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Polar Coordinate Systems

1 (2 marks)
II . II
X =4cos 7 =2,y =4sin 7 =23
Answer: (2, 2//3)

2 (2 marks)
r=y3>+32=3/2,tan0 = % = 1 with B in the first quadrant, so 6 = %

Answer: (32, %)

3 (1 mark)
4 o
7 Tam=-7

Answer: (5, —%)

4 (2 marks)
(a) Every point is 3 units from the pole: a circle with centre O and radius 3
Answer: Circle, centre O, radius 3

(b) A haf-line from O making an angle of % with the initial line

Answer: Half-line from O at angle %

5 (2 marks)
OA isaong theinitial line and OB is perpendicular to it, so AB? = 3% + 42 = 25
AB=5
Answer: 5
6 (2 marks)
X = —3(:03% =0,y= —Ssin% =-3
Answer: (0, =3)
7 (3 marks)
o _ 20

_ 5o
AngIeAOB—T — -3

AB?= 67 + 62 — 2(6)(6)cos 2o = 108

AB =63

Answer: 63
8 (3 marks)
AngleAoB =0 — 7 =%

Area= 3(5)(&)sin 5

= 10y3
Answer: 10\/§
9 (2 marks)
20 1
X = —ZcosT = —2(—5) =1
y=—-2sn 2 = 3,2 Qis (1, —3)

Answer: (1, —y3)
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10 (3 marks)
r=+y4+12=4
tan © = —3 and Risin the second quadrant
oo_2n

b=n-3z=3
AnSNer:(4,2?H)

11 (3 marks)
II

AngIePOQ:%—%:§

PQ? = 4% + 2% — 2(4)(2)cos 7 = 12
PQ=2/3
Answer: 23

12 (2 marks)
A negative r means moving a distance |r| in the direction opposite to 6, which is the same as
adding 11 to the angle

(=3, 5)= (3§ +1m) = (3, 31), o they are the same point
Answer: They are the same point
13 (3 marks)
Subtract 2 from the angle: (3, —%H)
Negative radius, add or subtract 11 to the angle: (—3, —%)
Another correct pair, e.g. (=3, %ﬂ)
41 n Si
Answer: eg. (3, _T)’ (=3, —§), (=3, T)

14 (4 marks)
R isaquarter of the annulus between the circlesr = 2 and r = 4, in the first quadrant (see sketch)

Area= 3 (u(4) — n(2)?)

O 2 4

15 (4 marks)
Area= (46O — 15) = 12Sn(0 — 15)

1250 — 1) =63, sosin(® — ) = L2

i o Lo2m . o
0 — 15 = 3 (the other solution =~ gives 6 > =)
_ 5o
=1

.@=2u
Answer: 0 = 75
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16 (4 marks)
. . I o_ o . I
Bearing 060° is 5 — z = ¢ from East, so A is (12, E) M1
. o I 51 i3 . I

Bearing 150° is & — 5 -"3 from East, so B is (9, —3) M1

Angle AOB = ¢ + 7 = >, SO AB? = 122 + 92 = 225 M1

AB =15 km Al

Answer: 15 km 4 marks
17 (3 marks)

y:4sin9:—2«/§,sosin9:—3g M1

sin O is negative so 0 isin the third or fourth quadrant, with reference angle % M1

_ 5o 4

0= Z or =z Al

Answer: 0 = STH, 7TH 3 marks
18 (4 marks)

OA = OB = 2, so arhombus has OD as the diagonal bisecting angle AOB M1

AngIeAOD=%soe=% Al

Triangle OAD is equilateral (OA = AD =2 and angle AOD = %) or OD = 2(2)cos % M1

OD=2 5Dis(2 3) Al

Answer: (2, %) 4 marks
19 (5 marks)

Area= 3ab =30, 50 &b = 60 M1 AL

AB? =&+ b? =169 M1

(a+b)?>=169+120=289s0a+b=17and (b — a)>=169 — 120=49sob —a=7 M1

a=5b=12 Al

Answer: a=5,b=12 5 marks
20 (5 marks)

Angle AOB = %H - % = % so OA is perpendicular to OB and the rectangle is well defined B1

OC isthediagona: OC?=32+42=25rr=5 M1 AL

Angle AOC = arctan % =0.9273 M1

0= % +0.9273=1.45 (3 sf.),s0 Cis (5, 1.45) Al

Answer: (5, 1.45) 5 marks
21 (6 marks)

_ S o _ 20
AngIeAOB—T ~— 5~ 3 B1
_ 3 50 _ 20 _ _3n o _2n
AngIeBOC—T—?—TandangleCOA-Zn > t5 =3 B1
AB2 =22 + 22 — 2(2)(2)cos %H =12, s0 AB = 2/3; likewise BC = CA = 23 M1 AL
1 . II 1 .21

Area= 5(2(3)? sin 3 or 3 x 5(2)(2)sin 5 M1

=33 AL

Answer: 3/3 6 marks
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s/ N\
/)

C

22 (7 marks)

(a) Adjacent vertices are %H = % apart in angle
.o 2n _ 3o . 1m | 4o _ 17;
Coptz 7T Eptz 12
. 3 17
Answer: C(4, T), E(4, ?)

(b) Six congruent triangles, each with area %(4)(4)sin %

Area= 6 x 43 = 243

Answer: 243
_ 21 > _ 2 _
(c) Angle AOC = 51, AC? = 16 + 16 — 32c0s 5 = 48
AC =43
Answer: 43
23 (6 marks)
[0AB] = 5(3)(5)sin 5 = 54@

[0BC] = 5(5)@sin 5 =5/3
[0AC] = 3()@)sin 5 =33
B lies beyond AC as seen from O, so [ABC] = [OAB] + [OBC] — [OCAC]

15¢3 233
- 5L vsf3-af3=5F
AnSNer:éE

4
24 (4 marks)
Let M be the midpoint of OA. Since OB = AB, BM is perpendicular to OA and OM =3
In right-angled triangle OMB, cos 6 = % = %
__3 _
Sor= C0s0 3secH

Answer: r =3sec O

25 (5 marks)
Cartesian coordinates: A(acos o, asin a), B(b cos B, b sin B)
AB?=(bcosP —acosa)?+ (bsinB — asin a)?
= b%(cos®p + sin’P) + a?(cos’a + sin“a)) — 2ab(cos o cos P + sin a sin B)
=a’ + b? — 2ab cos(ac — B), using cos(ac — B) = cos o cos P + sin o sin P
Answer: AB = ya® + b? — 2ab cos(a — )
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26 (6 marks)
Angle AOB = =, so AB isadiameter of C (angle in a semicircle) M1 Al
AB =6° + 82 = 10, so the radiusis 5 Al
Centre is the midpoint of AB' Cartesian (3, 4) M1
r=43>+4? =50 =arctan = _0927 M1 A1
Answer: Centre (5, 0.927), radluss 6 marks
27 (9 marks)
(a) AB? = 52 + 32 — 2(5)(3)cos O M1
=34 —-30cosH Al
Answer: AB2=34 — 30 cos @ 2 marks
(b) AB?isleast when cos© = 1: AB2=4, AB =2 M1 AL
AB? is greatest when cos © = —1: AB> =64, AB =8 Al
Answer: Least 2, greatest 8 3 marks
(c)34—300059:49,soc039:—% M1 A1
_2n 41
0= 3 or 3 M1
0 =2.090r4.19 (3sf.) Al
Answer: @ =2.09, 4.19 4 marks
28 (8 marks)
PA% =22+ 2% — 2(2)(2)cos® =8 — 8 cos O M1 AL
PB?=8— 800 — &), PC?=8 — 8 cos(d — “20) M1 AL
Sum =24 — 8[cos 6 + cos(0 — %H) + cos(0 — %n)] M1
cos(e—%H)=cosecos%n+sinesin%n=—%cose+3§sin6 M1
cos(0 — %H) = —%cose — lgsin 0 Al
The bracket iscos 6 — cos 6 = 0, so the sum is 24 whatever 0 Al
Answer: 24 8 marks
29 (8 marks)
The statement that O lies inside ABC means the three angles AOB, BOC, COA at O add to 2n1 El
Hence ABC is split into triangles OAB OBC and OCA, so [ABC] = [OAB] +[OBC] + [OCA] M1 Al
Angle AOB =6, — 6,,s0 [OAB] = lr2 sin(6, — 6,) M1 A1
AngleBOC =0, — 0,, so[OBC] = r2r3 sm(e3 6,) M1 A1
Angle COA =211 — (65 — 0,), so[OCA] = r3rl sin(@, + 2m — 0,) Al
Answer: Area = %[rlr2 sin(@, — 0,) +r,rysin(@; — 0,) +ryr;sin(@, + 2m — 0,)] 8 marks
30 (8 marks)
(a) Triangle OAB isisosceles with OA = OB, so OM hisects angle AOB and is perpendicular to M1 Al
AB
Hence the angle of M is% Al
In right-angled trlangle OMA, OM = OA cos 7 =6 cos % Al
Answer: M = (6 cos 2 ) 4 marks
(b) Area of OAM = 5(6)(6 cos )sin 5 M1
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P cos?

