Q(X) +ax +b
x=1lf(l)=1s0a+b=1
x=—=-2.f(-2)=—-8+8+10+3=13,s0 —2a+ b =13
Subtracting: 3a=—12, soa=—4andb=5
Answer:a=-4,b=5

17 (7 marks)
@f())=0:1+p+q—6=0,s0p+g=5
f(=3)=0.—27+9p—-3q—6=0,s03p—q=11
Adding: 4p=16,sop=4andqg=1
Answer: p=4,q=1
(b) The third factor is (x + k) with (—=1)(3)k = —6,s0k =2
fx) = (x = D(x +3)(x + 2)
Answer: (X = 1)(x + 2)(x + 3)

18 (4 marks)
f(2)=8—8+8—8=0, 50 (x — 2) isafactor
x3—2x2+4x — 8=(x — 2)(x* + 4)
x?+ 4 =0 hasno real solutions, so x = 2 isthe only rea root
Answer: Shown

19 (5 marks)
@ f() = (* = 2)(2x +3) + (x — 4)
=23+3x>—4x—6+x— 4
=2x3+3x?—3x — 10
Answer: 2x3 + 3x? — 3x — 10
(b) Remainder = f(2)
=16+12—-6—-10=12
Answer: 12
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20 (4 marks)
Roots: x = —2 (single root, crosses) and x = 1 (repeated root, touches the axis)
y-intercept: x =0 givesy =2x1=2
Positive cubic: starts bottom left and ends top right
Answer: See sketch

¥

21 (8 marks)
(@f(—2)=6(—8)+4+38+6
=0, s0(x + 2) isafactor
Answer: Shown
(b) f(x) = (X + 2)(6x? — 11x + 3)
=x+2)(2x —3)(3x — 1)
Answer: (X + 2)(2x = 3)(3x — 1)
(c) Positive cubic shape (rising from bottom |eft to top right)

. 1 3
x-intercepts —2, = and >

y-intercept f(0) = 6
Answer: See sketch

¥

22 (7 marks)
(@) f(x) = k(x + 1)(x — 2)(x — 4)
f(0) = 8k = 16, s0 k = 2
f(x) = 2(x® — 5x% + 2x + 8) = 2x® — 10x? + 4x + 16
Answer: 2x® — 10x* + 4x + 16
(b) Remainder = f(1)
=2—-10+4+16=12

Answer: 12
(©f(3) +c=0,withf(3)=54 — 90+ 12+ 16=—8
c=8

Answer: c=8

23 (9 marks)
@f)=1-1-7+1+6=0
f(-1)=1+1—-7—1+6=0, so hoth are factors
Answer: Shown
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(b) (x — (x + 1) =x* — 1, and f(x) = (x* — 1)(x* — X — 6) M1 Al
=X =X+ DX — (X +2) Al
Answer: (X — 1)(Xx + 1)(x = )(x + 2) 3 marks
(c) Rootsat x=—-2,—-1,1,3 B1
f(0) = 6, so the y-intercept is 6 B1
Positive quartic, W-shaped, crossing at each root B1
Answer: See sketch 3 marks
6
-1 3

24 (7 marks)
@og-1)=-1+1 M1
=0 Al
Answer: Shown 2 marks
(b) Divide: x> + 1 = (x + 1)(x* + ax® + bx? + cx + d) M1
Matching coefficientsgivesa=—1,b=1,c=-1,d=1 M1
X+ DX = x3+x2>—x+1) Al
Answer: (x + )(x* = x>+ x> = x + 1) 3 marks
() Putx=2:33=3x(16—-8+4—2+1) M1
=3x11 Al
Answer: Shown 2 marks

25 (7 marks)
@f(2=0:8+4@a—1) —8+b=0,s0b=4-4a M1 A1
f(—a)=0: —a’+(a— la’+4a+b=0s0b=a’>— 4a M1 AL
a’—4a=4— dagivesa’=4,s0a=2(asa>0)andb=—4 Al
Answer:a=2,b=-4 5 marks
) x3+x2—4x —4=x*(x+1) — 4(x +1) = (x + (X — 2)(x + 2) M1
X==—1,x=2,x=-2 Al
Answer: x = =2, =1, 2 2 marks

