StemUp | Further Mathematics | Further Pure Mathematics: Proof and Mathematical Induction | Model Answers

Proof by Mathematical Induction

1 (2 marks)
n=1LHS=1, RHS=1?=1, sotrue B1
n=2 LHS=1+3=4,RHS=22=4, sotrue B1
Answer: P(1) and P(2) are both true 2 marks
2 (2 marks)
Replace n by k + 1 on both sides M1
k+1
E (2= (k + 1)(k +62)(2k +3) AL
r=1
k+1
Answer: > r?= (ke + 1)(k 22)(2k *3) 2 marks
r=1
3 (3 marks)
u,=7,u3=11,u, =15 B1B1
Thetermsgo up by 4 from 3, sou, =4n — 1 B1
Answer: u,=4n —1 3 marks
4 (2 marks)
The statement istruefor n =1, and if itistruefor n =k thenitistrueforn=k + 1 E1
Therefore, by mathematical induction, it istrue for all positive integers n E1
Answer: Truefor n =1, and if truefor n = k then truefor n = k + 1; therefore, by mathematical indaetéers, true for al
5 (2 marks)
k+1 k
>ri=>rP+(k+1)>° M1
r=1 r=1
2 2
= % +(k+1)3 Al
2 2
Answer: % +(k +1)3 2 marks
6 (3 marks)
u,=4=22 B1
u,=8=23 B1
u, = 2 =2% sotheformulaworksforn=1, 2, 3 B1
Answer: theformulau, =2" iscorrect for n=1,2and 3 3 marks
7 (4 marks)
n=1LHS=1=12 true B1
k k+1
Assumetrueforn=k: > (2r — 1) =k% Then > (2r — 1) =k’ +2(k +1) — 1 M1
r=1 r=1
=k?+2k +1=(k + 1)2 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by Al
induction
n
Answer: > (2r — 1) = n”for all integersn = 1 4 marks

r=1
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8 (4 marks)
1x2
n=1LHS=1 RHS= 5— =1 true B1
k+1
Assume true for n = k. Thenz r:@+(k+l) M1
r=1
= W which isthe formulawithn=k + 1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
. n(n + 1)
Answer: 2 r=——s for all integersn =1 4 marks
r=1
9 (4 marks)
n=1LHS=1 RHS=2 - 1=1, true B1
Assume true for n = k. Sum of k + 1 terms = (2% — 1) + 2 M1
=2x2X—1=2"—1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: 1+2+4+ ... +2"71=2"—1for all integersn = 1 4 marks
10 (4 marks)
n=21u; =5=3x1+2, true B1
Assumeu, =3k +2. Thenu,,; =u, +3=3k+2+3 M1
=3k+1)+2 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: u,=3n+2 4 marks
11 (4 marks)
n=1u,=4=3"+1, true B1
Assumeu, = 3"+ 1. Thenu,,; =33+ 1) — 2 M1
=31 +3-2=3"1+1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by Al
induction
Answer:u,=3"+1foraln=1 4 marks
12 (5 marks)
=L LHS= -2 =21 Rus=1 ¢
n=1 =Ix3 = % =5, true B1
_ _k 1
Assumetrueforn—k.Thensumtok+1—k+1+(k+1)(k+2) M1
_ kkk+2)+1
“k+Dk+2 M1
_ (k+1?  _k+1
TK+Dk+2) k+2 AL
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
n
. 1 _n .
Answer: 2{ D Sl for all integersn = 1 5 marks
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13 (5 marks)
N=1LLHS=1x1 =1 RHS=2l —1=1, true B1
Assumetrueforn=k. Thensumtok + 1 =(k + 1)! — 1+ (k + 1)(k + 1)! M1
=k+D)1+k+1] -1 M1
=k+DI(k+2) —1=(k+2)! —1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
n
Answer: 2 rxrl=(n+1)! —1for all integersn =1 5 marks
r=1
14 (6 marks)
n=1.LHS=2 RHS=0+2=2, true B1
Assumetruefor n= k. Thensumtok + 1 = (k — 1)2¢1 + 2 + (k + 1)2¢1 M1 AL
=2k -1+ (Kk+1]+2 M1
=2k x 2K + 2 = k x 22 + 2 which isthe formulawithn = k + 1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
n
Answer: 2 rx2" =(n— 12"+ 2for all integersn = 1 6 marks
r=1
15 (6 marks)
=2 LHS=1—- 2 =3 RHs=3
n=2: = 7= = 7. true B1
_ _k+1 _ 1
Assume true for n = k. Then the product tok + 1 = i % (1 [Thg 1)2) M1
1 _kk+2
SRR PR P M
_k+1 _ kk+2
Product = —5 = x K+ D)2 Al
= K*2_ \whichisthe formulawithn =k + 1
= 2+ 1) Whichisthe formulawith n = Al
True for n = 2, and true for n = k impliestrue for n = k + 1, so true for all integersn = 2 Al
1 1 1 n+1 .
Answer: (1 — ?)(1 - ?) . (1= ?) = n for all integersn = 2 6 marks
16 (5 marks)
n = 1: derivative of x €* is€* + x € = (x + 1)&*, true B1
Assume the kth derivative is (x + k)e* M1
Differentiate: (1 + x + k)e* using the product rule M1 A1
= (x + (k + 1)), theresult for n =k + 1. True for n =1 and true for n = k implies true for n =k + Al
1, sotrueforaln=1
Answer: the nth derivative of x € is (x + n)e*, for all integersn =1 5 marks
17 (7 marks)
n:1:u1:1and1+lxgxl:1,true B1
Ass;umeuk=1+W.Thenuk+l=l+ué2k_l)+k2 M1 AL
L (S 1)(2|g — 1) + 6K] "
(k—1)(2k — 1) + 6k =2k? + 3k + 1 = (2k + 1)(k + 1) M1
Souk+1:l+w,themrmulawithn:k+l Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: u, =1+ w for all integersn = 1 7 marks
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18 (4 marks)
The proof has no basis case: it never checks a starting value E1
n=1:1%+ 1= 2iseven, so the statement failsat n = 1 B1
Infact n? + n=n(n + 1) is a product of consecutive integers, so it is always even M1
So the result is false for every n, although the inductive step itself is valid Al
Answer: No basis case; theresult is false (always even) 4 marks
19 (6 marks)
“1y = 3_1+2 ‘
n=1u=7=3;7,true B1
_k+2 o _2k+2)—(k+1) _k+3
Assumeuk—m.ThenZUk 1= ) ) M1 A1
_k+3 . k+2
Ut = 131 " kv 1 M1
_k+3 _(k+1+2 . _
—k+2—(k+l)+l,theformuIaW|thn—k+1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
A . _n+2
nswer: u, = n+1 6 marks
20 (5 marks)
=1 LHS= —== = & RHS= =,
n=1 =ix3°- 3 = 3. true B1
_ _k 1
Assumetrueforn=k. Sumtok + 1= 1 T kT DK+ 3 M1
_ k(2k+3)+1 _ 2k®+3k+1
T k+Dk+3)  (Zk+ DK+ M1
_(2k+1)(k+1) _ k+1
T k+Dk+3)  2(k+D+1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by Al
induction
n
. 1 _n .
Answer: 2{ F=D@ D - m+1 o alintegersn =1 5 marks
21 (7 marks)
n=1LHS=1, RHS=FF, =1, true B1
Assume the sum to F,? equals F,Fy., M1
Sumto k + 1 terms = F,Fy,; + Fypt? M1 AL
= Fra(Fe + Fiea) M1
= Fy1Fsn Dy the definition, which is the statement for n=k + 1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: F2+ F,2+ ..+ F 2= F,F,,, for all integersn = 1 7 marks
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22 (6 marks)
:1:%:2—%:f(x),true B1
k+1)x —k kx — (k=1
Assume f¥(x) = m Then £1(x) = f(f¥(x)) = 2 — W M1 AL
_2(k+Dx — 2k — kx + (k= 1)
= K+ Dx — K M1
_Kk+9x = (k+1)
= T k+Dx—K Al
Thisisthe formulawithn=k +1,since(k+1)+1=k+2and (k+1) — 1=k. Trueforn=1, Al
and true for n = k impliestrue for n = k + 1, so true for al integersn = 1 by induction
Answer: f"(x) = % 6 marks
23 (8 marks)
(@) n=1: derivative=e™* — x e = —(x — e * = (=D)}(x — 1)e7*, true B1
Assume the kth derivative is (—1)¥(x — k)e™ M1
Differentiate: (—1)*[e™ — (x — k)e™¥] M1 A1
= (—-D*A + k — x)e7* = (=) (x — (k + 1))e*, which is P(k + 1) Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: the nth derivative of x e is (=1)"(x — n)e™ for all integersn = 1 6 marks
(b) (-1)°(3 — 10)e3 M1
=—7e73 Al
Answer: —7e73 2 marks
24 (7 marks)
. _ Sin2x _ 2sinNXCOosSX _ _
n_l'RHS_Zsinx_ SN x = cos X = LHS, true B1
. K ; k
Assume the product of the first k factorsis S'D (_2 X) . Then the product of k + 1 factorsis S'E (_2 X) M1 AL
2°snx 2°sinx
x €os (2x)
sin (2x) cos (2*x) = % sin (2 x 2%x) = % sin (2€1x) M1 A1
_sin(2¥x) _ sin(21x) . _
So the product = X XSnx - 2l anx’ the formulawithn=k + 1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
ANSWer: cos X €os 2X c0S 4X ... cos (2" 1x) = S? (_2 X) 7 marks
2"sin x
25 (8 marks)
n=1 LHS=cos0, RHS= 23'25% = 292nS(i9ncgse =cos 0, true B1
Assume true for n = k. Sumtok + 1 terms = szr;ikg + cos (2k + 1)0 M1 Al
_ sin2kO +2sin B cos (2k + 1)
- 2sn6 M1
2sin 0 cos (2k + 1)6 = sin (2k + 2)0 — sin 2kO (product to sum) M1 A1
_sin(2k+2)6 _ sin2(k +1)0
So the sum = 5sn® - 2sn0 Al
Truefor n =1, truefor n =k impliestrue for n =k + 1, so true for al integersn = 1 Al
Answer: cos @ +cos30 + ... + cos (2n — 1)@ = Sér;ing for all integersn = 1 8 marks
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26 (7 marks)
n = 1: both sidesarecos O +i sin 6, true

Assume (cos O +i sin 8)% = cos kB +i sin kO
(cos O +i sin 0)%! = (coskO + i sin kB)(cos O + i sin O)
= (cos kB cos O — sin kO sin B) +i(sin kO cos O + cos kO sin 0)

=cos(k +1)0 +i sin (k + 1)0 using the compound angle formulae, which is the result for n =k +

1
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all positive integers n by
induction

Answer: (cos© +isin )" =cosn0O +i sin n@ for all positiveintegersn

27 (8 marks)
Check n = 1: % =landn=2: 9;21 = 4, both correct (two base cases are needed)
Assume the formulaholdsforn=kandn=k + 1
3 —1 -1
uk+2=4x 5 — 3x 5
_ 4X3k+1_4_3k+1+3
- 2
_3x3¢t_1 321
- 2 - 2

Trueforn=1, 2, andtruefor n=k, k + Limpliestrueforn=k + 2, sotrueforaln= 1

3N-1 .
Answer: u, = —— for all integersn = 1

28 (8 marks)

n=1 OI—OIX(eX cos X) = €(cosx — sinX)
COSX — Sin X =42 cos (X + %), so the derivative is\/§ €* cos (x + %), true
Assume the kih derivative is ({2)* € cos (x + =)

