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Proof by Mathematical Induction

1 Let P(n) bethe statement 1 + 3+ 5+ ... + (2n — 1) = n% Show that P(1) and P(2) are both
true. (2]

2 n
Let P(n) be the statement E 2= w .

r=1
Assuming that P(k) is true, write down the statement P(k + 1) that has to be proved in the
inductive step. [2]

3 A sequence is defined by u; =3 and u,,; = u, + 4. Find u,, u; and u,, and hence suggest a

formulafor u,,. (3]
4 A student is proving aresult by induction. Write down the final sentence of the proof, once

the basis case and the inductive step have both been completed. [2]
5 _ K+ 1)2

It is given that 2 r

r=1

2

k+1

Write down an expression for 2 r3 in terms of k, which includes the term (k + 1)3. Do not
r=1

simplify. (2
6 The sequence u,, is defined by u; = 2 and u,,,; = 2u,,. Show that the formula u,, = 2" is correct

forn=1,2and 3. [3]
7 o " , .

Prove by induction that E (2r — 1) =n”for dl integersn = 1. [4

r=1

8 n

Prove by induction that E r= M for all integersn = 1. [4
9 Prove by inductionthat 1+ 2+ 4 + ... + 2""1 = 2" — 1 for all integersn = 1. [4]

10 A sequenceis defined by u; =5and u,,,; = u, + 3for n = 1. Prove by induction that u,, = 3n
+2. [4

11 A sequenceis defined by u; = 4 and u,,,; = 3u, — 2. Prove by induction that u, = 3" + 1 for

aln= 1 (4]
12

Prove by induction that E r(r ¥ " o471 foralintegersn = 1. (5]
13 , _ . .

Prove by induction that E rxrl=(n+ 21! — 1forall integersn = 1. [5]

r=1

14 o " " .

Prove by induction that > r x 2" = (n — 1)2™* + 2 for all integersn = 1. (6]

r=1

15 Prove by induction that, for all integers n=2,

1 1 1 n + l
(L= )= )= ) (1= )= 6
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16 Prove by induction that the nth derivative of x € is (x + n)e*, for al integersn = 1. (5]

17 A sequenceis defined by u, = 1 and u,,; = u, + n®. Prove by induction that u, = 1 +

w for al integersn = 1. .

18 A student makes the following attempt to prove that n? + n is odd for all positive integers n.
'Assume that k? + k is odd. Then (k + 1)? + (k + 1) = k? + k + 2(k + 1). Since 2(k + 1) iseven
and k? + k is odd, the sum is odd. So if the result istrue for n = k, it istrue for n = k + 1.
Therefore it istrue for all positive integers n.'

Explain why the 'proof' is not valid, and state with a reason whether the result itself is true. [4]
19 . . 3 2un -1 . .

A sequence is defined by u, = > and u,,; = U for n = 1. Prove by induction that u,, =

n+2 .

—— for all integersn = 1. [6]
20 1 n

Prove by induction that E o for all integersn = 1. [5]
r=1

—Dr+1)  2n+1

21  TheFibonacci numbers aredefinedby F; =1, F,=1and F,,, = F,,; + F,.
Prove by induction that F,2 + F,% + ... + F,> = F F,., for al integersn = 1. (7]

22 The function f is defined by f(x) =2 — % x # 0. The function f" is f applied n times, so f* =

f, £2(x) = f(f(x)), and so on.

. . s _ (N+)x—n .
Prove by induction that f"(x) = ™=(n=1 for all integersn = 1. [6]
23 Let P(n) be the statement that the nth derivative of x €™ is (—1)"(x — n)e™.

(@ Prove by induction that P(n) istrue for all integersn = 1. [6]
(b) Hence find the 10th derivative of x e * at x = 3. [2]

24 Prove by induction that, for al integersn = 1 and x not a multiple of 1,

n-1,y _ SN (2%)
COS X COS 2X COS 4X ... cos (2"7°X) = enx [7

25 Prove by induction that, for all integersn = 1 and 6 not a multiple of I,

cosB +cos30 +cos50 + ...+ cos(2n — 1)0 = snzndinee_ (8]
26 Prove by induction that (cos © + i sin ©)" = cosn® + i sin nd for al positive integers n. (7

27 A sequenceisdefined by u; =1, u, =4and u,,, =4u,,; — 3u,forn= 1.

Prove by induction that u,, = 3 2_ ! for all integersn = 1. [8]
28 ; ; I . . nox NI .