=9sin@ (using 2sin - cos - =sin ) Al
Maximum whensin @ =1 M1
Maximum area 9 when ¢ :% Al
Answer: Maximum 9 at ¢ = % 4 marks
Converting Between Polar and Cartesian Coordinates
1 (1 mark)
x2+y?=r%,0r’=25r=5 B1
Answer: r =5 1 mark
2 (1 mark)
rP=x*+y*=16 B1
Answer: x* +y* =16 1 mark
3 (2 marks)
-y _
tan 6 = -1 M1
_ o
0=7 Al
Answer: 0 = % 2 marks
4 (2 marks)
Xx=rcos0,sorcosO =3 M1
r=3secH Al
Answer: r =3sec 2 marks
5 (1 mark)
y=rsnb,soy=2 B1
Answer:y =2 1 mark
6 (2 marks)
Multiply by r: r*> = 6r cos 0 M1
x% +y? = 6x Al
Answer: x* + y? = 6x 2 marks
7 (3 marks)
Substitute x =rcos 9,y =rsin9: r>sin® cos0 =8 M1 A1
2sinB cosO =sin 20, sor’sin 20 = 16 Al
Answer: r?sin 20 = 16 3 marks
8 (3 marks)
r? sin®0 = 4r cos 0 M1
rsind =4cos0 (r = 0) Al
_4cosB AL
"~ sn’0
. _4cosO
Answer:r = —; 3 marks
sin“@
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9 (3 marks)
Substitute: r sin © = 2r cos 6 + 3 M1
r(sn — 2cosB) =3 M1
= m Al
Answer:r = ; 3 marks
sn@® —2cosO
10 (3 marks)
Expand: x? + y? — 6x =0 M1
r?—6reos0=0 M1
r=6cos0 Al
Answer: r =6cos0 3 marks
11 (3 marks)
r? cos’® — r’sin’0 = 4 M1
r’cos20 =4 M1
r? = 4 sec 20 Al
Answer: r? =4 sec 20 3 marks
12 (3 marks)
rcos@+rsnf =2 M1
X+y=2 Al
A straight line with gradient —1 B1
Answer: x +y =2, astraight line 3 marks
13 (4 marks)
Whene=%: r=4cos%=2,sothepoint|i&eon the curve B1
r¥=4r cos© M1
x2 +y? = 4x Al
(equivalently (x — 2)? + y? = 4) B1
Answer: x* + y? = 4x 4 marks
14 (5 marks)
Multiply by r: r> = 4r cos © + 2r sin 0 M1
x2+y2=4x+2y Al
Complete the square: (x — 2)>+ (y — 1)>=5 M1 AL
Centre (2, 1), radiusy5 AL
Answer: Circle, centre (2, 1), radius\/g 5 marks
15 (4 marks)
cos 20 = cos’0 — sin®0 B1
r? x r? = 9(r? cos’0 — r? sin’0) M1
r*=9(x* — y? M1
(2 +y)? =90 — y?) Al
Answer: (x% +y?)? = 9(x2 — y?) 4 marks
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16 (4 marks)
r cos( — %) =4

r(cos 0 cos%+sinesin %):4

Y3x+y=8
Answer: {3x +y =8

17 (4 marks)
r—rcos®=2sor=x+2
xX2+y?=(x+2)°2=x2+4x+4
y?=4x +4=4(x + 1)
Answer: y? = 4(x + 1)

18 (3 marks)
r>—6rcos®+8snb=0
r=6cosb —8sno
a=6,b=-8
Answer:r=6cos® — 8sin 0

19 (5 marks)
sn20=2sinB cosO,sor=2sin6 cosO

Multiply by r?: r® = 2(r sin ©)(r cos 0)
r3 = 2xy, and squaring gives r® = 4x%y?
(XZ + y2)3 — 4X2y2

Answer: (x* + y?)® = 4x%y?

20 (3 marks)
rsin® =r? cos’®
rcos’® =sin O (r # 0)
sin 0 1

F="0s0 * cos® =tan 6 sec O

Answer: r =tan 0 sec ©

21 (4 marks)
r*=8r?sin O cos O
r’=8sin0 cosO (r # 0)
=4sin20
Answer: r2=4sn 20

22 (5 marks)
AP’ x BP? = 16: [(x + 2)? + y2[(x — 2)* +y?] = 16
Let u=x?+y? + 4; thefactors are u + 4x and u — 4x, so u®> — 16x*> = 16
(r? + 4)®> — 16r°cos®0 = 16, so r* + 8r> — 16rcos’0 = 0
r? = 16c0s’0 — 8 = 8(2c0s’0 — 1) = 8 cos 20
Answer: r? = 8 cos 20
23 (5 marks)
rcose=1+20056,sox=l+2§
rx — 1) =2x
ri(x — 1)% = 4x?
(X% +y?)(x — 1)2 = 4x?
Answer: (X% + y?)(x — 1)? = 4x?
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24 (5 marks)
r®=r%cos® — sin 0)*
r?=(cos® — sin 0)* (r # 0)
(cos® — sinB)?=cos’®@ — 2sinO cosO +sin’0 =1 — sin 20
Sincer = 0, r = (1 — sin 20) (thisis never negative)
Answer:r =1 —sin 20

25 (5 marks)
2r—rcos®=4s02r=x+4
4r? = (x + 4)?

4x? + 4y? = x* + 8x + 16
3x? — 8x + 4y’ =16
Answer: 3x? — 8x + 4y = 16

26 (4 marks)
The right-hand side of (x — 1)? + (y — 1) = 2 is the radius squared, so the radius is+/2, not 2

r=2cose+23in6=2\/§cos(6—%)

The greatest r is 2\/5 , which is a diameter since the circle passes through O, so the radius is\/§
Answer: Radiusisy2, not 2

27 (9 marks)
(@ x2+y?=r?and x =r cos 0, so (r> — 2ar cos 0)? = 4a’r?
r’(r — 2acos 0)? = 4ar?, sor = 0 or (r — 2acos 0)? = 4a?
r—2acosB =+2a sor=2a(l+ cos0)orr=—2a(1 — cos0)
The point (—2a(1 — cos 6), 0) isthe point (2a(1 — cos 0), 6 + 11), and cos( + 1) = —cos 0, so
it equals (2a(1 + cos @), @) with ¢ = 6 + 11, which lies on the first curve (r = O is the pole, also on
it)
Answer: r = 2a(1 + cos 0)
(b) r=4(1+cos3)=6

II . II
x:6003§:3,y:65|n§:3\/§,so(3,3«/§)
Answer: (3, 3/3)

28 (7 marks)
cos 30 = 4cos®0 — 3cos 0
r = 4c0s®0 — 3cos 0, so r* = 4(r cos 0)3 — 3(r cos O)r?
r* = 4x3 — 3x(x? + y?)
r* = 4x® — 3x® — 3xy?
(X2 +y?)2 = x3 — 3xy?