26 (8 marks)
(@f(—2)=—32+48—18+2 M1
=0 Al
Answer: Shown 2 marks
(b) f(X) = (X + 2)(4x? + 4x + 1) M1 A1
= (X +2)(2x + 1)? Al
Answer: (X + 2)(2x + 1)? 3 marks
(c)x:—20rx:—% B1
X = —% is repeated B1
The graph touches the x-axis (turning point) at x = —% El
Answer: x = =2, X = —% (repeated) 3 marks
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27 (9 marks)
(@) Letg(x) =x"— 1.9(1) =0, so (x — 1) isafactor: g(x) = (x — 1)q(x), where q has integer B1
coefficients
Puux=7:7"—1=6xq(7) M1
g(7) isan integer, so 7" — 1isamultiple of 6 El
Answer: Shown 3 marks
(b) Let h(x) = x" — 2". h(2) =0, so h(x) = (x — 2)q(x), where q has integer coefficients B1
Putx =5:5" — 2"=3 x q(5) M1
g(5) is an integer, so the expression is a multiple of 3 El
Answer: Proved 3 marks
(c) Let f(x) =x"+a" (x + a) isafactor if f(—a) =0 M1
nodd: (—a)"+a"=—a"+a" =0, so (x + a) isafactor Al
neven: (—a)" +a" =2a" # 0, so it is not a factor E1
Answer: Shown 3 marks
28 (9 marks)
(@x*—x—6=(x—3)(x+2),s0f(3)=0andf(—2) =0 M1
f(3)=81+27a+3b—12=0,s09%+b=-23 Al
f(-2)=16—-8a—2b—12=0,s04a+b=2 M1 Al
Subtracting: 5a= —25, soa=—-5and b =22 Al
Answer: a=—=5,b=22 5 marks
(b) Dividing f(x) = x* — 5x + 22x — 12 by x? — x — 6 gives quotient x> — 4x + 2 M1 A1
X2—Ax+2=(x— 22— 2=(x—2—y2)(x — 2+42) Al
Answer: (x — 3)(x + 2)(x — 2 = {2)(x — 2 ++2) 3 marks
(©x=3,x=—-2,x=2+2,x=2—42 Al
Answer: x =3, =2,2+42 1 mark
29 (9 marks)
(a) The remainder has degree less than the divisor, which has degree 3 El
SOR(x) =ax?+ bx + ¢ B1
Answer: R(x) = ax®> + bx + ¢ 2 marks
(b) f(x) = (x — (X — 2)(x — )Q(X) + R(X), and the bracket iszeroat x =1, 2, 3 M1
soR(D)=f(1)=1,R2) =12 =4,RB) =f3) =9 Al
atb+c=14a+2b+c=4,9+3b+c=9 Al
Answer: Shown 3 marks
(c) Subtract the first from the second: 3a+ b =3 M1
Subtract the second from the third: 5a+ b =5 M1
Hence2a=2,a=1,b=0,c=0 Al
R(X) = x? Al
Answer: R(x) = x? 4 marks
30 (11 marks)
(a) A repeated root means the curve touches the x-axis there El
So the x-axis is atangent, giving f(x) =0 B1
and the gradient is zero there: f'(x) =0 B1
Answer: Explained 3 marks
(b) f'(x) =3x>* —12=0,s0x=20r x = —2 M1 AL
Xx=2.8—-—24+9=0,50q=16 M1 A1
X=—2.—8+24+9=0,s0g=—-16 Al
Answer: g =160r g = —16 5 marks
(c) f(x) = x3 — 12x + 16 has factor (x — 2)? M1
f(x) = (x — 2%(x + 4) Al
Roots x = 2 (repeated) and x = —4 Al
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Answer: (X — 2)%(x + 4) 3 marks

Partial Fractions

1 (3 marks)

X+7 _ A B _

(X+1)(X+3)=X+1+X+3,sox+7=A(x+3)+B(x+l) M1
Xx=—1.6=2A,s0A =3 Al
x=—3:4=—ZB,soB=—2.R&eult:)(T?’l—X—i3 Al
A 3 2

nswer.m—x—+3 3 marks
2 (3 marks)

xX2—x—6=(x—3)(x+2) B1
X+1=AX+2)+B(x — 3); x=3gives10=5A, x = —2 gives =5 = —5B M1

_ .. 2 1

A—Z,B—l.m‘f'm Al
A 2 1

nswer.m X+2 3 marks
3 (3 marks)

5 _ A B _

(X_l)(x+4)=X_1+X+4,305=A(x+4)+B(x—1) M1
x=1.5=5AA=1.x=—-4.5=-5B,B=-1 Al

11

x—1 X+ 4 Al
A 1 1

nSNer.m—m 3 marks
4 (3 marks)