Differentiate: (\/E)k €*[cos (x + an) —sin(x + an)]

. . I . ki . . k + 1
Using cosA — sin A :\/Ecos(A + ) With A =x + - th|5|s(\/§)k Le¥cos (x + ( 7 )
result forn=k +1
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by

induction

Answer: the nth derivativeis (\/E)” €* cos (x + nTn)

29 (9 marks)

N=1LHS=1 RHS= 1X2x3%5

30 =1, true

k(k + 1)(2k + 1)(3K? + 3k — 1)

30
(> D2k + 1)(3K2 + 3k — 1) + 30(k + 1)

k(2k + 1)(3k? + 3k — 1) = 6k* + 9k3 + k? — k

Bracket = 6k* + 39k® + 91k? + 89k + 30

= (k + 2)(2k + 3)(3k? + 9k + 5), checked by expanding

Since3(k + 1)? + 3(k + 1) — 1 =3k? + 9k + 5, thisisthe formulawithn =k + 1
Truefor n=1and truefor n=k impliestrueforn=k + 1, sotrueforaln= 1

n(n + 1)(2n + 1)(3n? + 3n —
30

Assumetrueforn=k. Sumtok + 1= +(k+1)*

Take out the factor (k + 1):

Answer: > r*= Y for all integersn = 1

r=1
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30 (8 marks)
(a) Base case: n = 2 isitself prime, so it is a product of one prime B1
Assume that every integer m with 2 < m < k isa product of primes M1
Consider k + 1. If k + Lisprime, it is a product of one prime B1
Otherwisek + 1 =abwith2 = a, b=k M1
By the assumption a and b are each products of primes Al
So k + 1 =abisaproduct of primes. By strong induction, true for all n = 2 Al
Answer: every integer n = 2 isa product of one or more primes 6 marks
(b) The factorsaand b of k + 1 are generally smaller than k, not equal to k El
So the assumption about k alone does not say anything about a and b: all smaller cases are needed El

Answer: k + 1 = ab with a and b generally much smaller than k, so the case n = k alone says nothingahous a or b

Induction with Series

1 (3 marks)
n=1LHS=4 RHS=1x2?=4 B1
n=2LHS=4+14=18 RHS=2x3?=18 B1
n=3LHS=18+30=48 RHS=3x4?=48 B1
Answer: P(1), P(2) and P(3) are all true 3 marks
2 (2 marks)
k(2k + 1 2k>+k+6k+6  2k?+7k+6
KD 4 (kv 1) = . S ML
_(k+2)(2k+3)
-6 Al
Answer: w +(k+1)= w 2 marks
3 (2 marks)
Replace n by k + 1 throughout M1
k+1
2 r(r+3)= (k+ Dk ; 2k +©) Al
r=1
k+1
Answer: > r(r +3) = (ke + (k ; Ak +6) 2 marks
r=1
4 (2 marks)
1x4
n=1 LHS=2,RHS=T=2 B1
2x7
N=2LHS=2+5=7 RHS= ——=7 B1
) . _n@Bn+1) . _ _
Answer: theformulaz @r—=-21= ———%— iscorrect forn=1andn=2 2 marks
r=1
5 (2 marks)
LHS=1+8+27=36 B1
RHS = 62 = 36, so they are equal B1
Answer: 13+22+33=(1+2+3)? 2 marks
6 (3 marks)
S,=25=6S5=14 B1
Each is 2 lessthan apower of 2: 4 — 2,8 — 2,16 — 2 M1
S,=2m™ -2 Al
Answer: S, =2"1 - 2 3 marks
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7 (4 marks)
1x4
n=1LHS=2, RHS:T:Z, true
Assume true for n = k. Sumtok+1:@+3(k+l) -1
_3kP+k+6k+4 _3KP+Tk+4 _ (k+1)(3k+4)
- 2 - 2 - 2

Thisisthe formulawithn=k + 1 [(k + 1)(3(k + 1) + 1)/2]. Conclude: true for n = 1, and true for
n =k impliestrue for n =k + 1, so true for all integersn = 1 by induction

Answer: > (3r — 1) = w for all integersn = 1
r=1
8 (5 marks)
n=1LHS=2 RHS= 272 =2 true

Assumetrueforn=k. Sumtok + 1= w

_ (k+l)?fk+2)[k+3]

+(k+1k+2)

= (k+ )k ; Ak +3) , the formulafor n =k + 1. True for n = 1, and true for n = k implies true for

n=k+ 1, so true for al integersn = 1 by induction

Answer: > r(r +1) = w for all integersn = 1
r=1

9 (5 marks)
n=1LHS=1, RHS=$ =1 true

k(k + 1)(2k + 1)
6

Assumetrueforn=k. Sumtok + 1 = +(k + 1)2

(k + 1)(2k? + 7k + 6)
6

= & D+ 1) + 6k + 1) =

_(k+ Dk +2)(2K +3)
B 6
forn=k + 1, so true for al integersn = 1 by induction

, the formulafor n =k + 1. True for n = 1, and true for n = k implies true

n
Answer: > r?= w for all integersn = 1
r=1

10 (4 marks)
n=1LHS=1RHS=," =1 true
_ _3 -1
Assume true for n = k. Sum of k + 1 terms = 5+ 3
3K —1+2x3C 3l
- 2 - 2
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by
induction
Answer: 1+3+9+ .. +31=2 2_1 for all integersn = 1
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11 (5 marks)
. _ _1x2x6 _
n=1LHS=4, RHS= 3 =4, true B1
Assumetrueforn:k.Sumtok+1:W+(k+l)(k+4) M1
= D+ 5) + 3(k + 4)] M1
_(k+DK2+8k+12) _ (k+ )k +2)(k +6)
= 3 = 3 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
n
Answer: > r(r +3) = w for all integersn = 1 5 marks
r=1
12 (5 marks)
n=1:LHS=2x2=4,RHS=1x 22 =4, true B1
Assumetruefor n=k. Sumtok + 1 =k x 241 + (k + 2) x 2" M1
=2k + (k + 2)] = 2T x 2(k + 1) M1 AL
= (k + 1) x 2%*2 which is the formulawith n = k + 1. True for n = 1, and true for n = k implies Al
truefor n=k + 1, so true for al integers n = 1 by induction
n
Answer: E (r+1)x2" =nx2"for all integersn = 1 5 marks
r=1
13 (5 marks)
n=1LHS=1 RHS=0+1=1, true B1
Assumetruefor n=k. Sumtok + 1terms= (k — 1)2“ + 1 + (k + 1)2¢ M1
=Mk —1D+k+1]+1=2kx2+1 M1 A1
=k x 2¥! + 1, the formulafor n = k + 1. Truefor n = 1, and true for n = k implies true for n = k Al
+ 1, so true for al integers n = 1 by induction
Answer: 1+4+12+...+nx2"1=(n—1)2"+ 1for all integersn = 1 5 marks
14 (6 marks)
-1 - _1x4 _
n=1LHS=1 RHS= 7 =1, true B1
2 2
Assumetrueforn:k.Sumtok+1:%+(k+l)3 M1 A1
2
= @[k2 +4(k + 1)] M1
2 2
:(k+1)Afk+2) AL
Thisisthe formulafor n =k + 1. Truefor n = 1, and true for n = k impliestrue for n =k + 1, so Al
true for al integersn = 1 by induction
n 2 2
Answer: > r®= % for all integersn = 1 6 marks

r=1
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15 (7 marks)
. _1 _1x8 _ 1
n=1:LHS= 3 RHS = Zx2x3°- 3 true
k@k+5) 1

Ak+1)(k+2)  (k+1)k+3)
Common denominator 4(k + 1)(k + 2)(k + 3): numerator k(3k + 5)(k + 3) + 4(k + 2)
=3k®+ 14k* + 19k + 8
= (k + 1)(3k? + 11k + 8) = (k + 1)*(3k + 8)
(k + 1)(3k + 8)

Assumetrueforn=k. Sumtok + 1=

So the sum = K+ DK+ the formulafor n =k + 1. True for n = 1, and true for n = k implies
true for n =k + 1, so true for al integers n = 1 by induction
L1 n@n +5 .
Answer: > 2 - a; i 1)(n32) for all integersn = 1
r=1
16 (6 marks)
n=1LHS=6 RHS= 253" = 6 e

Assumetrueforn=k. Sumtok + 1 = Kk + 1)(k4:r k=3

_ (k+ 1)(kzz)(k+3)[k w

+(k+Dk+2k+3)

_k+Dk+2)(k+3)k+49
- 4
truefor n=k + 1, so true for al integers n = 1 by induction

+2)(n+3)
4

, the formulafor n=k + 1. Truefor n= 1, and true for n = k implies

Answer: > r(r +1)(r +2) = n(n + H(n

r=1

for all integersn = 1

17 (6 marks)

n=1 LHS=1 RHS= 1*1*3

3

=1, true

k(2k — 1)(2k + 1)
3

Assume true for n = k. Sum of k + 1 terms = +(2k + 1)?

= B Dok — 1) + 32k + )
_ (2k+1)(2k*+5Bk+3) _ (2k+1)(2k+3)(k+1)
- 3 - 3

Thisisthe formulafor n =k + 1. Truefor n= 1, and true for n = k impliestrue for n =k + 1, so
true for al integersn = 1 by induction

Answer: 12+ 32+ 52+ .+ (2n — 1)%= n(zn = 2(2'1 1 for all integersn = 1
18 (7 marks)
n=1LHS=1, RHS= (+1) x 52 = 1, true

Assume true for n = k. Sumto k + 1 terms = (— 1)< 4 (g4 y2

Factor (—1)*!(k + 1): the sum = (—1)**}(k + 1)[% — (k+1)]

k+2
2

k2 (K+ Dk +2)
2

- k+D=-

So the sum = (—1)
impliestrue for n =k + 1, so true for all integersn = 1 by induction

Answer: 12 — 22+ 32 — 42+ + (—=1)™n? = (—1)“”% for all integersn = 1

, theformulafor n=k + 1. Truefor n =1, and true for n =k
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19 (6 marks)
=1 LHS= 2 RHS=2— o =1t
n=1 =3 = 5 = 5, true B1
Assumetrueforn:k.Sumtok+l:2—% % M1 A1
_ 2k+2)—(k+1
- 2 - 2k+l M1
=2- % Al
Thisisthe formulafor n=k + 1. Truefor n=1, and true for n = k impliestrueforn=k + 1, so Al
true for al integersn = 1 by induction
n
Answer: z%zz— n2+n2forall integersn = 1 6 marks
20 (7 marks)
=2 LHS=1x2x3=6 RHS= 21 2"% =6 true B1
Assume true for n =k, wherek = 2. Sumtok +1 = k= l)k(k4+ Dk*2) k(k +D(k+2) M1 A1
= Ml Der?) 14)1(k *A [k — 1) +4) = K& 1)(k: 23) M1 A1
Thisisthe formulawithn=k + 1,as((k + 1) — 1)(k + 1)((k + 1) + 1)((k + 1) + 2) = k(k + L)(k + Al
)k +3)
Truefor n =2, and true for n = k implies true for n = k + 1, so true for al integersn = 2 by Al
induction
n
Answer: 2 r=2r(r+21)= (h = 1)n(n4+ Hn+2) for all integersn = 2 7 marks
r=2
21 (7 marks)
n=1LHS=3 RHS= 0% =3 true B1
_ k+1
Assumetrueforn=k. Sumtok + 1= w + (k + )31 M1 AL
k+1, _
_ 32k 1)24(k+1)]+3 ML
_3Yek+3)+3 _ 32k +1)+3
= 7 = ry M1 A1
Thisisthe formulaforn=k + 1, as (2(k + 1) — 1) = 2k + 1. True for n = 1, and true for n = k Al
impliestruefor n =k + 1, so true for all integers n = 1 by induction
n _ n+1
Answer: 2 rx3 = w for all integersn = 1 7 marks
r=1
22 (7 marks)
N=1.LHS=2x1=2 RHS=1x2! =2, true B1
Assumetrueforn=k. Sumtok + 1=k x (k + )! + (k + 1)* + 1)(k + 1)! M1 A1
=(k+ DIk +k>+ 2k + 2] M1
=(k+DI(k*+3k+2) = (k+ D!k + (K +2) M1 A1
=(k+1) x(k+2)!, theformulafor n=k + 1. True for n =1, and true for n = k implies true for n Al
=k + 1, so true for al integersn = 1 by induction
n
Answer: 2 (r’+1) xrl=nx(n+1)! for al integersn = 1 7 marks

r=1
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23 (8 marks)
(@n=1f1)=3ad 22 =3 tre
Assume (k) = <EEDEED) e e 4 1) = KEEDEED) 14 qy21+ 9)
_ K g 1) [K(4k + 5) + 6(2k + 3)] = (k + 1)(4k26+ 17k + 18)