Answer: (x% + y%)? = x> = 3xy?

29 (9 marks)
(@r+2rcosB=6,s0r=6—2x
x? +y% = (6 — 2x)? = 36 — 24x + 4
32— 24x —y?+36=0
3x —4)?—48—y?+36=0,503(x — 4% —y?=12
Divide by 12: (’%4)2 Y

x=4> y* _
4 E‘l

(b) Centre (4, 0)

Answer:
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(x—4)> _y?

Asymptotes: “———— = 15,y = £[3(x — 4) M1
Gradients /3 Al
Answer: Centre (4, 0), gradients +/3 3 marks
30 (9 marks)
(a) The point P(8, %) is the other end of the diameter through O B1
For a general point Q(r, 6) on C, angle OQP = % (angle in asemicircle) M1
In right-angled triangle OQP, r = OP cos(0 — %) =8cos(0 — %) Al
Answer: r = 8 cos(@ — %) 3 marks
(b) r? = 8r(cos O cos%+sinesin %) M1
X2 +y? = 4x + 43y M1 AL
Answer: x? +y? = 4x + 43y 3 marks
() 6= 0: r =8 cos(—) = 4, giving (4, 0) M1 AL
II II - II
8 = 5:r=8cos g =43, giving (4/3, ) AL
Answer: (4, 0) and (43, %) 3 marks

Sketching Polar Curves

1(2 marks)
Every point is at distance 3 from O M1
A circle with centre O and radius 3 Al
Answer: Circle, centre O, radius 3 2 marks

2 (2 marks)
0 is constant, so the points lie on a straight line through O M1
A haf-line from O making an angle of Z?H with the initial line Al
Answer: Half-linefrom O at ZTH to theinitial line 2 marks

\O initial line

3 (2 marks)
Greatest r =5whencos0=1,0=0 B1
Leastr=1whencos0=—-1,0=1 B1
Answer: Greatest 5at @ =0; least 1at @ = 1 2 marks
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4 (2 marks)
o 1
6:§:r22+2(§):3 B1
21 1
0=F1r=2+2(-3)=1 B1
Answer: 3and 1 2 marks
5 (2 marks)
Theinitia line (6 = 0) B1
cos(—0) =cos 6, so (r, 6) and (r, —0) are bothon C E1
Answer: Theinitial line 2 marks
6 (2 marks)
r= % 11, 211 respectively B1
r increases steadily as 0 increases, so S spirals anticlockwise away from O B1
Answer: % 11, 21x; an outward spiral 2 marks
7 (3 marks)
The curveisacircle B1
It passes through O, where 6 = i%, and its centre lies on the initial line B1
Crosses the initia line at (4, 0), the diameter being 4 B1
Answer: Circlewith diameter 4 along the initial line, through O 3 marks
10 =1/2

o @J0)
8 (3 marks)
The curveis acircle through O B1
Its diameter lies along the line © = % B1
Greatest distance 6 at 0 = % B1
Answer: Circle with diameter 6 along @ = % 3 marks
10 =m/2
o6, 11/2)
0
9 (4 marks)
r=4a 0 =0,giving (4, 0) B1
r:2at9:%andat9:37H B1
r=0at 0 = m: the curve reaches O with a cusp B1
Heart-shaped (cardioid), symmetrical about the initial line B1
Answer: Cardioid, with (4, 0), (2, %), (2, 3711) and acusp at O 4 marks
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(4]0)
2, 311/2)
10 (4 marks)
r=5a 0 =0, giving (5, 0) B1
r=1at 0 =, giving (1, ) B1
r never reaches O (least value 1), so the curve is a smooth closed curve not passing through O B1
Symmetrical about the initial line, larger at the right than left B1
Answer: Smooth closed curve (a limagon without a loop), r from 1to 5 4 marks
10 =mn/2
(1 0
11 (3 marks)
Starts at O (0 = 0), then r increases with 6 B1
Passes through (3, ), (i, ), (o, ) B1
Ends at (211, 2m1) on the initial line: one anticlockwise turn of a spira B1
Answer: Spiral from O, ending at (21, 21) 3 marks
! 0 =m/2
(2m, 2m)
12 (3 marks)
rcos0 =2, sox=2:avertica line B1
It crosses theinitial line at (2, 0) B1
Endpoints (4, i%), i.e (2, 12\/5) in Cartesian coordinates: a segment of x = 2 B1
Answer: Segment of thelinex = 2 from (2, —2y/3) to (2, 23) 3 marks
10 =1/2
L4, 3/3)
o 120
4, “n/3)
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13 (4 marks)
r?=4rcos0 + 3rsin 0, so x? + y? = 4x + 3y: acircle B1
Through O; meets the initia line at (4, 0) B1
II II
Meetse=§at(3, 7) B1
Diameter =42 + 3% = 5 (greatest r) B1
Answer: Circlethrough O of diameter 5 4 marks

14 (5 marks)
Greatest (| =4whensin20 =+1,eg.a 6 = % B1
I’:OWhen29:0,H,2H,31'[,809:O,%,1‘[,371-[(and21'1) B1
For0<®© <%,r>09iv&eapeta| in the first quadrant M1
Negative r for % < 0 < 1 gives a petal in the fourth quadrant, and so on M1

n 3o 5o 7o

Four petals of length 4, centred on 6 = Al

4 4 4 4
Answer: Four-petalled rose, petals of length 4 along y = +x 5 marks
10 =1/2
15 (5 marks)
r? = 0 requires cos 20 = 0 M1
So—%ses%and%nses%n Al
Greatest r=2when©6 =0and 0 =11 B1
r=0a0-= i% so the curve passes through O at angles i% B1
Two loops, afigure of eight, symmetrical about both axes B1
Answer: Figure of eight (lemniscate) withr ., =2at @ =0and it 5 marks
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16 (5 marks)
r=3a0=0,giving (3, 0)
20 41

_ __1l,_20 An
r = 0when cos 0 = 2.6— 3 and 3

21 4
For 3 <0< 3
(=1, m),i.e (1,0
Large outer loop with a smaller inner loop, symmetrical about the initial line
Answer: Limacon with inner loop; r =0at @ = ZTH 4%[

16 =1/2

17 (5 marks)
r=3at 0 =0, givingamaximum at (3, 0)

r:OWhen39:i%,soat9—i%

This range gives one petal, symmetrical about the initial line, of length 3

Rotation symmetry: the full curve has petals centred on 6 = 0, %H %H

Three petals

Answer: One petal along theinitial line of length 3; 3 petalsin total
10 =m/2

18 (4 marks)
0=0:r=1, sothestartis(, 0)
0 =2m: r=¢€", sotheend is (e", 2m) on theinitia line
r increases rapidly with 6 and never reaches O, so the curve is a spiral that grows in each turn
One anticlockwise turn, with the gap between successive crossings of the initial line widening
Answer: Spiral from (1, 0) to (e", 2m)

