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Numerical Solution of Equations

1 (2 marks)
Letf(x) =x®+2x — 7. Thenf(1) = —4and f(2) =5 M1
f is continuous and changes sign, so thereis aroot in the interval (1, 2) Al
Answer: Sign change from —4to5 2 marks

2 (2 marks)
x, =13 = 3.6056 M1
X, = 3.8492, x5 = 3.9431 Al
Answer: x; = 3.6056, X, = 3.8492, x5 = 3.9431 2 marks

3 (2 marks)
xX}—6x+2=0=6x=x3+2 M1

3
Dividing by 6 gives x = X gz Al
3

Answer: X = X gz 2 marks

4 (2 marks)
Let f(x) = cosx — x. f(0.7) = 0.0648 > 0 and f(0.8) = —0.1033 < 0 M1
Sign change and f continuous, so aroot liesin [0.7, 0.8] Al
Answer: f(0.7) > 0> f(0.8) 2 marks

5 (2 marks)
Midpoint 2.5: f(2.5) =3.125> 0 M1
f(2) <0andf(2.5) >0, so a liesin [2, 2.5] Al
Answer: [2, 2.5] 2 marks

6 (3 marks)
(@) %o + 1 = 0 would make the denominator zero B1
Answer: X, =—1 1 mark
(b) X, = = = 4000, X, = 2 = 2.400 M1

_12 _
X3=37 = 3.529 Al
Answer: x; = 4.000, x, = 2.400, x5 = 3.529 2 marks

7 (4 marks)
@f(0)=1>0andf(l)=e—3=-0.282<0 M1
Sign change and f continuous, so aroot liesin [0, 1] Al
Answer: Root in [0, 1] 2 marks
(b) f(1) = —0.282<0andf(2) =e* — 6=1.389>0 M1
Sign change and f continuous, so thereisaroot in[1, 2] Al
Answer: Root in [1, 2] 2 marks

8 (5 marks)
(@) Letf(x) =2"+3x — 9: f(1.5)=—1.672<0andf(2) =1>0 M1
Sign change and f continuous, so 1.5 < <2 Al
Answer: f(1.5) <0< f(2) 2 marks
(b) x, = 02 = —1.737 M1
X, = In(9 — ?51737» — 3809 L
9 — 3x, = —2.49 < 0, and the logarithm of a negative number is undefined El
Answer: x, = —=1.737, x, = 3.829; In of a negative number 3 marks
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9 (4 marks)
Midpoint 1.5: f(1.5) = —1.125< 0, so ac isin [1.5, 2]
Midpoint 1.75: f(1.75) = 0.609 > 0, so « isin [1.5, 1.75]
Midpoint 1.625: f(1.625) = —0.334< 0, so a isin [1.625, 1.75]
Answer: [1.625, 1.75]

10 (5 marks)
f(1) = —4andf(2)=3,50%, = 1+ zog x 1= 1571
f(1.571) = —0.808 < 0, 50 « lies in [1.571, 2]

X, = 1571+ oo (2 — 1571)
= 1.662

Answer: x, = 1.571, x, = 1.662

11 (4 marks)
(@) 5x=x3+2

X342
-5
x3+2
Answer: X = 5
(b) x3=5x — 2

Taking cube roots, x = %/5x — 2
Answer: x = %/bx — 2

12 (3 marks)

(a) The path moves steadily towards an intersection, a staircase, so the sequence converges

Answer: Staircase, conver ges

(b) AtthelimitL =y2L +3,s0L?>— 2L —3=0
(L—3)(L+1)=0andL >0,s0L =3

Answer: 3

13 (3 marks)
f(1.45) = —0.0514 <0
f(1.55) =0.8239 >0
Sign change in [1.45, 1.55] and f continuous, so o = 1.5to 1 d.p.
Answer: ac =1.5to1d.p.

14 (8 marks)
4

d
(@ g =3x*—

3 — =653 — 4=6xand 3 — 6x — 4=0

Answer: 3x> — 6x — 4=0

(b) Let f(x) = 3x® — 6x — 4: f(1.6) = —1.312 < 0 and f(1.8) = 2.696 > 0
Sign change and f continuous, so 1.6 < x < 1.8
Answer: f(1.6) <0< f(1.8)
(c)3x3:6x+4,sox3:2x+%andx:31/2x+%

X, = 1.67902, x, = 1.67404, x5 = 1.67286, x, = 1.67258
x=167andy =4.678 — 4In 1.672=2.62

Answer: P(1.67, 2.62)

15 (9 marks)
(@) f(0.5) = —0.2552 < 0 and (0.6) = 0.3493 > 0
Sign change and f continuous, so 0.5 < « < 0.6
Answer: f(0.5) <0< f(0.6)
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(b) 5x =1 + 2 cos x M1
X=0.2+04cosx,s0A=02andB =04 Al
Answer: A=02,B=04 2 marks
(c) x, =0.2 + 0.4 cos 0.55 = 0.54101 M1
X5 = 0.54288, x, = 0.54249 Al
Answer: X, = 0.54101, x5 = 0.54288, x, = 0.54249 2 marks
(d) f(0.5425) = —0.00034 < 0 M1
(0.5435) = 0.0057 > 0 Al
Sign change in [0.5425, 0.5435], so oc = 0.543 to 3 d.p. Al
Answer: a = 0.543 3 marks
16 (4 marks)
A: x; = 0.4464, x, = 0.4413, x5 = 0.4408 M1 A1
B: x; = 0.7937, x, = 1.3673, x5 = 1.8730 Al
A settles down near 0.44, whereas B moves away from it, so A is suitable El
Answer: A convergesto a; B does not 4 marks
17 (6 marks)
(a) Sketchy =sinx and theliney = % through the origin with gradient % M1
They meet at the origin and at one positive and one negative point, so 3 roots Al
Answer: 3 2 marks
(b) f(x) =sinx — %: f(2) =0.2426 > 0 and f(2.5) = —0.2349< 0 M1
Sign change and f continuous, so 2 < o < 2.5 Al
Answer: 2<a <25 2 marks
(c) x4 = 1.7954, x, = 2.9246 M1
X5 = 0.6458, x, = 1.805 Al
Answer: 1.805 2 marks
18 (5 marks)
(a) The width halves at each step, starting from 1 M1
After n steps the width is 1 x (1/2)" = Zi AL
Answer: % 2 marks
(b) The midpoint is within half the width of the root: % < 0.001 M1
2"*1 > 1000, and 2° = 512 < 1000 < 1024 = 2*° M1
n+1=10,son=9 Al
Answer: n=9 3 marks
19 (7 marks)
(@ f(x) =xInx — 2: f(2) = —0.6137 < 0 and f(3) = 1.2958 > 0 M1
Sign change and f continuous Al
Answer: 2<a <3 2 marks
(b) Inx =2 M1
x = e Al
Answer: x = €% 2 marks
(c) x4 =2.386, x, = 2.312, x5 = 2.375, x, = 2.321 M1 Al
The values aternate either side of o = 2.346, so the sequence converges slowly by oscillation El
Answer: 2.386, 2.312, 2.375, 2.321; oscillating conver gence 3 marks
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20 (5 marks)
g,(X) = —x% s0g,'(a) = —1.33 M1 AL
lg,'(a)| > 1, so the first iteration does not converge E1
0,'(X) = X+X3)2, s0 g,'(a) = —0.61 M1
|9,'(00)| < 1, so only the second rearrangement converges Al
Answer: Only g, converges 5 marks

21 (8 marks)
(a) y = e X isdecreasing from 1 and y = x? isincreasing from O for x > 0 M1
So the graphs cross exactly once for x > 0 Al
Answer: One positive root 2 marks
(b) f(x) = €™ — x* f(0.7) = 0.0066 > 0 and f(0.8) = —0.1907 < 0 M1
Sign change and f continuous Al
Answer: 0.7<a <0.8 2 marks
() x?*=eXandx >0, s0x=e *? M1
X, = 0.7047, x, = 0.7030, x5 = 0.7036 M1 A1l
The values settle at 0.7035, so o = 0.70 to 2 d.p. Al
Answer: 0.70 4 marks

22 (6 marks)
(a) g isadecreasing function, so successive values aternate on either side of the limit E1l
Answer: gisdecreasing 1 mark
()L =ror soL(L+1)=4 M1
L2+L —4=0 Al

—1++17 .
L=42CsmceL>0 Al
1+41
Answer: L = i 3 marks

— 4 —
(© g = xF sog(L) = —0.610 M1
|g'(L)| < 1, so each error is smaller than the last and the sequence converges El
Answer: ¢g'(L) = —0.610 2 marks
23 (7 marks)
(a) e; = —0.14575, e; = 0.13631, e, = —0.10731, e; = 0.09786 M1 A1
Ratios: —0.935, —0.787, —0.912 Al
Answer: Ratios = —0.935, —0.787, —0.912 3 marks
(b) & 1 < g(a), s0 gi(c) =~ —0.91 M1
Negatlve, so the errors alternate in sign; |g'(oc)| < 1 but not small, so convergence is slow El
Answer: ¢'(a) = —0.91 2 marks
(©) |e4] = 0.079, and each step multiplies the error by about 0.80 M1
Need |e,| x (0.80)% < 1078, so k = 52 Al
Answer: k =52 2 marks
24 (6 marks)
(a) tan x has an asymptote at x = % ~ 1.571, which liesinside [1, 2] El
So f is not continuous on [1, 2] and the sign change is caused by the asymptote, not a root El
Answer: Asymptote at X = 11/2 2 marks
(b) f(2)——1185<0andf(25)—0253>0 M1
f is continuous on [2, 2.5] smce - <2and25< 32 , SO aroot exists Al
Answer: Root in [2, 2.5] 2 marks
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(c) f(2.25) = —0.239 < 0, so theroot isin [2.25, 2.5] M1
f(2.375) = 0.037 > 0, so the root isin [2.25, 2.375] Al
Answer: [2.25, 2.375] 2 marks
25 (8 marks)
2
(@L=ta?=17-3L+2=0 M1
(L—1)(L—-—2=0,soL=1orL=2 Al
Answer: L =1or 2 2 marks
(b) x; = 1.4167, x, = 1.3356, x5 = 1.2613 M1 A1l
The values approach 1 Al
Answer: Convergesto 1 3 marks
, 2x
©dx) =5 B1
g = % so 1 is attracting, but g'(2) = % > 1, s0 2 isrepelling El
Starting at X, = 2.5 gives 2.750, 3.188, ..., moving away from 2 El
Answer: g'(2) =4/3>1 3 marks
26 (8 marks)
2(30 —
(8) T2 - 00 — (30 — ) = 2400 M1
a0h? — h* = 220 o — 3o+ 20 = 0 AL
Answer: h satisfiesh® — 30h? + @ =0 2 marks
(b) Let f(h) = b — 30n2 + 222 £(5) = 138.94 and f(6) = —100.06 M1
Sign change and f continuous Al
Answer: 5<h<6 2 marks
h? + 2400
(©30n2=h+ 22 op= 1 M1
h, = 5.4435, h, = 55535, h; = 5.5834 M1 A1
The values converge to 5.5949, so the depth is 5.59 cm Al
Answer: 5.59 cm 4 marks
27 (10 marks)
(a) AtthelimitL,L =L — af(L) M1
Soaf(L)=0andsincea= 0,f(L)=0 Al
Answer: Thelimit L satisfiesf(L) =0 2 marks
(b) g(x) =1 — af'(x) with f'(x) = 3x*> + 1, so f'(«) = 5.42 M1
Convergence needs |1 — af'(a)| < 1,i.e O<af'(a) <2 M1
2
SoO<a<sz.37 Al
Answer: 0<a<0.37 3 marks
(c) x;, =1 — 0.2 x f(1) = 1.20000 M1
X, = 1.21440, x5 = 1.21333 Al
Answer: 1.20000, 1.21440, 1.21333 2 marks
' ' . 1
(d)g((x)=1—af((x)=09|v&sa=% M1
a= 0.185 Al
Errors shrink faster than linearly (g'(a) = 0), so each step gains accuracy rapidly El
Answer: a = 0.185 3 marks
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28 (8 marks)
(@) X3 — a = A(X, — o) and X, — a = A(X; — «); subtract: X3 — X, = A(X, — X4)
Alsox3—(x=(x3—x2)+(x2—o()z(x3—x2)+x3+

