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Deriving the t-Formulae

1 (2 marks)
sinx = T+ 0 B1
11t
COSX—W B1
. _1-t?
Answer : smx—m,cosx—w 2 marks
2 (2 marks)
3
nxo 2 -2
sinx = % "% B1
16
9
COSX = 171 = B1
- 9 25
1+E
. 24 7
Answer : SN X = 5, COSX = o5& 2 marks
3 (2 marks)
2
3
tan x = 1 M1
1-3
2
_ 3 _3
=577 Al
9
3
Answer: 7 2 marks
4 (2 marks)
1+cosx—1+1_t2—l+t2+1_t2 M1
a 1+t2 1+t
_ 2
“Tee A
2
Answer: 1+ cosx = 1+ 12 2 marks
5 (2 marks)
1
SEC X = 5% M1
1+t
=g Al
1+1t?
ANnsSwer: sec X = PR 2 marks
6 (2 marks)
1+ (=2)?
-3
) At
3
Answer: — ¢ 2 marks

5

stemup.co.uk | page 1



StemUp | Further Mathematics | Further Pure Mathematics: t-Formulae | Model Answers

7 (3 marks)
. X X
. . X x 2snzcosy . oX 2 X
sinx=2sin5 C0S5 = —————, uUsingsin“5 +cos*5 =1 M1
2 2 . 2 X 2 2
S|n§+C082§
.o . X
Divide numerator and denominator by cos% M1
X
sinx = hall -_2 Al
tan’3 + 1 1+t
. 2t
Answer: sinx=— 3 marks
1+t
8 (3 marks)
2 X . 2 X
_COSE—SH’]— ) X SX
COSX = ——— , using sin“5 + cos*5 =1 M1
. oX X 2 2
sin’5 + cos’
.o . X
Divide numerator and denominator by cosZE M1
— 12
COSX—W Al
1-t?
Answer: cosX = —5 3 marks
1+t
9 (2 marks)
X
PutA:§,302A:x M1
tanx = 2 Al
1—t?
2t
Answer: tan x = -1 2 marks
10 (3 marks)
. 6t 401 — t?)
+ = +
3sinx + 4 cosx T+ 0 ey M1
6t + 4 — 4t°
ST a2 M1
1+t
_ A+ 6t — 4t? L
To1+t?
4+ 6t — 42
Answer: ———— 3 marks
1+t
11 (3 marks)
31—+ 5 5
_ = — + = j—
5= 1+ s03+3t“=5— 5t M1
2 _ 2_1
8t“=2s0t =2 Al
. . 1
x/2isacutesot >0, givingt = > Al
1
Answer: 5 3 marks
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12 (4 marks)
o _a_ 2
tan45—1——l_t2 M1
t?+2t—1=0 Al
t=—1%42 M1
225 isacutesot > 0: tan 22.5° =2 — 1 Al
Answer : \/E -1 4 marks
13 (3 marks)
cosx (1+t?)=1—1t2 M1
cosx +t?cosx =1 —t? sot? +t?cosx =1 — cos X M1
2 1 > _ 1—cosx
t“(1+cosx)=1—cosx,sot = T cosx Al
.2 _ 1l—cosx
Answer: t = T¥cosx 3 marks
14 (6 marks)
. 2t
+ =1+ —
(@1+sinx=1 T+ 0 M1
C1+t2+ 2 AL
T1+t?
_ @+
o1+t Al
. +1)?
Answer: 1+sinx = ¢ t)2 3 marks
1+t
. +t24+2t+1—t2
(b)1+smx+cosx:1 ! thl ! M1
1+t
=22 Al
T1+t?
_2(1+1)
= Al
Answer: 1+sinx+cosx:% 3 marks
15 (5 marks)
_A1+t)—31-1)
(8 4 — 3cosx = 10 M1
_A4+47—3+3 AL
- 1+t
_ 17 Al
T+t
+ 2
Answer: 4 — 3cos X = % 3 marks
1+t
+7t2 N .
(b) L 7t2 =7- 2% 5, Which is smallest when t? is smallest M1
1+t 1+t
Leastvaluel, att=0 Al
Answer: least value 1, whent =0 2 marks
16 (4 marks)
5 . .
CoSX = — 7 since x is obtuse B1
t2_1—(:osx_1_8_g
“ 1l+cosx 8 " 4 MLAL
x/2 lies between 45° and90°,sot>0andt=% Al
AnSNer:% 4 marks
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17 (4 marks)
With x = 40, tan(x/2) = u, S0 sin 40 = —22_
1+u
_1-
cos 40 = TT0

_2u+2—20 —1-u* _ 1+2u-— 3

sn40 +2cos40 — 1 5
1+u

(1 — u)(L +3u)
1+u?