10 =m/2
1
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19 (5 marks)
0=0:r=1,giving (1, O),andezi%: r=2
As© — +1, 1+ cosO — 0sor— o«: the curve opens to the | eft
Cartesian: r+rcos® =2,r=2 — x, s0 x> +y?> = (2 — x)?
y? =4 — 4x, aparabola
Answer: A parabola opening in the negative x direction, y* = 4 — 4x

20 (3 marks)
0=0a+b=6
O=ma—b=2
a=4,b=2

Answer: a=4,b=2

21 (5 marks)
Rotating by % anticlockwise replaces 0 by 6 — %

r=2(1+cos(® — 3)) = 2(1 +sin6)

C,: cardioid with cusp at O, pointing along the initial line

C,: the same cardioid rotated, with maximumr=4at 6 = %

Cuspof C,at O,0n 0 = 371-[; C, symmetrical about 6 = %

Answer: r =2(1+sin 0)

0 =m/2
4, .11/2)

22 (6 marks)
C crosses the initial line when © = 0, 211, 411
r =1, 3, 5respectively: (1, 0), (3, 2m), (5, 4m)
Consecutive points are on the same ray, so the distancesare3 — 1=2and5—3=2
Sketch: an anticlockwise spiral starting at (1, 0)
Crossing the initial line at distances 1, 3, 5, the gaps between turns equal
Answer: (1, 0), (3, 2m), (5, 41); gap 2
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i9=n/2
Gy
23 (5 marks)
. sn®
y=rsn0= ) M1
A39—>O,¥—>1,soy—>1 Al
X=rcosH = coge — oo, 0 the curve approachesy = 1 from below asx — « M1
AsO — o, r— 0, so C spirdsinto O B1
Sketch: branch asymptotic to y = 1, then spiralling inwards to O B1
Answer: Asymptotey = 1; spiralsinto O 5 marks
106 =1/2
oG "
24 (6 marks)
X=rcos®=2cos0O +1 M1 A1
As@—»i%,cos@—ﬂ,sox—»l Al
y=rsnB=2sin0 +tan 6 — £, so x = 1 is an asymptote M1
r=3a0=0,giving (3, 0) B1
Sketch: symmetrical about the initial line, with both arms approaching x = 1 B1
Answer: Asymptotex = 1 6 marks

25 (5 marks)
Greatestr =a,soa=4 B1
For r = a cos nB with n odd, the curve has n petals, son=5 M1 A1l
Tips where cos 50 = +1: 50 = ki1, 6 = I%T withr =4 whenk is even M1
r=40=0, %H %H, %H, %H; the odd k give r = —4, which are the same petals Al
Answer: a=4,n=25; tips (4, Zan)' k=0,1234 5 marks
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26 (4 marks)
For 6 in arange where r < 0, the point (r, ©) isthe same as (—r, 6 + 1) M1
—r=-2sin30 =2sin(30 + 3m) =2sin 3(0 + 1), so (—r, 6 + ) isthe point of the curve at El
angle © + 1 with a positive radius
So each negative-r petal coincides with a positive-r petal already drawn: only three distinct petals El
Tips of petalsat 6 = %, %H and 371-[; the lines of symmetry through them are © = %, 0= %H and Al

0= % (the line through (2, 37H))

Answer: 3 petals; lines of symmetryﬁz%,():%,(-):i%rI 4 marks
27 (9 marks)
(@) cos O = —% M1
0= arccos(—%) =230 Al
and O =2 — 2.30 = 3.98 Al
Answer: 0 = 2.30, 3.98 3 marks
(b) © =0: r =5, giving (5, 0) B1
0 =1 r = —1, so the point is (1, 0), the inner loop reaching the positive x axis B1
Outer loop for 6 < 2.30 and 6 > 3.98, symmetrical about the initial line B1
Inner loop for 2.30 < O < 3.98 (where r < 0), lying inside the outer loop, with itstip at (1, 0) B1
Answer: Limacon with inner loop crossing theinitial line at (5, 0) and (1, 0) 4 marks
(c) Loop needs r to change sign: 2 + k cos © = 0 has a solution if k| > 2 M1
k>2ork<-2 Al
Answer: |K| > 2 2 marks
10 =mn/2
0)
28 (10 marks)
(a)1+20059:0,soc039:—% M1
_ 21 4
0= 3 and 3 Al
As O approaches these values, |r| = «, so the curve has asymptotes in these directions B1
2n 4u
Answer: 0 = =33 3 marks
(b)r+2rcos@=2,s0r=2—2x M1
X% +y?=4(1 — x)? M1
> —8x+4—y?=0 Al
4 16 4 4
3x—3)—F +4-y’=003x—3)-y'=3 Al
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Answer: 3(x — %)2 —y?= % 4 marks
(c) A hyperbola with centre (%, 0) B1
0=0:r= % giving (%, 0); 6 =m: r= -2, giving (2, 0) B1B1
Answer: Hyperbola; crosses at (%, 0) and (2, 0) 3 marks
o)
29 (9 marks)
2

(a)rcose:ZSinZE),snox:ZBr/—2 M1 AL
X(x% +y?) = 2y Al
Answer: x(x? +y?) = 2y? 3 marks
(b)x=rcose=25in29—>2ase—>i% M1
y=rsin0=2sin0tan 0 - + M1
so the curve approachesx =2 as|y| — « Al
Answer:x—>2a59—>%,sox=2isan asymptote 3 marks
(c) Passes through O with r = 202 near © = 0, so thereisacusp at O (tangent along the initial B1
line)

Symmetrical about the initial line, sincer isevenin 6 B1
Two branches (above and below) rising to the asymptote x = 2 B1
Answer: Cusp at O; asymptotex = 2 3 marks

+
30 (10 marks)

(@) risleast when cos O isgreatest: 6 =0, r = 11_26 = 7.5 million km M1 AL
risgreatestwhmcos@z—l:G:H,r:%:%million km M1 A1
Answer: P: 75at@=0; A: 30at 0 =t 4 marks
(b)r+0.6x=12,s0r =12 — 0.6x M1
x? +y? = 144 — 14.4x + 0.36x> M1
0.64x2 + 14.4x + y* = 144 Al
0.64(x + 11.25)> — 81 + y? = 144, 0 0.64(x + 11.25)* + y> = 225 M1
(centre (—11.25, 0), semi-axes 18.75 and 15) Al
PA = 7.5+ 30 = 37.5 million km B1
Answer: PA = 37.5 million km 6 marks
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I nter sections of Polar Curves

1 (2 marks)
2=1+cos6,s0cosO=1
0 =0, so the point is (2, 0)
Answer: (2, 0)

2 (2 marks)
3+cosO=5—-cos0,s0cosO =1
O=0andr=4,s0Pis(4,0)
Answer: (4, 0)

3 (2 marks)

II
I'—4COS§

=2, so the point is (2, %)
Answer: (2, %)

4 (2 marks)
The curve passes through O whenr=0: 1+ cos8 =0
cosO=-1,60=m
Answer: @ =

5 (2 marks)
2sn0=2cosH, sotanO=1and O = =

2
r=23in%=\/§,soPis(\/§, %)
Answer: (2, %)

6 (3 marks)

25in6=1,sosin9=%
_ o 51
O—EOF?