AlXg — X X3 — X
Hence (x5 — o)(1 — %) = X3 — Xp, SO Xg — O = % and with & = 22—2 the result
2 1

follows
(X3 = Xp)?
(X3 = Xp) = (X = Xq)
(b) X3 — X, = 0.062455, x, — x, = —0.073516
o = 2.34612
This is much closer to o than x5 (error 0.0004 compared with 0.029)
Answer: 2.34612

Answer: o0 = X3 —

Xq — X
(©) A== = —0.85 s negative, so the terms alternate either side of o
2 1

Answer: Oscillation

29 (12 marks)
(a) Let f(x) = € — 4x: f(0) = 1, f(1) = —1.282, f(2) = —0.611, f(3) = 8.086
Sign changesin [0, 1] and [2, 3] and f is continuous
Answer: Sign changesin [0, 1] and [2, 3], soa € [0, 1] and B € [2, 3]
(b) x; =2.0794, x, = 2.1184, x5 = 2.1370 ...
The values settle at 2.1516, so B = 2.15t0 2 d.p.
Answer: B =215
(© g0X) = 5 g(B) = 0.46 < 1 but gi(a) = 2.80 > 1
Near a the errors grow at each step, so the iteration moves away from o
Answer: g'(B) <1<g(a)
(d) x, = 0.4122, x, = 0.3775 ...
The values settle at 0.3574, so a = 0.357
B

h(x) = 5 hash(B) = 5 = 2.15> 1, s0 B is repelling

Answer: a = 0.357

30 (11 marks)

e’ .
(@) Xpi1 = 9(ax + €)) = g(ax) + &, g(ax) + —- g'(ax) + ...
Since g(a) = &, €45 = Xy — & = g'() e, when e,2 is negligible
Answer: e,,; = ¢'(x) e,

s 10x
B) g0 = =(es g2
g(x) = —0.615

Answer: —0.615
(©) & = (g(a))* &
~ (—0.615)* x 0.3458 =~ 0.049
This agrees well with the actual error of 0.047
Answer: 0.049
_ 00 e T £
At aroot f(a) =0, so g'(a) = 0 and the error decreases faster than linearly
Answer: g'(a) =0
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Newton-Raphson M ethod

1 (2 marks)
f(x)=3x2—1 B1
Xp2— X, — 1
Xne1 = Xp — W Bl
X P =%, =1
Answer: X, = X5 — W 2 marks
2 (2 marks)
f'(x)=2x,sox1=3—¥ M1
X, = 3.1667 Al
Answer: 3.1667 2 marks
3 (2 marks)
f'(x) = 3x2 + 2, f(1.3) = 0.797, f'(1.3) = 7.07 M1
B 0.797 _
X, = 1.3 — 707 " 1.1873 Al
Answer: 1.1873 2 marks
4 (3 marks)
ff(x)=¢e*—3 B1
f(0.5) = 0.1487, f'(0.5) = —1.3513 M1
_ 0.1487 _
X1 = 05— 13513 _ 0.6101 Al
Answer: 0.6101 3 marks
5 (3 marks)
f(x) =cosx — x,s0f'(X) = —sinx — 1 B1
f(0.7) = 0.0648, f'(0.7) = —1.6442 M1
B 0.0648 _
X, = 0.7 — 16442 - 0.7394 Al
Answer: 0.7394 3 marks
6 (3 marks)
X2 — 2
X1 = Xn = B1
X; =15 — 0—3?5 = 1.41667 M1
X, = 1.41422 Al
Answer: X, = 1.41667, X, = 1.41422 3 marks
7 (4 marks)
' x> =N
f'(X) = 2%, S0 X1 = X, — . M1
22— x.2+N 1 N
- 2, =zt x_n) A
1 11
X; = 5(3+ 3) = 3.33333, X, = 3.31667 M1
X5 = 3.316625, s0 11 = 3.3166 Al
Answer: 3.3166 4 marks
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8 (4 marks)

f'(x) = 3x? B1

X, =2~ =5 = 175000 M1

X, = 1.710884, x5 = 1.709976 Al

%/5 = 1.70998 to 5 d.p. Al

Answer: 1.70998 4 marks
9 (4 marks)

X2 — 2%, — 5

(@) Xpe1 = Xp — iz M1

= 22X = X2+ 2%, + 52X, +5

B 3X,2— 2 T 3x,2— 2 Al

. 2,2+ 5

Answer: Xp,q = —3Xn2 _— 2 marks

(b) x, = 2.10000, x, = 2.09457 M1

X3 = 2.094551 Al

Answer: 2.094551 2 marks
10 (5 marks)

(@) f(2) = —0.3069 < 0 and f(3) = 1.0986 > 0 M1

Sign change and f continuous Al

Answer: f(2) <0< f(3),soaroot liesin [2, 3] 2 marks

(b) F(x) = % +1 B1

X, = 2.20457, x, = 2.20794 M1

X5 = 2.207940, so the root is 2.2079 Al

Answer: 2.2079 3 marks
11 (5 marks)

(@x3+(2x—1%*=9,and(2x — 1)3=8x>— 12x*+ 6x — 1 M1

O3 —12x?+6x — 1=9,50 9% — 12x* + 6x — 10=0 Al

Answer: 9x® — 12x? + 6x — 10=0 2 marks

(b) f'(x) = 27x® — 24x + 6 B1

f(1.4) = —0.424, f'(1.4) = 25.32 M1

X, =14 — % = 1.417 AL

Answer: 1.417 3 marks
12 (3 marks)

f -0
The tangent passes through (X, f(X)) and (x,, 0), so its gradient is )((XO)_ m M1
0 1
This gradient equals f'(X), o f'(Xg)(Xe — Xq) = f(Xo) Al
_ f(Xo)
X1 =Xg — m Al
Answer: X; =X —ﬂ 3 mark
TTLT 0T () s

13 (6 marks)

(a) Sketch: y = 3% is positive, passes through (0, 1) and rises faster than'y = x? for x > 0 M1

The graphs cross only once, for x < 0, where 3 decreases to 0 while x? increases El

Answer: Onereal root, negative 2 marks

(b) Let f(x) =3 — x* f(—1) = —0.667 <0 and f(0) =1>0 B1

Answer: f(—1) <0< f(0) 1 mark

() f'(x) =3"In3 — 2x B1
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X, = —0.70030, x, = —0.68610
X5 = —0.686027, so the root is —0.6860
Answer: —0.6860

14 (6 marks)
(@) f'(x)=3x*—3,0f(1) =0
The tangent at x = 1 is horizontal, so it never meets the x-axis (division by zero)
Answer: f'(1) =0
(b) f(1.1) = —0.969, f'(1.1) = 0.63
X, = 2.6381
X, = 1.9979, x5 = 1.6657
Answer: 2.6381, 1.9979, 1.6657

(c) X, isclose to a stationary point, where f' is small, so the tangent is nearly horizontal and meets

the axis far away
Answer: Gradient closeto O

15 (6 marks)
(@ f(x)=3sinx — x, f'(x) =3 cosx — 1
X, = 2.323732
X, = 2.279595, x5 = 2.278863
Answer: 2.279595, 2.278863
(b) f(2.27885) = 0.000037 > 0
f(2.27895) = —0.00026 < O
Sign changein thisinterval, so o = 2.2789 to 4 d.p.
Answer: a = 2.2789

16 (5 marks)
Let f(x) = x> — 2%, Then f'(x) = 3x*> — 2¥In 2
x, =14 — 104 _ 1 374083

f(14)
X, = 1.373467, x5 = 1.373467

The x-coordinate is 1.37347 to 5 d.p.
Answer: 1.37347

17 (6 marks)

% = e — 3x? = 0 at a stationary point, so € = 3x?

Let g(x) = € — 3x?, g'(x) = € — 6x
X;=1— % =0.91416, x, = 0.91002
X5 = 0.910008, x, = 0.910008

The x-coordinate is 0.9100

Answer: 0.9100

18 (7 marks)
dx _ 3y -2
(@ dy ~ Y3 -2y
d . dx 1 .
d—i=59lv&ed—y=§,so5(3y2—2)=y3—2y,|.e.y3—15y2—2y+10=0
Answer: y® — 15y> — 2y + 10=0

(b) f(y) = y* — 15y> — 2y + 10, F(y) = 3y> — 30y — 2,y, = 15 — 20 = 15.08969

y, = 15.08863

Answer: 15.089

(c) y =15.089

x =1n(15.089% — 2(15.089)) = 8.13
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Answer: P(8.13, 15.09) 2 marks
19 (6 marks)
Xp2 — 3
(@ Xne1 = Xy — 2X,, Bl
X; = —2.0000, x, = —1.7500 M1
X3 =—17321 Al
Answer: —1.7321 3 marks
(b) The values approach —3 =~ —1.7321 B1
Answer : —\/§ 1 mark
(c)x, =05 — 0'251_ 8 _325 M1
X, is positive and larger, and the sequence then approaches +\/§ Al
Answer: x, = 3.25; towards +/3 2 marks
20 (6 marks)
Letf(E)=E—03snE—1,s0f(E)=1— 0.3cosE M1 Al
f(1) = —0.25244, f'(1) = 0.83791 M1
Ei=1— game =1.301275 AL
E, =1.288119 Al
E =1.28809 to 5 d.p. Al
Answer: 1.28809 6 marks
21 (8 marks)
Xp2 — 4x, + 1
(@) Xpig = Xy — TxZI-a M1
2,0 —1
- 3x.2—4 Al
Answer: Xp.q = M 2 marks
T 3x,2 -4
(b) x, = 1.87500, x, = 1.86098 M1
X, = 1.860806, so the root is 1.8608 Al
Answer: 1.8608 2 marks
(c) x, = 0.25000, x, = 0.25410 M1
Theroot is 0.2541 Al
Answer: 0.2541 2 marks
(d) From x, = —2 the iteration converges to —2.115 M1
Fromx,=1,f(1))=—2andf'(}) =—1,s0x;, =1 — :—i:—l Al
Answer: —2.115 2 marks
22 (7 marks)
(a) 8th term of the arithmetic series = 3 + 7d, 8th term of the geometric series = 3d’ M1
3+ 7d + 3d’ =500, s0 3d’ + 7d = 497 Al
Answer: 3d’ + 7d = 497 2 marks
(b) f(d) = 3d’ + 7d — 497: f(2) = —99 < 0 and f(2.1) =58.03> 0 M1
Sign change and f continuous, so 2<d< 2.1 Al
Answer: f(2) <0< f(2.1) 2 marks
(c) f'(d) = 21d® + 7 B1
dy =21 — 000 = 206791 M1
d, = 2.06634, so d = 2.066 Al
Answer: d = 2.066 3 marks
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23 (7 marks)
(8) F(X) = ——

X
L_a
_ Xn _ 2 1

Xpe1 = Xp — 1 _Xn+xn(x_n_a)

2

Xn
=X, + X, — ax,? = X,(2 — ax,)
Answer: X,,; = X,(2 — ax,)
(b) X, = 0.1 x (2 — 0.7) = 0.130000
X, = 0.141700, x5 = 0.142848, x, = 0.142857
Answer: 0.142857

(c)x1>0requir&e2—7x0>0forx0>0,soo<xo<%

Xo = 0.5 givesx; = 0.5(2 — 3.5) = —0.75 < 0 and the later values tend to —
Answer: 0 < xq,<2/7

24 (8 marks)
(a) % = 2e* sothetangent at Pisy — (e® + 2) = 2e?°(x — p)

Through (0, 0): —e?®® — 2= —2pe®, so (2p — 1)e** =2

Answer: (2p — 1)e* =2

(b) Let g(p) = (2p — 1)e® — 2: g(0.7) = —0.378 < 0 and g(0.8) = 0.972> 0
Sign change and g continuous

