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Deriving the t-Formulae
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Given that t = tan(x/2), write down expressions, in terms of t, for sin x and cos x.

Given that tan(x/2) = %, find the values of sin x and cos x.

Given that tan(x/2) = % usetan x = % to find the value of tan x.

Given that t = tan(x/2), show that 1 + cos x = I+

Given that t = tan(x/2), express sec X in terms of t.
Given that tan(x/2) = —2, find the value of cos x.

. . . . 2
Starting from sin x = 2 sin % cos%, show that sin x = 1Ttt2 wheret = tan %

Starting from cos x = coszé - sinzg, show that cos x = =, where't = tan %

1+t%’
. . 2tan A 2t X

he identi 2A = —— w th X =——=,wh =tan 5.
Use the identity tan 1~ tarA to show that tan i eret=tan 5

Given that t = tan(x/2), express 3 sin X + 4 cos x as a single fraction in terms of t.

The angle x is acute and cos x = % Use at-formulato find the exact value of tan(x/2).

Use the formula for tan x in terms of t = tan(x/2), with x = 45°, to find the exact value of tan

22.5°,

1 — cos x

. _ _1-t 2 _
Given that t = tan(x/2), use cos x = 1+ to show that t° = T+ oosx’

Given that t = tan(x/2), show that

. (A+1)?
(@ 1l+snx= 10
. _2(1+1%)
(b 1+smx+cosx-—1+t2
Given that t = tan(x/2):
1+ 7t?

(@ showthat4 — 3cosx = T e

(b) Hencefind the least value of 4 — 3 cos X, and state the value of t at which it occurs.

The angle x isobtuse and sin x = % Find the exact value of tan(x/2).

(1 — u)(1 + 3u)

Given that u = tan 20, show that sin 40 + 2 cos40 — 1= Tr
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Given that t = tan(x/2):

2
(@ showthatsecx — 1= 1??. [3]
(b) Hence find the value of sec x — 1 when tan(x/2) = % [1
Given that t = tan(x/2):
1 2

(& showthatt+ T~ sSnx (3]
(b) Hence prove that tan(x/2) + cot(x/2) = 2 for 0 < x < 1I. [2]
Given that t = tan(x/2), show that cot X + t = cosec X. [4

. 1+sinXx — cosx
Given that t = tan(x/2), prove that T¥sSnxfoosx & [6]
Let t = tan(x/2).
(@ Usetheformulafor tan(A + B) to show that tan(% + %) = % [3]
(b) Hence show that sec x + tan x = tan(% + %). [4

. _ 21— 3t?)
Given that t = tan(x/2), show that cos X + cos 2x = ESCEE (6]

The diagram shows the unit circle with centre O. The point A is (—1, 0) and the point P(cos X, sin x) lies on
the circle with 0 < x < 1. The line AP has gradient t.

p

(& Theline AP meetsthe circle again at P. By solving the equation of AP with the equation

: , 1-t% 2

of the circle, show that P has coordinates (W’ m). [4]
(b) Hence, using a circle theorem, explain why t = tan(x/2). [2]
Let t = tan(x/2).

sin x 1 — cosx

(@ Showthatt= TToosx —  Snx [3]
(b) Usex =30° to find the exact value of tan 15°. [2]
(c) Usex =225°to find the exact value of tan 112.5°. [3]

Let t = tan(x/2), where t can take any real value.

Y
(@ Showthatl—sinx= (11 " 2 and write down a similar expression for 1 + sin x. Hence

explainwhy —1 = sinx < 1. [3]
(b) Statethevalue of x intheinterval 0 = x < 2 for which t is not defined, and give the

values of sin x and cos x there. [2]

(c) Show that thereis no real value of t for which cos x = —1, and explain how thisis
consistent with part (b). [2]
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A, B and C are the angles of atriangle, and a = tan(A/2), b = tan(B/2), ¢ = tan(C/2).

@
(b)

Show that ab + bc + ca= 1.

In one such triangle a = % and b= % Find ¢, and hence find the size of angle C.

Let t = tan(x/2), where cos(x/2) # 0.

@

(b)
(©

1+it)? .
Show that % =Ccosx +isnx.
1+t
Hence deduce the expressions for cos x and sin X in terms of t.

Use de Moivre's theorem to find an expression for sin 3x in terms of t.

Let t = tan(x/2), wheret = % and p and q are positive integers with p < g.

@
(b)
(©

(d)

. 2 2 _ n2
Show that sin x = quz and cos x = q2 p2_
p +q p +q
. . 21 20 .. . ..
Giventhat sin x = 29 and cos x = 29 find t as afraction in its lowest terms.

Find the three integers (g° — p?, 2pg, p> + g°) obtained whent = %, and verify that they

form a Pythagorean triple.

Explain why, if sin x and cos x are both rational, then tan(x/2) is rational.

Let t =tan(x/2) and s = tan(x/4), where 0 < X < 1I.

@

(b)

(©)
(d)

_2s
Showthatt—l z

2 _
Hence show that s = @

t
Use x = 11/2 to find the exact value of tan(11/8).