Answer: sin 40 + 2cos40 — 1= 5
1+u
18 (4 marks)
1+1t2
1-t?
C1+t2—-(1-1)
B 1-t

(@) secx =

secx — 1

22
1-—t?

Answer: secx — 1=

1-1t?

2x7

b —7=3
1-3
2

Answer: 3

19 (5 marks)

1 t?+1
(a)t+T_ t

2 1+t?
snx ~ t
2
sinx
1 2

i+ ==
Answer: t = Snx

sinx = 2 S0
T 1+t2

1
Hencet + ¢ =

(b)FOFO<X<H,0<SiﬂXSl,SOi22

sin x
Therefore tan(x/2) + cot(x/2) = 2
Answer: tan(x/2) + cot(x/2) = 2for 0<x<m

20 (4 marks)
ofx= L 1=t
tan x 2t
2 2 2
cotx +t= l;t'[ +t= 1—t2t+2t
1+t
T
sinx:isocosecx: 1+¢
1+t 2t

Answer: cot X +t = cosec X

(1= u)(+3u)

1+ u?
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M1
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21 (6 marks)
2t 1—t2 _ 1+t2+2t—1+t2 _ 22+ 2t

Numerator: 1 + T+ 1+C - 1+ 0 =1+ M1 Al
Denominator: 2;2;[ B1
1+t
Lo 2+ 1)
So the fraction is 21510 M1
=t, valid provided 1 + sinx + cosXx # 0, i.e. X # II AlE1
A _1+sinx—cosx_t
NSVEL T+ snx+cosx — 6 marks
22 (7 marks)
_ tanA+tanB
(a)tan(A+B)_—1—tanAtanB M1
t E + 5 = &
an(4 2)_1—1><t M1 Al
o, X 1+t
Answer: tan(z + 5) 1=t 3 marks
_1+snx
(b) sec x +tanx = oS X M1
_(@+n? o 1-t (1+?
o1+t 1+t2 T 1-# MEAL
I A ) R S m X
=d=na+n 1=t @z *7) Al
Answer: sec X +tan x = tan(% + %) 4 marks
23 (6 marks)
g2
CoS 2X = 2 oS’ — 1, SO COS X + COS 2X = C + 2¢% — 1withc:11+—tt2 M1B1
_(A-t)A+t)+21 -7 — (1+1)°
= 5 M1
(1+1%)
Numerator: 1 — t*+2 — 4t + 2t* — 1 — 2t> — t* Al
=2 — 6t% = 2(1 — 3t?), giving the required result Al
Check at x = 11/2 (t = 1): cos x + cos 2x = —1 and 2(14_ -1 B1
— 2
Answer: cos X + cos 2x = 2(1—?2) 6 marks
(1+1t%)
24 (6 marks)
(@) Line AP: y = t(X + 1); circle: X +y?=1 B1
XZ+tX +1)%?=1,s0(X +[(X — D) +t3X +1)] =0 M1
_ 2
X:t—1aIP,sz(1+t2)=1—t2andX=11+—tt2 AL
_ _
y—t(X+l)—l+t2 Al
o 1=t 2t
Answer: P = (thz, 1th) 4 marks
(b) Angle POB, where B is (1, 0), isx, and it is an exterior angle of triangle AOP M1
OA = OP, so the triangle is isosceles and angle PAO = x/2; the gradient of AP is tan(angle PAO), Al
sot = tan(x/2)
Answer: t = tan(x/2) 2 marks
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25 (8 marks)
_ _snx 2 . 2 _
@) t= 75 cosx: T 1+t2_t M1 A1
t_l—cosx. 20 . & . o
Toosnx 1+ 1+
A t= snx _ 1-—cosx
nswer: =1+cosx —  sSnx 3 marks
1_ B
o _ 1—10c0s30° _ 2
(b) tan 15° = sn3° -~ 1 M1
2
=2—43 Al
Answer: 2 — 43 2 marks
(c) sin 225°:c05225°:—3g B1
tan 11250 = - 9N =2 M1