Prove by induction that the nth derivative of € cosx is (\/5) e" cos (x + T) for all integers

n=1 (8l
29 n(n + 1)(2n + 1)(3n% + 3n —

Prove by induction that > r* = Y for all integersn = 1. [9]

r=1

30
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30  Strong induction assumes that the statement is true for every integer from the base case up to k, and uses
thisto proveit for k + 1.
(@ Usestrong induction to prove that every integer n = 2 can be written as a product of

one or more prime numbers. [6]
(b) Explain why the ordinary form of induction (assuming only the case n = k) would not
be enough for this proof. [2]

I nduction with Series

1 n
Let P(n) be the statement > r(3r + 1) = n(n + 1)°.
r=1
Show that P(n) istruefor n=1, 2 and 3. [3]
2 showthat @ +(k+1) = %62'”3). 2]
3 n
Let P(n) be the statement > r(r + 3) = w
r=1
Write down the statement P(k + 1). [2]
4 n
Show that the formulaz @r—1= M iscorrect forn=1andn= 2. [2]
r=1
5 Show that 1° + 23 + 3% = (1 + 2 + 3)°. [2]
6 LetS,=2+4+8+..+2". FindS;, S, and S;, and hence suggest a formulafor S,. [3]
7 n
Prove by induction that > (3r — 1) = m for al integersn = 1. (4]
r=1
8 n
Prove by induction that E rr+1) = w for all integersn = 1. [5]
r=1
9 n
Prove by induction that E r?= w for all integersn = 1. [5]
r=1
10 : . o1 3"—1 .
Prove by inductionthat 1 +3+9+ ...+ 3" " = 5 for all integersn = 1. [4
11 . . " _n(n+1)(n+5) .
Prove by induction that > r(r + 3) = ——4— forallintegersn = 1. [5]
r=1
12 . . n +1 .
Prove by induction that E (r+1)x2"'=nx2"" for al integersn = 1. [5]
r=1
13 Provebyinductionthat 1+ 4+ 12+ ...+ nx 2"t =(n — 1)2" + 1 for al integersn = 1. [5]
14 n 2 2
Prove by induction that E ri= w for all integersn = 1. [6]

r=1

stemup.co.uk | page 3



StemUp | Further Mathematics | Further Pure Mathematics: Proof and Mathematical Induction | Question Pack

15 d
Prove by induction that E T 1 % = 4(nn£32):n53 ) for all integersn = 1. [7
r=1
16 d
Prove by induction that 2 r(r+Dr+2= n(n + l)(n: 2N +3) for all integersn = 1. [6]
r=1
17 2 _ n(2n—

Prove by induction that 12 + 32 + 52 + ... + (2n — 1) w for al integersn =
1. [6]

18 prove by induction that 12 — 2% + 32 — 42+ . + (=1)™'n? = (-1 ”*1M for al integers

n=1 [7]
19 d
Prove by induction that E % =2 - n2+n2 for all integersn = 1. [6]
r=1
20 . . " (n — Hn(n + 1)(n + 2) .
Prove by induction that 2 (r=Dr(r+1)= 7 for al integersn = 2. [7]
r=2
21 n _ n+1
Prove by induction that E rx3 = W for all integersn = 1. [7
r=1
22 . ) LR )
Prove by induction that 2 (r°+1) xrl =nx(n+ 1)! for al integersn = 1. [7]
r=1
23 d
Letf(n) = r(2r +1).
r=1
a) Prove by induction that f(n :Mforall integersn = 1. [5]
by ind hat f(n) = 202X
2n
(b) Henceshow that > r(2r+1) = w. [3]
r=n+1
24 Prove by induction that 13 + 3® + 5% + ... + (2n — 1) = n?(2n* — 1) for all integersn = 1. (6]
25 L, n(n+1)@2n+1)
A student attempts to prove that > r* = —
r=1
Theresult istrue for n= 1. Assumeit istrue for n=k. Thenthesumtok + 1is
2
k(k + 1)é2k +1) +(k+1)= (k + 1)(2I§3 +k +6)  and this equals (k +1)(k +62)(2k + 3). So the
result istrueforn=k + 1.
Identify two errors in the student's inductive step, and write a correct inductive step. [6]
26 d
Prove by induction that E % =1- (n+—11)2 for all integersn = 1. [7
r=1
27 ; ; c 2 2 +1 ;
Prove by induction that 2 r*x 2" =(n°— 2n+3)2™" — 6for dl integersn = 1. [8]