Answer: g(0.7) <0< g(0.8)

(c) g'(p) = 267 + 2(2p — 1)e™ = 4pe™

P = 0.8 — 9028 = 0.73369

p, = 0.73161, so p = 0.7316
Answer: p =0.7316

25 (8 marks)
(a) Rearranging the given equation givesf(r) =0
f'(r) = 450 x 24(1 + r)~% — 10 000
Answer: f'(r) = 10 800(1 + r)~% — 10 000
(b) f(0.01) = —4.4048, {'(0.01) = —1578.501
r, = 0.007210, r, = 0.006357, r; = 0.006252
r, = 0.0062507, so r = 0.00625 to 5 d.p.
Answer: 0.00625
(c) Annual rate = 12 x 0.006251
=7.50%
Answer: 7.50%

26 (9 marks)
(@ AP*=(x — 2+ (X — 1)2=x® — 3x + 5 — 2/x
d(AP?) _ 1
T S T3TR
Answer: AP? isminimised when 2x — 3 — % =0
(b) 1) = 2x — 3= X2, f(x) = 2 + X~
X, = 1.86545, x, = 1.86603
x = 1.8660 to 4 d.p.
Answer: 1.8660
(c) AP? = (1.8660 — 2)2 + (1.8660 — 1) = 0.1519
AP = 0.390
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Answer: 0.390 2 marks
27 (10 marks)

(@ 0="f(a) =f(x,) — e, f'(Xp) + = f '(€) for some € between a and x,, M1 A1

o o . T0) e’ f '€)
Divide by f'(x,): ) e, — o) M1
f(xn)
en+1:Xn+1—0(:en—m M1
el @) ()
0= )~ A@) &
f''(a
Answer: g,,; = % e,> 5 marks
N (o 1

(b) () = 32, F*(x) = 6x, S0 Zf((a)) = M1

=0.585 Al

Answer: 0.585 2 marks

(c) e; = 0.585 x (0.2900)% = 0.0492 M1 Al

e, = 0.585 x (0.0400)? = 0.00094, close to the actual values Al

Answer: 0.0492, 0.00094 3 marks
28 (9 marks)

(a) f'(x) = %x‘m’ B1

13
Xneg =Xn = 7 - = Xn ~ 3%, M1
3%

= —2X, Al

Answer: X, = —2X, 3 marks

(b) X, =(—2)"a B1

[X,] grows without limit and the sign alternates, so the iteration diverges from the root El

Answer: X, = (—2)n a; diverges 2 marks

(©) f'(x) = 3x" 2% > w0 asx — 0, so f' is not defined (not continuous) at the root El

The condltlonsfor fast convergence (f' finite and non-zero at «, f" bounded) do not hold El

Answer: f' unbounded at the root 2 marks

(d) [x,] = 2" x 0.1 > 1000, so 2" > 10 000 M1

213 =8192<10000 < 16 384 = 2", so n = 14 Al

Answer: n =14 2 marks
29 (10 marks)

@FfX)=2x—DX+2)+x—1D?>=(x—1DBx+3)=3xx — I)(x + 1) M1 A1l

Dividing f by f' cancels afactor (x — 1), giving the stated iteration Al

\ (Xn - 1)(Xn + 2)
Answer: f'(X) = 3(x = D)(X + 1); X4y = TEx D) 3 marks
(b) x, = 1.55556, x, = 1.29791, x5 = 1.15539 M1 A1
. € e, €3 i 1
Ratios o = 0.556, e = 0.536, e = 0.522, tending to > Al
0 1 2

Answer: Ratiostend to 1/2 3 marks

(c) f'(2) = 0, so the condition f'(ca) # O fails and the error is only halved at each step El

Answer: f'(a) =0 1 mark

(d) x; =1.111111 M1

X, = 1.001949, x; = 1.000001 Al

The sequence reaches 1 much faster, so the factor 2 restores quadratic convergence for a double El

root
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Answer: x; = 1.111111, x, = 1.001949, x, = 1.000001

30 (10 marks)
(@ f(0) =k and f'(0) = —2
k _k
¥W=V= 5732

f
(0) %o = X1 = ey =0 = x4fi(xp) = (x)

X1(3x2 — 2) =x,° — 2x; +k
33— 2x; =x,2 — 2x; +k, 0 2x,> =k
Answer: x, = 0if and only if 2x,® = k
3
(0) Substituting x, = 5 2 =k, 50k = 4k
k#0 sok?’=4
k=2ork=-2
Answer: k = £2
(d) X, =0for evennand x, = 1 for odd n
The iterates cycle between 0 and 1 and never settle, because the tangents at these points cross the
axis at each other; the real root (= —1.769) is never approached
Answer: CycleO0, 1,0, 1, ...

Numerical Integration

1 (2 marks)
h=1 soaea~ 3 x 1x[32+44+2(4.1+55+50)]

=18.40
Answer: 18.40

2 (3 marks)

1
3

_1_25_25

66 36

Answer: In2 = %

3 (2 marks)

h = 1, mid-ordinates at x = 0.5 and x = 1.5: €°° = 1.6487 and e'® = 4.4817
Area= 1 x (1.6487 + 4.4817) = 6.130
Answer: 6.130

4 (3 marks)
h=2y,=0y,=4,y,=16
Area= 5 x 2% [0+ 16 + 4(4)]
= % which is exact
Answer: % (exact)
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5 (2 marks)
_4-1_
h=—%—=05
x=1,15,225,3,35,4
Answer: h=05; x=1,15,2,25,3,35,4

6 (2 marks)
y =1, 1.414, 1.732, 2.000, 2.236
Answer: 1, 1.414, 1.732, 2.000, 2.236

7 (4 marks)
h = 0.25; y values: 1.00000, 0.94118, 0.80000, 0.64000, 0.50000

Area = % % 0.25 x [1.00000 + 0.50000 + 2(0.94118 + 0.80000 + 0.64000)]

=0.7828
Exact value = arctan 1 = % = 0.7854; error = 0.33%
Answer: 0.7828

8 (4 marks)

h =0.5; y values: 0.00000, 0.40547, 0.69315, 0.91629, 1.09861
1
Area= 3% 0.5 [y +y,+ 4y +Ya) + 2y,

= % x 0.5 x [1.09861 + 4(1.32176) + 2(0.69315)]
= 1.2953
Answer: 1.2953
9 (7 marks)
@h= %; y values: 1.00000, 0.96194, 0.85355, 0.69134, 0.50000

| = % x g  [1.00000 + 0.50000 + 4(1.65328) + 2(0.85355)]

=1.2855
Answer: 1.2855

(b) cos’(5) + sin¥(5) = 1, 50 [ sin¥(3) dx = [ " Ldx — 1

~ % — 1.2855 = 0.2853
Answer: 0.2853

(c) cos x = cosz(g) - sinz(%) = ZCOSZ(g) -1

J cosx dx =~ 2(1.2855) — 5 = 1.0001
Answer: 1.0001

10 (4 marks)
h = 0.5; mid-ordinates x = 0.25, 0.75, 1.25, 1.75
y values: 1.00778, 1.19242, 1.71847, 2.52178
Area = 0.5 x (6.44045)
=3.220
Answer: 3.220

11 (3 marks)
Distance = area under the speed-time graph, withh =5

~ 2 x5x[0+19+2(4+9+13+ 16+ 18]

=3475m
Answer: 347.5 m
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12 (4 marks)
h = 2 and the interval has width 8 B1
[ 1) dx = 5 x 2% [4+ 16+ 4(10 + 19) + 28] = (136 + 28) M1
Mean value = ™ s 2(136 + 26) = 14 x 8= 112 M1
136 + 2a= 168, so a= 16 Al
Answer: a=16 4 marks
13 (4 marks)
h= % B1
y vaues: 1, 0.97450, 0.90032, 0.78421, 0.63662 M1
Area = % x % x [1 + 0.63662 + 4(0.97450 + 0.78421) + 2(0.90032)] Al
=1.3708 Al
Answer: 1.3708 4 marks
14 (6 marks)
(8) T, h=1, 3[1+ 2 +2(05)] = 1.16667 M1 AL
T4 h=05, 5 x 05 [1+ 2 +2(0.66667 + 0.5 + 040000)] = 111667 AL
Answer: T, = 1.16667, T, = 1.11667 3 marks
aT, - T -
b) 43 2 _ 4(1.11667)3 1.16667 "
= 1.10000, which equals S, = 5 x 0.5 x [1+ 5 + 4(0.66667 + 0.40000) + 2(0.5)] AL
Answer: 1.10000 2 marks
(c) In 3 =1.09861, the errors are 0.068 (T,), 0.018 (T,) and 0.0014 (S,), so Simpson's rule is best E1
Answer: Simpson'srule 1 mark
15 (6 marks)
(8) h=1: 2[1+2+ 2/Z +3)] M1
= 4.6463 Al
Answer: 4.6463 2 marks
(b)y" = —%x‘3’2 < 0 so the curve is concave M1
The chords lie below the curve: underestimate El
Answer: Underestimate 2 marks
(© S X2 d=2x¥, 501 = 28 — 1) = o = 46667 M1
Percentage error = 0.44% Al
Answer: %; 0.44% 2 marks
16 (5 marks)
f'(x) =€, s0M =eon|0, 1] B1
1x h? e
E| = o Xe= 1o M1 Al
Need %nz < 0.0005, S0 n? > 453.0 M1
n>21.28, son= 22 strips Al
Answer: n =22 5 marks
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17 (6 marks)
(a) h = 10, and the end widths are both 0 B1
Area =~ 5 x 10 x [0+ 0 + 2(18 + 26 + 31 + 29 + 20)] M1
= 1240 m? Al
Answer: 1240 m? 3 marks
(b) Areaz%><10><[0+0+4(18+31+20)+2(26+29)] M1 A1
= 1286.7 m? Al
Answer: 1287 m? 3 marks
18 (6 marks)
V:nyzdxzni;1 (e"‘z)zdx:n‘[;l e 2 dx M1 AL
h = 0.25; y? values: 1.00000, 0.88250, 0.60653, 0.32465, 0.13534 B1
= % x 0.25 x [1.00000 + 0.13534 + 4(1.20715) + 2(0.60653)] = 0.59808 M1 A1
V = 11 x 0.59808 = 1.88 Al
Answer: 1.88 6 marks
19 (7 marks)
h=1; y values: 0, 1.38629, 3.29584, 5.54518, 8.04719 B1
Area = % x 1 x [0+ 8.04719 + 4(1.38629 + 5.54518) + 2(3.29584)] M1 A1
=14.1216 Al
x2 X x2 x2
fxlnxdx:7lnx—f§dx:7lnx—7 M1 A1
| =(125In5 — 6.25) — (0 — 0.25) = 14.1180 Al
Answer: 14.1216; exact 14.1180; error 0.0036 7 marks
20 (6 marks)
. k k k k k
(@) h=05; ordinates 5, 5=, 3, 35+ 7 Bl
% x 0.5 x k[0.5000 + 0.2500 + 2(1.01905)] = 0.69702 k M1
0.69702 k = 6.97, so k = 10.000 = 10 Al
Answer: k =10 3 marks
(b) Use more strips (a smaller strip width h) El
Answer: Use more strips 1 mark
. 2 10 1 20 110
(c) Replacing x by 2t: 1: X+2 dx = 2+ 2 dt = 1; +1 dt M1
1 20 _ _
So [ 351 dx=2x697=139%4 AL
Answer: 13.94 2 marks
21 (8 marks)
(a) Asx — 0 the integrand ?/_; — o0, S0 thereis no value y, to use El
Answer: Integrand is unbounded at 0 1 mark
(b) x = u?, so dx = 2u du B1
e’ dx = e’ x 2udu =2~ du M1
\/; u
Limitsu=0andu=1,soJ=2_£1 eV du Al
Answer: J = 2_[;1 e du 3 marks
() h=10.25; y values: 1.00000, 0.93941, 0.77880, 0.56978, 0.36788 B1
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j; "oV du = % x 0.25 x [1.00000 + 0.36788 + 4(1.50920) + 2(0.77880)] M1 A1
J= 2x 0.74686 = 1.4937 Al
Answer: 1.4937 4 marks
22 (8 marks)
(8) T, = 5 x 05X [0+ 1 + 2(0.0625)] = 0.281250 M1 AL
T, =0.220703 and T4 = 0.205200 Al
Answer: 0.281250, 0.220703, 0.205200 3 marks
(b) E, = 0.081250, E, = 0.020703, E4 = 0.005200 M1 A1
Ratios: 3.92 and 3.98 Al
Answer: 3.92, 3.98 3 marks
(c) Halving h divides the error by about 4, so E « h? El
E
Eis = 4 = 00013 Al
Answer: 0.0013 2 marks
23 (6 marks)
(&) The formulais g[...], so the factor is% x 0.5=0.25, not 0.5 E1l
Correct estimate = 0.25 x [1.0000 + 2.2361 + 2(4.3350)] M1
=2977 Al
Answer: 2.977 3 marks
(b) Simpson's rule requires an even number of strips, so that the ordinates can be paired by El
parabolas
Answer: Needs an even number of strips 1 mark
(¢) S, (h=0.5) =2.9580 M1
Ss=29579 (h= %); more strips, so S is likely to be more accurate Al
Answer: S, =2.9580, S; = 2.9579 2 marks
24 (7 marks)
(a) Area=sum of trapezia %(Width)(sum of paralel sides) M1
21120+ 28) + 228+ 4.1) + 3(4.1 + 35) + 435+ 1.2)] M1
=30.10 m? Al
Answer: 30.10 m? 3 marks
(b) Trapezium: 3 x 2 % [3.0+ 2.9+ 2(44 + 51 + 46)] = 34.10 M1 AL
Simpson: % x2x[3.0+29+4(4.4+4.6)+ 2(5.1)] =34.73 M1 A1l
Answer: Trapezium 34.1 m?, Simpson 34.7 m? 4 marks
25 (9 marks)
(8 F() =Inx +1,'0) = = >0 M1 AL
Convex: trapezium rule overestimates and mid-ordinate rule underestimates El
Answer: T over, M under 3 marks
(b)h=05;T,= % x 0.5 x [f(1) + f(3) + 2(f(1.5) + f(2) + f(2.5))] M1
T, = 2.9666 Al
M, = 0.5 x [f(1.25) + f(1.75) + f(2.25) + f(2.75)] = 2.9324 Al
Answer: T = 2.9666, M = 2.9324 3 marks
2 2
(c)fxlnxdx:%lnx—XT M1 A1
| =(45In3 — 2.25) — (—0.25) = 2.9438, and 2.9324 < 2.9438 < 2.9666 Al
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Answer: 2.9438