~ 1+ cos225° 2—42

=_M=_(1+\/§) Al

Answer: —(1+4/2) 3 marks
26 (7 marks)
o 1+tP-2t (A1)
@1—snx= +C - 1+e M1
. (A+1)?
l+snx= 1+ B1
Both are squares divided by a positive quantity, so = 0, giving —1 < sinx < 1 El
2
AnSNer:1+sinx:(i:)2,so—lssinxsl 3 marks
(b)x=m B1
snm=0andcosm=—1 B1
Answer: x =m: sin x =0, cosx = =1 2 marks
_ 42
(©) llﬂtz = —1givesl —t?=—1—1t?i.e. 1= —1, impossible M1
cos x = —1 occursonly at x = 1 (mod 211), where t does not exist El
Answer: noreal t; x =1 givesno t 2 marks
27 (9 marks)
C_mo A+B A+B
(a)fzﬁ—T,soc:cot( 5 ) B1
c—; M1
tan(A;B)
A+B, _ A  B,_ a+tb
tan( 2 )—tan(7+5)—m M1 Al
_1-ab
S0C= 55D AL
cla+h)=1—ab M1
ab+bc+ca=1 Al
Answer: ab+bc+ca=1 7 marks
11
_ 6 _5.5_
(b)c-1+1—5.6—1 M1
273
tan(C/2) =1 so C/2 = 45° and C = 90° Al
Answer: c=1, C=90° 2 marks
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28 (10 marks)
cos% +ign %
@1+it=——— B1
COS§
(CoS = +i sin 5)? D
(1+it)?= 2 X 27 - cosx* |Xsm X by de Moivre's theorem M1
cos’5 cos’s
l+t2:sec2%: 1X M1
cos’5
Dividing gives cosx + i sin x Al
i+)2
Answer : %:cosxﬂsinx 4 marks
b) (L+it)> =1 — t* + 2it M1
(b) (L +1i)
. N _ 1=t 2t
Equating real and imaginary parts: cos x = T+ SNX=1, ¢ Al
_ S R
Answer: cosx—w,smx—m 2 marks
) cos3x +i sin 3x = cosx+isinx3:(1+it)6 M1
2\3
@+t
Expand (1 + it)® using the binomial theorem M1
Imaginary part: 6t — 20t% + 6t° Al
Sin3x = 6t — 20t + 6t° AL
@+’
6t — 20t% + 6t°
Answer: W 4 marks
29 (8 marks)
2P
(@) sinx = 5 M1
1+ 7
- - 2. gy = _2P9 _g-p
Multiply numerator and denominator by g: sin x = el COSX = o Al
Cany — _2Pd _9’-p’
Answer: sin x = 07+ O and cosx-m 2 marks
21
_ o sinx _ 29
(b)t_1+cosx_E M1
29
3
= 7 Al
3
Answer: = 2 marks
(c) 9 — p* =65, 2pq = 72, p* + ¢° = 97 B1
65% + 722 = 4225 + 5184 = 9409 = 972 B1
Answer: (65, 72, 97) 2 marks
(d) tan(x/2) = % (from the half-angle forms) M1
The sum and quotient of rational numbers is rational (denominator 1 + cos X is non-zero) E1
Answer: t = sin x/(1 + cos X) isrational 2 marks
30 (9 marks)
2tan A .
(a) Apply tan 2A = 1= A with A = x/4 B1
Answer: t = 1 ESSZ 1 mark
D) t(1l —s?) =25 s0ts>+2s—t=0 M1
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o= 244+ _ —1x|1+1
- 2t - t

0 < x/4 < 11/4 s0 s > O; the root with the minus sign is negative, so s =

2
Ans/ver: s= @

t
(c)t=tan(m/4) =1
s={2-1
Answer: {2 — 1
(d) t = tan(r/3) = 3, s0 s = 2=

EER

1

-

ﬁ

Answer: s=

tan(m1/6) = —=, as required

1
= tane=

ﬁ 6

Solving Trigonometric Equationswith t

1 (3 marks)
2t 1-t
1+t2 1+t

2t+1—t?=1+t?
2t—2t°=0,0t1—-1)=0
Answer: t(1 —t)=0

2 (2 marks)
—.[a- _ o _ 20
tan(r[/3)—\/§,for05x/2<n,x/2—n—§_T
_4n
X=73
AnSNer:x=4TlI
3 (3 marks)
(3t—1)(t—1):0,sot:%ort:1
1y — o _ 1
t—l.x—2xz_2

tzi:x:2arctan%20.644

3

Answer: x:%or X =0.644

4 (2 marks)
tan(11/2) is undefined, so x = 11 can never appear as aroot t of the quadratic
So x = 1 must be substituted directly into the original equation
Answer: t isundefined at x = 1, so test it separately