_(k+ Dk +2)(4k +9)
B 6
impliestrue for n =k + 1, so true for all integersn = 1 by induction

Answer: f(n) = w for all integersn = 1

, Which isthe formulawithn =k + 1. Truefor n =1, and true for n = k

(b) 22 r(2r + 1) = f(2n) — f(n)

r=n+1

— 2n(2n+ é)(sn *5 _ nin+ 1)6(4” *9) _ [2(2n+ 1)(8n +5) — (n+ 1)(4n + 5]

n(4n + 1)(7n + 5)
6

n(4n + 1)(7n + 5)
6

= 5(28n%+ 27 + 5) =
2n

Answer: > r(2r +1)=

r=n+1

24 (6 marks)
n=1LHS=1 RHS=1x1=1,true
Assume true for n = k. Sum of k + 1 terms = k?(2k? — 1) + (2k + 1)3
= 2k* — k% + 8Kk® + 12k? + 6k + 1 = 2k* + 8k® + 11k* + 6k + 1
(K + 122k + 1) — 1) = (k® + 2k + 1)(2k? + 4k + 1) = 2k* + 8k> + 11k* + 6k + 1
The two agree, so the formula holds for n =k + 1. True for n = 1, and true for n = k implies true
for n=k + 1, so true for al integers n = 1 by induction

Answer: 13+ 3*+ 5%+ ..+ (2n — 1)® = n?@2n? = 1) for all integersn = 1

25 (6 marks)
Error 1: the term added should be the (k + 1)th term, (k + 1), not (k + 1)
Error 2: (k + 1)(2k? + k + 6) does not equal (k + 1)(k + 2)(2k + 3) = (k + 1)(2k? + 7k + 6), so the
claimed equality is false

k(k + 1)(2k + 1)
6

Correct step: sumtok + 1= + (k + 1)?

(D [k + 1) + 6k + D)

_ (k+1)(2k*+ 7k + 6)
- 6

_ (k+(k+2)(2k +3)
- 6

, theformulawithn=k + 1

(k + 1)(k +2)(2k + 3)

Answer: Added (k + 1) instead of (k + 1)% false equality; corrected step gives 6
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26 (7 marks)
. _ 3 _ 1_3
n=1: LHS_Z' RHS=1 - Z—Z,true

1 2k +3

Assumetrueforn=k. Sumtok +1=1— k+1)° + (k+ D2k +2)°

_ (k+2?—(2k+3)
(k + 1)?(k + 2)?
(k+2?—(2k+3)=k*+2k+1=(k+1)>

Sothesum=1 — (k+—122 the formulawithn =k + 1. True for n = 1, and true for n = k implies
true for n =k + 1, so true for al integers n = 1 by induction
SLoo2r+1 1 .
Answer 2 e T e G for all integersn = 1
27 (8 marks)

N=1LHS=2,RHS=(1—-2+3) x4 —6=2,true

Assumetruefor n=k. Sumtok + 1 = (k? — 2k + 3)2% — 6 + (k + 1)%22**

=2¢Kk2 — 2k +3+k*+2k+1] — 6

=2(2k? +4) — 6

= 2k+2(k2 + 2) -6

For n=k + 1 the formula gives ((k + 1)® — 2(k + 1) + 3)2"? — 6 = (k? + 2)2"? — 6, which
matches

Conclude: true for n =1 and truefor n=k impliestrueforn=k + 1, sotrueforal n= 1

n
Answer: > r?x 2" =(n? — 2n + 3)2"*" — 6 for all integersn = 1

r=1

28 (10 marks)
sin () sn 0
n=1RHS= ————F5— =snB®=LHS, true
sin(3)
sin () sn (K219
Assumetrue for n=k. Sumtok + 1 terms = 5 +sn(k+1)6
sin (k + )0 = 2:sin ($509) cos (K219,
n((|<+1)e
Sum = ——5—[sin (‘5)) + 2 8in () cos (“52%)
sin(3)
.0 k+1)0 k+2)0 kO
25in (3) cos (K220 = gn (1229) _ g0 (D)
k 0, . ,(k 0
sin (20 in (52 sin ()
So the bracket issin ( ), and the sum = 5 , the formulafor n=k +
sin(3)

1
Truefor n=1and truefor n=k impliestrueforn=k + 1, sotrueforaln=1

Answer: for all integersn = 1 and 0 not a multiple of 21, sSin @ +sin 20 +sin 30 + ... + sin nO =
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29 (8 marks)
(8)n=1 LHS= o, RHS= 15 — o = = = oo true B1
- _1 1 1
Assumetrueforn=k. Sumtok + 1 = B~ 3K+ DK IK*I + K DKF K+ KD M1 A1
. (k+4)—3
The last two terms combine to — KT DK+ DK+ K+ D) M1 A1
_ k+1 _ 1
T T3k DK+ DK+ I(K+4D)  Bk+ K+ K4 Al
This gives the formulawithn =k + 1. Truefor n=1and n=k impliesn =k + 1, so true for al n Al
=1
1 1 .
Answer: S, = R GRS R ) for all integersn = 1 7 marks
(b) Asn — o the term 3+ l)(n1+ n+3) 0, so thesumis 1_18 B1
1
Answer: 18 1 mark
30 (9 marks)
n=1LHS=1xC(1,1) =1, RHS=1x2°=1, true B1
k+1 k+1 k+l
Assumetrueforn=k. Then > r C(k + 1,r) = > r C(k,r) + > r C(k, r — 1) M1 Al
r=1 r=1 r=1
First sum: C(k, k + 1) = 0, so it equals k x 2~ by the assumption M1
k+1 k+1
Second sum: writer = (r — 1) + 1, soitis > (r — )C(k, r — 1) + > C(k, r — 1) M1
r=1 r=1
=k x 2%71 + 2X (using the assumption and the sum of the binomial coefficients) Al
Total = 2k x 271 + 2K = k x 2 + 2K = (k + 1)2 M1
Thisisthe formulawithn =k + 1 Al
Trueforn=1and trueforn=k impliesn=k + 1, sotrueforal n= 1 Al
Answer: > r x C(n,r) =n x 2" for all integersn = 1, whereC(n, r) = r,(nn—lr), 9 marks
r=1 . .
I nduction with Divisibility
1 (2 marks)
f1)=6=6x%x1 B1
f(2)=48=6x%8 B1
Answer: f(1) =6=6x1and f(2) =48=6x8 2 marks
2 (2 marks)
f(k +1) — f(k) = (5"t = 1) — (5 — 1) M1
=5x 5~ B5X=4x5" A1
Answer: f(k + 1) — f(k) = 4 x 5 2 marks
3 (2 marks)
f(k+1) =22 —1=4x2%—1 M1
4f(K)+3=4x2% —4+3=4x2% — 1 sof(k + 1) = 4f(k) + 3 Al
Answer: f(k + 1) = 4f(k) + 3 2 marks
4 (3 marks)
f(1) =0,f(2)=6,f(3) =24 B1B1
The largest integer dividing 0, 6 and 24 is 6 B1
Answer: 6 3 marks
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5 (3 marks)

f()=10=5x2 B1

flk+1) —f(k)=6x6“+4—6"—4 M1

=5 x 6 Al

Answer: f(1) =10=5x 2 and f(k + 1) — f(k) = 5 x 6 3 marks
6 (2 marks)

The statement is true for n = 1 and true for n = k + 1 whenever it is true for n = k El

So, by induction, f(n) is divisible by 8 for al positive integers n El

Answer: Divisible by 8 for all positive integersn 2 marks
7 (4 marks)

n=1.5— 1=4, whichisdivisible by 4, true B1

Assume f(k) = 5% — 1 = 4m for someinteger m. Thenf(k + 1) =5x 5 — 1=54m+1) — 1 M1

=20m + 4 = 4(5m + 1), divisible by 4 Al

Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al

induction

Answer: 5" — 1isdivisible by 4 for all integersn = 1 4 marks
8 (5 marks)

n=1:1x2x3=6, whichisdivisible by 6, true Bl

Assume f(k) = k(k + 1)(k + 2) isdivisible by 6. Then f(k + 1) — f(k) = (k + 1)(k + 2)(k + 3) — M1

k(k +1)(k +2)

=3k + 1)k +2) Al

(k + 1)(k + 2) isaproduct of consecutive integers so is even, hence 3(k + 1)(k + 2) isamultiple El

of 6

So f(k + 1) = f(k) + (amultiple of 6) isdivisible by 6. True for n = 1, and true for n = k implies Al

truefor n=k + 1, so true for al integers n = 1 by induction

Answer: n(n + 1)(n + 2) isdivisible by 6 for all integersn = 1 5 marks
9 (4 marks)

n=1:u, + 2 =4, whichisdivisible by 4, true B1

Assume u, + 2 =4m for some integer m. Then uy,; +2=3u, +4+2=3u,+6 M1

= 3(u, + 2) = 12m = 4(3m), divisible by 4 Al

Truefor n =1, and true for n = k impliestrue for n = k + 1, so true for al integersn = 1 by Al

induction

Answer: u, + 2 isdivisible by 4 for all integersn = 1 4 marks
10 (4 marks)

n=1:6+4 =10, whichisdivisible by 5, true B1

Assumef(k) =6+ 4=5m. Thenf(k + 1) =6 x 6+ 4=6(5m — 4) + 4 M1

=30m — 20 = 5(6m — 4), divisible by 5 Al

Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al

induction

Answer: 6" + 4isdivisibleby 5 for all integersn = 1 4 marks
11 (4 marks)

n=1u; =100+ 12 = 112 = 7 x 16, true B1

Assume u, = 10! + 4 x 3% isamultiple of 7. Then uy,; = 10 x 10€* + 12 x 3 M1

= 3(10% + 4 x 3¥) + 7 x 101 = 3y, + 7 x 10" Al

Both terms are multiples of 7, so u,., isamultiple of 7. True for n = 1, and true for n = k implies Al