r=1
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28

29

30

Prove by induction that, for all integersn = 1 and 6 not a multiple of 21,

. ,.nB, . (n+1)0
_ _ _ _ sm(T)sm( 5 )
sSnO +sin20+sn30+..+snnb = 5
Lets =S 1
e ”_glzr(r+l)(r+2)(r+3)'
1 1 1

for dl

(@ Prove by induction that Z R IR I G G GEE)

integersn = 1.

1
rr+D(r+2)(r+3)"

(b) Hence write down the value of 2
r=1

n
Prove by induction that > r x C(n, r) = n x 2" for all integers n = 1, where C(n, r) =
r=1
n!
rf(n—rn!"
k

You may use theidentity C(k + 1, r) = C(k, r) + C(k, r — 1) and the result E C(k, r) = 2%,

r=0

I nduction with Divisibility

10

11

12

13

Let f(n) = 7" — 1. Show that f(1) and f(2) are both divisible by 6.
Let f(n) = 5" — 1. Show that f(k + 1) — f(k) = 4 x 5.
Let f(n) = 22" — 1. Show that f(k + 1) = 4f(k) + 3.

Let f(n) = n® — n. Evauate f(1), f(2) and f(3), and state the largest integer that divides all
three values.

Let f(n) = 6" + 4. Show that f(1) is divisible by 5, and that f(k + 1) — f(k) = 5 x 6.

A proof by induction shows that f(n) is divisible by 8 for n = 1 and that if f(k) isdivisible by 8

then f(k + 1) is divisible by 8. Write down the conclusion of the proof.

Prove by induction that 5" — 1 isdivisible by 4 for all integersn = 1.

Prove by induction that n(n + 1)(n + 2) isdivisible by 6 for al integersn = 1.

A sequence is defined by u; = 2 and u,,,; = 3u, + 4 for n = 1. Prove by induction that u, + 2

isdivisible by 4 for al integersn = 1.

Prove by induction that 6" + 4 is divisible by 5 for al integersn = 1.

A sequence has terms u, = 10™! + 4 x 3" for n = 1. Prove by induction that every term of the

sequence is a multiple of 7.
Prove by induction that n® + 2n is divisible by 3 for all integersn = 1.

Prove by induction that 5" + 2 x 11" is divisible by 3 for all integersn = 1.

[10]

(1]

(9]

(2]

(2]

(3]

(3]

(2]
(4]
(5]

(4]

(4]

(4]

(4]
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14 Prove by induction that 2" + 3*™ js divisible by 7 for all integersn = 1. [6]
15  Prove by induction that 5™ + 2 x 3" + 1 is divisible by 8 for al integersn = 1. [7]
16  Prove by induction that 3°™2 — 8n — 9 isdivisible by 64 for all integersn = 1. 7
17 Prove by induction that n(n® + 5) is divisible by 6 for all integersn = 1. (7
18 Prove by induction that (6n + 1) x 7" — lisdivisible by 6 for all integersn = 1. [5]
19  Prove by induction that n® + (n + 1)% + (n + 2)® is divisible by 9 for al integersn = 1. (6]

20  TheFibonacci numbers are defined by F; =1, F, = 1 and F,,,, = F,,,; + F,,. Prove by induction
that F5, iseven for all integersn = 1. [5]