The points are (1, %) and (1, %H)

5

1B ou
Answer: (1, 6), (1, 5

stemup.co.uk | page 19

M1
Al
2 marks

M1
Al
2 marks

M1

Al

2 marks

M1
Al
2 marks

M1

Al

2 marks

M1

Al

Al

3 marks



StemUp | Further Mathematics | Further Pure Mathematics: Polar Coordinates | Model Answers

7 (4 marks)

From C,, r = sec 0. Equate: 4 cos 6 = 050

cosZG:%,socosez%(sincer>0needscose>0)

0=+

w|H

r = 2: the points are (2, %) and (2, —%)
Answer: (2, %), 2 —%)

8 (4 marks)
2(1+cosB)=3
cosO = %
6=i%

Points (3, 3) and (3, —75)

Answer: (3, 3), (3, =)

9 (5 marks)
1+sin9:3sin6,sosin6:%
_ o S5m0 . _ 3.
9—€orT,W|thr—§|neachcase

C, passes through O (6 = 0), and C, passes through O whensin® = -1 (0 = 3711)

So O isaso apoint of intersection, giving (1.5, %), (1.5, %H) and the pole

Answer: (%, %), (%, STH) and the pole

10 (4 marks)
_ 2 45n0=_2
=sne0*9NY=4np

offs

sin26=%,sosin6=
_ I 3o

0= z or T

r = 2/2: the points are (242, ) and (2y/2, STH)

Answer: (22, %), 22, BTH)
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11 (4 marks)

6cos(922,socosO:% M1 A1

snB = i%é M1

2 442 2 42 2 42

Xx=2c0s0 =73, y=+% ,soP(g,J?’E)andQ(g,—J?)E) Al

Answer: (%, iig) 4 marks
12 (3 marks)

4sin9:2,sosin9:% M1

0= E r %H Al

Points (4, 6) and (4, 6 ) Al

Answer: (4, 6) (4, 5 ) 3 marks
13 (4 marks)

4(1 + cos0)cos O = 3,50 4c0s°0 + 4cosO — 3=0 M1 Al

(2cosO — 1)(2cosB +3)=0,s0cos0 = % (cos B = —g isimpossible) M1

G—is,r—G p0|nts(6,3)and(6 ) Al

Answer: (6, 3), (6, _§) 4 marks
14 (5 marks)

Intersectionwhen © =2sin0,i.e. f(0) =0 —2snB6=0 M1

f(1.8)=1.8 —2sin1.8=—0.15<0 M1

f20)=2—-2sn2=0.18>0 Al

Sign change in a continuous function, so aroot lies between 1.8 and 2.0 E1l

Solving numerically: 8 = 1.90 (3 sf.) Al

Answer: @ =1.90 5 marks
15 (4 marks)

Equating: 2 cos © = 2 + cos 6 S0 cos 6 = 2, which has no solution M1 AL

C, passesthrough O at 6 = and X where C,hasr=2=#0 M1

A poaint (r, 8) of C, withr < O corresponds to (—r, © +m); then C, at O + 11 requires —2 cos 0 = 2 E1

— cos 0, so cos B = —2, impossible. Hence no intersections

Answer: No intersections 4 marks
16 (5 marks)

3cos0 =1+cos0, socosG:% M1 A1

II

G—J_rg,r—2 pomts(2 3)and(2, —-3) Al

C,isa Owhen = _2,andC2|satOwhen9 I M1

So the pole is also a common point Al

Answer: (%, i%) and the pole 5 marks
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17 (4 marks)
2c0326:1,soc0329:% M1
29:i%+2kn,309:i%andni% M1 A1l
. o 5 T 11
Points (1, %), (1. ). (L ). (L, =) Al
n Si 7 11
Answer: (1, E)’ (1, ?), (1, ?), (1, T) 4 marks
18 (5 marks)
1+cosB=1-cosB,s0cos0=0 M1 A1
ezgor%n,withr:l Al
C, reaches O when 6 = 1 and C, reaches O when 6 = 0 M1
So the poleis also an intersection, giving (1, %), (1, STH) and the pole Al
Answer: (1, %), (1, 3711) and the pole 5 marks
:9=1‘I/2
/,"‘\:
/
1
|
S
\
\\~_’
19 (5 marks)
25in9:tan922022 M1
sinB(2cos6 — 1) =0 M1 AL
sinO:OgivesG:O,r:O(thepoIe).COSO:%giv&s@z% Al
r=25in%=\/§: the points are (13, %) and the pole Al
Answer: (3, %) and the pole 5 marks
20 (5 marks)
100(1 + cos 0) = 150, so cos O = % M1 AL
0 =+ points (150, ) and (150, —3) AL
Angle between them %H chord = 2(150)sin % M1
=150y3 = 260 m Al
Answer: (150, i%); distance 1503 = 260 m 5 marks
21 (6 marks)
r:%,soZ(1+sin6)sin9:3 M1
2sin’0+2sin® —3=0 Al
sin@ = _I%E (the other root is below —1) M1 AL
__3 __6 _
r= sSno - m =1+ \/7 M1
0 = 0.966 or 1 — 0.966 = 2.18 (3 sf.) Al
Answer: r = 1+47; 0 = 0.966, 2.18 6 marks
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22 (6 marks)

Points of C,; withr=1:sin20 = 1

mn 5o 13n 1711 n 5o 13n 171
6'6' 6 6’ 12' 12" 12 12

Points of C, with r = —1: §in 20 = —~

2
20 = 7o 1lm 19m 23n; 7o 1lm 191 230
“6' 6’ 6°' 6" 120 12 12 12
190 23m 7m0 1lm
The point (—1, 8) isthe point (1, © + 1), giving angles —5- o 15 10 12

. . . _ o 5o 7o 1lm 18m 17m 19m 231
Eight points (L, O) with 6 = 15, 5. 1 5 T 13 1 13
_ o 5m 7/m 1llm 13m 17m 19m 23;m
T 120120120 12 12 12 12 12

20 = s00 =

s00 =

Answer: Eight points (1, 0), 0

23 (3 marks)
AtO = ?’TH: r:4cos37H = —2y2 on thefirst curveand r = ZSechH = —24/2 on the second
(—2y/2, 371-[) (2\/_ i ZLy which is the same point as the solution 0 = -=; similarly 0 =
the same point as 6 = Z
. . I 71
There are only two distinct points: (2\/5 , Z) and (2\/5 , T)
Answer: Two points of intersection
24 (6 marks)
2(1+sinB)=2(1+cosBO),sosin® =cosH,tanB =1
0= o 5n
=7z or =z
e_— r—2(1+£)—2+\/_ e_— r=2-—42
C, passes through O at 6 = =L and C, at 6 =11, so the pole is also common

Answer: (2 +42, Z)’ 2 - \/5 TH) and the pole

25 (7 marks)
4
(a)m:4,sol+C039:1
cos0=0,0= i%
. II II
Points (4, 7) and (4, —5)
II II
Answer: (4, 7), (4, —7)
(b)r+rcosO=4,s0r=4—x
x2+y?=16 — 8x + x% s0y?> =16 — 8x
Withx?+y?=16:x>+16 — 8x =16, 0x(x — 8) =0
x =0givesy = +4, i.e. (4, i%) (x = 8 gives y? < 0, rejected)
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Answer: y® = 16 — 8x; points (0, +4) 4 marks