truefor n=k + 1, so true for al integers n = 1 by induction

Answer: every term u,, = 10" + 4 x 3" isa multiple of 7 4 marks
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12 (5 marks)
n=1:1+2=3, whichisdivisible by 3, true B1
Assume f(k) = k3 + 2k =3m. Thenf(k + 1) = (k + 1)3 + 2(k + 1) = (k® + 2k) + 3k* + 3k + 3 M1 A1
=3m+3(k?+k + 1) =3(m+k? + k + 1), divisible by 3 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: n® + 2n isdivisible by 3 for all integersn = 1 5 marks
13 (4 marks)
n=1:5+ 22 =27, whichisdivisible by 3, true B1
Assumef(k) = 5% + 2 x 11% = 3m. Then f(k + 1) = 5 x 5 + 22 x 11% = 5(5% + 2 x 11¥) + 12 x 11¥ M1
= 15m + 12 x 11% = 3(5m + 4 x 11¥), divisible by 3 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: 5" + 2 x 11" isdivisible by 3 for all integersn =1 4 marks
14 (6 marks)
n=1: 8+ 27 = 35, which is divisible by 7, true B1
Assume f(k) = 2¢*2 + 3%*1 js divisible by 7 M1
f(k + 1) = 2 x 22 + 9 x 3% = 2f(K) + 7 x 3% M1 A1
Both terms are multiples of 7, so f(k + 1) isdivisible by 7 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by Al
induction
Answer: 2" + 321 isdivisible by 7 for all integersn = 1 6 marks
15 (7 marks)
n=1:25+6+ 1=32, whichisdivisible by 8, true B1
Assume f(k) = 5% + 2 x 3 + 1 isdivisible by 8 M1
f(k + 1) — 5f(k) = (2 x 3“1 + 1) — (10 x 3 + 5) M1 A1
=6x3—10%x3—4=—43"+1) Al
3+ 1iseven, so 4(3“ + 1) isamultiple of 8, and f(k + 1) = 5f(k) — 4(3% + 1) isdivisible by 8 E1
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: 5" + 2 x 3" + 1isdivisible by 8 for all integersn = 1 7 marks
16 (7 marks)
n=1: 81 — 8 — 9=64, whichisdivisible by 64, true B1
Assume f(k) = 3%*2 — 8k — 9isdivisible by 64. Then f(k + 1) = 3% — 8(k + 1) — 9 = 9 x 3%*2 M1 A1
-8k —17
f(k + 1) — 9f(k) = (9 x 3%*2 — 8k — 17) — (9 x 3%**2 — 72k — 81) M1
=64k + 64 =64(k + 1) Al
So f(k + 1) = 9f(k) + 64(k + 1), divisible by 64 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: 3%""2 — 8n — 9isdivisible by 64 for all integersn = 1 7 marks
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17 (7 marks)
n=1:1x 6 =6, whichisdivisible by 6, true B1
Assume f(k) = k* + 5k is divisible by 6 M1
f(k+1) = (k+1)>+5Kk+1) =f(k) + 3k?+ 3k + 6 M1 AL
3k? + 3k = 3k(k + 1), and k(k + 1) is a product of consecutive integers so is even El
So 3k(k + 1) + 6isamultiple of 6, and f(k + 1) isdivisible by 6 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: n(n? + 5) isdivisible by 6 for all integersn = 1 7 marks
18 (5 marks)
nN=17x7—1=48=06x 8, true B1
Assume f(k) = (6k + 1)7¢ — 1isdivisible by 6. Then f(k + 1) = (6k + 7)7"1 — 1 M1
fk+1) — 7f(K) = (6k + )7 — 1 — (Bk + )7 +7=6x 71 + 6 M1 A1
So f(k + 1) = 7f(k) + 6(7%** + 1), a sum of multiples of 6. True for n = 1, and true for n = k Al
impliestrue for n =k + 1, so true for all integersn = 1 by induction
Answer: (6n + 1) x 7" — lisdivisible by 6 for all integersn = 1 5 marks
19 (6 marks)
nN=11+8+27=36=9x4,true B1
Assume f(k) = k® + (k + 1)° + (k + 2)%isdivisible by 9 M1
fk+1) — f(k) = (k +3)° — k3 M1 A1
= Ok? + 27k + 27 = 9(k® + 3k + 3) Al
So f(k + 1) = f(k) + 9(k? + 3k + 3), asum of multiples of 9. True for n = 1, and true for n = k Al
impliestrue for n =k + 1, so true for all integersn = 1 by induction
Answer: n®+ (n + 1) + (n + 2) isdivisible by 9 for all integersn = 1 6 marks
20 (5 marks)
n=1F;=F,+F; =2, whichiseven, true B1
Assume F4 is even M1
Fas = Fawa + Faer = (Faea + Fad + Faaa M1
= 2Fg1 + Fy Al
Both terms are even, so F5,.5 iseven. Truefor n= 1, and true for n = k impliestrue for n= k + 1, Al
so true for all integersn = 1 by induction
Answer: Fg, iseven for all integersn = 1 5 marks
21 (8 marks)
n=1:64 — 7 — 8=49, whichisdivisible by 49, true B1
Assume f(k) = 2%*2 — 7k — 8 isdivisible by 49 M1
flk +1)=2%% - 7(k + 1) —8=8x2%® - 7k — 15 M1 A1
8f(k) = 8 x 2%*3 — 56k — 64, so f(k + 1) — 8f(k) = 49k + 49 M1 A1
So f(k + 1) = 8f(k) + 49(k + 1), divisible by 49 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: 253 — 7n — 8isdivisible by 49 for all integersn = 1 8 marks
22 (6 marks)
Error: 5(5% + 3) = 5*1 + 15, s0 5" + 3= 5(5% + 3) — 12, not + 12 E1
Check k = 1: 5% + 3=28 but 5(5 + 3) + 12 = 52, so the identity is false B1
Correct step: assume 5% + 3 = 4m, so 5 = 4m — 3 M1
51 +3=54m —3) +3 M1
=20m — 12 =4(5m — 3) Al
Thisisdivisible by 4, and with the basis case the result follows by induction Al
Answer: Sign error: 51 + 3= 5(5% + 3) — 12; the correct step gives 4(5m — 3) 6 marks
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23 (8 marks)
n=1:64+27=91=13 x 7, whichisdivisible by 13, true B1
Assume f(k) = 4**1 + 3“2 jsdivisible by 13 M1
f(k + 1) = 16 x 4% + 3 x 342 M1 AL
= 3(4%* + 3%) + 13 x 471 = 3f(K) + 13 x 47! M1AL
Both terms are multiples of 13, so f(k + 1) isdivisible by 13 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: 41 + 32 js divisible by 13 for all integersn = 1 8 marks
24 (7 marks)
n=1.4+6—1=9 whichisdivisible by 9, true B1
Assumef(k) = 4%+ 6k — 1= 9m M1
f(k +1)=4x4<+6k+5 M1
Substituting 4% = 9m — 6k + 1 givesf(k + 1) = 4(9m — 6k + 1) + 6k + 5 Al
=36m — 18k + 9=9(4m — 2k + 1) M1
Thisisamultiple of 9 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: 4" + 6n — lisdivisibleby 9 for all integersn = 1 7 marks
25 (8 marks)
n=1:10+ 192 + 5= 207 = 9 x 23, which isdivisible by 9, true B1
Assume f(k) = 10% + 3 x 4%*2 + 5 jsdivisible by 9 M1
f(k + 1) — f(k) = (10%* — 10%) + 3(4%*® — 4++2) M1 A1
=9 x 10 + 9 x 4+*2 M1 AL
So f(k + 1) = f(k) + 9(10% + 4<*?), divisible by 9 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: 10" + 3 x 4"2 + 5 isdivisible by 9 for all integersn = 1 8 marks
26 (6 marks)
n=1 % =1, aninteger, true B1
Assume % =m, an integer M1

2k +2)! _ (2k+2)(2k + 1)(2K)!

M1 Al

Uk + 1)1 2x 2%k + 1) k!
C2(k+ 1)k +1) (2K _
= Ak + 1) e (2k + D)m M1
which is an integer. True for n = 1, and true for n = k implies true for n =k + 1, so true for all Al
integers n = 1 by induction

|
Answer: (zznnzl isan integer for all integersn =1 6 marks
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27 (10 marks)
n=0:2'+ 1 =23, whichisdivisible by 3%, true B1
Assume 2% + 1 = 3“Im for aninteger m. Let a=2*, soa+ 1= 3Im M1
28" = (2¥)3 = a3 M1
a+l=(a+1)@ —a+1l) M1 AL
Sincea=3"m-1a& -a+1=3"m-1?- 3" mM-1)+1 M1
Expanding, & — a+ 1 = 3%*?m? — 3 x 3*Im + 3 = 3(3%*"!m? — 3*Im + 1) Al
So a® + 1 = 3“"'m x 3 x (integer), which is divisible by 3*2 M1 AL
Truefor n =0, and true for n = k impliestrueforn=k + 1, sotrueforaln=0 Al
Answer: 3™ divides 2% + 1 for all integersn = 0 10 marks
28 (9 marks)
(@ n=1:f(1) =0, divisible by 5, true B1
Assume f(k) = k® — k = 5m M1
f(k + 1) = k® +5k* + 10k® + 10k* + 5k + 1 — k — 1 M1
= (k® — k) + 5(k* + 2k® + 2k? + k) = 5(m + k* + 2k® + 2k? + k) Al
Trueforn=1, trueforn=kimpliesn=k + 1, sotrueforaln=1 Al
Answer: f(n) isdivisible by 5for all integersn = 1 5 marks
(b) f(n) = n(n* — 1) = n(n? — )(n®+ 1) = (n — Dn(n + 1)(n® + 1) M1 AL
(n — )n(n + 1) isaproduct of three consecutive integers so is divisible by 2 and by 3, hence by 6 El
6 and 5 have no common factor, so f(n) is divisible by 30 El
Answer: f(n) = (n — )n(n + 1)(n? + 1) isdivisible by 5 and by 6, hence by 30 4 marks
29 (8 marks)
(@) Fris = Fea + Frig = 2P + Foo M1
= 3F o + 2F g = 3Fy + 3R, + 2F M1
=5F 1 + 3F, Al
Answer: F,.5 = 5F.; + 3F,, for all integersm = 1 3 marks
(b) n=1: F; =5, divisible by 5, true B1
Assume F isdivisible by 5 M1
Foyes = BFg41 + 3F5 using part (a) with m = 5k M1 Al
Both terms are multiples of 5; trueforn=1and n=k impliesn=k + 1, sotrueforaln= 1 Al
Answer: Fg, isdivisible by 5 for all integersn = 1 5 marks
30 (9 marks)
(@) a =3 ++5 and B = 3 — /5 have sum 6 and product 4, so both are roots of x? — 6x + 4 =0 M1 AL
So a™? = 6™ — 4" and similarly for B; adding gives u,,, = 6u,,; — 4u, Al
Answer: u,,, = 6u,,; — 4u, 3 marks
(b) u, = 6, divisible by 2; u, = (14 + 6/5) + (14 — 6/5) = 28, divisible by 4 B1B1
Assume u, = 2¥aand u,,; = 2"'b for integers a, b M1
Usp = 6 X 21 — 4 x 2Xa M1
=2%%(3h — a) Al
Trueforn=1,2and trueforn=k, k+ Limpliesn=k + 2, sotrueforaln=1 Al
Answer: u, isdivisible by 2" for all integersn = 1 6 marks

stemup.co.uk | page 19



StemUp | Further Mathematics | Further Pure Mathematics: Proof and Mathematical Induction | Model Answers

Induction with M atrices

1 (3 marks)

4 0
2 _
<=l 9

8 0
3 -
SR
e 2 0
0o 3"
2" o)

Answer:
( o 3

2 (2 marks)

1 k\f1 1
k+1 —
a=(5 4o 3)
(1 k+1
—\o 1
1 k+1
Answer: (0 1 )
3 (2 marks)

1
n = 1: both sides equal ( , true

0
s 1)
1 0\ [ 1 O

Plle+ 1) (5 1)kl‘(5(k+1) 1)
Answer: (l o)k”:( ! 0)

5 1 5k+1) 1
4 (3 marks)
1 4
2 _
== (5 3)
1 6
3 _
*=[o 1)
1 2n
n —
[0 7)
1 2n
AnSNer.(o 1)
5 (2 marks)

5 8
n=1: (_2 _3) matches A

25—-16 40-24

— 2 — —

n=2A ‘(—1o+6 —16+9)‘(
Answer: theformulaholdsforn=1and n=2
6 (2 marks)

0-1 0

2 — - —

Y=o —1+O)_ !