21 Prove by induction that 2% — 7n — 8 isdivisible by 49 for all integersn = 1. (8]

22 A student attempts to prove that 5" + 3 is divisible by 4 for al integersn = 1.
'n=1: 5+ 3 =8, whichisdivisible by 4. Assume 5% + 3 = 4m. Then 5*** + 3= 5(5" + 3) + 12
=20m + 12 = 4(5m + 3), which is divisible by 4. So by induction the result is true.'
Thereis an error in the algebra of the inductive step. Identify it, show with k = 1 that the

student's identity is false, and write a correct inductive step. [6]
23 Prove by induction that 4™ + 3™2 js divisible by 13 for al integersn = 1. (8]
24 Prove by induction that 4" + 6n — 1 isdivisible by 9 for al integersn = 1. [7
25  Prove by induction that 10" + 3 x 4™2 + 5 is divisible by 9 for all integersn = 1. (8]
26 Prove by induction that % isan integer for al integersn = 1. [6]
27 Prove by induction that 3™ divides 2% + 1 for all integers n = 0. [10]

28  Letf(n)=n®>—n.

(@ Prove by induction that f(n) is divisible by 5 for all integersn = 1. [5]
(b) Factorise f(n) completely, and hence prove that f(n) is divisible by 30 for al integers n
=1 [4]

29  TheFibonacci numbers are definedby F, =1, F,=1and F,,, = F,; + F,.
(@ Show that F,s = 5F,; + 3F,, for dl integersm = 1. [3]
(b)  Hence prove by induction that F5, is divisible by 5 for all integersn = 1. [5]

30 Letu,=(3+45)"+(3—15)"forn=0.
(@ Show that u,,, = 6u,,; — 4u,. [3]
(b)  Prove by induction that u,, is divisible by 2" for al integersn = 1. (6]

Induction with M atrices

) 2 .
Giventhat A = ( , find A% and A3, and hence suggest a formula for A", [3]

o 3
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1 k
H k —
Giventhat A* = (0 1

11
) and A = (0 1), find AT = AXA. [2]

3 1 0, (1 O
Let P(n) be the statement (5 1) = (Sn 1).
Show that P(1) is true, and write down the statement P(k + 1). [2]
Giventhat B = 0 1)’ find B< and B*, and hence suggest a formula for B". [3]
> LetA = > 8 . Show that the formula A" = 1+4n &n is correct for n =1 and
-2 -3 -2n 1-—4n
n=2. [2]
6 0 1 5 . A .
LetJ= 1 0 . Show that J* = —| and J* = |, where | isthe 2 x 2 identity matrix. [2]
7 : : 1 1\, _(1 n :
Prove by induction that = for al integersn = 1. [4]
0 1 0 1
8 Prove by inducti tha[tlon—1 Ofall't =1 4
ove by induction 3 1) = |3y 1/ foralintegersn= 1. [4]
Let A= 1 0 and let | be the 2 x 2 identity matrix. Show that A = 2A — |, and hence
prove by induction that A" = nA — (n — 1)l for all integersn = 1. [5]
10 2 0 0 2" 0 0
Prove by inductionthat [0 1 O |"=|0 1 0 |fordlintegersn= 1. [4]
0 0 -1 0 0 (="
11 _ ) 1 1), (1 2"-1 .
Prove by induction that (O 2) = (O on for all integersn = 1. [5]
12 2 n n_
Prove by induction that (0 :i)” = (20 3@ 1 1)) for all integersn = 1. [5]
13 11 . ) N onel .
LetA = 1 1) Prove by induction that A" = 2"*A for al integersn = 1. [4
14 . . 3 —=2\,_(2n+1 —2n ,
Prove by induction that (2 _1) = ( on  1— 2n) for all integersn = 1. (6]
15 n n—1
Prove by induction that 2 1, = 27 n2 for all integersn = 1. [6]
0 2 0 on
16 N 2 1), 1(3"+1 3"-1 .
Prove by induction that (1 2) “2lgn_q 3raq for all integersn = 1. [7
17 110 [1n NO0=D
Prove by inductionthat [0 1 1|"= 0 1 n for al integersn = 1. [7]
0 01 0 0 1
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18 Prove by induction that, for all integersn = 1,