2X+1=A(XxX+1) +Bx M1
x=00A=1x=-1.-1=-B,B=1 Al
1,1

X x+1 Al
A R

nswer.; X+ 1 3 marks
5 (3 marks)

X —4=A(X—3)+B(x+2) M1
x=—2.-10=-b5A,A=2.x=3:5=5B,B=1 A1 A1l
A L2 1

nSNEf.m X=3 3 marks
6 (3 marks)

7=A(X—5)+B(x+2) M1
XxX==2.7=—-7TAA=-1.x=57=7B,B=1 Al
1 1

X—5 X+ 2 Al
A 1 1

nSNer.m—m 3 marks
7 (4 marks)

X+5=AX—1?+B(Xx+1)(x — 1)+ Cx + 1) M1
x=—14=4A,s0A=1.x=1.6=2C,s0C=3 M1 Al
Coefficient of x> 0= A +B,s0B=—1 Al
Answer: A=1,B=-=1,C=3 4 marks
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8 (3 marks)
5x+5  _ A B _
D7) = X1 T x+2 OXFS5= AKX+ +B(2X - 1)
115 _5 ~
X_§'7_§A’SOA_3
_ _o. _ _q._ 3 1
X=—2—5=—5B,90B =1 51+ 13
3 1
Answer: > — 7 * x+2
9 (4 marks)
3x +2 = Ax(x + 1) + B(x + 1) + Cx?
x=0:B=2
x=-1.-1=C

Coefficient of x> 0= A +C,s0A =1
Answer: A=1,B=2,C=-1

10 (3 marks)
X=Ax—-3)+B
Coefficient of x: A =2; constant: 0= —3A +B,soB =6
2 + 6

X=3 (x—23)?2

Answer:

11 (6 marks)
(@ 3x+5=AKx+3)+B(x+1)
Xx==—1:2=2A,s0A=1.x=-3:—4=-2B,soB=2
1,2
x+1 x+3

1 2
AnSwer: 531 x+3
(b) Integral =[Injx + 1]+ 2Injx + 3[]] from0to 1
=(In2+2In4) — (0+21In3)
2x16 32
=In(=g—) =In(5)
Answer: In(%z)

12 (4 marks)

o 1
x2+3x+3:(x+1)(x+2)+1,sothefract|on|sl+m
1=Ax+2)+B(x+1):x=—1gvesA=1x=-2givesB=-1

1 1

Answer:l+m—m

13 (3 marks)
x2—1=(x—1D(x+1),s04=Ax+1)+B(x — 1)
x=14=2A,A=2.x=—-14=-2B,B=-2

2 __2
Xx—1 x+1

. 2
Answer: ~—— = 507
14 (4 marks)
The numerator and denominator have the same degree, so divide: x? + 4x + 1= (x> + x — 2) +
(3x +3)

3x+3 A B
X=X+ = X_1+X+2,303x+35A(x+2)+B(x—1)

x=16=3A,A=2.x=—-2.-3=-3B,B=1.SP=1A=2B=1

. 2 1
AI’ISNer.l'Fm'Fm
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15 (7 marks)
(@ 4x=AXx+3)+B(xx—1) M1
Xx=14=4A,s0A=1.x=—-3: —12=—-4B,soB =3 Al
f —L.Fi
M =3—1*%x+3 Al
A .1 .3
nSNer.m X+3 3 marks
(b) £5 fx)dx =[Inx — 1]+ 3Injx + 3|]] from2to 5 M1 Al
=(In4+3In8) —(In1+3Inb5) M1
4%x88 2048
=In( = ) =In( 125) Al
Answer: Shown 4 marks
16 (5 marks)

. A B C
erteasx_1+X+2+X_4,306x2—9x—65A(x+2)(x—4)+B(x—1)(x—4)+C(x M1 Al
- (x+2)
x=1—-9=-9A,s0A=1 Al
Xx=-—2:36=18B,s0B =2 Al

s _ _ 1 2 3
X—4.54—18C,SOC—3.RGSU|'[X_1+X+2+X_4 Al
A 1 2 3
nSNer.X_l X+2 T x—=2 5 marks
17 (8 marks)
(@5=A(2—-—x)+B(1+x) M1
9 Rp_9.y__1.a_2
X—2.B—§,X——1.A—§ Al
_ 5 5
i) =313% *32=% Al
A .5 ., 5
nswer: 31+%) T 32=x 3 marks
(b) SA+X) = 2(L—x+x2 = ..) M1 AL

5 _5 X\_1_ 5 x X2

m—g(l—i) _€(1+§+Z+"') M1 Al
5 5 15 .