26 (8 marks)
g(x) = cosx, soL = [" 1+ cos” x dx

h= %; y values: 1.41421, 1.32288, 1.11803, 1.00000, 1.11803, 1.32288, 1.41421

L= % x & % [1.41421 + 141421 + 4(3.64575) + 2(2.23607)]

=3.8194
L = 3.82
Answer: 3.82

27 (9 marks)
h 3 _ h _ .
(@ _[h X dx = L LoX dx = 0 by symmetry (odd functions)

2bh3

Fox?+d)dx = (25 + o h =20 4 oan

Answer: L: f(x) dx = ﬂ + 2dh
(b) f(h) + f(=h) = 2bh? + 2d
f(0) = d, so f(—h) + 4f(0) + f(h) = 2bh? + 6d

3
S= (2bh? + 6d) = 2

+ 2dh, equa to the integral

3
Answer: S= 2b3h + 2dh for the same f, so that Simpson'sruleis exact for any cubic

(c) Trandlating the x-axis (x = X — m) turns a cubic into another cubic, so the result holds on any
interval

S= 3 x Lx[f(0) + 4f(1) + (2] = 2[1+0+5] =

4
Exact: [ — X2 +X]o?=4— 4+2=2
Answer: S= 2 = exact

28 (9 marks)
1
@h==y,= ()% Y =0y,=1

1 r2 1.n?
:%[0+1+22 Sl=Sl5 2]

Answer: T, = 3[2n2+2

1.n n—21n2n—1
(0) Sy + O en = b
_ix3n2+2n3—3n2+n_2n3+n
n 6 ~oend
1,1
3 en?
. _1 1
Answer: T, == o2
4
© Error:G—i‘z<1O‘4, son? > 1 = 16667
n>40.82, son =41
Answer: n =41
h2

1 1
(d) h— =, so the error — -6
Halving h (doubling n) divides the error by 4
Answer: Error = h?/6
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29 (9 marks)
(@ f(l))=a+bandf(2) =4a+8b B1
T=2x1x[0+f(2)+2f(1)] =2a+4b+a+b=3a+5b M1
S= 2[0+1(2) + 4f())] = 22 AL
Answer: S=(8a + 12b)/3 3 marks
(b) 3a+5b=19and 8a+ 12b =48, i.e. 2a+ 3b =12 M1
Eliminating a 2(3a+ 5b) — 3(2a+ 3b) =38 — 36, so0b =2 M1
a=3 Al
Answer: a=3,b=2 3 marks
4
(© [ (3¢ +2x%) dx = [x¢ + 52 M1
=8+8=16 Al
f isacubic and Simpson's rule is exact for cubics E1
Answer: 16 3 marks
30 (10 marks)
(a) S,: h=0.5, ordinates 4.0, 3.200000, 2.0 B1
S, = % x 0.5 x [4 + 2 + 4(3.200000)] = 3.1333333 M1 A1
S,: h = 0.25, ordinates 4.000000, 3.764706, 3.200000, 2.560000, 2.000000, so S, = 3.1415686 M1
Answer: S, = 3.1333333, S, = 3.1415686 4 marks
(b)LetS,=m+eandS, =~ m+ 75 M1
16S, — S, = 16n +e— 1 — e= 1511 M1 Al
Answer: R = m 3 marks
(©R= 16(3.14156861)5— 3.1333333 — 31421176 M1
Errors: S, —0.0083, S, —0.000024, R 0.00052 Al
R is far more accurate than either Simpson estimate El
Answer: R = 3.1421176 3 marks
Numerical Differentiation
1 (2 marks)
f(2l)=441andf(2) =4 B1
ey 44l —4
f'(2) = o1 - 41 Al
Answer: 4.1 2 marks
2 (2 marks)
f(1.1) = 3.00417 and f(0.9) = 2.45960 M1
f(1) ~ 3.004170—22.45960 — 27298 Al
Answer: 2.7228 2 marks
3 (2 marks)
f(2) = 0.69315 and f(1.9) = 0.64185 M1
F(2) = 0.693150—10.64185 — 05129 L
Answer: 0.5129 2 marks
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4 (2 marks)
Py ~ 12100 vt
_ 3.464 ; 3.162 - 0.151 AL
Answer: 0.151 2 marks
5 (2 marks)
f(1.1) = 1.331, f(1) = 1, f(0.9) = 0.729 B1
F(1) ~ 1.331 _o§1+ 0729 _ 6.0 L
Answer: 6.0 2 marks
6 (2 marks)

- - "
= —28'0 > 110 _g5ms? Al
Answer: 85ms™! 2 marks

7 (6 marks)
(8) f(x + h) = sin(1.1472) = 0.91162, f(33) = 0.86603 M1
f' = 0.4559 Al
Answer: 0.4559 2 marks
(b) f(x — h) =sin(0.9472) = 0.81178 M1
fr =~ 0.911620—20.81178 — 0.4992 Al
Answer: 0.4992 2 marks
(c) Forward error = —0.0441 B1
Central error = —0.0008, much smaller Bl
Answer: Errors —0.0441 and —0.0008 2 marks
8 (5 marks)
(a) h=0.1: 5.8630, error 0.4264 M1
h =0.01: 5.4775, error 0.0410 Al
Answer: 5.8630, 5.4775 2 marks
(b) h=0.1: 5.4547, error 0.0181 M1
h = 0.01: 5.4367, error 0.0002 Al
Answer: 5.4547, 5.4367 2 marks
(c) Central difference: its errors are about 100 times smaller and fall by a factor of about 100 El
when h isdivided by 10
Answer: Central difference 1 mark
9(4 marks)
TE) - TM)
@ dt = 2 M1
= M = 8.75 °C per minute Al
Answer: 8.75 °C per minute 2 marks
(b) dT w = 11.5 °C per minute B1
Answer 11.5 °C per minute 1 mark
(© Oglt_ ~w:6.1°0perminute B1
Answer: 6.1 °C per minute 1 mark
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10 (4 marks)

h=0.1: % = 0.24846 M1 AL

_ Y401 -2 _

h=0.01: *—557— = 0.24984 Al

Exact: y' = % = 0.25, and the smaller h gives the smaller error Al

Answer: 0.24846 and 0.24984 4 marks
11 (3 marks)

f(2.1) = 0.741937, f(2) = 0.693147, f(1.9) = 0.641854 M1

#(2) = 0.741937 — 2(0.(()3539;147) +0.641854 _ ) oes AL

Exact: f*(x) = —X—12 = —0.25, so the error is —0.0003 Al

Answer: —0.2503 3 marks
12 (3 marks)

. _fa+h) —f(a@ _ f(a+h) —f(a)

Gradient of the chord = @ h—a - h M1 Al

As h — 0 the chord approaches the tangent at x = a, so its gradient approaches f'(a) El

Answer: Chord gradient — tangent gradient 3 marks
13 (5 marks)

(a) f(2.5) = 15.625 and f(2) =8 M1

(2) = % = 15.25 AL

Answer: 15.25 2 marks

(b) f(2.5) = 15.625 and f(1.5) = 3.375 M1

f(2) = 15.6251— 3.375 — 125 AL

Answer: 12.25 2 marks

(c) The central estimate is more accurate: its error is 0.25 compared with 3.25 for the forward El

difference

Answer: Central difference 1 mark
14 (5 marks)

h? h®
f(x + h) =f(x) + hf'(x) + 7f"(x) + €f"'(x) + .. B1
h? h?
f(x — h) = f(x) — hf'(x) + 7f"(x) - Ff‘"(x) + .. B1
3
Subtracting: f(x + h) — f(x — h) = 2hf'(x) + h?f"'(x) + .. M1
2

Dividing by 2h gives f'(x) + hgf'"(x) + ... Al

The error is of order h? (central), whereas the forward difference has error of order h El