5 (3 marks)
1-1t? 3
1+82 1+t2+2_O
1—t?—6t+2+2t2=0
t?—6t+3=0
Answer: t> — 6t +3=0

6t
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6 (2 marks)
X/2 = arctan 2 = 63.43° M1
X =126.9° Al
Answer: X = 126.9° 2 marks
7 (4 marks)
4t 1 - t2 _ 2 _ 2
1+t2+1+t2—1,so4t+1—t—1+t M1
2t — 4t=0,s0t=0o0rt=2 Al
t=0:x=0°%t=2:x=2arctan 2 = 126.9° M1
Check x =180°: 0 — 1 # 1, so it isnot asolution. x = 0° or 126.9° Al
Answer: x = 0° or x = 126.9° 4 marks
8 (5 marks)
L .6t 1-t2 _
Witht = tan(x/2) m — W = M1
6t —1+t?=2+2t% sot? — 6t +3=0 Al
t=31+6 =5.450r 0551 M1
X = 2 arctan(5.45) = 159.2° Al
x = 2 arctan(0.551) = 57.7° Al
Answer: x =57.7° or x = 159.2° 5 marks
9 (5 marks)
L 31 -1) 2t
With t = tan(x/2): 10 + T+ 2 M1
3-3t°+2t=2+2t>, 05°—2t—1=0 Al
t= 5'5@ = 0.6 or —0.29 M1
x = 2 arctan(0.69) = 69.2° Al
x = 2 arctan(—0.29) + 360° = 327.7° Al
Answer: x =69.2° or x = 327.7° 5 marks
10 (5 marks)
o - - (O
With t = tan(x/2): T+ 0 i - 1 M1
4 —3+3t°=1+t3, 0t?+2t—2=0 Al
t=—1+3,0t=07320rt=—273 M1
x = 2 arctan(0.732) = 1.26 Al
x = 2(arctan(—2.73) + 1) = 3.84 Al
Answer: x =126 0or x = 3.84 5 marks
11 (5 marks)
L 21 -19 6t _
With t = tan(x/2): 10 +1+t2+1_0 M1
2—-2°+6t+1+t?=0,0t? —6t—3=0 Al
t=3+2/3 =6.46 or —0.464 M1
X = 2 arctan(6.46) = 162.4° Al
X = 2 arctan(—0.464) = —49.8° Al
Answer: x = —49.8° or x = 162.4° 5 marks
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12 (5 marks)
o 2 71-1t%) _
With t = tan(x/2): T+ 0 e - 5 M1
2t+7—7t°=5+5t2, 0122 = 2t — 2=0 Al
6t?—t—1=0,0@2t—1)@t+1)=0 M1
_1 1_ o
t—E.x—Zarctan2—53.l Al
t=—3:x=360° — 2arctany = 323.1° AL
Answer: x =53.1° or x = 323.1° 5 marks
13 (4 marks)
_ A 2y
t—1+t2,sot(l+t)—4t M1
t(t> —3)=0,s0t=00rt==/3 AL
x =0° 2x 60° =120°, 2 x 120° = 240° Al
x = 180° is excluded because tan 90° is undefined B1
Answer: x = 0°, 120° or 240° 4 marks
14 (6 marks)
L L4a-t) et
With t = tan(x/2): 1+0 T+ 2 M1
4 — 42 — Bt =2 + 2t? M1
6t +6t—2=0,503t°+3t—1=0 Al
t= i32 21 M1
t=0.264: x = 29.6° Al
t=—1.26: x = 2(180° + arctan(—1.26)) = 256.7° Al
Answer: x = 29.6° or x = 256.7° 6 marks
15 (5 marks)
With t = tan(x/2): 3(1 — t?) + 8t = 5(1 + t?) M1
8t°—8t+2=0,i.e.22t — 1)%=0 Al
A repeated root t = % so there is one value of x/2in [0°, 180°) El
X=2 arctan% =531° Al
Check x = 180°: —3 # 5, so no further solution B1
Answer: x = 53.1° (only) 5 marks
16 (6 marks)
4t 3(1-1% _
(a)1+t2+ T 0 +3=0 M1
4t +3 — 3t + 3+ 3t2 =0, s0 4t + 6 = 0 (the t? terms cancel) Al
(=3
==3 Al
3
Answer: t = -5 3 marks
(b) x = 180° gives2sin 180° + 3cos 180° + 3=0— 3+ 3 =0, so x = 180° isa solution M1 A1