Sum: 5 — x + 52, valid for x| < 1 Al

AnaNer:%—%x+%x2; x| <1 5 marks

18 (8 marks)

(a) The degrees are equal, so subtract 2(x — 3)(x + 1) = 2x* — 4x — 6 from the numerator: M1 Al

remainder 12x — 4

12x — 4 _ A B . — —
(X—3)(X+1)=X—3+X+1'12X_4_A(X+l)+B(X 3) M1
Xx=3:32=4A,A=8.x=-1: —-16=-4B,B=4.SoP=2 Al
A o 8 4

nswer: +m+m 4 marks
(b) Le gx)dx=[2x+8Inx — 3|+ 4In)x + 1]] from4to 6 M1 Al
=(12+8In3+4In7) — (8+8In1+4Inb5) M1
=4+8IN3+4In7-4In5=4+8In3+4In({) AL
Answer: Shown 4 marks
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19 (5 marks)
X3+2=x(x*—1) +x+2 M1 AL
X+2 _ X+ 2 - _A + B
2—1 (x=DKx+1) ~— x—1 x+1 M1
x+ZEA(x+1)+B(x—1):legiv&eA:%,x:—lgiv&eB:—% Al
x3+2 L3 _ 1
-1~ 2x—1) 2(x+1) Al
A e 3 1
nswer: X 2x = 1) 2+ 1) 5 marks
20 (6 marks)
X2 —2x—8=(x—4)(x+2),50x+14=A(x+2) +B(x — 4) B1M1
Xx=4:18=6A,A=3.x=-2:12=-6B,B=-2 Al
[ =[3Inx — 4 - 2Inix + 2] from5t0 7 M1
=@8IN3—-2In9 —(3In1—2In7) Al
=3IN3-4In3+2In7=In(3) AL
Answer: In(4—3?) 6 marks
21 (8 marks)
@4+5x=A1+2x)+B(1—x) M1
9= —3yx=-1.3_3gp-=
x=1.9=3A,A=3.x= 2.2—28,8—1 Al
3 1
99 = T—x * T+ AL
A .3 .1
nswer.m T+ 2x 3 marks
(b)3(1 —x)"1=3+3x+3x*+ 33+ ... M1
(1+2¢)71=1—2x+4x> — 8>+ ... Al
g(x) =4+ x+ 7x% — 53 + ... Al
Answer: 4 + x + 7x% — 5x3 3 marks
(€) (1 — x)"* needs x| < 1 and (1 + 2x) " needs |2x| < 1 B1
Both hold when [x]| < % B1
Answer: |X|<% 2 marks
22 (8 marks)
(@) 3x?+x+8=A(X2+4)+(Bx+C)(x + 1) M1
x=—1.10=5A,s0A =2 Al
Coefficient of x> 3=A +B,s0B=1 M1
Constant terms; 8 =4A + C,s0C=0 Al
X X
Answer . ] +m 4 marks
2 2
(b) [* g dx=[2In(x+1]=2In3 M1 A1
2 X 1 1 1
£ mdx:[§ln(x2+4)]:§(ln8—In4):§In2 M1
Total:2|n3+%|n2 Al
Answer: 21n 3 + % In2 4 marks
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23 (9 marks)
(@) 5x* — 6x + 2= A(x*+ 1) + (Bx + C)(x — 2) M1 AL
x=2.10=5A,s0A =2 Al
Coefficient of x> 5=A +B,s0 B =3 M1
Constant: 2=A — 2C,s0C=0 Al
Answer: A=2,B=3,C=0 5 marks
=[2In(x—=2)]=2In3 M1 Al
5  3X 3 3
[ 7 0% =[5 In(¢ + 1)] = 5(In 26 — In 10) M1
3 13
:2In3+§ln(?) Al
Answer: 2In 3+ 5 In(5) 4 marks
24 (9 marks)
@1=Ay+2+By—1) M1
y:1:A:%.y:—2:B:—% Al
3G=1 7 y+2 AL
Answer: %(m - m) 3 marks
; . 1 -
(b) Separatevarlablesf ERER) dy—f 2dx M1
%[In|y —1—-Iny+2]=2x+c M1 A1
Whenx=0y=2:lln(l)=c M1
1_1
In(y+2)—6x+ln(4)sozl+2 Ze™ AL
dy — 4 =€y + 2e%, s0y(4 — %) = 4 + 2e%, giving the result Al
Answer: Shown 6 marks
25 (8 marks)
(@ 6=A(x+2)+B(x+1) M1
X=—1A=6.x=—26=—B,soB=-6 Al
6 6
X+1 XxX+2 Al
6 6
Answer : XF1 - X372 3 marks
(b)Area:[ (m X+2)dx M1
=[6In(x+1) —6In(x +2)] from1to3 M1 Al
=6(In4 —1In5) —6(In2 —1In3J) M1
4x3 6
:6|n(m) :6In(§) Al
Answer: Shown 5 marks
26 (10 marks)
(a)x+3—A(l—2x)2+B(1+x)(1—2x)+C(1+x) M1 AL
x==12= 9AsoA—§ Al
1.7 7
X_E'E_ CS)C—— Al
Coefficient of x> 0=4A — 2B, s0 B :g Al
AnS\IVG‘ZA:%,B:g,C:% 5 marks
B)A+x) =1 —x+x2—=x3 (1 —20"1=1+2x+4x%+8x5 (1 — 2X) 2= 1+4x + 12x> + M1 Al
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32x3
. . 2 4 7
Combine with A, B, C: constant gtgtz= 3 M1
f(x) =3+ 10x + 30x2 + 78x° + ... Al
valid for x| < 3 B1
Answer: 3 + 10x + 30x2 + 78x3; |x| < % 5 marks
27 (9 marks)
1 _ A B
(a)m=— I,_'_2,3)1—A(I’+2)+BI’ M1
r=0:A= % r=—2.B= —5. Hence the result Al
Answer: Shown 2 marks
4 1 1
(b) r(r +2) =27~ 152) M1
1 1 1 1 1 1 1 1 1
S“mzz[(l‘§)+(§‘z)+(§‘§)+---+(m—m)+(ﬁ‘m)l M1
1 1
All terms cancel except 1, 2'_n+1 and — - Al
a 1 1 1. 2 2
SUM=2[1+5 - 537 ~ ezl T3 T ne I T hez Al
Answer: Shown 4 marks
(c)Asn—»oo,%—mand%eo,sothesumisS Bl
Answer: 3 1 mark
2
(d)Needn+l i <004 M1
2 _
n = 98: 0.0402 (too big). n = 99: 100 o1 = 0.0398 < 0.04. Least nis 99 Al
Answer: n =99 2 marks
28 (12 marks)
1 A B _
(a)m=$+ﬁ,801=A(3—P)+BP M1
—aa—lp_ap-1
P-O.A-3.P—3.B-3 Al
Answer: Shown 2 marks
. 1 —
(b)SeparaIef mdp—f 1dt M1
InP—In@-P]=t+c A1
_ .. 1 1
t—O,P—l.c—glni M1
P P 1
In(ﬁ)=3t— InZ,wﬁ=§e3t M1 Al
_ 3 _ 3 Al
T2+ 14287
Answer: Shown 6 marks
— =3t —
()l+2 — —24,501+2e 7 =125 M1
e‘3t=% so —3t=-In8 Al
t—ln8 In 2 days Al
Answer:t=1In2 3 marks
(d) Ast — o, €™ — 0 s0 P — 3: the population approaches 3 thousand B1
Answer: Tendsto 3 thousand 1 mark
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29 (10 marks)
1 (r+1)2—=r?