cos® —sinB),, [cosn® —sinnd
( sn® cos0O )= snn® cosnb | [7
19 4 —6
an-(t )
Show that A? = 3A — 2I, and hence prove by induction that A" = (2" — 1)A — (2" — 2)I for
al integersn = 1. [6]
20 1 -1 2"Y2-n)  —n2"?
Prove by induction that n= for al integersn = 1.
y (l 3 ) ( n2n—1 2n—1(2 + n) % [7]
21 i . . 11
The Fibonacci numbers are defined by Fy =0, F;, =1andF,,, =F, + F,_;. Let M = 1 o
. - n_ I:n+l I:n .
(@ Proveby induction that M" = = = for all integersn = 1. [6]
n n—1
(b) By considering determinants, deduce that F,.,F,,_; — F,> = (—1)". [3]
22 4 =2
n-(* )
2 n__ 2n 2n+1 -2 n
Prove by induction that A" = ( ;ng_ on ol _ ;n3 ) for all integersn = 1. [8]
23 1 ab
LeeT=|0 1 c|,wherea bandcareconstants.
0 01
1 na nb+ w
Prove by induction that T" = 0o 1 ne for all integersn = 1. [7]
0 O 1
24 The2 x 2 matrix A satisfies A% = A + |, where | is the identity matrix. The Fibonacci
numbersareF,=0,F;, =1land F,, = F, + F_;.
Prove by induction that A" = F,A + F,_;| for al integersn = 2. (6]
25 1 2 . Cofro2n _ _
LetA = 0 3 . A student claimsthat A" = 0 3 for al integersn = 1, and 'proves it by
multiplying each entry of A* by the corresponding entry of A.
Show that the claim is false, explain the student's error, and find and prove by induction the
correct formulafor A" [7]

26 A and B are square matrices of the same size such that AB = BA.
Prove by induction that AB" = B"A for al integers n = 1, and hence prove by induction that
(AB)"=A"B" for al integersn = 1. (8]
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27  Onany day ashop's website is either 'up' or 'down’. If it is up one day, the probability that it is up the next

day is 0.7. If it is down one day, the probability that it is up the next day is 0.4. Thisis modelled by the

07 03
04 06
state j (state 1 is up, state 2 is down).

matrix P = (

3 3

4 -
(& Prove by induction that P" = %(4 3) + %(0.3)”(_4 43) for all integersn = 1.

(b) Hence find the limit of P" asn — o, and interpret it: in the long run, what proportion of

days is the website up?

28

N - O

2 1
LeteA=|0 2
0 0

2" 2"t npn-12"3
Prove by induction that A" = | 0 2" n2"t for al integersn = 1.
0 0 2"

29 For n = 1, let D, be the determinant of the n x n matrix with 2 on the leading diagonal, —1
on the diagonals immediately above and below it, and O elsewhere. For example D, = |2| and

2 -1 0
Di=|-1 2 -1
0 -1 2

Show that D,,,, = 2D,,,; — D, for n = 1, and hence prove by strong induction that D, =n + 1

for all integersn = 1.

30

w N O

11
LetA=|0 2
0 0

1 2"—1 3"—2m4q

(& Proveby inductionthat A" = |0 2" 2(3"— 2" | foralintegersn = 1.

0 0 3"
(b) Hence find the top right entry of A°.

Induction with Inequalities

1 Show that 2" > nforn=1, 2 and 3.

2 It is given that 2% > k? for a positive integer k. Show that 2! > 2k?,
3 Show that n! > 2" holds for n = 4 but not for n = 3.

4 Show that k? + 2k + 1 < 2k for all integersk = 3.

5 Verifythat 4" = 1+ 3nforn=1,2and 3.

6 By evaluating 2" and n> for n=1, 2, ..., 5, find the smallest integer N such that 2" > n? for n =

N,N+1, ...upto5.
7 Prove by induction that 2" = n + 1 for all integersn = 1.

8 Prove by induction that 3" = 2n + 1 for all integersn = 1.

), where the entry in row i and column j is the probability of moving from statei to

(7]

(3]

(9]

(2]

(3]
(2]
(3]
(2]

(3]

(2]
(4]
(4]
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9 Prove by induction that n! = 2"~* for al integersn = 1. (4]
10 Prove by induction that n! < n" for all integersn = 2. (5]
11 Prove by induction that n! > 2" for al integersn = 4. (4]
12 Prove by induction that 2" > n? for al integersn = 5. (5]
13 Prove by induction that 3" > (n + 1)* for all integersn = 3. (5]