Verify the formulain part (b) when x = 211/3.

Solving Trigonometric Equationswith t

1

Use the substitution t = tan(x/2) to show that the equation sin X + cos X = 1 can be written as
t(1—1t)=0.

Solve tan(x/2) = —\/§ for 0 = x < 2m, giving your answer as a multiple of 1.

Given that t = tan(x/2), solve 3t> — 4t + 1 = 0 and hence find the values of x, in radians, in the

interval 0 =< x < 211. Give each answer exactly or to 3 significant figures.

A student uses t = tan(x/2) to solve atrigonometric equation for 0 < x < 2m. Explain why the
student must also test x = 11 in the original equation.

Use the substitution t = tan(x/2) to show that cos x — 3 sin x + 2 = 0 can be written ast* — 6t
+3=0.

Given that tan(x/2) = 2 and 0° = x < 360°, find x to 1 decimal place.

Use the substitution t = tan(x/2) to solve 2 sin x + cos x = 1 for 0° < x < 360°. Give your
answersto 1 decimal place.

Solve 3sinx — cosx = 2 for 0° = x < 360°, giving your answers to 1 decimal place.

Solve 3 cosx + sinx = 2 for 0° < x < 360°, giving your answers to 1 decimal place.
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Solve2sinx — 3 cosx =1 for 0 < x < 2m, giving your answers in radians to 3 significant
figures.

Solve2 cosx + 3sinx + 1 =0for —180° < x < 180°, giving your answers to 1 decimal place.
Solvesin x + 7 cosx =5 for 0° = x < 360°, giving your answersto 1 decimal place.

Uset = tan(x/2) to solve tan(x/2) = 2 sin x for 0° = x < 360°.

Solve4 cosx — 3sinx =2 for 0° = x < 360°, giving your answers to 1 decimal place.

Show that the equation 3 cos x + 4 sin x = 5 has exactly one solution in the interval 0° < x <
360°, and find it to 1 decimal place.

A student solves 2 sin x + 3cosx + 3 =0 for 0° = x < 360° using t = tan(x/2) and finds only x = 247.4°.

(@ Show that the substitution leads to a linear equation in t and find its solution.
(b) Find the solution that the student missed, and explain why it was missed.

Use the substitution t = tan(x/2) to solve sec x + tan x = 3 for 0 < x < 2m1. Give your answer
in radians to 3 significant figures.

Show that the equation 2 sin X + 3 cos X = 6 has no solutions.

Uset = tan(x/2) to find all solutions of the equation sin x = 3 tan(x/2) in theinterval 0 < x <
211.

The height, h metres, above the ground of a passenger on aride is modelled by h =20+ 5sin
@ + 12 cos @, where @ radians is the angle through which the ride has turned and 0 = @ <
211.

Use the substitution t = tan(/2) to find the values of ¢ for which the passenger is at a height
of 28 m. Give your answers to 3 significant figures.

Solve 3sinx + 4 cosx = 4 for 0° < x < 360° using two different methods:
(8 thesubstitution t = tan(x/2),
(b) writing 3sinx + 4 cos x intheform R sin(x + «).

Use the substitution t = tan x to solve sin 2x + 3 cos 2x = 1 for 0° < x < 180°. Give non-exact
answers to 1 decimal place.

Solve 2 sin 3x + cos 3x = 2 for 0° = x < 180°, giving your answers to 1 decimal place.

Uset = tan(x/2) to solve the equation cos x + tan(x/2) = 1 for 0 < x < 211, X # 11. Give your
answers exactly.

The equation 2 sin x + cos x = k, where k is a constant, is to be solved for 0 = x < 2m.

(@ Show that, with t = tan(x/2), the equation becomes (k + 1)t> — 4t + (k — 1) = 0.

(b) Hence show that, for k = —1, the equation has real solutions only if —/5 < k < /5.

(c) Show that when k = —1 there are two solutions in the interval, and find them in radians
to 3 significant figures.

Solve cosec x + 2 cot x = 3 for 0° < x < 360°, x # 180°. Give your answersto 1 decimal
place.
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The equation asin x + b cos x = ¢, where b + ¢ # 0, hastwo solutions a and B in the interval 0° < x <
360°.

(3 Show that tan("‘—;B) =< [6]
(b) For5sinx+ 12 cosx = 6, use the result of part (a) to show that o + B = 360° + 2

arctan%, where a < B, and check this against the values of o and B. [3]
Let t = tan(x/2).

_ 2
(@)  Show that sin 2x = H. (3
_ 42

(b) Hence show that sSinx + sin 2x = % [3]
(c) Hencesolvesinx +sin2x =0 for 0° < x < 360°, explaining how you deal with x =

180°. (3
(d) Verify your answers by solving sin x(1 + 2 cos x) = 0. [1

Use the substitution t = tan(x/2) to solve 2 sin x + 3 cos x = 2 tan(x/2) for 0° = x < 360°, x = 180°. Give
your answers to 1 decimal place where necessary.