F=(=D2=1I

Answer: J2=—| and J* = |, where| isthe 2 x 2 identity matrix

: 9
) , and the formula gives ( _
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M1
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2 marks

B1
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2 marks
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B1
B1

3 marks

B1
16)
B1

2 marks

B1

Bl

2 marks
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7 (4 marks)
=1:LHS= 11 =RHS, t
n=1 =g 1/° , true B1
3 1 1), (1 k(1 1
Assumetrueforn—k.Then(0 1) _(O 1llo 1 M1
1 k+1
= ,theresultforn=k +1 Al
0 1
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
11 1 n .
Answer: (0 l)”:(o 1) for all integersn = 1 4 marks
8 (4 marks)
n=1LHS= Lo = RHS, true
=1 =l3 1/° , tru B1
a 1 O\, (1 O|(1 O
Assume true for n = k. Then (3 1) _(Sk 1)(3 1) M1
a 1 0| _ 1 0
“lk+3 1) T \3k+1 1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
10 1 0 .
Answer: (3 1)”:(3n 1) for all integersn = 1 4 marks
9 (5 marks)
3 -2 3 =2
2 _ = 2_op _
A —(2 _l)andZA | (2 _1),soA 2A — | B1
n=11xA—-0x1|=A,true B1
Assume AX = kA — (k — D)I. Then A"t = AKA = kA2 — (k — DA M1
=k(CA = 1) = (k=1DA =(k+1)A — ki Al
Thisistheresult withn=k + 1. Truefor n = 1, and true for n = k impliestrueforn=k + 1, so Al
true for al integersn = 1 by induction
Answer: A2=2A — | and A" =nA — (n — 1)l for all integersn = 1 5 marks
10 (4 marks)
n = 1: both sides equal the given matrix, true B1
20 0120 O
Assumetrueforn=k. ThenA¥**=AkA=|{0 1 0 (|0 1 O M1
0 0 (=nk/\0 0 -1
2k+1 0 0
= 0 1 0 Al
O 0 (_1)k+1
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
2 0 O 2" 0 0
Answer: |0 1 0 |"=({0 1 0 |for allintegersn=1 4 marks
0 0 -1 0 0 (=1
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11 (5 marks)
1 2-1

n:l:RHS:(O >

) = LHS, true B1

1 2—1\/1 1
Assume true for n = k. Then A1 = AKA =
0 ok 0 2

_ (1 1+ 2(2% — 1))

« M1 Al
0 2x2
1 2k+l _ l
= (O 2k+1 ) Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by Al
induction
11 1 2"-1 .
Answer: (0 2)“ = (0 on ) for all integersn = 1 5 marks
12 (5 marks)
n=1 RHS= (2 3xl) = LHS, true B1
0 1
2% 32x-1)\(2 3
— ktl — Akp —
Assume true for n = k. Then A —AA—(O 1 0 1
(2% 3 x 2K+ 3(2% — 1) 1AL
0 1
B 2k+1 3(2k+l _ 1)
—( 0 1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
2 3 n n— .
Answer: (0 1)“ = (20 3 1 1)) for all integersn = 1 5 marks
13 (4 marks)
n=1: A=A = 2%, true B1
Assume A¥ = 2“71A. Then A = AKA = 271A2 M1
2 2
AZ:(2 2):2A,soAk+1:2k—1><2A:2'<A Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: A" = 2"7!A for all integersn = 1 4 marks
14 (6 marks)
=L RHS= > 2| =LHs t
n=1 =ls 4|7 , true B1
2k+1 =2k \(3 =2
— k+l — Akpa —
Assume true for n = k. Then A —AA—( ok 1—2k)(2 —1) M1
_[3(2k+1) — 4k —2(2k+1)+2k
T lek+2(1—2k) —4k — (1 — 2K) MiAL
_[2k+3 —2k—2) [2(k+1)+1 —2(k+1)
Tlk+2 —2k—1] | 2k+1) 1-2Kk+1) Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by Al
induction
(3 =2\,_[2n+1 -—2n .
Answer: (2 _1) = ( on  1— 2n) for all integersn = 1 6 marks
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15 (6 marks)
0
n=1 RHS= 2 1x2 = LHS, true B1
0 2
2% k2t (2 1
Assume true for n = k. Then A¥* = AXA = M1
0 ok 110 2
Topright: 2% x 1 + k271 x 2 = 2% + k2 = (k + 1)2* M1 A1
2k+1 K+ 1 2k
SoAk"l:( ( k+1) ),ther&eultforn:k+1 Al
0 2
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
(2 1)\, (2" n2nt :
Answer: (0 2) = (0 on for all integersn = 1 6 marks
16 (7 marks)
. _1(4 2} (2 1)
n=1 RHS—Z(2 4)—(1 2)—LHS,true B1
F+1 3F-11/2 1
Assume true for n = k. Then A1 = 1 M1
2{3—1 3+1/{1 2
Top left: 2[2(3 + 1) + (3 — )] = 531 + 1) ML AL
Top right: 5[(3* + 1) + 2(3* — 1)] = 2(3* - 1) AL
Bottom row: 3[2(3" — 1) + (3 + 1)] = 5(3 — 1) and 3[(3" — 1) + 2(3" + )] = 53 + 1), A1
so A¥*! has the form of the formulawithn=k + 1
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by Al
induction
(2 1), 1(3"+1 3-1 .
Answer: (1 2) —7(3n_1 3n+1)foralllntegersnzl 7 marks
17 (7 marks)
1 10
nN=1RHS=|0 1 1|=LHS, true B1
0 01
1k 2D a0
Assumetruefor n =k. Then A“* = A*A = | 4 K 011 M1
_ k(k — 1) . .
Row 1. (1, 1+k, k + T) androw 2: (O, 1, 1 + k), row 3: (0, 0, 1) M1 Al
k(k —1) _ kk+1) _ (k+1)((k+1)—1)
k + 5 === 5 M1
So A¥*? has the required form withn =k + 1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
110 (1 n NOZY
2
Answer: |0 1 1|"= 0 1 n for all integersn = 1 7 marks
0 0 1 0 0 1
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18 (7 marks)

n = 1: both sides equal the rotation matrix, true

coskO —sinkB)[cos® -—sinB

snkO  coskO )(sin@ cos 0 )
Top left: coskB cos® — sin kB sin 6 = cos (k + 1)0
Top right: —cos kO sin © — sinkB cos® = —sin (k + 1)0
Bottom row similarly givessin (k + 1)0 and cos (k + 1)0, theresult forn=k + 1
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by

Assume true for n = k. Then R¥! = RKR = (

induction

Answer: for all integersn = 1, (((;'Olfg —Czi:eﬂ ' = ;ons 23 —Ccs)i:nr;))
19 (6 marks)

A?= 13? __15?) and 3A — 2| = (130 __158),soA2=3A — 2l

n=12-1A—-0xI|=A,true

Assume Ak = (2K — DA — (2¥ — 2)I. Then AR = (2K — 1)A? — (2 — 2)A

=(2*=1DBA -2 - (2-2A

=(3x2¢=3—=2+2)A — 202 - 1)

= (21 — 1)A — (2% — 2)I, theresult for n = k + 1. Truefor n = 1, and true for n = k implies
truefor n=k + 1, so true for al integers n = 1 by induction

B1

M1

M1 A1l
Al
Al
Al

7 marks

Bl

B1
M1
M1
Al
Al

Answer: A% =3A — 2I, and hence prove by induction that A" = (2" — 1)A — (2" — 2)I for all integersmazxsl

20 (7 marks)
1x1 -1

n=1:RHS=( 1 1x3

) = A =LHS, true

K2kt 2*12+k) [\l 3

Top left: 2742 — k) — k2K~ = 242 — 2k) = 2(1 — k)

Top right: —2%7%(2 — k) — 3k2X"1 = —2%"%(2 + 2k) = —(k + 1)2*

Bottom row: k2571 + 2%71(2 + k) = 2%(k + 1) and —k2*"! + 3 x 2712 + k) = 2(k + 3)

These equal the entries of the formulawith n =k + 1: 2¢2 — (k + 1)), —(k + 1)2%, (k + 1)2¥, 2(2

2k—l 2 —k _k2k_1 1 -1
Assume true for n = k. Then A = AKA = ( ( ) ) ( )

+k+1)
Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by
induction

1 -1 2"Y2—-n) —n2"?
Answer: n= for all integersn = 1

(1 3 ) ( n2n—1 2n—1(2+ n) I eg
21 (9 marks)
F, F; 11
@n=1 RHS—(Fl FO)_(l 0)—M,true
Fis F
Assume M = [ S | Then M¥t = MM
Fo  Fe
[Pt R Fea
\Fc+tFo Ry
_ (P2 Fia| . _
= using the definition, theresult forn=k + 1
I:k+l I:k
Truefor n=1and truefor n=k impliestrueforn=k + 1, sotrueforaln= 1
. n_ Fn+1 I:n .
Answer: M" = for all integersn = 1
Fn Fnot

(b) det M = —1, so det (M") = (—1)"
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M1 Al
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Al

Al

7 marks

B1

M1

M1 A1l

Al

Al

6 marks
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det (M n) = Fn+1Fn—1 - Fnzv SO Fn+1Fn—1 - I:n2 = (_l)n Al
Answer: F,,,F._, — F.2=(=1)" 3 marks
22 (8 marks)
6—2 4-—6 4 =2
n—l.(3_2 4_3)—(1 1)—A,true B1
— k+l — pk ; _[4 —2
Assume the formulafor n = k. Then A~ = A*A, with A = 1 1 M1
Top left: 42 x 3 — 24) + (21 — 2 x 3¥) = 6 x 3K — 2 x 2K = 2 x 3K+ — okl M1 A1
Topright: —2(2 x 3¢ — 2X) + (21 — 2 x 34) = 2K'2 — g x 3K = 2K'2 — 2 x 3K M1 A1
Bottom left: 4(3% — 2K) + (2K — 3k) = 3k+1 — pk#l
Bottom right: —2(3% — 2¥) + (21 — 3k) = 2k*2 _ 3k*1 Al
These are the entries of the formulawith n =k + 1. True for n = 1, and true for n = k implies true Al