14 Prove by induction that (1 + x)" = 1 + nx for all integersn = 1, where x is areal constant

with x > —1. (6]
15 . . A 1
Prove by induction that E z s2-4 for all integersn = 1. (6]
r=1
16 .
Prove by induction that 2 \/_ > y/n for al integersn = 1. 6]
17  Prove by induction that 2" > n® for al integers n = 10. [6]
18  Prove by induction that (2n)! = 2" x n! for al integersn = 1. [5]
19 : . Lo, n .
Prove by induction that E r°>= for all integersn = 1. [5]
r=1
20  Prove by induction that [sin nB] < n|sin 6] for all integersn = 1 and all real 6. (6]

21 Thesequence u, isdefined by u; =1 and u,,; =2 + u, forn= 1.

(@ Proveby induction that u, < 2 for al integersn = 1. [4

(b) Hence prove by induction that u,,; > u,, for al integersn = 1. [5]
22 .

Prove by induction that 2 \/_ < 2yn for al integersn = 1. [7]

23 A student attempts to prove that 2" > n? for all integers n = 1.
'n=1:2> 1, true. Assume 25 > k2. Then 21 > 2k? = k2 + k> = k? + 2k + 1 = (k + 1)?, so the
result istrueforn=k + 1. Sotruefor al n = 1.'
The statement is false. Find the values of n < 5 for which it fails, identify the step in the
student's argument that is not valid for al k, and state the values of n for which the result can
be proved from this argument. [6]

24 (

Prove by induction that (1 + x)" = 1 + nx + D x? for all integersn = 1, where x = 0. 7

25  TheFibonacci numbers are defined by F, =1, F, = 1 and F,,,, = F,,.; + F,,. Prove by strong
induction that F, = (%)”‘2 for al integersn = 1. [8]

26 LetS, = nTll + nle +..+ 2—1n Prove by induction that S, = % for all integersn = 1. [7
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27 Usetheresult (1 +x)™ = 1+ mx for x > —1 and integers m = 1 to prove by induction that n!
n+1

5(2

)" for all integersn = 1. [10]

28 Prove by induction that zn, 1.1 for al integersn = 2 [9]
y 2 F =7 o €J = <

29 . . 4" . _ (2n)!

Prove by induction that C(2n, n) = an for al integersn = 1, where C(2n, n) = e [10]
30 Thesequence u, isdefined by u; =1, u, = 3and u,,, = U,,; + 2u, forn = 1.

Prove by strong induction that 2" < u,, < 2" for all integersn = 1. [9]
Further Proof Techniques
1 Prove that n® + 3n is even for every positive integer n. [3]
2 A student claims that n? + n + 11 is a prime number for every positive integer n. Disprove this

claim by finding a counterexample. 2]
3 Show by a counterexample that the statement 'if x? > 9 then x > 3' is false. [2]
4 Given that x +y = 1, prove that x* + y = y? + x. [3]
5 Prove that the product of two odd integers is aways odd. [3]
6 Y ou are asked to prove by contradiction that \/§ isirrational. Write down the assumption you

would make at the start, and the first deduction from it. [2]
7 Prove that the sum of two consecutive even powers of 3, that is 3% + 3%*2 wherek isa

positive integer, is aways a multiple of 10. [3]
8 Prove that the square of any odd integer leaves remainder 1 when divided by 4. [4
9 Prove by exhaustion that if n is an integer that is not divisible by 3, then n? — 1 is divisible by

3. (4
10 Prove by contradiction that there are no integers m and n such that 6m + 9n = 100. [4
11 Prove by contradiction that {2 isirrational. [5]
12 iti p,a

Prove that for all positive real numbers p and g, q + o =2 [4]
13 3k+1 3k

Prove thaI, for al rea k > 0, KT 2 > K+ 1 [4]
14 Prove by contradiction that \/§ isirrational. You may assume that if p? is divisible by 3, where

p is an integer, then p is divisible by 3. [6]
15 Prove that, if p is a prime number greater than 3, then p? — 1 is divisible by 24. (6]

16  Prove by contradiction that, for all real 6, 3cos8 +4sn6 < 5. [5]
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17

18

19

20

21

22
23

24

25

26

27

28

29

30

Prove that the difference of the squares of two integers can never be of the form 4k + 2, where
k is an integer. (6]

Prove that, if aand b are distinct positive integers, then 2(a® + b?) can be written as the sum of

the squares of two distinct positive integers. [5]
Prove by contradiction that log, 3 isirrational. [5]
Prove that, for all positive real numbersaand b, & + b® = a’b + ab?. [5]
Given that 3 isirrational, prove by contradiction that 2 + 43 isirrational. [7]
Prove that there are infinitely many prime numbers. [7

Consider the following 'proof’ that 1 = 2.