Answer: Central error O(h?); forward O(h) 5 marks
15 (5 marks)

h? h® h*
f(x £ h) = f(x) £ hf'(x) + S f"(x) £ 5 F"(X) + 57900 = .. B1
Adding the two expansions, the odd powers cancel M1
4

f(x + h) + f(x — h) = 2f(x) + h%"(x) + %f(“)(x) + .. Al

Rearranging and dividing by h? gives the result Al

The error is of order h? E1

Answer: Error O(h?) 5 marks
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16 (6 marks)
D(02) = 2271128 - 333878 M1 AL
D(O.1) = M32=1IN29 333457 AL
D(02) — D(0.1) = C(0.04 — 0.01), 0 eliminate C: f/(3) = 20D = P02 M1 AL
= 0.3333330, compared with % = 0.3333333 Al
Answer: 0.333333 6 marks
17 (6 marks)
(a)h=0.1: f(1.3)0—2f(1.1) _ 0.18450—20.2982 — 05685 1AL
h=02 A9 - _o5675 AL
Answer: —0.5685, —0.5675 3 marks
(b) F"(1.2) = f(1.3) — 2(1‘)((1).12) +1(1.1) "
_ 0.1845 — 2(0.2369) + 0.2982 _
= 0.0L =0.89 Al
Answer: 0.89 2 marks
(c) The h = 0.1 estimate (error 0.00013) is closer than h = 0.2 (error 0.0011) El
Answer: h=0.1 1 mark
18 (6 marks)
h=0.1: w =2.859 M1 A1
h=0.01: 2.73 Al
h =0.0001: 3.0 Al
The values are rounded to 4 d.p., so each has an error up to 0.00005 El
Dividing the difference by a very small h magnifies this rounding error (up to about 0'0201), El
which outweighs the gain from reducing the truncation error
Answer: 2.859, 2.73, 3.0 6 marks
19 (5 marks)
(a) At 08 2P =038 _ ¢ 0965 M1 AL
At 1.0: 0.0048, at 1.2: —0.0567 Al
Answer: 0.097, 0.005, —0.057 3 marks
(b) The gradient changes from 0.0048 to —0.0567 between x = 1.0 and 1.2 M1
0.0048 _
X~ 10+0.2x g5om—(—go8s7) = 1015 AL
Answer: 1.02 2 marks
20 (6 marks)
@f(2=—-1andf'(2) =10 B1
X, =2~ 73 = 21000 AL
Answer: 2.1000 2 marks
(b) f(2.01) = —0.899399 B1
oy —0.899399 — (—1) _
f'(2) = 001 =10.0601 M1
Xy =2+ quoss = 209940 AL
Answer: 2.09940 3 marks
(c) The numerical derivative is dlightly different (10.0601 against 10), but the effect on x; istiny El
(about 0.0006), so the method still converges to the root
Answer: Difference of about 0.0006 1 mark
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21 (8 marks)
h? h®
(@) f(x + h) = f(x) + hf' + " + =" + .. B1
— ' 2¢n 4h3 m
f(x +2h) = f(x) + 2hf" + 20" + =" + .. B1
. _ . h?.,, K%, _ , oo AR3
Answer: f(x + h) =f + hf +7f +€f +...and f(x + 2h) =f + 2hf' + 2h“f +Tf + ... 2 marks
(b) 4f(x + h) — f(x + 2h) — 3f(x) = (4 — 1 — 3)f + (4h — 2h)f’ M1 A1
2 ngn o 200 4An®
+(2h” = 2n)f" + (5~ — Ff M1
3
= 2hf' — ﬁf + ... so dividing by 2h and rearranging gives the result Al
Answer: f'(x) = —3i(x) + 4f(x ;hh) —fxr2n) f"‘(x) + 4 marks
_ 01 _ .02
(0) Estimate= —>" %€ =€ = 0.99640, error —0.0036 M1
Forward difference 1.05171 has error 0.052: the three-point formula is much more accurate Al
Answer: 0.99640 2 marks
22 (8 marks)
(&) Error inf(x + h) — f(x — h) isat most 2¢ M1
Dividing by 2h gives a maximum error of % = % Al
Answer: Rounding error in D(h) is at most % 2 marks
2
(b) E(hy = 8+ & 81
o _ he £ _
E(h)—?—F—O M1 Al
=% son=00s8 AL
Answer: 0.038 4 marks
() E.;, = 0.0020 B1
For h=0.001, E = % = 0.05, far larger: rounding error dominates E1
Answer: 0.0020 2 marks
23 (6 marks)
(a) The central difference divides by 2h = 0.2, not h El
The second difference divides by h? = 0.01, not h E1
Answer: Denominators should be 2h and h? 2 marks
(b) 1(2) = 2552 =12.00 B1
wiey . 012
f (2) ~ 001" 12.0 Bl
Answer: 12.01 and 12.0 2 marks
(¢) f'(x) = 3x*> = 12 and f"(x) = 6x = 12 B1
Sam's answers 24.02 and 1.2 are not close to 12, but the corrected estimates (12.01 and 12) are El
Answer: Both exact valuesare 12 2 marks
24 (7 marks)
(@) v(05) =~ X750 = 3000 M1
v(1) = 4.500 and v(1.5) ~ 9.000 Al
Answer: 3.000, 4.500, 9.000 2 marks
(0) v(0) = X229 — 5000 B1
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v@ =~ 3239 - 95000

Answer : 3.000 and 12.000
S(1.5) — 25(1) + 5(0.5)

(©) a1) = 0

_ 6.000 — 2(3.000) + 1.500 _

= 0.5 =6.00
Answer: 6.00

(d) v=6t>— 6t +4s0v(l) =4, and a= 12t — 6 s0 a(1) = 6; the central estimates are close but
not exact because of the h? errors
Answer: v(1) =4,a(1) =6
25 (7 marks)
(8) h=01 2712 - 0 487002, error —0.012098

h = 0.05: 0.493852, error —0.006148
Answer: 0.487902, 0.493852

_ —0012098 _
(b) Ratio = —0.006148 — 1.97

Error = gf"(Z), proportional to h, so halving h halves the error
Answer: 1.97

© f (x)——— s '(2) = —0.25

Predicted error = 07 x (—0.25) = —0.0125, actual —0.0121: agreement to 2 s.f.
Answer: —0.0125

26 (7 marks)
dy 2 _
(a) =3t — 2, dt =2t
dy _ 3t2 -2
dx — 2t
_ o 10 _
Att=2: 7" 25
Answer: 2.5
(b) y(2.1) — y(1.9) = 2.002, s0 — dy =~ 10.010

x(2.1) — x(1.9) = 0.80, 0 a ~ 4.00

dy _ 2002 _
Answer: 2.5025

dy y(t+h) —y(t—h

(c) Each central difference has the same factor 2h in its denominator, so = = X+ 1) = x(E =T

Answer: Both denominators contain 2h

27 (9 marks)
2 3 4
(8) fx +h) =+ A + 2+ h—f'" T

f(x + 2h) = f + 2hf' + 2h2" + f L gy,
Combination f — 2f(x + h) + f(X +2h): ftermsl —2+1=0,fterms—2h+2h=0
1.2 _ 7

. 3__ o 4. o
h% —1+2=1; h% 3+ =1; h* 5 +t3°13

4
Answer: f(x) — 2f(x + h) + f(x + 2h) = h?f""(x) + h3f""(x) + %f(4)(x) +

— 2f(x + h) + f(x + 2h)

(b) () = (= EEE

The error is of order h

— hf"(x) —
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f(x) — 2f(x + h) + f(x + 2h)

Answer: f"(x) = 2 ,error = —hf""(x) 2 marks
(© Formula —2 IS 0111 *inl2 = —0.8299 M1
Correction: subtract hf" = 0.1 x 2, giving —0.8299 — 0.2 = —1.0299 Al
The corrected value is much closer to —1 (error 0.03) than the raw estimate (error 0.17) El
Answer: —0.8299; corrected —1.0299 3 marks
28 (9 marks)
(a) 4D(h) = 2(f(x + h) ; =) g D(2h) = f(x + 2h) th(x — 2h) "
4D(h) — D(2h) = 8(f(x + h) — f(x — h)) Zh(f(x +2h) — f(x — 2h)) -
Divide by 3: —f(x + 2h) + 8f(x + h)lz—hsf(x — h) +f(x — 2h) L
Answer: 22 ; D(2h) _ f(x — 2h) — 8f(x — hiz? 8f(x + h) — f(x + 2h) 4 marke
e h?  4h? h* 16h*, (5
(b) 4D(h) — D(2h) = 3f' + (4 x &5 — )" + (4 x 555 — )7 + - M1
The f" terms cancel, leaving 3f' — %f@ + ... M1
4
So theresult isf' — %f@: the error is of order h* Al
Answer: Error O(h%) 3 marks
(c) D(0.1) = 0.53940225, D(0.2) = 0.53670749 M1
Five-point estimate = 0.54030051 Al
Errors: —0.00090, —0.0036 and —0.0000018: the five-point formulais far more accurate El
Answer: 0.54030051 3 marks
29 (9 marks)
(@ Dy(h/2) =f" + f(“) +. B1
4D,(h/2) — D,(h) = 3f" + (— — —)f(4> +. M1
The h? terms cancel, so the error is O(h?) Al
h
4D2(§) - Dz(h)
Answer: ———a——— hasan error of order h* 3 marks
(b) D02) = "22= 2218 _ 4551058 M1 A1
D,(0.1) = —0.250313 AL
Answer: —0.251258, —0.250313 3 marks
() Improved = X=020819) = (FO2129) 4 5490079 M1
Errors: D,(0.2): —0.0013, D,(0.1): —0.00031, improved: 0.0000021 Al
The extrapolated value is the most accurate El
Answer: —0.249998 3 marks
30 (10 marks)
(@) Yisr = 2yi *+Yiog = Dy, M1
Yioa— (2+ hz)Yi +¥is1 =0 M1
2 _ > _ 33
With h* = E’2+h 6 Al
Answer: y,_; — %yi +Vy,=0fori=1,23 3 marks
(b) i =1 —20y, +y,=0(sncey,=0) B1
. 33
=2y, — 7gY2+tY3=0 B1
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i=3 yz—%ygz—l(sincey‘l:l) B1
33
- = 1 0
16 3 Y1 0
Matrix form: | 1 —16 1 Yo|=| 0 M1
-1
33| |Y3
0 1 1
y, = 0.21511, y, = 0.44367, y; = 0.69996 Al
Answer: y, = 0.21511, y, = 0.44367, y,; = 0.69996 5 marks
(c) Exact values: 0.21495, 0.44341, 0.69972 B1
The numerical values agree to within 0.0003 El
Answer: Agree to about 0.0003 2 marks
Euler's Method
1 (2 marks)
Y1=Yo+hf(Xe yo) =1+01(0+1) M1
=11 Al
Answer: 1.1 2 marks
2 (2 marks)
y;,=3+022x1-73) M1
=28 Al
Answer: 2.8 2 marks
3 (3 marks)
y; =1+01(1%) =11 M1 Al
y,=11+01(1.1%) =1.221 Al
Answer: 1.221 3 marks
4 (3 marks)
y;=0+05sn0=0 B1
y,=0+05sin05 M1
=0.2397 Al
Answer: 0.2397 3 marks
5 (2 marks)
Yne1 = Y+ h(X,2 +Yy) B1
y;=1+014+1)=15 B1
Answer:y; =15 2 marks
6 (3 marks)
y;=0+053—0)=150 M1 A1
Y, =150 +05(3 — 220) = 2.625 A1
Answer: 1.50, 2.625 3 marks
7 (4 marks)
y; =2+0.1x e x 2=22000 M1 A1
y, = 2.2000 + 0.1 x e % x 2,2000 = 2.3991 Al
Y5 = 2.5955 Al
Answer: 2.5955 4 marks
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8 (4 marks)
y:=0+025%x1=0.25

1

y, =025+ 0.25 x 10675 =0.4853

y,; = 0.6853, y, = 0.8453
Exact y(1) = arctan 1 = 0.7854, so the estimate is too large by 0.0599
Answer: 0.8453

9 (4 marks)
f(1,2)=1x2—-1=1s0y,=2+01x1=21
f(1.1,21)=11x21—1=13100
y, = 2.2310, and then f(1.2, 2.2310) = 1.6772 so y; = 2.3987
Answer: y; = 2.3987

10 (4 marks)
(@) Ynis =Y+ hxy,=(1+h)y,
Thisis a geometric sequence with first term 1 and ratio (1 + h), soy, = (1 + h)"
Answer: Euler's method with step h givesy,,; = (1 + h)y,, and hencey, = (1 + h)"
(b) y(1) = y,0 = 1.1%° = 2.5937
Exact e = 2.7183; the estimate is too small by 0.1245
Answer: 2.5937

11 (5 marks)
@y, =1+01%x2=12
y,=12+01x24=144
ys = 1728
Answer: 1.728
(b) y = €*, s0y(0.3) = €”¢ = 1.8221
Error = 1.8221 — 1.7280 = 0.0941 (an underestimate)
Answer: y = %; error 0.0941

12 (4 marks)
T,=90+2x (—0.1)(90 — 20)
=76.0
T,=76.0+2x (—0.1)(76.0 — 20)
=64.8°C
Answer: 64.8 °C