The t? terms cancelled because t = tan 90° is undefined: x = 180° can never be produced by the El
substitution
Answer: x = 180° (t is undefined there) 3 marks
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17 (5 marks)
+t _l+sinx
SECX +tan X = = M1
C@+n? 11—t
= = M1
1+t2 1+t
1+t
T1-t Al
1+t . 1
l_t:3g|vesl+t:3—3t,sot:§ M1
X=2 arctan% =0.927 Al
Answer: x = 0.927 5 marks
18 (4 marks)
With t = tan(x/2): 4t + 3(1 — t?) = 6(1 + t?) M1
ot? — 4t+3=0 Al
Discriminant = 16 — 108 = —92< 0 M1
Noreal t, and x = 180° gives —3 # 6, so there are no solutions Al
Answer: no solutions 4 marks
19 (5 marks)
2t
m =3t M1
2t=3t+3t3, sot(1+3t) =0 Al
1+ 3t? = 0 has no real solutions, sot=0 M1
x=0 Al
x =1 is not valid since tan(11/2) is undefined B1
Answer: x =0 only 5 marks
20 (6 marks)
5sng +12cosp =8 B1
10t 121 -1t _
1+t2+ 1+¢t2 -8 Mt
10t + 12 — 12t =8+ 8t%, s0 10t — 5t — 2=0 Al
t= 541201@ = 0.762 or —0.262 M1
@ = 2 arctan(0.762) = 1.30 Al
@ = 2(11 + arctan(—0.262)) = 5.77 Al
Answer: ¢ =1.300r ¢p =5.77 6 marks
21 (7 marks)
6t 41 —t3) _ 2 2
(a)1+t2+ e =4,506t+4 — 4t =4+ 4t M1
8t> —6t=0,0t(4t—3)=0 Al
_ _ 3
t=0ort= vy M1
x=0°0rx=2 arctan% =73.74° Al
Answer: x =0° or 73.74° 4 marks
(b) 3sinx + 4 cosx =5sin(x + 53.13°), so sin(x + 53.13°) = % M1
X +53.13° = 53.13° or 126.87° M1
x =0° or x = 73.74°, agreeing with part (a) Al
Answer: x = 0° or 73.74° 3 marks
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22 (6 marks)
. o _1-t
anX—m,COSZX—W B1
2t 3(1-1t%) _
112 1+ =1 Mt
2t+3—3t°=1+t4, 04> —2t—2=0 Al
A2 —t—1=0,02t+1t—-1)=0 M1
tanx = 1. x =45° Al
tan x = —3: X = 180° — 26.6° = 1534° AL
Answer: x =45° or x = 153.4° 6 marks
23 (6 marks)
Lety = 3x, 50 0° < y < 540° andt:tan(y/2)'i+1;t2:2 M1
’ - ' 1+t 1+t?
A+1—t?=2+2t,03° —4t+1=0 Al
(B-1(t-1=0st=3o0rt=1 M1
t=1:y=90°450°t= %: y = 36.9°, 396.9° (y = 180° gives —1 # 2) Al
X = %: 30°, 150°, 12.3°, 132.3° M1
x =12.3° 30.0°, 132.3°, 150.0° Al
Answer: x = 12.3° 30.0°, 132.3°, 150.0° 6 marks
24 (6 marks)
1-t
W +t=1 M1
1—t?+t(l+t) =1+t M1
t?—2t°+t=0 Al
tt—1)%=0 M1
t=0ort=1 Al
= _—
x=0o0rx-= 5 Al
AnaNer:x:OOrx:% 6 marks
25 (8 marks)
4t 1-t
@7+ 17 =K M1
4t+1—t?=k+kt’, so(k+D)t>? —4t+(kk—-1)=0 Al
Answer: (kK + Dt2 — 4t +(k — 1) =0 2 marks
(b) Discriminant: 16 — 4(k + 1)(k — 1) = 0 M1
16 —4k*+4=0,0k*=<5 Al
—5=k=45 Al
Answer: =5 <k =45 3 marks
(Qk=—1 —4t—2=0,50t= 5 M1
X=2(m — arctan%) =5.36 Al
Alsox =m gives0 — 1= —1, so x = 11 is a second solution B1
Answer: x=536and x =11 3 marks
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26 (6 marks)
cosecx+2cotx:%,901+2003x:3sinx
1+t2+21—1t%) _ 6t