'Leta=b. Then a? = ab. So a> — b? = ab — b?, and factorising, (a+ b)(a — b) = b(a — b). Dividing by (a —
b) givesa+ b =b. Sincea= b, thisgives2b=h,s02=1"

A second student tests the formulan® + n+41forn=1, 2, ..., 10, finds a prime every time, and concludes
that the formula always gives a prime.

(@) Identify the error in the first 'proof'. [3]
(b) Explain why the second student's argument is not a proof, and find a value of n that

disproves the conclusion. [3]
Prove that, for al real numbersa, band ¢, a® + b?> + ¢ = ab + bc + ca [6]

The product of four consecutive positive integers has 1 added to it.
(@ Provethat the result is always a perfect square. [5]
(b) Hencewrite 10 x 11 x 12 x 13 + 1 as a perfect square. [1

The positive integers a, b and ¢ satisfy a + b? = ¢ Prove by contradiction that a and b cannot
both be odd. [6]

It is given that {2 isirrational. Let x = {212,

By considering x, and x72, prove that an irrational number raised to an irrational power can be
rational. (8l

Prove, without using induction, that the sum of the cubes of any three consecutive positive
integersis divisible by 9. [9]

Prove by contradiction that there are infinitely many prime numbers of the form 4k + 3, where
k is a non-negative integer. [9]

The rational root theorem states that if a polynomial with integer coefficients has a rational root % in lowest

terms, then p divides the constant term and g divides the leading coefficient.
(@  Show that cos 30 = 4cos®0 — 3cos 0, and hence show that x = cos 20° is aroot of 8x>

—6x—1=0. [4]
(b)  Use the theorem to prove that cos 20° isirrational. [5]

I nduction with Derivatives

Given that y = €, prove by induction that % =3"e*for dl integersn = 1. [3]
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? 2 fing Y &Y g &y - dy
Giventhaty = e™, find 43 O d et Hence conjecture aformula for - [3]
3 Giventhat y = In (1 + x), find the first three derivatives of y with respect to x. Hence
conjecture aformula for g X{ . [3]
4 20 y
Given that y = cos 2x, fmd ) ax=0. [3]
5 Given that y = x*, find the value of Ix 7, and explain your answer. [2]
6 Lety = (1 — x)~% Itisgiven that, for some integer k = 1, j_y kl(1 — x)~&D,
k+ 1
By differentiating, show that =% d k+1 =(k+ 1)1 — x)~ &2, [2]
7 . . d"(sinx) _ . NI .
Prove by induction that vl x+ 7) for all integersn = 1. [4
8 Given that y = cos 3x, prove by induction that y =3"cos(3x + nTH) for al integersn = 1. [5]
9
= (x + n)e* for al integersn = 1. [4
10 Giventhaty = 1 rove by induction that dy _ (=10 for al integersn = 1 [5]
y_1+x7p y an_(l+X)n+1 % = -
11 . B 1 . . dy 2% —1)!
Giventhaty =In (1 — 2x) for x < 5, prove by induction that me W for al
integersn = 1. [5]
12
Given that y = 3x3 + 2x —Oforallmtegersn>4
le y
Hence write down the value of X0 [4]
13 Lety=e™2
(@ Prove by induction that —( 2)n e 2 for al integersn = 1. (4]
6
(b) Hencefind the exact value of d—;g whenx = 21In 2. [1]
14 H — — nh—1 2X
Given that y = x ¥, prove by induction that =2""*(2x + n)e™ for dl integersn = 1. (6]
15 - 1
Lety = e+
(@) Expressy in partia fractions. [2]
1 .
— Nl —
(b) ( 1) [(1 + X)n+l (2 + X)n+l] for a‘” Integers n
> 1. (4]
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16

17

18

19

20

21

22

23

= ({2)"e™sin (x + —) for all

integersn = 1.

Given that y = x? €, prove by induction that = [x? + 2nx + n(n — 1)]e* for al integers n
=1

(n _2 )H) for al integersn = 1.