26 (5 marks)
3+2cos€):k,snocosezk;23 M1 AL
Solutions exist only if ~1= *7 % < 1ie 1=k=5 M1
k=1ork=5:cos0 =—1or 1, one solution each, so 1 point Al
1 <k < 5: two values of 8, so 2 points; k < 1 or k > 5: no points Al
Answer: O paintsif k <lor k >5; 1 pointif k =1or 5; 2 pointsif 1<k <5 5 marks
27 (8 marks)
2+2cosO=3sinB,s03snB —2cosO =2 M1
. B . 2
3sin6 —2cos =113 sin(6 — «), wheretan o = 3 M1 AL
sin(e—a):%,andsina:%,soe—(x:(xorn—a M1 A1
0=20c=1.18(3sf.)orO =1 Al
0 = 200 1 = 35in 20 = 3(2) (=) (o) = 2 M1
y3/ B’ T 13
0 =1: r = 0 on both curves, i.e. the pole. Intersections: (%, 1.18) and the pole Al
Answer: (i—g, 1.18) and the pole 8 marks
28 (8 marks)
1+2cosB=1,s0c0s0=0,0= % 3711: points (1, %) and (1, 3711) M1 A1
Pointswithr=—10onC;: 1+2cos® =—1,s0cos0 = -1 M1
0 = 11: the point (—1, m) is the point (1, 0) Al
Three points: (1, 2), (1, ) and (1, 0) AL
For C: 1+2c039:2givesc036:%, G:t%:two points M1
1+2cosB=—-2givescosO = —%, impossible, so no extra points from negative r (inner loop E1
has|r| = 1)
Hence exactly two points (2, J_r%) Al
Answer: (1, %), (1, 3711), (1, 0); C meets C, at (2, i%) only 8 marks
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29 (10 marks)
(a)2pcos(9:2qsin6,sotan6:% M1 A1
cos@ = —1 (right-angled triangle, 0 < 0 < %) M1
P+
r=2pcos6 = 2P Al
Answer: P = ( 2pq , 0) with tan @ = b 4 marks
yp?+ ¢ q
(b) C,: x? + y? = 2px, so centre (p, 0), radius p M1 AL
C,: x? +y? = 2qy, so centre (0, q), radius g Al
Distance between centres: d® = p? + g M1
Sum of the squares of the radii: p? + ¢* = d? Al
So the radii to P are perpendicular (Pythagoras converse), i.e. the circles are orthogonal at P Al
Answer: x? + y? = 2px and x? + y? = 2qy; radii perpendicular at P 6 marks
30 (10 marks)
Equate the r values at the same 0: 4(1 + 2 cos 0) = 3(2 — cos 0) M1
1lcose=2,socose=%,6=ﬂ.39 M1 A1l
4 11 3 11 . 11
'=5—5A1~- 5§ (check: 17411 - ?) points (?, +1.39) Al
A point of Hwithr <Qis(r, 8) = (—r, 8 + 1) and must lieon E: so —ﬁ = M1
4 _ 4
2—cos(0+1m ~ 2+cosH
—3(2+cose):4(1+20056),soc039:—% M1
Then1+20039:—%<0, consistent withr < 0, andr:—% Al
The point is (%, 0 + 1), where cos(0 + 1) = 1—2: angle £0.430 M1
Four points: (%, +1.39) and (%, +0.430) A1 A1
Answer: (o, +1.39) and (%, +0.430) 10 marks
Tangentsto Polar Curves
1 (3 marks)
y=(2+cos0)snb=2sinB +sinB cosO M1
g—g=20056+c0526—sin29 M1
=2 cos 6 + cos 20 Al
Answer: 2 cos 0 + cos 20 3 marks
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2 (2 marks)
r=0whensin® =0,s00 =0 (or m) M1
The tangent at O isthe line 6 = 0, the initial line Al
Answer: @ =0 2 marks
3 (2 marks)
r:OwhenCOSZB:O,SOZOZ%,BTH M1
ThetangentsathreG—z d9=37rI Al
Answer: 0:%,6:7 2 marks
4 (2 marks)
x=0 cosO B1
X —cosO — 0snd
o = Ccos sin B1
Answer: cos® — 0 sin 0 2 marks
5 (2 marks)
y =f(0)sin 6, so by the product rule M1
g—g dé sin® +rcosH AL
Answer: gé g(r_) sin© +r cos O 2 marks
6 (2 marks)
The tangent is perpendicular to OP, i.e. the horizontal liney =5 B1
rsin®=>5,sor=5cosec 0 B1
Answer: r =5 cosec 2 marks
7 (4 marks)
y=rsin®=4sin6cosO=2sin20 M1
g—g =4c0s20=0 M1
_ .
0 =+ Al
r=4 cos% = 2//2: the points are (22, %) and (22, —%) AL
Answer: (22, %), /2, —%) 4 marks
8 (4 marks)
X=rcosH = 35m9c039—35|n29 M1
3—9:300326 0 M1
_ 1'[ 311
0= - Al
r—33m Bﬁ thepomtsare(?n/_ H) 3‘5,3711) Al
Answer: (ﬂ, ZI) (i, 4) 4 marks
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9 (3 marks)
r=0:cos30=0 M1
_ o 31 5o
=277 At
Thetangentsa'threG:%,9:%andez%H Al
Answer: 0 = %, % 5%[ 3 marks
10 (4 marks)
Xx=0cosO,y=0sn06 B1
g—g:sin9+ecosezlandg—g:cose—esinez—%atezg M1 A1
dy _ 2
ﬁ_ E Al
2
Answer : ~u 4 marks
11 (3 marks)
X =a(l+ cosB)cos O,y =a(l+ cosB)sin6 B1
At O = %: g—g =a(cos O + cos 20) = —aand g—g = —a(sinB +sin20) = —a M1
dy _ —a _
ax - =a t M
Answer: Gradient =1 3 marks
12 (3 marks)
r=0when3sinB+4cosb=0 M1
_ 4
tane——§ Al
Thetangent istheliney = —%x Al
Answer:y = —%x 3 marks
13 (4 marks)
g—é=—6sin6=—3ate=%;r=3\/§ B1
g—gzg—ésin9+rcosez—%+§:3 M1
g—g=g—écose—rsin6=—23— 23=—3\/§ M1
dy __ 1
dx ~ \/§ Al
Answer : _L 4 marks
e
14 (4 marks)
Ath%,r=l,sothepointis(0, 1) B1
g—g=c056+c0526=—1,3—g=—(sin6+sin26)=—1,so%=l M1
Gradient of normal = —1 M1
y=—x+1 Al
Answer:y=1-—x 4 marks

stemup.co.uk | page 27



StemUp | Further Mathematics | Further Pure Mathematics: Polar Coordinates | Model Answers

15 (5 marks)
P has Cartesian coordinates (%, 3@) B1
—:—Zsme——\/_ —ﬁ(@)u(%):—l M1
B V3 dy 1
—9-—ﬂ)—1(2)——f x= 7 AL
Y3 _ 1 1
y- 5 =35k-3) M1
3 3
y=-73X+73 A1
Answer: y = 33E(x +1) 5 marks
16 (6 marks)
y=(2+cos0)sinb B1
g—g:Zcose+00326:200326+20036—1 M1 A1
g—g =0:cos0 = _l%é (= 0.366) (the other root is below —1) M1 Al
= (2 + 0.366) ({1 — 0.3662) = 2.20 Al
Answer: 2.20 6 marks
17 (4 marks)
At O =11, r =11, so the point is (—11, 0) B1
gg—sm9+ecose— ,gg:cose—esinez—l M1
% — Al
y =1(X + 1) Al
Answer: y = m(x + ) 4 marks
18 (5 marks)
=(2+ 2cos0)cos O B1
g—e —2sinB —4sin6 cosBO = —2sin6(1 + 2 cos O) M1 A1
g—e =0:sin6=0(0=0givesx =4, 0 =m isthe pole) or cos 6 = —%, where x = (1)(—%) = M1
_1
2
Tangents: x =4 and X = —% Al
Answer: x:4andx:—% 5 marks
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19 (3 marks)
r=0whencose=—% M1
_ 2o 4
6——or? Al
The tangents at O are the lines 6 = Hado=2 Al
Answer : 9—— 9—— 3 marks
20 (5 marks)
y=€e’sin® B1
g—g: 9(sin O + cos 0) L AL
dy _ _
Jo =0 sotan=-1 M1
= BTH,r- S1/4- the point is (€34, SH) Al
Answer: (€4, 311) 5 marks
21 (6 marks)
dr _ Ko —
E—kae =kr B1
g—e krsm6+rcoseand —krcose—rsine M1 A1
¢ dy ksm6+cose
anoe= ~ kcosB —sin® Al
tan @ + =
Divide top and bottom by cos 6: tan @ = ktn6+1 _ K- tan(0 + a), where tan a = 1 M1
k—tan© 1 k
1- Etane
So @ — 6 =« = arctan % which is constant Al
Answer: ¢ — 0 = arctan % 6 marks
22 (6 marks)
y? =r?sin’0 = 4 cos 20 sin’0 M1
= 4(1 — 2sin?0)sin®0. Let u = sin®0: y? = 4u — 8uU? M1 AL
d—%(4u—8u2)=4—16u=0,sou=% M1
- 11 1
y —1———§,sothegree¢esty|sﬁ Al
1 I o S o
Sn6 =3,0=¢,r’=4cos 3 = 2 thepoint is (42, %) AL
. _ 1 n
ANSWEr: Y,y = 7 at (2, %) 6 marks
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23 (6 marks)