1+t T 1+t?
3—-t*=6t,s0t?+6t—3=0
t=—3+2/3

t = 0.464: x = 49.8°
t = —6.46: x = 2(180° + arctan(—6.46)) = 197.6°
Answer: x =49.8° or x = 197.6°

27 (9 marks)
(a) With t = tan(x/2): 2at + b(1 — t?) = c(1 +t?),s0 (b + c)t> — 2at + (¢ — b) =0
. o B_ 2a
tan(a/2) and tan(B/2) are its roots, so tans +1ans = g5
B_c—b
andtan tan+ 5= Cc+b
B
an (cx+[3) tan7 +tany 2a 2b
1—tan%tanB b+c  brc
_a
b
a+fp a
Answer: tan(—s— ):E
tx+B a+p _ 5 o
(b) tan( )= 12,so 5 -arctanE+180k

Solving gives a = 85.1°, B = 320.1°, sO a—+B = 202.62° = 180° + 22.62°
Hence o + = 360° + 2 arctan = 405.2°, as required

Answer: a + B = 360° +2arctan 5 = 405.2°

28 (10 marks)

(a) sin 2x = 2 sin x cos X
2 1-¢
1+ 1+
_ A1 —t?)
Co(L+t?)?

=2x

4t(1 — t?

(1+t%?

2t(1 + t?)

(1+19)?

2t + 2t3 + 4t — 4t°
(1+13)?

_6t—2t8 _ 2t3-1?)

S @A+)? T (1+1)

Answer: sin 2x =

(b) sinx =

sinX +sin2x =

2t(3 — t?)
1+t
(t=0ort*=3,s0t=00rt==/3
x = 0°, 120°, 240° (since tan 60° = y/3 and tan 120° = —3)
t is undefined at 180°, but sin 180° + sin 360° = 0, so x = 180° is also a solution
Answer: x = 0°, 120°, 180°, 240°
(d) sinx =0 gives 0°, 180°; cos x = —% gives 120°, 240°
Answer: 0°, 120°, 180°, 240°

Answer: sin X + Sin 2x =
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29 (8 marks)
4t 31—t _
(a)1+t2+ 1+ 12 =2 M1
4t +3 — 3t2=2(1 +t?) M1
23 +3t2 -2t —3=0 Al
Answer: the equation becomes 2t + 3t2 — 2t — 3=0 3 marks
(b)t?(2t+3) — (2t +3)=0,s0 (1> — 1)(2t +3) =0 M1 AL
t=l,t=—1ort=—g Al
t=1x=90%t=—-1.x=270° Al
t=—3:x=360° — 2arctany = 247.4° AL
Answer: x =90°, 270° or 247.4° 5 marks
30 (8 marks)
8t  31-t) _

(a)1+t2 1+¢t? =3 Mt
8t — 3+ 3t =3+ 3t M1
The t? terms cancel: 8t = 6 Al
t=3

=7 Al

3

Answer:t = 7 4 marks
(b) tan(x/2) = % givesx/2 = arctan% + ni M1
SOX =2 arctan% +2nm = 1.29 + 2no Al
Forx=(2n+1m: 4sinx —3cosx=0—3(—1) =3 M1
t = tan(x/2) is undefined at these values, so they cannot arise from the quadratic and must be E1
tested directly
Answer: x =129 + 2nmm or X = (2n + 1)mx 4 marks

Integration Using t = tan(x/2)

1 (2 marks)
dt_l 2X_1 2 X _1 2
d—X—Esecg—E(l+tan§)—§(l+t) M1
_ 2
SOdX—mdt Al
Answer:dx=izdt 2 marks
1+t
2 (2 marks)
X:E't_t H— 1 B1
ﬁ
X=St=tang =43 B1
AnSNer:t:%tot:\E 2 marks
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3 (3 marks)
2

2
+ = — = —_
1+ cos x i0 and d x 1+t2dt

1 1+t2
J 1+ cosx dx=J 2

2 _
x1+t2dt—fldt
=t+c=tany +
= c= an2 Cc

Answer : tan% +cC

4 (3 marks)
R _ 2
smx—1+t2anddx-—l+t2dt
1+1t? 2 _ 1
IT Wdt_f?dt

X
=Int|+c= In|tan§| +cC

X
Answer: In|tan§| +cC

5 (3 marks)

1+sinx= &Y o the integrand becomes —2— d t, with limitst = 0 to t = 1

1+1t% r1+1?% 7
2

[—15glo'=—1+2=1

Answer: 1
6 (3 marks)

2 1+1t? 2 _ .1
1—COSX—1Tt2,SO o Xthzdt—ft—zdt

= Lic=—cotl+
= —Z+C=—coty +C

X
Answer: —cot§ +C

7 (4 marks)
2+cosx—2+2t2+1_t2—3+t2
- 1+t T 1+t?
2
I3 dt
-iarctanl+c-£arctan(i tan5)+c
& TR TR T
2 1
Answer: — arctan(—= tani) +cC
TER
8 (4 marks)
. 21 +1) . . 1+t? 2 1
l+sinx+cosx= 0 ,Sothelntegrand|52(1+t)><1+t2—1+t