13 (4 marks)
y,=2+02(1x%2)
=24
y,=24+0.2(1.2x 2.4)
=2.976
Answer: 2.976

14 (5 marks)
@y, =1+05%x1=15
y,=15+05%x15=225

Answer: 2.25
(b)y =€, s0y(1) =e=27183

_ 27183 - 225 N
Percentage error = ~—57183 % 100 =17.2%

Answer: 17.2%
(c) The solution curve is convex (y" =y > 0), so its gradient increases, and the tangent at the start
of each step lies below the curve
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Answer: Convex curve, tangents lie below 1 mark
15 (4 marks)
Y1 = Yo+ 0.1(1% = yo) M1
=09y,+0.1 Al
09y,+01=22 M1
Vo= o =2.3333 AL
Answer: 2.3333 4 marks
16 (5 marks)
y;=1+02Kkx1—0) M1
1+02k=11,s0k=05 Al
f(x,y) =05y — x,s0y,=11+0205x%x 11— 0.2 M1 Al
y(0.4) = 1.170 Al
Answer: k =0.5; y(0.4) = 1.170 5 marks
17 (6 marks)
S, =0+5(4 —0)=20.0 M1 Al
S, =20.0+5(4 — 0.02 x 20.0) = 38.0 Al
S;=54.20 Al
ds _ 4
Longterma—o,soS—m—ZOO M1
The estimate is well below 200 and the approach is gradual, so after 15 minutes Siis still far from Al
its limit
Answer: 54.20 6 marks
18 (6 marks)
VY1 = Yo+ 0.2v,, vy = v, — 0.1y, M1 Al
n=0y,=1+0=1000,v,=0-0.1=-0.100 Al
n=1y,=0.990, v, = —0.200 Al
n=2:y,;=0.970, v; = —0.299 A1 Al
Answer: y(0.3) = 0.970, v(0.3) = —0.299 6 marks
19 (7 marks)
@y, =1+020+1) =12 M1
y,=12+020.2+12) =148 Al
Answer: 1.48 2 marks
(b)y,=11,y,=1.220, y, = 13620 M1
y, = 1.52820 Al
Answer: 1.52820 2 marks
(c) Improved = 2(1.52820) — 1.48 M1
=1.57640 Al
Errors: h = 0.2: 0.1036; h = 0.1: 0.0554; improved: 0.0072 Al
Answer: 1.57640 3 marks
20 (6 marks)
@y, =1+010+1) =11 B1
Answer: 1.1 1 mark
(b) y(0.1) = 2¢°! — 1.1 = 1.110342 M1
Error = 0.010342 Al
Answer: 0.010342 2 marks
2
(c) Euler gives y(0) + hy'(0) only, so the error is approximately h7y"(0) El
y(©0)=1soy'0=1+1=2 M1
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% x 2 = 0.01, close to the actual error 0.0103

Answer: = 0.01

21 (8 marks)
(8) P,=10+1x 02 % 10% (1 — 20) = 11,600

P, =13.3818

P; = 15.3418

P, =17.469
Answer: 17.469

(b)%=0when P=0or P=50

For 0 < P < 50 the rate is positive, so P increases towards 50 but cannot pass the stationary
solution

For P > 50 the rate is negative, so P falls back to 50

Answer: P=0or 50

22 (7 marks)
Xps1 = Xp * 0-1(_2Xn + yn)! Y1 = Yn T 0-1(Xn - 2yn)
n=0:x;,=1+0.1(—2) =0.80,y, =0+ 0.1(1) =0.10
n=1: x, = 0.650, y, = 0.160
n=2: X5 = 0.5360, y; = 0.1930
Answer: x(0.3) = 0.5360, y(0.3) = 0.1930

23 (6 marks)
(a) Kai has used x,,,, in place of x,, in f(x, y)
Euler's method uses the gradient at the start of each step: f(x,, y,,) with x, =0
Answer: Uses X,,; instead of x,
(b)y,=1+01(0+1) =110
y, =110+ 0.1(0.1 + 1.10) = 1.220
y5 = 1.3620
Answer: 1.10, 1.220, 1.3620

24 (7 marks)
(@y=e"™
y decays rapidly towards 0 and is always positive
Answer: y = g~ 1
(b) Y1 =Yn T 0-3(_10yn) = _Zyn
Y1= _21y2=4’y3= _81y4=16
The estimates alternate in sign and grow, whereas the exact solution decaysto 0
Answer: =2, 4, —8, 16
() y,=(1 — 10h)"y, — Orequires|1 — 10h| < 1
—1<1-10h<1,500<h<0.2
Answer: 0<h<0.2

25 (8 marks)
(@) v, =0+ 0.5(9.8 — 0) = 4.90
Vv, = 4.90 + 0.5(9.8 — 0.2 x 4.90) = 9.310
V3 =13.279,v, = 16.851 ms™*

Answer: 16.85m s™!

(b) Terminal speed when % =0v=55=49ms"

Answer: 4Om s™!

(©) v(2) =49(1 — e %% = 16.154
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Percentage error = 4.3% Al

Answer: 4.3% 3 marks
26 (8 marks)

Yn 0.25

(a) Y1 = Yn T 0.25X_n = yn(l + X_n) M1

y, = 2(1.25) = 2.50, y, = 3.0000 Al

y5 = 3.5000 Al

y, = 4.0000 Al

Answer: 4.0000 4 marks

1, .1

(b) S 3 dy =15 dx M1

Iny =Inx +c, and y(1) = 2 givesy = 2x Al

y(2) =4 Al

Answer:y =2x;y(2) =4 3 marks

(c) Euler's estimate is exactly 4 because the exact solution y = 2x is a straight line, so each tangent El

line coincides with the solution curve

Answer: Euler isexact here 1 mark
27 (10 marks)

(@) Yne1 =¥n(L + h), S0y, =(1+h)" M1

Nstepsareneededtoreachx:l,soEN:(1+%)N Al

Answer: Ey = (1+ %)N 2 marks

(b) E; =2, E, =2.2500, E, = 2.4414 M1

E,o = 25937, E o = 2.7048 Al

Answer: 2, 2.2500, 2.4414, 2.5937, 2.7048 2 marks

1 1 1

(C)mEN:N(W—W'FW—...) M1

PR S I

B 2N 7 3N2 Al

EN - e1—1/2N+... —ex e—l/2N+... M1

=gl — %) for large N Al

Answer: Ey = (1 — %) for large N 4 marks

(d) Errore — Ey = % = e_zh, so it is proportional to h (first order) B1

N = 100: 5p5 = 0.01359, and actual e — E;q = 0.01347 E1

Answer: = e/2N 2 marks
28 (9 marks)

(@) Yne1 = Yo * X, =y, + nh? (since x, = nh) M1

y,=h?0+1+2+ .. +(n—1) M1

- h2 « n(n2— 1) Al

_ 2
Answer:y, = M 3 marks
. 1 N(N — 1

(b)W|thn:Nandh:N:yN:% M1

_1 1

=3 N Al

A V(1) = 1 1

nswer.y()~§—m 2 marks
x2 1
(c) Exacty = 7,soy(l) =5 B1
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1 1 1, 1 _h
Emor=5—-(G —5y)"58y "3 M1
Euler's method here is a left-hand rectangle rule for _E " x dx, which underestimates an increasing El
function by g
Answer: Error h/2 3 marks
(d) 5 < 0.0005, 50 N > 1000, N = 1001 B1
Answer: N = 1001 1 mark
29 (10 marks)
(@ % = v by definition B1
d>x _adv _
Then proalr i —0.5v — 4x B1
Answer: % =V, z—\t/ = —=0.5v — 4x 2 marks
(b) Xpe1 =X, + 0.1V, Vg =V, + 0.1(=0.5v, — 4x,) M1 Al
t=0.1: x = 1.0000, v = —0.4000 Al
t=0.2: x =0.9600, v = —0.7800 Al
t=0.3: x =0.8820, v = —1.1250 Al
t=04: x=0.7695, v = —1.4215 Al
Answer: x(0.4) = 0.7695, v(0.4) = —1.4215 6 marks
(c) x isdecreasing, and at t = 0.4 it is 0.769 > 0, consistent with equilibrium not yet reached El
Errors from each step accumulate, so over many steps (or for oscillating solutions) Euler's method El
can drift in amplitude
Answer: Plausible; errorsaccumulate 2 marks
30 (9 marks)
(a)fy‘zdy:fdx,so—%:x+c M1
y(0)=1givesc=—1,soy=1_x Al
Asx — 17,y — oo (the solution blows up) Al
Answer:y =1/(1 = x) 3 marks
(b) y, =1+ 0.2(1) = 1.200 M1
y, =1.488, y; = 1.931 Al
Y, = 2.676 Al
ys =4.109 Al
Answer: y(1.0) = 4.109 4 marks
(c) Exact: y(0.2) = 1.250, y(0.8) = 5.000; the Euler values 1.200 and 2.676 are well below M1
The solution is unbounded near x = 1 and the Euler estimate stays finite, so the underestimate El
grows without limit
Answer: Estimates far below the true values 2 marks
Improved Euler Methods
1 (3 marks)
y*,=1+010+1) =11 B1
y, =1+0.05[(0+1)+(0.1+1.1)] M1
=1.110 Al
Answer: 1.110 3 marks
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2 (3 marks)
k;=2(1) —3=-1
k,=f(1.1,3+0.1(—1) =f(1.1,29 =22-29=-07
Yy, =3+0.2(—0.7) = 2.86
Answer: 2.86

3 (2 marks)
y,; =1+ 0.05[f(0, 1) + f(0.1, 1.1)] = 1 + 0.05[1 + 1.21]
=1.1105
Answer: 1.1105

4 (2 marks)
Yo=Y+ 2x0.1xf(0.1, 0.91)
=1+0.2(0.1 — 0.91) =0.838
Answer: 0.838

5 (3 marks)
y*,=1+05(—1) =05
y; =1+025[—-1+(—=0.5)]
= 0.625
Answer: 0.625

6 (2 marks)
y(0.1) = e*! = 1.10517

Errors: 0.00517 (Euler) and 0.00017 (improved Euler), so the improved method is closer

Answer: Improved Euler; ! = 1.10517

7 (5 marks)
y*,=1+020) =1
y,=1+0.1[0+0.2x 1] =1.020
y*, =1.020 + 0.2(0.2 x 1.020) = 1.06080
y, = 1.020 + 0.1]0.2040 + 0.4 x 1.06080] = 1.0828
Answer: 1.0828

8 (4 marks)
k;,=0+1=1,k,=10.1,11) =111
y;=1+02x111=1222
k, =1.262, k, = (0.3, 1.3482) = 1.4382, y, = 1.5096
Answer: 1.5096

9 (5 marks)
y;=1+010+1) =11
Y>=Yo+02f(0.1,11)=1+0.2(0.1+1.21)
=1.262
y; =y, +0.2(0.2, 1.262) = 1.4585
Answer: y(0.2) = 1.262, y(0.3) = 1.4585

10 (5 marks)
@y, =12,y,=12+01(24) =144
Answer: 1.44
(b) y*, =12y, =1+0.05[2+24] =122
y, = 1.4884
Answer: 1.4884

(c) Errors: 0.0518 (Euler), 0.0034 (improved Euler); improved Euler is far closer

Answer: Improved Euler
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11 (4 marks)
k,=1,k,=f(0.1, 1.1) = 1.20
ks = £(0.1, 1.12) = 1.22, k, = f(0.2, 1.244) = 1.444
yi=1+ 02 (1+ 24+ 244 + 1.444) = 1.24280
Answer: 1.24280

12 (3 marks)
yox+h) =yeo + [ y) ct

The trapezium rule approximates the integral by g[f(x, y) + f(x + h, y(x + h))], using the

predicted value y* for the unknown y(x + h)

Euler's method uses only the left-hand gradient (a rectangle), whereas this uses the average of the
gradients at both ends

Answer: Trapezium rule on the gradient

13 (5 marks)
T*, =90+ 2(—7) = 76.0
T, =90+ 1x[—7+ (—0.1)(76 — 20)] = 77.40
T, = 67.068

Exact: 66.922, so the error is —0.146
Answer: 67.068

14 (6 marks)
f(0, 1) = 0.500, y*, = 1 + 0.5 x 0.500 = 1.25000
First correction: y®, = 1 + 0.25[0.500 + (0.5, 1.25000)]
=1.21389
Second correction: y@; = 1 + 0.25[0.500 + f(0.5, 1.21389)] = 1.21679
Answer: 1.21389, 1.21679