forn=k + 1, so true for al integersn = 1 by induction

2x3"=2" 2™ —2x3" :
Answer: A" = 3 on ot _ gn for all integersn = 1 8 marks

23 (7 marks)
1 a b
n=1: theformulagives |0 1 c| =T, true B1
0 01
1 ka kb+ ESDE) 5 p
Assumetrueforn=k. Then T“' =TT = |, ke 01 ¢ M1
0 0 1 0 0 1
Row L: (1, a+ ka b+ kac + kb + <& 1) M1 A1
Row 2: (0, 1, ¢ + kc), row 3: (0, 0, 1) Al
b+ kb = (k + 1)b and kac + k(k _2 Dac _ Kk +21)ac = kr Dk ; Dl M1
So T has the required form with n = k + 1. True for n = 1, and true for n = k implies true for n Al
=k + 1, so truefor al integersn = 1 by induction
1 na nb + M
Answer: T" = 0 1 ne for all integersn = 1 7 marks
0 O 1
24 (6 marks)
n=2FA+FIl=A+1=A2true B1
Assume Ak = FA + F,_ . Then Ak = A x AK=F, A2+ F,_,A M1
=FA+ 1) +F_A M1
=(Fe+FR_)DA + R Al
=FA + Rl theresult forn=k + 1 Al
Truefor n =2 and truefor n=k impliestrueforn=k + 1, sotrueforal n = 2 Al
Answer: A" =F,A + F,_;l for all integersn = 2 6 marks
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25 (7 marks)
az=(t but the claim gives L4 so the claim is false B1
“lo o) VS 1o of
Error: matrix multiplication is row by column, not entry by entry; the top right entry of A%is 1 x El
2+2x3=8
1 3"-1 1 2 1 8
H . n — —_1- . —_ D
Conjecture: A" = (0 30 ) (n=1 (O 3), n=2: (0 9)) B1
1 3-1
Assume A¥ = (o » ) Then AK1 = A*A M1
1 2+33-1)
= ‘ M1 A1
0 3x3
1 31-1 : N
= 0 g1 |’ the formulawith n =k + 1. True for n = 1, and true for n = k implies true for n Al
=k + 1, so true for al integersn = 1 by induction
1 3"-1
Answer: A" = 7 marks
0 3"
26 (8 marks)
Part 1. n = 1 isthe given condition AB = BA B1
Assume AB* = B¥A. Then AB**! = (AB¥)B = BKAB = B*BA = B¥"'A M1 AL
So AB" = B"A for al n = 1 by induction Al
Part 2: n=1: (AB)* = A'BY, true B1
Assume (AB)* = A*BX, Then (AB)**! = (AB)*AB = A*B*AB M1
Using part 1, BKA = ABX, so thisis AKXAB*B Al
= AMIBKL Tryeforn=1,andn=kimpliesn=k + 1, sotrueforal n= 1 Al

Answer: AB" = B"A for all integersn = 1, and hence prove by induction that (AB)" = A"B" for all imtegeks n|= 1

27 (10 marks)
_ .. 1(4 3} 03[3 =3 _1[(49 21| _

(a)n—1.7(4 3) 7(_4 4)_7(2.8 4_2)—P,true B1

Assume the formula for n = k. Then P<*1 = P*p M1

1(4 3\ 1(4 3 . .

7(4 3)P— 7(4 3) (each row (4, 3) times P gives (4, 3)) M1 A1l

3 -3 09 -09 3 -3
(—4 4 )P‘ (—1.2 12 ) ‘0'3(—4 4 ) MEAL
w1 1[4 3| 1 il 3 3 _ b _
So P = 7(4 3 + 7(0.3 4 4 . Truefor n =1, and true for n = k implies true for n = Al
k + 1, so true for all integersn = 1 by induction
on_ 1[4 3) 1 3 =3 .

Answer: P" = 7(4 3) + 7(0.3)”(_4 4 ) for all integersn = 1 7 marks

(b) Asn— «, (0.3)" = 0 B1
4 3

n_ 1(4 3\ _ 7 7

pP" - 7(4 314 3 B1
77

Whatever the starting state, the website is up on ; of daysin the long run El

Answer : ; 3 marks
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28 (9 marks)
2 10
n=1:theformulagives|0 2 1|=A (thetopright entryis1 x 0 x 272 = (), true B1
0 0 2
Assume the formula for n = k. Then A¥"* = AXA, where A has columns (2, 0, 0), (1, 2, 0), (0, 1, 2) M1
Row 1 of AKA: (21, 2K+ 2k2~1 k2k=1 + 2k(k — 1)2573) M1 AL
Middle entry: 2¢ + k2" = (k + 1)2%, asrequired forn=k + 1 Al
Right entry: k271 + k(k — 1)2¢72 = k2*"2(2 + k — 1) = k(k + 1)272, whichis (k + 1)((k + 1) — M1 A1
1)2(k+1)—3
Row 2 of AKA: (0, 21, 25 + 2k2K~1) = (0, 2%, (k + 1)2%); row 3: (0, 0, 2*%) Al
All entries match the formulawith n = k + 1. True for n = 1, and true for n = k implies true for n Al

=k + 1, so truefor al integersn = 1 by induction
2" n2"! n(n-12"3

Answer: A"=|0 2" n2n1 for all integersn = 1 9 marks
0 0 2"
29 (9 marks)
D1:2andD2:‘_21 _21‘:3 B1B1
Expand the (n + 2) x (n + 2) determinant along the first row: D,,, =2 x D,; — (—1) x M, where M1
M is the minor obtained by deleting row 1 and column 2
The first column of M is(—1, 0, ..., 0)", so expanding M down that column givesM = =D, M1
Hence Dy, = 2D,y + (_Dn) =2Dy, — Dy, Al
Basecases: D;=2=1+1andD,=3=2+1 B1
AssumeD,=k+land Dy, =k+2 ThenD,,, =2(k +2) — (k + 1) M1
=k+3=(k+2)+1 theresultforn=k + 2 Al
Trueforn=1,2,andn=k,k+ limpliesn=k +2,soD,=n+ 1for al integersn = 1 by Al
strong induction
Answer: D,,, =2D,,; — D,,and D, =n + 1for all integersn = 1 9 marks
30 (10 marks)
1 1 3—-4+1 110
(@ n=1 theformulagives|0 2 2(3—2)|=(0 2 2|=A,true B1
00 3 0 0 3
Assume the formulafor n = k. Then A" = AXA, where the columns of A are (1, 0, 0), (1, 2, 0), M1
©, 2,3)
Entry (1,2): 1+ 22— 1) =21 -1 M1 AL
Entry (1, 3): 2(2¢ — 1) + 3(3¥ — 21 + 1) = 3+ — 2K*2 4 1 M1 A1
Entry (2, 3): 2 x 2+ 6(3% — 2X) = 2(3¥"* — 2Y): entries (2, 2) = 2! and (3, 3) = 3" Al
These match the formulawith n =k + 1. True for n = 1, and true for n = k impliestrue for n =k + Al

1, so truefor al integersn = 1 by induction
1 2"=1 3" =-2"41

Answer: A"=|0 2" 23" — 2" | for all integersn =1 8 marks
0 0 3"

(b)3°—2"+1 M1

=729 — 128+ 1 =602 Al

Answer: 602 2 marks

stemup.co.uk | page 27



StemUp | Further Mathematics | Further Pure Mathematics: Proof and Mathematical Induction | Model Answers

Induction with Inequalities

1 (3 marks)

n=12>1 Bl

n=24>2 B1

n=38>3 B1

Answer: 2">nforn=1,2and 3 3 marks
2 (2 marks)

2K =2 % 2k M1

> 2 x k? = 2k?, since multiplying both sides of the inequality by 2 preservesiit Al

Answer: 21 > 2k? 2 marks
3 (3 marks)

n=4: 4! =24 and 2* = 16, and 24 > 16 B1B1

n=3:3 =6and 2% =8, and 6 < 8, so the inequality fails B1

Answer: n! > 2" holdsfor n = 4 but not for n =3 3 marks
4 (2 marks)

The inequality is equivalent to k? — 2k — 1> 0, that is (k — 1)? > 2 M1

Fork =3, (k—1)?=4>2 soitistrue Al

Answer: k? + 2k + 1 < 2k?for all integersk = 3 2 marks
5 (3 marks)

n=14=4 B1

n=2.16=7 B1

n=3:64=10 Bl

Answer: 4"=1+3nforn=12and 3 3 marks
6 (2 marks)

n=24and4;n=3:8and 9; n=4: 16 and 16 (so the inequality failsfor n =2, 3, 4) M1

n=532>25soN=5 Al

Answer: N =5 2 marks
7 (4 marks)

n=1.2z= 2, true B1

Assume 2 = k + 1. Then 21 = 2 x 2K = 2(k + 1) M1

2k+1)=2k+2=k+2=(k+1) +1,502¢ = (k+1)+1 Al

Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al

induction

Answer: 2" = n + 1for all integersn =1 4 marks
8 (4 marks)

n=1:.3= 3, true B1

Assume 3 = 2k + 1. Then 3" = 3(2k + 1) = 6k + 3 M1

6k+3=2k+3=2(k+1)+1,s031=2k+1)+1 Al

Truefor n =1, and true for n = k implies true for n = k + 1, so true for al integersn = 1 by Al

induction

Answer: 3" = 2n + 1for all integersn = 1 4 marks
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9 (4 marks)
n=11=1=2%=1, true B1
Assumek! = 2571, Then (k + 1)l = (k + 1) x k! = (k + 1) x 2«71 M1
Sincek +1 =2, (k+ 1)2¢1 = 2 x 2k~1 = 2k Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: n! = 2" for all integersn = 1 4 marks
10 (5 marks)
n=22=2<4=22true B1
Assume k! < k* for somek = 2. Then (k + 1)! = (k + 1)k! < (k + 1)k* M1
Sincek <k + 1, kX < (k + 1)k M1
So (k + kK < (k + 1)(k + 1)% = (k + 1)**1, hence (k + 1)! < (k + 1)+ Al
True for n = 2, and true for n = k implies true for n = k + 1, so true for all integersn = 2 by Al
induction
Answer: n! <n" for all integersn = 2 5 marks
11 (4 marks)
n=4:4=24>16=2% true B1
Assume k! > 2" for some k = 4. Then (k + 1)! = (k + 1)k! > (k + 1)2¢ M1
Sincek +1=5>2, (k+1)2¢> 2 x 2k = 2k Al
True for n =4, and true for n = k implies true for n = k + 1, so true for all integersn = 4 by Al
induction
Answer: n! > 2" for all integersn = 4 4 marks
12 (5 marks)
n=5:2%=32>25="57 true B1
Assume 2 > k? for some k = 5. Then 2¢*1 > 2k? M1
2k?>—(k+1)?°=k*—2k—1=(—1?-2>0fork=5 M1
Hence 2¥*1 > 2k2 > (k + 1)? Al
Truefor n =5, and true for n = k implies true for n = k + 1, so true for all integersn = 5 by Al
induction
Answer: 2" > n?for all integersn =5 5 marks
13 (5 marks)
n=3:3%=27>16 = 4% true B1
Assume 3 > (k + 1)% for some k = 3. Then 31 > 3(k + 1) M1
3k+1)2—(k+2?=2k>+2k — 1 M1
For k = 3 thisis positive, s0 3“1 > (k + 2)2 = ((k + 1) + 1)? Al
True for n = 3, and true for n = k implies true for n = k + 1, so true for all integersn = 3 by Al
induction
Answer: 3" > (n + 1)%for all integersn = 3 5 marks
14 (6 marks)
n=1(1+x)'=1+x=1+x, true B1
Assume (1 + x)¥ = 1 + kx M1
Since 1 + x > 0, multiplying by (1 + x) keeps the inequality: (1 + x)*** = (1 + kx)(1 + ) M1 Al
A+k)1+x)=1+(K+Dx+kx?> =1+ (k+1xsincekx? =0 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: (1+x)" = 1+ nx for all integersn = 1, wherex isareal constant with x > =1 6 marks
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15 (6 marks)
n=1LHS=1 RHS=2—1=1, sotrue B1
. 1 1 1
AssumethesumtoklsatmOStZ—F.Sumtok+152—E+m M1
1 1 1 1
(k+1)? kk+1) k k+1 M1 A1
1.1 1 1
SOtheSlJmtOk+l<2—E+F—m—2—m Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
- 1 1 .
Answer: z =2-4 for all integersn =1 6 marks
r=1
16 (6 marks)
n=1.LHS=1, RHS =1, true B1
. 1
. +1=4k+
Assumethesumtok isat least k. Sumtok + 1 = vk o M1
It is enough to show\/F + \/% = yk + 1; multiplying by yk + 1 thisisyk(k + 1) + 1=k +1 M1 Al
Vk(k + 1) = {k? =k, soitistrue Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
n
_ 1 .
Answer: 2{ o yn for all integersn = 1 6 marks
17 (6 marks)
n=10: 2'° = 1024 > 1000 = 10 true B1
Assume 2 > k3 for some k = 10. Then 2*1 > 2k® M1
Show 2% = (k + 1)%, that is (1 + 1)° < 2 M1
Fork = 10, (1 + 7)° = (11)°= 1.331 < 2 AL AL
Hence 2¢** > (k + 1), True for n = 10, and true for n = k implies true for n = k + 1, so true for all Al
integers n = 10 by induction
Answer: 2" > n*for all integersn = 10 6 marks
18 (5 marks)
n=1:21=2and 2! x 1! = 2, true B1
Assume (2k)! = 2% x kI. Then (2k + 2)! = (2k + 2)(2k + 1)(2k)! = (2k + 2)(2k + 1) x 2X x k! M1
Now (2k +2)(2k + 1) =2(k + 1)(2k + 1) = 2(k + 1) x 2since2k + 1 = 2 M1 Al
So (2k +2)! = 2(k + 1) x 2 x 2K x kI = 2k + 1)k! = 2%*}(k + 1)!, the result for n = k + 1. True Al
forn=1, and true for n = k implies true for n =k + 1, so true for all integers n = 1 by induction
Answer: (2n)! = 2" x n! for all integersn = 1 5 marks