y=sin20sin0 =2sin’0 cos O

g—g =4sin 0 cos’0 — 2sin®0 = 2 sin B(2cos’0 — sin’0)
g—g :Owith0<9<%: 2c0s?0 = sin%0), so tan © =2
. 2 1 2., 1 43
sn6 = 3\/% cos O = ﬁ: y= 2(§)(ﬁ) = JQE

Answer: ﬁg@

24 (4 marks)
= —28n0=0a0=0ad0=m
At 0 =0, the point is (5, 0) andg—g:g—ésin6+rcosez5¢0,whileg—g:g—écose—r

snB®=0
The tangent at (5, 0) is vertical: x = 5. Similarly at © = 11, the point is (1, m) = (—1, 0) and the

tangent isx = —1. Neither is paralel to theinitia line, so g—é = 0 does not give a tangent parallel

to the initia line
Answer: Tangentsx =5at (5, 0) and x = =1 at (1, m)

25 (6 marks)
Pis(a, %), Cartesian (0, a)

C;: g—gza(cose+cosze)= —a, S_g = —a(sin B +sin 20) = —aat9=%,sogradient=1

Cz:r:a(l—cose),g—é:asineza

g—gzg—ésin9+rc059:aandg—g:g—écose—rsinG:—a,sogradient:—l

Product of gradients = —1, so the tangents are perpendicular
Answer: Gradients 1 and —1, so the tangents ar e perpendicular

26 (5 marks)
dr _
do -1
_9_
tan gy = 1~ 0
AsO — oo, tany = ©, 0y = %: far from O the tangent is almost perpendicular to OP
AsO = 0O, tan y = 0, so y = 0: near O the tangent is aimost along OP

AnSNer:tanlp:G;q;-»%as(—)—»oo,lp—masﬂ—»o
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27 (8 marks)
(a) X = 2a.C0S O COS O = 2a COS°(, Y = 2a.C0S & SiN & = asin 2« M1 Al
The centreis (a, 0); P — centre = (2a cos’a — a, asin 2a) = a(cos 2a, sin 2a), which has Al
direction 2a
Answer: P = (2a cos’a, a sin 2a) 3 marks
(b) The tangent is perpendicular to the radius, so has normal direction u = (cos 2, sin 2a) M1
Tangent: (X, y)-u=P-u M1
P-u = 2a cos’a €os 20 + asin 2a sin 2a = a(1 + cos 2a0)cos 20 + a sin?2a M1
= acos 2a + a(cos’2a + sin“2a) = a(1 + cos 2a) = 2a cos* Al
(X, y)-u=rcosO cos2a +rsin O sin 20 =r cos(0 — 2a), so r cos(® — 2a) = 2a cos’x Al
Answer: r cos(@ — 2a) = 2a cos’a 5 marks
28 (9 marks)
Convert: x2 +y? =2y, sox? + (y — 1)? = 1: centre (0, 1), radius 1 M1 AL
A linethrough A(4,0):y =m(x — 4),i.,ee mx —y —4m=0 B1
Distance from (0, 1) to the line equals 1: IZ1-am_ M1
ym?+1
(1+4m)®>=1+m? s015m? + 8m =0 M1 Al
m = 0: the tangent is the initial ling, © = 0 (and its extension) Al
8 8
m:—l—5:y:—1—5(x—4),3015y+8x:32 M1
. B _ 32
r(155'ne+80039)‘32’30r‘80039+153in9 Al
o _ _ 32
Answer.O—O(y—O)andr—SCOSB+15§ne 9 marks
29 (8 marks)
At P:r:a(1+cose),%:—asin9 B1
g—g = —asin’d + a(1 + cos B)cos O = a(cos O + cos 20) M1 AL
g—();:—asinecose—a(1+cose)sin9=—a(sin6+sin26) Al
2 cos 39 cos
. cos O + cos 20 22 30
Gradientat P: mp = —— . = = —cot —+- M1 A1
P sinO +sin 20 Zsm?cos% 2
At Qreplace 6 by 6 + 1 mQ:—cot(%+37H):tan§ M1
Mp Mg = —cot 329 tan 329 —1, so the tangents are perpendicular Al
Answer: Product of gradients = —1, so the tangents are perpendicular 8 marks
30 (11 marks)
(@) y = a1 + cos B)sin 6, d 6 = a(cos O + cos 20) = a(2cos’0 + cos O — 1) M1 AL
Oly—O (2cosO — 1)(cosO +1)=0 M1
cosezi(ezg); cos O = —1isthe pole Al
3,,v3 3
y=ad)(2) =22, AL
VI
ANSWEr: Yayx = 4 a 5 marks
(b) x = a(1 + cos B)cos 6, d e —asin 6(1 + 2 cos 6) M1 A1
0 = 0: x = 2a (greatest) Al
1 1 1 a
cosO = -5 Xx=a5)(=75) = —7 (least) Al
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Answer: Greatest 2a, least —% 4 marks

(0) Width = 2a+ & = %2, height = 2 x %Ea:%@a M1

Area= ZjBEa2 Al

Answer: %Eaz 2 marks
Areas Using Polar Coordinates
1 (2 marks)

Area=%f0”’3 16d6 M1

=8 x % %H AL

Answer: 8%[ 2 marks
2 (2 marks)

Area= %f r’do M1

:%f02“(3+c039)2d6 Al

Answer %fom(S +c0s0)°d 0 2 marks
3 (3 marks)

Area:%folezede M1

1.1

= 5[5829]01 M1

= %(e2 -1 Al

Answer %(e2 -1 3 marks
4 (3 marks)

Area = %f_m“/z 4c0s’0d 0O = f_,"? (1 +cos20)d 0 M1

= [0 + 35in 20] "™ M1

=1 A1

Answer: 1 3 marks
5 (3 marks)

Area= %f0“’34$029 do M1

=[2 tan 0], M1

=23 AL

Answer: 2//3 3 marks
6 (2 marks)