15 (6 marks)
(a) y* 1= Yn + hyn = (1 + h)yn

h
Y1 =Yn + 5lYn + (1 + h)y,l
_ h B h?
=Y[l+5@2+h]=0+h+3)y,

h2
Answer: y,,, = (l +h+ ?)yn

(b) y, = (1.105)", so y(1) = 1.105"

=2.71408

Error = e — 2.71408 = 0.00420, far smaller than for Euler's method (0.1245)
Answer: 2.71408

16 (6 marks)
h h
(a) kl =Y k2 =Ynt Eyn = (1 + E)Yn
_ hy, _ h?
Y1 = Yn t h(l + E)yn - (1 +h+ 7)yn
2
Answer: Y1 = (1 +h+ h?)yn

2 3
(b) Local error =¢" — (L+h+ ) = &

Forh=0.1: % = 0.000167

Actual e®! — 1.105 = 0.000171, in close agreement
Answer: h®/6 = 0.000167
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17 (6 marks)
h h
(a) kl =Y k2 =Ynt Ekl = (1 + §)yn M1
h h  h?
Ks=ynt 5Ky =(1+ 5+ 7)Y, Al
h? n?
Ke=Yn+hkg=(1+h+ =+ Z)y, Al
. _ _ _ h h? _ h? h?
Answer: k; =y, k,=(1+ §)Yn, ko=(1+ 5t T)yn andk,=(1+h+ 5 * T)yn 3 marks
h> h® h*
(b)yn+1/yn:l+h+7+ 5 t oz = 1648438 M1 Al
y(1) = 2.71735, and e = 2.71828, error 0.00094 Al
Answer: 2.71735 3 marks
18 (7 marks)
Predictor: x* =1 + 0.2(—0) = 1.00, y* =0 + 0.2(1) = 0.20 M1 A1
Gradients at the start: — dx =0, ?tl B1
Gradients at the predicted point: ((jilt —0.20, ?:I)t/ =1.00 M1 Al
x(0.2) = 1+ 0.1[0 + (—0.2)] =0.98,y(0.2) = 0+ 0.1[1 + 1] =0.20 Al
Exact: cos 0.2 = 0.9801, sin 0.2 = 0.1987: close agreement Al
Answer: x = 0.98,y = 0.20 7 marks
19 (6 marks)
y*,=1+0.2a B1
y,=1+0.1[a+ a1l + 0.2a)] M1 Al
=1+ 0.2a+0.02a° Al
0.02a? + 0.2a— 0.22=0,s0a + 10a— 11=0 M1
(@+1)(a— 1) =0,anda>0s0a=1 Al
Answer: a=1 6 marks
20 (7 marks)
Euler: y,o = 1.1%° = 2.59374, error 0.12454 M1 A1
Euler: y,, = 1.05%, error 0.064984, ratio 1.92 Al
Improved Euler: y,, = 1.105™, error 0.0042010 M1 AL
Improved Euler: y,, = (1.0525)%, error 0.0010908, ratio 3.85 Al
Ratio =~ 2 means error « h (first order); ratio = 4 means error « h? (second order) El
Answer: Euler first order; improved Euler second order 7 marks
21 (9 marks)
(a) t=0: f =4.5000, N* = 34.5000, f* = 4.8487, N = 34.6744 M1 A1
t=1: f = 4.8582, N* = 39.5326, f* = 4.9989, N = 39.6029 M1 A1
t=2:f=4.9992, N* = 44,6021, f* = 4.8941, N = 44.5496 Al AL
Answer: 44.550 6 marks
2
(b) 0.4N — zNoo 3=0,0N?— 80N +600=0 M1
_ 80+6400 — 2400 _ 80 + 4000
N = > = > M1
N =40 + 10/10, so N =~ 8.38 or 71.62 Al
Answer: N = 84 or 71.6 3 marks
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22 (8 marks)
Step 1: k, = f(0, 1) = 1.0000 B1
k, = f(0.05, 1 + 0.05k,) = f(0.05, 1.0500) = 1.10500 M1A1
k, = f(0.05, 1.05525) = 1.11605, k, = f(0.1, 1.11161) = 1.24567 Al
y, =1+ %(1.0000 + 2(1.10500) + 2(1.11605) + 1.24567) = 1.11146 Al
Step 2: k; =1(0.1, 1.11146) = 1.24535, k, = 1.40014 M1
k; =1.41837, k, = 1.61076 Al
y, = 1.25302 Al
Answer: 1.25302 8 marks
23 (6 marks)
(a) The corrector averages two gradients. y; =y, + %[f(xo, Vo) + f(Xq, Y* 1) E1
Mia has omitted f(x,, Yo), and hasused y,, + g f(x4, y* 1), which halves the step El
Answer: Left out f(Xo, o) 2 marks
(b)y,=1+0.05[1+1.2] =1110 M1 A1
y, = 1.24205 Al
y5 = 1.39847 Al
Answer: 1.110, 1.24205, 1.39847 4 marks
24 (8 marks)
(a) Vo1 = Yr-1 t 2(0-5)(_2yr) =Yr-1— 2yr B1
Answer: Y, =Y,_1 — 2, 1 mark
(b) y, =1 — 2(0.368) = 0.264 M1
y5; = 0.368 — 2(0.264) = —0.160, y, = 0.584 Al
ys = —1.328, yg = 3.240 Al
Answer: 0.264, —0.160, 0.584, —1.328, 3.240 3 marks
(c) Exact y(3) = e = 0.00248, but y, = 3.240 M1
The numerical values alternate in sign and grow in size, so the method is unstable for this problem Al
Answer: Unstable, oscillating growth 2 marks
d)Tryy,=A=2%+2A —1=0,50A=—1+42 M1
[—1— \/§| =~ 2.41 > 1, so this component grows and alternates in sign El
Answer: A =—=1—+2,|a|>1 2 marks
25 (7 marks)
@y =12,y,=12+0.2(1.4) = 1.4800 B1
Answer: 1.4800 1 mark
(b) y; =1.240 M1
y, = 1.57680 Al
Answer: 1.57680 2 marks
(c)y,=1.240 M1
y, = 1.57680 Al
Answer: 1.57680 2 marks
(d) y, = 1.24280, y, = 1.58364 B1
Answer: 1.58364 1 mark
(e) Errors: Euler 0.10, improved Euler 0.0068, mid-point 0.0068, RK4 0.000013; each method El
improves on Euler, with RK4 by far the best
Answer: RK4 isthe most accurate 1 mark
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26 (7 marks)
@y, =0+ % cos 0=0.7854 M1
Y, = 0.7854 + 7 cos(7) = 1.3408 AL
Answer: 1.3408 2 marks
(b) Since f does not depend ony, Y. =Y, + g[cos Xp * COS Xp4q], the trapezium rule M1
y, = glcos 0+ 2cos(7) + cos(3)] = 0.9481 Al
Answer: 0.9481 2 marks
(©) Ype1 =Y, + D cos(x,, + g), the mid-ordinate rule M1
V> = Tlcos(3) + cos(p)] = 1.0262 AL
Answer: 1.0262 2 marks
(d) Mid-point (error 0.0262), then improved Euler (error —0.0519), then Euler (error 0.3408): El
Euler overestimates, the others underestimate
Answer: Mid-point is closest 1 mark
27 (10 marks)
(a) Two-variable Taylor expansion of f about (X, y) with increments h and hf M1
f(x +h,y + hf) = f + hf, + hff, + O(h?) Al
Answer: f(x + h,y + hf) =f + h(f, + ff,) + 0o(h? 2 marks
(b) y*, =y +hf B1
yi=y + 9f +1(x+h,y + hf)] vt
=y + D[2f + h(f, + fF,)] + O(h?) M1
2
=y +hf+ h7(fX +ff,) + O(h®), which matches y(x + h) to this order Al
Answer: Agreeswith the Taylor seriesto the h? term, so the local error is O(h®) 4 marks
2
(c) Euler: y; =y + hf, missing the %(fx +ff,) term M1
h? h?
Leading error = 7y"(x) = 7(fX +ff,) Al
2
Answer: -, + ff,) 2 marks
(d) About b T 2 steps are taken over [a, b] M1
Local errors of O(h**) accumulate to a global error of about b ; 2 x O(hP*) = O(hP) Al
Answer: Number of steps « % 2 marks
28 (11 marks)
(@) Y41 = Yi—1 T 2h(—Y,), which rearranges to the given equation B1
Tryingy, = A" givesA?+2hA — 1=0 M1
Two distinct roots give the general solution AA;" + BA,' Al

Answer: y,,, + 2hy, —y,_,; =0, and that y, = AA," + BA,", where A, A, aretheroots of A2 + 2hA = h&i@

_ 2
(b) Quadratic formula: A = M =—h+yh?+1 M1

AA,=h*—(h®+1)=-1 Al

Answer: A; = —=h +yh?+ 1 and A, = —h — {h? + 1, with A, A, = -1 2 marks
1

QAj=———<1land>0 M1

(©) Ay N oy
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1
P }\—1 >1 Al
2
A=1—-—h+ % — ... = e "for small h, so AA," follows the true solution E1
Answer: 0<A,;<land A, >1 3 marks
(d) A; =0.90499, A, = —1.10499; A + B =1and A\, + BA, = e %! M1
B =0.000075 (tiny), A = 1 Al
IBA,'®| = 1.6, whereas the true solution at x = 10 is e *° = 0.000045: the parasitic term E1
overwhelms it and the estimate is meaningless
Answer: Parasitic term dominates 3 marks
29 (10 marks)
(@) h=0.5: r = 1.648438, y(1) = r? = 2.7173462 M1 AL
h=0.25: r* = 2.7182099; h = 0.125: r® = 2.7182768 Al
Answer: 2.7173462, 2.7182099, 2.7182768 3 marks
(b) Errors: 0.000936, 0.0000719, 0.00000498 M1 A1
Ratios: 13.0 and 14.4 Al
Answer: Ratios about 14 3 marks
(c) Halving h divides the error by about 2°; the ratios are close to 16 = 2%, sop = 4 M1
The global error is O(h?), consistent with alocal error O(h°) Al
Answer: Order 4 2 marks
h® . . h®
(d) e" — r(h) = 120 so the error in one step |saboutm M1
4
Over % steps the global error is = e x % = 0.0000055 for h = 0.125, compared with the actual Al
0.0000050
Answer: eh*/120 2 marks
30 (9 marks)
(a) Yne1 = Yn T h(_loyn) = (1 - 10h)yn Bl
|1 — 10h| < 1 requiresO0<h<0.2 Al
Answer: h <0.2 2 marks
h
(b) Y1 =Yn t E[_loyn - 10yn+1] M1
yn+1(1 + 5h) = yn(l - 5h) M1
1-5h
Y1 = T55pYn Al
_ 1-5h
Answer: Y, = 1+—5hy” 3 marks
() Forh>0,—(1+5h)<1—5h<1+5h M1
S0 |1 — 5h| < 1 + 5h and the ratio has modulus less than 1 Al
Answer: |11:—55r?| < 1for every h >0, so that the trapezium method decays for any step size 2 marks
(d) Euler (h = 0.5): (1 — 5)* = 256 (growing, aternating) B1
. 1-25 —-15 _
Trapezium: (755%)" = (5 )" = 0.0337; exact e~ = 0.0000000021 B1
Answer: 256 and 0.0337 2 marks

Numerical Solutions of Differential Equations

1(2 marks)
yo=02+1=1 B1
y;=1+01x1=11 B1
Answer: 1.1 2 marks
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2 (2 marks)

Yo = Yo+ 2hy'; =1+0.2(0.1 + 1.11) M1

=1242 Al

Answer: 1.242 2 marks
3 (3 marks)