@ 5 - -

r (r +1)? r2(r + 1)°
r+1)?—-r?=2r+1
Answer: Shown

(b) Using (a), the terms telescope: (% - %) + (% - %) +

1
1=y
Answer: Shown

(c) AsN —

N +11)2 — 0, sothesumis1
Answer: 1

1
GRS
N = 9 gives exactly 100, which is not greater
N =10
Answer: N =10

>0.99, so (N + 1)? > 100

30 (11 marks)
@1=AKX+21)(X+2)(x+3)+Bx(x +2)(x +3) +Cx(x + 1)(Xx +3) + Dx(x + 1)(x + 2)
1

x:0:1:6A,soA:E

x=-1:1=-2B,s0B=—

N| =

N~

x=—2.1=2C,s0C=

ol

x=—-31=-6D,s0D = —
a=tpg=_lc-1p-_12
Answer: A= B=-5,C=5D=-¢
(b)jl‘2 f(x)dx:[llnx—Eln(x+1)+lln(x+2)—1In(x+3)] from1to2
6 2 2 6
1 1 1 1
Atx—2.gln2—gln3+iln4—glnS
s 1 1 1
Atx—l.O—EIn2+§In3—§In4
Difference (with In4=21n2): 2In2~ I3 - £ In5

AnSNer:ZInZ—In3—%In5
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