(@  Show that the equation becomes 2t + 3t> — 2t — 3= 0. [3]
(b) Hence solve the equation. [5]

Find the genera solution, in radians, of the equation 4 sinx — 3 cosx = 3.
(8 Show that the substitution t = tan(x/2) gives alinear equation in t, and solve it. [4]
(b)  Hence show that the general solutionisx =2 arctan% + 2nm or X = (2n + 1)1, where n

is an integer, and explain why the second family must be checked separately. [4

Integration Using t = tan(x/2)

1

2 > dt. [2]

Given that t = tan(x/2), show that d x = T+t

The substitution t = tan(x/2) is used in an integral with limits x = 2 andx = ZTH Find the

3
corresponding limits for t, giving exact values. [2]
Use the substitution t = tan(x/2) to show that [ Tlosx dx= tan% + C. [3]
Use the substitution t = tan(x/2) to find [ Wlx dx. [3]
. . /2 1
Use the substitution t = tan(x/2) to evaluate £ T+snx dx. [3]
Use the substitution t = tan(x/2) to show that [ 1——%:osx dx= —cot% +c. [3]
o . 1
Use the substitution t = tan(x/2) to find [ T COSX dx. [4]
Use the substitution t = tan(x/2) to show that j; " Wlﬂmx dx=In2. [4
L n/2 1 1 1
Use the substitution t = tan(x/2) to show that j; ET3c05x dx = 5 arctans. [5]
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Use the substitution t = tan(x/2) to find [ sec x d x, giving your answer in terms of t. [4

Use the substitution t = tan(x/2) to show that j; " 2_—%:05)( dx= % [5]
. . /4 1

Use the substitution t = tan(x/2) to find the exact value of £ T=snx d x. [5]

Use the substitution t = tan(x/2) to show that [ ==X dx = InZ. [4]

Use the substitution t = tan(x/2) to evaluate _£ e 3+—;nX d x, giving your answer to 3

significant figures. [6]

Use the substitution t = tan(x/2) to show that [ ! dx=In> 6

se the substitution t = tan(x/2) to show £ 5T osnx T oosx 4 X=In5. [6]

_— _ /2 1 i ¥3t+1

Use the substitution t = tan(x/2) to show that [ q5=—=——— dx = In(*>=). 6]
_— _ o 1 _ o

Use the substitution t = tan(x/2) to show that _I; 372 c05x dx= E State what happens to

tasx — 1I. [6]
L /2 1 1

Use the substitution t = tan(x/2) to show that j; T+ cosx dx= E In(2 + \/§). [6]
o _ /2 1 _1

Use the substitution t = tan(x/2) to show that [ 45— dx=3In2 6]
n/2 1 _ 1

Showthat_£ mdx—gln& [7
I _ /2 1 .

Use the sbstitution t = tan(x/2) to show that [ Trsmirom? 4X=1-n2 [7]
_— _ /2 1 _ 1

Use the substitution t = tan(x/2) to show that j; SN X F CoSx T3 dx= arctans. [6]
L. _ . w2 1

Use the substitution t = tan(x/2) to find the exact value of £ 3STXTACoSxF5 dx. [6]
" /2 1 I

Use the substitution t = tan x to show that £ ET4c05ox dx= 5 [6]

. . _ 1 . . . _ I
The region R is bounded by the curvey = T+ cosx’ the x-axis, the y-axis and the line x = >

The region R is rotated through 21 radians about the x-axis. Use the substitution t = tan(x/2)
to show that the volume of the solid formed is %H [6]

A student evaluates £ZH SFcosx

student concludes that the integral is 0.
(@) Explain what iswrong with this method, and why the answer O cannot be correct. 2]
(b) Find the correct value of the integral. [4

d x using t = tan(x/2). The limitsfor t aretan 0 = 0 and tan 11 = 0, so the
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Throughout this question a and b are constants witha> b > 0.

(@ Usethe substitution t = tan(x/2) to prove that £H ar 1 =1

b cos x dx= [2 -2

. I 1 2n
(b) Hence write down the value of l; 375 cosx d x, and deduce the value of £
—L1 _q
13+5c0sx 0%

w2 sin X w2 COS X
LetJ—L 1+sinx+cosxdxandK_£ 1+sinx+cosxdx'

o ot 2t .

(@ Usethe substitution t = tan(x/2) to show that J= _£ T D) dt, and hence find J
exactly.

(b) Usethe substitution u = 2 _ X to show that K = J.

2

1

(c) By considering J + K, and using the result £ e TTSnxTcosx

d x =1In 2, verify your
answer to part (a).

For positive integers n, Ietlnz‘fﬂ2 ( 1 dxand\]n:‘L‘l (L+t)"dt.

1+cosx)"
(@ Usethe substitution t = tan(x/2) to show that I, =2*"J._,.
(b) Findl;andl,.
(c) By integrating by parts, or otherwise, show that (2n + 1)J,=2"+2n J_,.
(d) Hence find the exact value of | 5.

Use the substitution t = tan(x/2) to show that [ = dx = 25 |n(1$25).

il

stemup.co.uk | page 7

(2]

(6]
(2]

(2]

(3]
(2]
(4]

(8]