The upper half has area %fon r’do E1

By symmetry the whole areais twice this, [, r*d 0 E1

Answer: Twice the upper half 2 marks
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7 (3 marks)
Area:%forI 02do M1
1
= 5[_10 M1
= ? Al
3
Answer: % 3 marks
8 (4 marks)
Area = %fnmn’z 16 cosec®0 d 6 M1
=[-8 cot 0],,,™? M1 A1
—(—8)=8 Al
Answer: 8 4 marks
9 (3 marks)
Area= 3[," (3~ 1) d 6 M1
=4 x % M1
=21 Al
Answer: 211 3 marks
10 (4 marks)
Area= %f_m“/“ 4c0s20dO M1
=[sin 20] _;,™* M1 A1
=1- (—1) =2 Al
Answer: 2 4 marks
11 (4 marks)
r’=sin’0 +cos’0 +2sin® cos@ =1 +sin 20 M1
Area= 5[ " (1+5n26) d 0 M1
2[6 —cos 20] _ 5 M1
= E(H +0) = % Al
Answer : % 4 marks
12 (4 marks)
Area= lf 12.95in?20 d O M1
sin?20 = 5(1 — cos 40) M1
4[6 sm 40],72 M1
_ 9
=75 Al
Answer : 9;[ 4 marks
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13 (4 marks)
r2:4+4cose+00326:%+4cose+%cosze M1 A1
Area= 2[20 + 4 sin @ + +sin 20],2"
rea= 5[5 sin 75N 26], M1
= %(91'[) = QTH Al
Answer . 9711 4 marks
14 (5 marks)
Area= %fozn a’(l+cos0)’°d 0O M1
(1+c056)2=1+2c056+c0526=%+2cose+%c0529 M1 AL
a® 3 : 1.
Area= 5[50 +2sin 0 + 7sin 20],™" M1
a? 3na?
= ?(31'[) = — Al
2
Answer: Area = SI;a 5 marks
15 (5 marks)
The right-hand loop is for —% =0= % B1
Area of one loop = %f_m“/“ a’cos20d O M1
2
= a7[%5‘in 20]_,,™ M1 A1
2
= %; by symmetry the two loops have total area a Al
Answer: Total area = a? 5 marks
16 (4 marks)
Areaof thecircle = 1(2)? = 4m B1
Area of the cardioid = %IOZH (1+cos0)>d0O = 3711 M1 Al
Area between = 411 — 3711 = STH Al
Answer : 5711 4 marks
17 (5 marks)
Area of one petal = % [ ™ 4cos’30d 0 M1
= [_6"® (1+ cos60)dO M1 A1
= [0 + gSin66] g™ = 2 AL
C has three identical petals, so the total areais 1 Al
Answer: Petal %; total 5 marks
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18 (5 marks)
(1+sin9)2:1+25in6+sin26:§+25in6—%cosze M1 AL
Area= %[%9 2cos0 — lsm 20],™2 M1
1,30
=5[(F —-0-0)—(0—2-0)] M1
_ 3
=gt 1 Al
Answer: %I +1 5 marks
19 (4 marks)
Area= 1f 2T (20 + 10 cos 0)2d O M1
(20 + 10 cos ©)? = 400 + 400 cos O + 50 + 50 cos 20 M1
Area= 3[4500 + 400 sin 6 + 25 sin 26],2" = 450m AL
=~ 1410 m? Al
Answer: 1410 m? 4 marks
20 (5 marks)
Area= f 2T (a+3sn0)>dO M1
(a+3sin6)2:a2+6asin9+§—%cosze M1
Area= %[(a2 + %)6 — 6acosO — %sin 20]," M1
=m(a’ + %) Al
2 59H _ .
n(a® + 2) ,s0a’=25anda=5 (sincea> 3) Al
Answer: a= 5 5 marks
21 (6 marks)
For —§ =0= g, 3cosO = 1+ cos 0, so the region lies between the curves B1
Area= %f_mm (9c0s’0 — (1+cos0)?) dO = [, (8cos’0 — 1 — 2cos0) d O M1 AL
8c0s’0 = 4 + 4 cos 20, so integrand = 3 + 4 cos 20 — 2 cos O M1
=[30 +2sin20 — 2sin 0],"* Al
=n+y{3—-4y3=n Al
Answer: 11 6 marks
22 (6 marks)
4
Inner loop: —<6_ = B1
r?=1+4cos0 + 4cos’0 =3+ 4 cos 0 + 2 cos 20 M1 Al
Area= 3[30 + 4 SN © + Sin 20] 5" M1
30 gives 211; 4 sin O gives4(—3§ - 3@) = —43;sin 20 giveslg - lg =3 AL
1 3
Aref;1:§(21'1—3x/§):1'[—%E AL
Answer: 1 — %E 6 marks
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23 (6 marks)
. . II . . II

2cosB =2sinO givesO = 1, r =/2: the point is (42, )
For0=90 =< % the boundary of the common region is C,; for % =0 = % itis C,. By symmetry
the two parts are equal
Area=2x [, 40 d 0 = 2™ (1 — cos 20) d O

1. o I 1
= 2[6 - Esm 29]0 4= Z(Z - E)

-0
=5 -1

Answer: (2, %); % -1

24 (6 marks)
Along theray at angle 6 (0 < 0 = 2m), the first turn hasr = 6 and the second turn hasr = 0 + 211

Area= 5[ (6 +2m)? — 69 d O
= %fozn (40 + 41> d O

= %[21'[92 + 411°0] )"

= %(81'[3 + 8m°) = 83

Answer: Area = 8mr®

25 (6 marks)

Intersection: 4=2sec 0, cos0 =5, 0 =i%

1
2
Area= %f_n,gm (16 — 45ec?0) d O
=[80 — 2tan O] _;™

16m
=5 - 43
. lem
Answer: == — 43
1
1
1
1
1
1
o) 1
1
1
I
1
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26 (5 marks)
r’=a (9 + 12 cos O + 4c0s°0) = a?(11 + 12 cos O + 2 cos 20)

Area= 7[11(9 +12sin 0 + sin 20],"?

a 11 11
=5 (3 +12 =85 +6)
2 11
Answer: Area = a( + 6)
27 (7 marks)

. 1
Intersections: 2+ 2 cos 0 =3, cosO = 5 0= i%

For |0] = % the cardioid is outside D, so the boundary of the common region is D; for % =9 =
1 the boundary is C
Area=2[5 ("3 9d0 + 5 [s" (2+ 2 cos 0)2 d O]

Firstpart:2><%><9><%:3n
_ n,3 1 _ 30 : 1 0 93
Second part: 4f 5 (5+2c056+§c0529)d9—4[7+231n6+zsm26]n,3 =41 - =

Area= 711 — %E

Answer: 71 — %E

28 (9 marks)
r=0a0-= and ; the outer loop is traced for —%H =0 =< %H and the inner loop for %H

411
<9<?

r>=3+4cosO + 2 cos 20
Outer loop: %[39 +48n0 +sin 20] _,, .7 = %(4n + 43 — 43)

=2H+£

2

Inner loop: %[36 +48n0+sin20],,," =1 — %E

The inner loop lies inside the outer loop, so the required areais (211 + %E) — (o — %E)

= +33

Answer: m + 33
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Therange 0 < 0 < 211 becomes —» <t < « (the integrand isevenint), so Area= 16f_*

do

— cos 9)?

3+U°

sothelntegral = 31/_(3>< — %) =—

29 (9 marks)
Area:%foznﬁde 8f02H
t=tan g: cosez%:;, = ffttz
2
2 — cosG:%
(11+3$)2dt_3f° (11+;3ttz)2
Letu= 3t 0" g 4= 500" (1+u2)2
Jo” ﬁ :% and [, (1:'u2)2 du=
Area= 2n —%

33 -
Answer: Area= %93&

30 (8 marks)
(@) 260°=3—-0,5020°+0 —3=0

(26 +3)(6—1)=0,00=1(0= —% is outside the range)

r=2,s0Ais(2,1)
Answer: Ais(2, 1)

(b) For 0 = 6 =< 1, C, isfurther from O than C;, so R lies between the curves

Area= 3 [o! (3 — 6)* — 40% d O
1. 3- 9)3 40°

=5[- - =10
4 83
2-3-5+9=5%
83
Answer : 30
_ A
I//’ \\\\\
] B
N N
0
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