Limitst =0to 1: [In(1 + t)]*
=In2—-Inl1l=In2
Answer: In 2
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9 (5 marks)
_ 5+5t2+3—3t> _ 8+2t2
5+ 3cosx = +0 =T M1 Al
1+t 2 1 -
X =
[ntegrand: 8+ 22 1+t2dt 4+t2dt,IlmltSOtol M1 A1
[% arcta\nE]o1 = % arctan% Al
1 1
Answer: 5 arctan 5 marks
10 (4 marks)
2
secx:llittz,sofsecxdx i) thdt M1 Al
2 _. 1 .1
1—t2_l—t 1+t M1
In|1 t|+c wheret-tan— Al
Answer: In|1 t|+ct—tan 4 marks
11 (5 marks)
_ 242 — 1+t _ 1+3t2
2 —cosx= +0 =177 M1 A1
2 -
Integrand: 1+ 30 dt, limitsOto 1 M1
2
[ﬁ arctan(y3 t)]o* AL
_2,m_o2m ar
TEREIETE
211
Answer : % 5 marks
12 (5 marks)
e, (@12 . . 2
1—-snx= 10 ,sothelntegrandls—(l_t)zdt M1 A1
Upper Iimitt:tan% =2 — 1 (from tan% =1=7"0) B1
- 2
[1—t]02 '= 2 2_2 M1
:2+\/§— 2:\/§ Al
Answer: \/E 5 marks
13 (4 marks)
1 — cosx
—Snx " \/5 M1 Al
[In(1+ t2)]0”‘/§ = In§ M1 Al
Answer: In% 4 marks
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14 (6 marks)

2
3+sinx-w so theintegral is [

dt, limitsOto 1
1+t?

__2
32 +2t+3
2 _ 1, 8
3t +2t+3—3[(t+§) +§]

[= &+1
7
_1 _ 1
= \/E[arctan\/i arctanz\/i]
=0.435
Answer: 0.435
15 (6 marks)

2422 +4t+1—t> _ t?+4t+3

2+2sinx+cosx =

1+1t2 To1+¢t?
. 2
Integrand: mdt
2 1
(t+D(t+3) t+1 t+3
1,2 1
[lnm]o = nz - In§
-In3
= n2
Answer: In%
16 (6 marks)

1+t2+2t— 1+t 21(L+1)
1+t o1+t

J§

1+snx —cosx=

Integrand: dt, withlimitst=—=to 1

t(1+t)
1 11 t
a+t) "t 1+t 1+t]
+

Int —in22 In(‘/§ !
2 \/§+1

+
Anamer:ln(@)

17 (6 marks)

so [In

3+3t2+2—-2t2 _ 5+1¢?
1+t 1+t

3+2cosx =

AsX — 1I,t — o, so the limitsare 0 and o«
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18 (6 marks)
1+t2+2—2t2 3 -t

+ = =
1+ 2cosx 140 140

Integrand > dt, limitsOto 1
2 _1 1 1

Z_T(\/§+t+\/_—t)
nBrty a1, y3+1
L 0 =
5 LI

Answer: % In(2 +4/3)

w
=

19 (6 marks)
4t2 +10t+ 4 : . 2 _ 1

0 , o theintegrand is ————— dt

4+5dnx M r10t+4 0 @FD(E+2)

1
(2t+l)(t+2) 3(2t+1 t+2)

§[|n(2t +1) — In(t + 2)] -

= 5[(IN3-13) - (0-n2)]=3In2

Answer : % In2

20 (7 marks)
2
Witht=tan%:3003x+4sinx=w
1+t
3+ 8t — 3t? = (3t + 1)(3 — 1), so theintegrand is
2 = +
(3t+1)(3—t)‘§(3t+1 3-1)

{in(3t+1) - In(3 - p)],*

2 -
m dt, limitsOto 1

= £l(n4-1n2)— (0—In3)]=¢In6

1
Answer: 5 In6

21 (7 marks)
1+sinx+Ccosx= 2§1++t2t); limitst=0to 1
_(1+t2)2x 2 1+t
Integrand: 5 =02 X T T 2002
v 2 g2, 2
(1 +1)? (1+1)? 1+t (1+1)?

2t—2In@+19) — 751!
= 2[1—2In2~- 1)~ (0~ 0~ 2]

=22-2In2)=1-1n2
Answer: 1 —=1In2
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22 (6 marks)
4t+1—t2+3+3t2  2%2+4t+4