=2"1sin(2x +

(6]

(5]

A student attempts to prove that, if y = x e, then -5 d y =3"x €* for al integers n = 1. The student writes:

k+1

d*y K . - dtty
Assumed . Y = 3kx g . Differentiating, P

+ 1, soitistruefor dl n.'
(@  Show that the formulais false whenn = 1.
(b) Identify two errors in the student's argument.

(©) A correct formulalsg = 3""1(3x + n)e®. Show that, if thisistrue for n = k, then it is

trueforn=k + 1.

Lety =sin(2x + E).

@ —2”sm(2x+— +—) for al integersn = 1.
. ley
(b) Hence find the exact value of I when x = 0.
Lety =xsinx.
@ dX{ =xsin(x + )+ nsin (x + T2 for al integersn
=1
. dy _ o
(b) Hence find the exact value of I whenx = .
Lety = arctan x.
n+l n—1
(& Prove by induction that (l+x2) ix nl 2nx:]|JI n(n—l)g — = 0for al
dy
integersn = 1, where —5 4,0 meansy.
(b) Hencefind thevaluesof—yand Y when x = 0.

()  Hence write down the Maclaurin series of arctan x up to and including the term in x°.

Lety =sin’.
(@ By expanding sin (2x + x), show that sin 3x = 3 sin x — 4 sin®x. Hence express sin® in
terms of sin x and sin 3x.

. . dy _ 3 . NIt 3"
(b) Prove by induction that aan -2 sn (x+ 7) -7

1

sin (3x + nTH) for all integersn =

= 3% x 3x e¥ = 31 x ¥, which is the formulawith n = k

(2]
(2]

(2]

(5]

(2]

(2]

(5]

(3]
(1]

(3]

(5]
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24 Lety=(x+1e™

dy d*y and— simplifying each.

& Find 5+ s pravct

(b) Conjecture aformulafor %

(c) Proveyour conjecture by induction.

10
(d) Hence find the value of gxfg when x = 0,

(2]
(1]
(4]
(1]

25 A student attempts to prove that, if y = 5 =5 x 4™ % for al integers n = 1. The student
writes:
k k+1
'Assume % =5 x 41 ¥ Differentiating, ™ k){ =5 x 4“2 & which is the formulawithn=k + 1. So

the formulais true for al n by induction.’
(@) Explain the error in the student's argument and show that the conclusion is false.

(b)

26 Lety=(1+x)P, wherep isareal constant and x > —1.
(& Prove by induction that =p(p— (P —2) ..(—n+1)(1+x)""for al integers

n=1.
(b) Hence show that the coefficient of X" in the Maclaurin series of y is

Pp—1..(p-n+1)
n!

() Usethisto find the coefficient of x* in the expansion of (1 + x)Y2.

27  Lety=e?¥S"for —1<x<1.
(@  Show that (1 — 2)——xdy 4y =0,

n+2 n+1
(b) Prove by induction that, for al integersn = 0, (1 — x?) % (2n + 1)x S nfl -

0
(n? +4) y Owhere% means'y.

(© Henceflnd the Maclaurin series of y up to and including the term in x*.

28 Lety =tan x.

(@ Show that -2 =1+ y? and hence that —2 =2y(1 +yd.
(b) o
Whose Ieadlng coefficient isn!.
3
(© Flnd — asapolynomlaJ iny, and hence show that tan x = x + % +..near x =0.
29 Lety = e, andletdymeany

. . . dn+1y_ dny dn—ly

(@ Proveby induction that, for al integersn = 1, FE 2X I +2n FIEE

(b Henceflndthevalueof yatx 0.

(Zm)

(c) Proveby induction that d a x =0for dl integersm = 1.

(3]
(4]

(5]

(2]
(1]

(6]
(3]

(3]

(6]
(2]

(5]

(3]

(4]
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30 Let y = €™ sin bx, where aand b are positive constants. Let r = \/az + b? and let @ be the acute angle such

thatcosm:%andsincp:%

(@ Prove by induction that % =r"e* sin (bx + no) for all integersn = 1. (7

(b) Nowlety= exp(\/§x) sin X. Write down the values of r and @. 2]
12 6

(¢) Hence show that gxg = 4096y, and find the exact value of % when x = % [3]
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