stemup.co.uk | page 30



StemUp | Further Mathematics | Further Pure Mathematics: Proof and Mathematical Induction | Model Answers

19 (5 marks)
n=1LHS=1> 3 = RHS, true B1
k k3 k+1 k3
2 2 2
Assumezllr>§.Thenr§{r>§+(k+l) M1
k3 k+1)°% _ K3+3k+1)?—(k+1)°* _3k®+6k+3—-3k*—3k—1_ 3k+2
§+(k+1)2—( 3) = ( ; k+D” - 3 ==3->0 M1 A1
k+1 (k+ 1)3
So E r2> - True for n=1, and true for n = k implies true for n =k + 1, so true for all Al
r=1
integersn = 1 by induction
n 3
Answer: > r?> % for all integersn = 1 5 marks
r=1
20 (6 marks)
n=1|sin 6| < |sin 6], true B1
Assume |sin kB| = k|sin 6]. Then sin (k + 1)0 = sin kB cos 6 + cos kO sin 6 M1
|sin (k + 1)0| < |sin kB||cos O] + |cos kO||sin O] M1 AL
Since [cos O] = 1 and |cos kB| < 1, thisis < |sin kO] + |sin 8] < k|sin 6] + |sin O] M1
= (k + 1)|sin O]. True for n = 1, and true for n = k implies true for n =k + 1, so true for all Al
integers n = 1 by induction
Answer: [sin nO| = n|sin O] for all integersn = 1 and all real O 6 marks
21 (9 marks)
@n=1u, =1<2 true B1
Assume u, < 2. Then 2 + U, < 4, SO Uyy; =2 + Uy < 2 M1 Al
Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by Al
induction
Answer: u, <2for all integersn =1 4 marks
(b) n=1u,=43>1=uy, true B1
Assume Uy, > U,. Then 2 + Uy, > 2 + Uy M1
SOY2 + Upyy > 12 + Uy, that iS Uy,p > Uy M1 Al
Truefor n =1, and true for n = k impliestrue for n = k + 1, so true for al integersn = 1 by Al
induction
Answer: u,,; > u, for al integersn = 1 5 marks
22 (7 marks)
n=1.LHS=1<2=RHS, true B1
Assumethe sumto k islessthan 2k. Sumtok + 1< 2k + kl+1 M1
It is enough to show ‘/& = 2(fk + 1 — yk) M1
2(\/k+1—\/F)=\/kT++\/Fusing(a—b)(a+b)=a2—b2 M1 AL
. 2 1
Smce\/F<\/k+1,\/k+1+\/E<2\/k+1,so\/k+1+ﬁ>\/k+1 Al
Sothesumtok + 1 <2k + 1. Truefor n = 1, and true for n = k impliestrue for n =k + 1, so Al
true for al integersn = 1 by induction
n
Answer: > % < 2yn for all integersn = 1 7 marks
r=1
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23 (6 marks)
N=2:4=4,n=3:8<9andn=4:16= 16, so it falsforn=2, 3, 4 B1B1
The step k? = 2k + 1 istheinvalid one: it needs (k — 1)? = 2 E1
k? = 2k + 1failsfork=1and k =2 (1< 3,4 < 5) but holdsfor k = 3 M1
So the step is valid only for k = 3, but the base case n = 1 cannot lead there. A base case where El
the statement holds and k = 3 isneeded: n =5 (32 > 25)
So the argument proves the result for al n = 5 Al
Answer: Failsfor n = 2, 3, 4; step needsk = 3; valid for n = 5 6 marks
24 (7 marks)
n=1LHS=1+Xx, RHS=1+x + 0, true B1
Assume (1 + x) = 1+kx+@x2 M1
: K+l kk—1) »
Sincel+x>0,(1+X) 2(1+x)(1+kx+Tx) M1 Al
Expand: 1 + (k + 1)x + [k + k(k2— 1)]x2 + k(k2— Dy M1
k(k — 1) _ k(k+1)
k + 5 == Al
3 . . K+l (k+Dk - _
The x” term is non-negative, so (1 + x)* = 1+ (k + 1)x + X" True forn =1, and true Al
for n =k impliestrue for n =k + 1, so true for all integers n = 1 by induction
Answer: (1+x)"=1+nx+ wxz for all integersn = 1, wherex = 0 7 marks
25 (8 marks)
n:l:Flzlz(g)‘lzé,true;nzz:F2:121,true B1B1
Assume F, = (3)2and Fy = (3) M1
Frz = Fen + e = (3) + (3)<2 ML AL
3\k=2,3 3\ k- 5
=) Hz+D=(3)x5 M1
5_9 3 3
5> 7 =(3)% 0 Fu = (3) Al
Trueforn=1,2,andn=k, k+ 1limpliesn=k + 2, sotrueforaln=1 Al
Answer: F, = (%)”‘2 for all integersn = 1 8 marks
26 (7 marks)
A _1 1
n—l.Sl—izi,true B1
Assume S, = % M1
g = L . L, 1 . 1
1T k2 T TR T kA1 T k+2 M1
1 1 1
Se1 T ST RFT YTz T kA1 ML AL
= L — L > 0
Tk+1 T 2k+2 M1
S0S,,>S = % True for n =1, and true for n = k implies true for n = k + 1, so true for all Al
integers n = 1 by induction
Answer: S, = %for all integersn = 1 7 marks
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27 (10 marks)
n=211=1<1'=1, true

Assumek! < (%)k. Then (k + )! = (k + Dk! < (k + 1)(—)k

writek + 1= 2 x (X2 1) s (k + 1)! sz(u)"+l

K+ 1, k+2 + +
WeneedZ(T)kl (—— )klthat (k+1)“>2
k+2_1+ 1
k+1 "~ k+1

; ; 1 K+l 1
By the givenresult withx = ¢ andm=k + 1: (1 + )">1+(k+1)><k+l 2

k+1

Truefor n =1, and true for n = k impliestrue for n = k + 1, so true for al integersn = 1 by

induction

Answer: n! = (nT+1)n for all integersn = 1

28 (9 marks)
ColHs=1+129 pug=3_1_9
n—2.LHS—1+8—8,RHS—4 5 8,true

. 5 1 5 1
Assumethesumtoklsatmostz—%forsomekzz.Thensumtok+lsZ—%
1
(k+1)°

1 1 __1
(k+1)°% = 2k 2k+1)?
kK+1)%?—k*> _ 2k+1

It is enough to show

RHS = e+ 12~ 2k + 12
The inequality becomes 1+ = 2';:21, that is 2k? < (2k + 1)(Kk + 1) = 2k? + 3k + 1, which is
true
Truefor n =2, and true for n = k implies true for n = k + 1, so true for all integersn = 2 by
induction
1 5 1
Answer: Z = sz - ot for all integersn = 2
29 (10 marks)

n=1: C(2, 1):2and£:2,true
Assume C(2k, K) = 4k

(2k 2 (2k+2)(2k+ 1)
(k+DH? (k+1)°

22k +1) _ 4% _ (2K + )4
SoC(2k+2,k+1) = =77 X 5¢ = [+ 1)

4k+l B 2 x 4k

2(2k + 1)
k+1

C(2k +2,k+1) = C(2k, k) = C(2k, k)

Thetarget is kD) - K+1
(2|<+1)4k>2><4kb 2|<+1>2
k(k+1) = k+1 Pecalse—— =

Truefor n =1, and true for n = k implies true for n = k + 1, so true for all integersn = 1 by

induction
(2n)!
(n1)?

Answer: C(2n, n) = % for all integersn = 1, where C(2n, n) =
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30 (9 marks)
n=11<1=<2 true B1
n=2.2<3<4true B1
Assume 287! < u, < 2€and 2 < u,,, < 2 M1
Upper bound: U,p = U,y + 2, < 2570 + 2 x 2K = ok+2 M1 AL
Lower bound: uy,, = 2K + 2 x 2k71 = 2k*1 M1 A1
So 2! < uy,, < 22 theresult for n =k + 2 Al
Trueforn=1,2,andn=k, k+ 1limpliesn=k + 2, sotrueforaln=1 Al
Answer: 2" ' = u, = 2" for all integersn = 1 9 marks

Further Proof Techniques

1 (3 marks)

n’+3n=n(n+ 3) M1

If niseven, the product is even Bl

If nisodd, n + 3 iseven, so the product is even B1

Answer: n? + 3n iseven for every positive integer n 3 marks
2 (2 marks)

Tryn=10:100+ 10+ 11 =121 M1

121 =11 x 11 isnot prime, so the claim is false Al

Answer: n = 10 gives 121 = 112, which is not prime 2 marks
3 (2 marks)

Takex = —4 B1

x? =16 > 9 but x = —4 is not greater than 3 B1

Answer: x = —4: x*=16>9but x <3 2 marks
4 (3 marks)

X2+y = (P +x)=xt -y = (x —y) M1

=X =Yty - X =—y) =K =-y)Kx+ty =1 M1

Since x +y = 1, the second factor is 0, so the difference is 0 and x? +y = y? + x Al

Answer: x> +y =y? +x 3 marks
5 (3 marks)

Let theintegersbe 2a+ 1 and 2b + 1, where aand b are integers B1

(Ra+1)(2b+1)=4ab+2a+2b+1 M1

=2(2ab + a+ b) + 1, which is odd Al

Answer: the product of two odd integersis always odd 3 marks
6 (2 marks)

Assume y3 isrational: \/_ = % where p and g are integers with no common factor B1

2

Squaring: 3 = % so p? = 39° B1

Answer: {3 = % in lowest terms, so p? = 392 2 marks
7 (3 marks)