i + +3=
2sinx+cosx + 3 +0 110 M1 Al
1
Integrand: t= dt M1
< t2+2t+2 (t+1)%+1
[arctan(t + 1)],* = arctan 2 — arctan 1 Al
2—1 1
tan(arctan 2 — arctan 1)—m—§ M1
. 1
So thevalueis arctanz Al
1
Answer: arctanz 6 marks
23 (6 marks)
. 6t+4—4t°+5+52  t?+6t+9
3snx+4cosx+5= 5 = 5 M1 A1
1+t 1+t
_ (t+3?
=10 B1
2 .
Integrand: dt, limitsOto 1 M1
et v 32
2 ., 1 2
[~tz3lo =—35*3 A1
-1
=5 Al
1
AnSNer:g 6 marks
24 (6 marks)
1 1—t?
dx—1+t2dtand0032x—m B1B1
5+5t7+4 —4t° _ 9+t
+ = =
5+ 4 cos 2x +0 110 M1
1 _—
Integrand:mdt,llmltst:Otooo(asx—»%,tanx—wo) Al
1 t l “—lxg
[3arcan3]0 =3%X5 M1
-
=% Al
AnSNer:% 6 marks
25 (6 marks)
2 1
V=ufy?dx=u [ ———— M1
Iy ~£ (1 + cos x)?
2 2 -
l1+cosx=—=,dx=—=dt limtst=0to 1 M1
1+t 1+t
(1 +1?)? 2 1+t
Integrand: ~— *XTL e~ 2 Al
1 t®
V=mx5[t+ 5]t M1
—pxixd
SI X5 X3 M1
_ 2
=3 Al
2
AnSNeI‘ZTH 6 marks
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26 (6 marks)
(a) tan(x/2) is undefined at x = 11, S0 the substitution is not valid over the whole interval 0 to 2r El
The integrand is positive throughout the interval, so its integral must be positive El
Answer: t isundefined at x = m1; theintegrand is positive 2 marks
(b) Splitat m: for Oto I, t runsfrom O to « and [ = [~ ﬁ dt M1
—[iarctanl]w—ixg—l Al
AR TR 2T
cos(2m1 — Xx) = cos X, so the integral from 11 to 211 is equal M1
Total =2 Al
3
Answer: % 4 marks
27 (9 marks)
_al+t)+b(1 -1t _ (a+b)+(a— bt?
(@ a+bcosx = e = 0 M1 A1
. 2
Integrand: @rb+@-be dt Al
Xx=0givest=0; x = m givest —» o B1
. 2 1 . > _at+b
erteasﬂxmwnhk ~a2-b M1
L t l ® = L e E
[a=px ¢yl = G—pk * 2 M1
(a—bk=(a—b) aib =y(a+b)a—h), so the value is —— Al
a—>b 2 — b?
Answer : S 7 marks
a? — b?
II II
b) =2 " 12
The integrand has period 211 and is symmetric about 11, so the integral over O to 211 is % B1
Answer: % and % 2 marks
28 (10 marks)
N . 21 +1) 2
(a)smx——1+t2,1+smx+cosx— i x—1+t2dt M1
Integrand: A L+t x 2= 2 Al
rand e Y 2@An C e (1+1)(1L+1t?)
2t __ 1 t+1 1AL
L+ +1t? 1+t 1+¢2
[=—InL+1)+2In1+ 1) +actant M1
. . 1 n_no 1
L|m|t30t01.—ln2+§In2+Z—z 2In2 Al
AnSNer:J:%—%InZ 6 marks
(b) Under u = % — X, Sin x becomes cos u, cos x becomes sin u, d x = —d u, and the limits swap M1
_ [ sinu _
K_.E 1+sinu+cosudu_‘] Al
Answer: K =J 2 marks
_ w2 (L+sinx+cosx)—1 _o
(C)‘J+K_£ Trsnx+cosx  4X=7 ~In2 M1
802J=%—In2andJ=%—%In2,asinpart(a) Al
AnaNer:J:%—%lnz 2 marks
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29 (11 marks)
_ 1 _@+ty"
(@ 1+cosx= 2% Arcsx)’ 2 B1
dx=—2_dt, limitst=0to1 M1
1+t
=20 [F @+ tdt=2"g, AL
Answer: |, =2""J,_, 3 marks
b)1,=3=1 B1
1 1 1, _ 2
|2=§J1=§(1+§)=§ B1
Answer: Ilzl,IZ:% 2 marks
(©) = [t + )" — [* tx2nt( + )" dt M1 AL
t?= (1 +1t?) — 1, sothelast integral is 2n(J, — J,_,) M1
J,=2"=2nJ,+2nJ_,s0(2n+1)J,=2"+2nJ, _; Al
Answer: (2n+1)J,=2"+2nJ,_,; 4 marks
45y - 4 -2
(d)\]l—§,5\]2—4+4x3,$\]2—15 M1
13=2723,= 1 AL
Answer: 1—75 2 marks
30 (8 marks)
243 _2+2°+3-3t2 _ 5—1+?
COSX = PRy =Tie M1 A1
Integrand: ﬁdt, l[imitsOto 1 Al
2 1.1 , 1, "
5—t° 55+t 5-—t
f:iln@ Al
6 Bt
Limits: = In—‘@ M1
B E-1
Brl_ (51?2 _ 1445y,
= =( ) M1
\/g_]_ 4 2
Sothe valueis -2 In(113) AL
5 2
Answer: 2 In(bﬁ) 8 marks
5 2
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