32k+2 =9 x 32k B1

32k + 32k+2 — 32k(1 + 9) =10 x 32k M1

3% s an integer, so the sum is a multiple of 10 Al

Answer: 3% + 3%*2 = 10 x 3% a multiple of 10 3 marks
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8 (4 marks)
Let the odd integer be 2n + 1 B1
2n+1)?=4n’+4n+1 M1
=4nn+1)+1 A1
Thisisamultiple of 4 plus 1, so the remainder is 1 El
Answer: the square of any odd integer leaves remainder 1 when divided by 4 4 marks
9 (4 marks)
Not divisible by 3 meansn =3m + 1 or n = 3m + 2 (two cases) B1
Case 1: n> — 1 = 9m? + 6m = 3m(3m + 2), divisible by 3 M1 AL
Case2: n> — 1=9m? + 12m + 3 = 3(3m? + 4m + 1), divisible by 3 Al
Answer: if n isan integer that is not divisible by 3, then n?> — 1 isdivisible by 3 4 marks
10 (4 marks)
Assume there are integers m and n with 6m + 9n = 100 B1
Then 3(2m + 3n) = 100, so 100 is divisible by 3 M1
But 100 = 3 x 33 + 1 isnot divisible by 3, a contradiction Al
S0 no such integers exist E1
Answer: there are no integers m and n such that 6m + 9n = 100 4 marks
11 (5 marks)
Assume\/i = % where p and q are integers with no common factor B1
Then 2¢° = p?, so p? is even, hence p is even; writep = 2r M1 AL
Then 20° = 4r?, so g* = 2r%, hence q is even M1
p and q are both even, contradicting that they have no common factor, so \/E isirrational El
Answer: 2 isirrational 5 marks
12 (4 marks)
P9 _.,_p+a—2pq
q + D 2 00 M1 A1l
_(p-9?
= M1
(p — g)?> = 0 and pg > 0, so the expression is = O,hence%+%22 Al
Answer: for all positive real numbersp and q, % + % =2 4 marks
13 (4 marks)
3k+1 3k _ (3k+1)%—3k(EKk+2)
k+2 3k+1  (Bk+2@Kk+1) MLAL
(Bk+ 1) — 3k(3k +2) = 9k*+ 6k +1 — 9k* — 6k =1 M1
The differenceis Wl(:%lul) which is positive for k > 0, so the inequality holds Al
S 3k+1 3k
Answer: m>mforall real k >0 4 marks
14 (6 marks)
Assume\/§ =g p and g integers with no common factor B1
39% = p? so p? isdivisible by 3 M1
Sopisdivisibleby 3: p=3r Al
30°=9r? soq®=3r? M1
So ¢ is divisible by 3, hence q is divisible by 3 Al
p and g share the factor 3, a contradiction, so \/§ isirrational E1
Answer: y3 isirrational 6 marks

stemup.co.uk | page 35



StemUp | Further Mathematics | Further Pure Mathematics: Proof and Mathematical Induction | Model Answers

15 (6 marks)

pPP—1=(pp—1(p+1)

pisodd, sop — 1 and p + 1 are consecutive even numbers; one of them is a multiple of 4
So(p— 1(p+ 1 isdivisbleby 2x4=8

Of p— 1, p, p + 1 (consecutive), one isa multiple of 3; it isnot p (a prime greater than 3)
So(p— 1)(p+1)isdivisibleby 3

8 and 3 have no common factor, so p?> — 1 isdivisible by 24

Answer: if p isa prime number greater than 3, then p? — 1 isdivisible by 24

16 (5 marks)
Assume that thereisareal 6 with3cosO +4sn0>5
Then (3 cos © + 4 sin ©)? > 25, since both sides are positive
(3cosO +4sin0)?+ (4 cos® — 3sin 0)? = 25(cos’0 + sin’) = 25
So (3cosO +4sin0)?=25— (4cos® — 3sin0)? < 25, which contradicts the assumption, so 3
cosO+4sn0O <5foral
Answer: 3cos@ +4sin@® < 5for all real O

17 (6 marks)
a’— b’=(a— b)(a+bh)
a — b and a+ b have the same parity, since their differenceis 2b
If both are odd, the product is odd, so not of the form 4k + 2
If both are even, the product is divisible by 2 x 2 = 4, so not of the form 4k + 2

Hence a®> — b? is never of the form 4k + 2

Bl
M1
Al
M1
Al

Al

6 marks

Bl
M1
M1 Al
El

5 marks

B1
M1 Al
M1
M1

Al

Answer: the difference of the squares of two integers can never be of theform 4k + 2, where k is an enteges

18 (5 marks)
(a+b)?+(a— b)*=a’>+2ab + b* + & — 2ab + b* = 2(a” + b?)
a+ b isapositive integer, and a — b is a non-zero integer since a # b, so (a — b)? = Ja — b|? with
|a — b| a positive integer
|a — b] < a+ b because aand b are positive, so the two integersa+ b and |[a — b are distinct
So 2(a? + b%) = (a+ b)? + |a — b|?, a sum of two squares of distinct positive integers
Answer: 2(a® + b?) = (a+ b)? + (a — b)?

19 (5 marks)
Assumelog, 3 = % where p and g are positive integers
Then 279 =3, 50 2° = 3¢
2P iseven (p = 1) but 39isodd

Thisis a contradiction, so log, 3 isirrationa
Answer: log, 3isirrational

20 (5 marks)
a+b®—a’h—ab’=a’a—b) — b*a—b)
=(a—b)@ — b = (a— b)*a+b)
(a—b)2 = 0and a+ b >0, so the expression is = 0, which proves the result
Answer: for all positive real numbersaand b, a® + b® = a%b + ab?
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21 (7 marks)
Assume 2 + 43 =1, wherer isrational and r = 0 B1
(3+y2)43 —y2)=3-2=1 M1 A1
So0y3 —q2= % which is rational Al
Adding: 2\/§:r+%,so\/_:%(r+%) M1 AL
The right side is rational, contradicting that /3 is irrational, so 2 + 3 isirrational E1
Answer: 2 ++/3 isirrational 7 marks
22 (7 marks)
Assume there are finitely many primes p;, p,, ---» Pm B1
LeeN=pp,...pnt+1 M1
N > 1, so N has a prime factor; this must be one of the p, M1 Al
But N divided by p; leaves remainder 1 for every i, so no p; divides N M1 Al
Thisis a contradiction, so there are infinitely many primes E1l
Answer: there are infinitely many prime numbers 7 marks
23 (6 marks)
(@ a=b,soa—b=0 B1
The step 'dividing by (a — b)" isadivision by zero El
which is not alowed, so the deduction a+ b =bisinvalid E1
Answer: the step dividesbya—b =0 3 marks
(b) Checking particular cases does not prove a statement for al n El
Taken=41: 41>+ 41+ 41=41(41+ 1+ 1) = 41 x 43 M1
which is not prime, so the conclusion is false Al
Answer: n =41 gives41 x 43 3 marks
24 (6 marks)
Consider 2(a? + b? + ¢?) — 2(ab + bc + ca) M1
= (a® — 2ab + b?) + (b® — 2bc + ¢?) + (c® — 2ca+ &) M1 AL
=(@a—h)?+{bO-0)?+(c—a? Al
Each sgquare is non-negative, so the sumis = 0 El
Dividing by 2 givesa® + b? + ¢ = ab + bc + ca Al
Answer: for all real numbersa, band c,a? +b?+c? = ab + bc + ca 6 marks
25 (6 marks)
(a) Let theintegersben, n+ 1, n + 2, n + 3. Pair the outer and inner: n(n + 3) =n?+ 3nand (n + M1 Al
DN+2)=n*+3n+2
Lett=n?+3n. Product + 1 =t(t +2) + 1 M1
=tP+2t+1=(t+1)2 Al
= (n? + 3n + 1)?, aperfect square Al
Answer: n(n + 1)(n + 2)(n + 3) + 1 = (n? + 3n + 1)? 5 marks
(b) n=10: 100 + 30 + 1 = 131, so the number is 131 = 17161 B1
Answer: 1317 = 17161 1 mark
26 (6 marks)
Assumeaand b areboth odd: a=2m+ 1, b=2n+1 B1
a+b?=4m’+4m+ 1+4n° +4n+1=4m*+ m+n’+n) + 2 M1 Al
So ¢? leaves remainder 2 when divided by 4 Al
If ciseven, ¢ = 4t has remainder O; if cis odd, ¢ has remainder 1 M1
Neither gives remainder 2, a contradiction, so aand b are not both odd E1l
Answer: aand b cannot both be odd 6 marks
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27 (8 marks)
Case 1: x isrational. Then+/2 raised to the power {2, both irrational, gives a rational number M1 A1
Case 2: X isirrational. Consider x? = (y21?)12 M1
=22*2 = 22 M1 A1
= 2, which isrational Al
In case 2, x and 2 are both irrational and XV = 2 is rational E1
Either way there areirrational a, b with a° rational, which proves the statement El
Answer: {21 isrational, or irrational with (y2%)? = 2 rational 8 marks
28 (8 marks)
Lettheintegersben, n+1,n+2. Sum=n*+(n+ 13+ (n+2)3 B1
=n*+n®+3n°+3n+1+n+6n°+12n+8 M1
=3n°+9n®+15n+9 Al
=3(n*+5n) +9n*+9 M1
It remains to show 3 divides n® + 5n = n(n? + 5) M1
If n=3m, nisdivisibleby 3. f n=3m* 1, n> + 5= 9m? + 6m + 6 isdivisible by 3 M1 Al
So n®+ 5n = 3t, and the sum = 9t + 9n? + 9 = 9(t + n? + 1), divisibleby 9 Al
Answer: the sum of the cubes of any three consecutive positive integersis divisible by 9 8 marks
29 (9 marks)
Assume there are finitely many such primes, p; = 3, p,, -, Pm B1
Let N =4p,p, ... p, — L. Then N = 4(p; ... p,, — 1) + 3, s0 N leaves remainder 3 on division by 4 M1 Al
N is odd, so all its prime factors are odd, so each is of theform 4j + 1 or 4j + 3 M1
The product of numbers of the form 4j + 1 is of the form 4j + 1: (4a+ 1)(4b + 1) = 4(4ab + a+ b) M1 A1
+1
So N cannot have only prime factors of the form 4j + 1, hence it has a prime factor of the form 4j Al
+3
Each p; divides 4p; ... p,,, SO p; divides N only if p; divides 1; so this prime factor is not in the list M1
This contradicts the assumption that the list is complete, so there are infinitely many E1

Answer: there are infinitely many prime numbers of the form 4k + 3, where k is a non-negative integefarks

30 (9 marks)

(@) cos 30 = cos (20 + 0) = cos20 cosO — sin 20 sin O M1
= (2000 — 1)cos® — 2 sin’0 cos O = 2c0s°0 — cos O — 2(1 — cos?0)cos O = 4cos®0 — 3cos O M1 Al
9:20°:c0360°:%:4x3—3x,308x3—6x—1:0 Al
Answer: cos 30 = 4cos’@ — 3cos 0, and hence show that x = cos20° isaroot of 8x> — 6x — 1 =0 4 marks
(b) Suppose cos 20° = % in lowest terms, with g > 0 B1
p divides 1 and q divides 8, so % isone of £1, i%, i%, i% M1 Al
Substituting into 8x> — 6x — 1: x = 1 gives 1, x = —1 gives —3, x = % gives —3, x = —% gives M1
1x=Ygves— 2 v=_Laives3 w=Lgives 1L o - 1 Gives — L7

X =7 gives =75, X = —7 gives g, X = 5 gives — 7=, X = —g gives — &7
None of the candidates is a root, a contradiction, so cos 20° is irrational E1
Answer: no rational candidate is aroot, so cos 20° isirrational 5 marks
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