Y1 = 2yr — Yt hzy"r M1

Y, =2(0.995) — 1 + 0.01(—0.995) M1

= 0.98005 Al

Answer: 0.98005 3 marks
4 (3 marks)

y=x+y s0y(0) =1y =1+y,0y"(0)=2y"=y" s0y"(0) =2 M1 A1

0.01 0.001 . _

y(0.1) = 1+0.1+ 7(2) + T(Z) =1.11033 Al

Answer: 1.11033 3 marks
5 (2 marks)

dy _

K-V B1

% =Xy — 2v B1

A ody _dv _ — oy

nswer: a—v,&—xy 2 marks
6 (3 marks)
., _2D)+2%2 6

Y'o = (1)7 =3= 2 M1 A1l

y(1+h)=2+2h=25 s0h=0.25 Al

Answer: h =0.25 3 marks
7 (4 marks)

V1 =Yot hf(Xg,¥g) =1+0.1In5 M1

=1.16094 Al

y, =1.16094 + 0.1 In(2(2.1) + 1.16094) M1

=1.329 Al

Answer: 1.329 4 marks
8 (4 marks)

y,; = 0.5+ 0.05(3 — 2(0.25)) = 0.625 M1 A1

y, = 0.625 + 0.05(3(1.05)% — 2(0.625)?) M1

=0.7513 Al

Answer: 0.7513 4 marks
9 (4 marks)

y; =1+ 0.02 cos(0.25 + 1) = 1.00631 M1 Al

y, = 1.00631 + 0.02 cos(0.52° + 1.00631%) = 1.01198 Al

y5 = 1.01703, so y(0.56) = 1.0170 Al

Answer: 1.0170 4 marks
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10 (5 marks)
X+l
yr+1:2yr_yr—l+h y2 M1
r
y(12) = 2(2.15) — 2+ 0.01 x 221'5132 M1 AL
= 2.3045 Al
22
y(1.3) = 2(2.3045) — 2.15 + 0.01 x 3005 — 2.4632 Al
Answer: y(1.2) = 2.3045, y(1.3) = 2.4632 5 marks
11 (5 marks)
y =x+y? s0y(0) =1 B1
y =1+ 2yy, YT =2yt 4 2yy", Yyt = By + 2y M1
Atx=0:y"(0)=3,y"(0)=8,y"(0) =34 Al
3x? | 4x® 17Xt
y=ltx+ o5+ 73+ AL
y(0.2) = 1.2729 Al
Answer: 1.2729 5 marks
12 (4 marks)
V==V —VY,0VY,; =Yy, +01lv,and v, =v, +0.1(—-Vv, — y,) M1
r=0y,=1,v; =0+0.1(—1) = —-0.10 Al
r=1y,=1+0.1(—0.10) = 0.99 M1
v, =-—0.10 + 0.1(0.10 — 1) = —0.190 Al
Answer: y(0.2) = 0.99, y'(0.2) = —0.190 4 marks
13 (5 marks)
y1=1+01x o2 M1
01 _ _ _
1+m—1.025,sok+1—4andk—3 Al
_ 0.1+ 1.025
Y, = 1.025 + 0.1 x 371005 M1 A1l
=1.0530 Al
Answer: k = 3; y(0.2) = 1.0530 5 marks
14 (6 marks)
5k? — 1
@yk+01)=1+01x o T 12 M1
5k? — 1=4k,s05k* — 4k —1=0 M1
(bk+1)(k—1)=0,andk>0,s0k =1 Al
Answer: k =1 3 marks
, 5(1.21) — 1.44
(b) y'(L1) = (Z(H)LW = 1.7462 M1 AL
y(1.2) = y(1) + 0.2 x 1.7462 = 1.349 Al
Answer: 1.349 3 marks

stemup.co.uk | page 39



StemUp | Further Mathematics | Further Pure Mathematics: Numerical Methods | Model Answers

15 (7 marks)
Yiet = i Vi _ 33 X
T T YitXS0Yiaa T ggYitYiu T g M1A1l
.. 33 1
|—1.—Ey1+y2—a Al
i< 3 L, -1
= Y1 = 1gY2"Y¥3= 3 Al
. 33 3
1=3y,—7gYs= @ — 1 Al
Solving: y, = 0.1802, y, = 0.3873 M1
y5 = 0.6499 Al
Answer: 0.1802, 0.3873, 0.6499 7 marks
16 (6 marks)
y1=1+0+ 225(~1) = 0.995 M1 AL
y, =2(0.995) — 1+ 0.01(0.1 — 0.995) M1
=0.98105 Al
y3 = 2(0.98105) — 0.995 + 0.01(0.2 — 0.98105) = 0.95929 Al
Answer: y(0.2) = 0.98105, y(0.3) = 0.95929 6 marks
17 (6 marks)
(@ y =3ax>+7bx®+ ..andy? = a’°® + ... M1 AL
x%: 3a=1,soa=% Al
6. _ .1 _ 1
x.7b—a—§,sob—@ Al
Answer: a=1/3, b =1/63 4 marks
(b) y(05) = 2322 + 20T - 04179 M1
Difference from 0.04179 is 0.0000005, so the two terms give good accuracy Al
Answer: 0.04179 2 marks
18 (6 marks)
f(0, 1) = —1 and f(0.1, 0.9097) = —0.8097 B1
y, = 0.9097 + 0.05[3(—0.8097) — (—1)] M1 Al
=0.8382 Al
y5 = 0.8382 + 0.05[3(—0.6382) — (—0.8097)] = 0.7830 M1
Exact y(0.3) = 0.7816, so the error is —0.0014 Al
Answer: y(0.2) = 0.8382, y(0.3) = 0.7830 6 marks
19 (7 marks)
(a) Integrating factor e d—i(yezx) = 4xe* M1
[ 4xe* dx = 2xe® — e® + ¢ M1 Al
y=2x—1+ce® andy(0) =1givesc=2,s0y =2x — 1+ 2% Al
Answer:y =2x — 1+ 2e™* 4 marks
(b)y, =1+0.1(0 — 2) =0.80, y, = 0.680 M1 A1
Y4 = 0.6240; exact y(0.3) = 0.6976, error 0.0736 Al
Answer: 0.6240 3 marks
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20 (6 marks)
Y2 — 2yr+ Ty, Yo = Yr
(@ - e - +2 22h =Xpe1 Y1 M1
Multiply by % Yo = 2Ypg + Ve + WYz = Vo) = W2 + Yraa) M1
(1 + h)yr+2 = 2yr+1 - (1 - h)yr + hz(Xr+1 + yr+1) Al
Answer: (L+h)y,p =2y, — (L= h)y, + hz(xr+l +Yr41) 3 marks
(b) 1.1y, = 2(1.1) — 0.9(1) + 0.01(0.1 + 1.1) = 1.3120 M1
y(0.2) = 1.1927 Al
1.1y, =2(1.1927) — 0.9(1.1) + 0.01(0.2 + 1.1927), so y(0.3) = 1.2813 Al
Answer: y(0.2) = 1.1927, y(0.3) = 1.2813 3 marks
21 (8 marks)
(a) The recurrence needs two earlier values, y, and y,_,, but only y(2) is known El
Answer: Needs two starting values 1 mark
(b) y"(2) =2+ 2 cos 1 = 3.08060 M1
y(2.1) = 1+ 0.1(05) + 22%(3.0806) M1
=1.06540 Al
Answer: 1.06540 3 marks
(©) y, =2(1.06540) — 1 + 0.01(2 + 2.1 cos 1.06540) M1
=1.16097 Al
y3 = 2(1.16097) — 1.06540 + 0.01(2 + 2.2 cos 1.16097) M1
=1.28531 Al
Answer: y(2.2) = 1.16097, y(2.3) = 1.28531 4 marks
22 (8 marks)
@y =x+y,0y(0)=1y" =1+ys0y"(0) =2 M1 A1
Forn = 3, y®™ =y s every higher derivative at 0 equals 2 M1
~1+ +E+E+E+E—l+ +2+X_3+X_4+X_5
yEAIEXT oty T T TATXTX T T TR T80 Al
Answer: 1+ x + x? + x3/3 + x%/12 + x°/60 4 marks
(b) y(0.5) = 1.7974 B1
y(1) = 3.4333 B1
Answer: 1.7974, 3.4333 2 marks
(c) Errors: x = 0.5: 0.000047; x = 1: 0.0032 M1
6
The first omitted termis %, which is larger for larger x, so more terms are needed as X increases El
Answer: Errors 0.000047, 0.0032 2 marks
23 (6 marks)
(a) The term should be h%y", (not hy",), because the approximation to y" has h? in the denominator E1
Answer: h should be h? 1 mark
(b) y, =2(0.2) — 0+ 0.01(—4)(0.2) M1
=0.392 Al
y5; =2(0.392) — 0.2 — 0.04(0.392) = 0.56832 Al
Answer: y(0.2) = 0.392, y(0.3) = 0.56832 3 marks
(c) Exact sin 0.4 = 0.38942 B1
Ravi's value 0.32 is too small by 0.0694, the corrected 0.392 is far closer (error —0.0026) El
Answer: Corrected valueis closer 2 marks
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24 (8 marks)
1-2y,+2
@ —pm— =1 M1
3=225, Al
y(0.5) = 1.3333 Al
Answer: 1.3333 3 marks
b)i=11- %yl+y2:0;i:2:yl— %y2+y3:0;i:3:y2—%y3+2:0 M1 A1l
Solving: y, = 1.1302, y, = 1.3310, y; = 1.6150 Al
Answer: 1.3310 3 marks

4(1.3310) — 1.3333

(c) Extrapolated = 3 =1.3303 M1

Errors: h = 0.5: —0.0031, h = 0.25: —0.00079, extrapolated: —0.000024 Al

Answer: 1.3303 2 marks
25 (8 marks)

S =S —0.002S1,, 1., =1 +0.002SI, — 04l, M1 A1

r=0:0.002S81 =8, S, =392.0,1, =14.0 M1 A1

r=1:0.002SlI = 10.976, S, = 381.0, |, =19.4 M1 AL

r=2:5;=366.3,1; =264 A1Al

Answer: S= 366.3, | = 26.4 8 marks
26 (8 marks)

Predictor: y*, =1 + 0.2(0.1 + 1.1103) = 1.24206 M1 A1

(0.2, y*,) = 1.44206; f(0.1, 1.1103) = 1.2103,f(0,1) = 1 B1

Corrector: y, = 1+ %[1+ 4(1.2108) + 144206] = 1.24278 M1 AL

y*,=1.1103 + 0.2 f(0.2, 1.24278) = 1.39886 Al

y; = 1.39964 Al

Exact y(0.2) = 1.24281 and y(0.3) = 1.39972, so the errors are 0.000030 and 0.000076 El

Answer: y(0.2) = 1.24278, y(0.3) = 1.39964 8 marks
27 (10 marks)

(@) V.1 — 2V, +Y,_1 = h?y,, which rearranges to the given form B1

Answer: y,,; = (2+hdy, —y,_, 1 mark

(b) cosh((r + 1)0) + cosh((r — 1)8) = 2cosh(rB)cosh 6 M1 AL

2
= 2(1 + )cosh(rB) = (2 + h?)cosn(16) AL
2
yo:coshO:landylzcoshG:1+h7 B1
2

Answer: y, = cosh(r0) satisfiestherecurrence, y,=1andy, =1+ h7 4 marks

(c) cosh B = 1.03125, so 6 = 0.249353 M1

y(1) = y, = cosh(46) = cosh(0.99741) = 1.54005 Al

Error = 0.00303: the numerical solution is slightly small Al

Answer: 1.54005 3 marks

2 4

(d)cosh® =1+ % + % + ... and 62 = h? — 2ch* matching the h* terms. —c + 2—14 =0soc= M1

1

24

rh® h?, . . .
SorG =rh— >z = x(1 — ﬂ), i.e. the error in the argument is O(h?) Al
Answer: c = 1/24 2 marks
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28 (10 marks)
h? h?
@yxthy=yxhy+ SY' EEY" . B1
Subtracting gives y(x + h) — y(x — h) = 2hy' + O(h?), soy’ =~ Y202 M1
— +
Adding givesy(x + h) + y(x — h) = 2y + h%" + O(h%), so y" = W Al
a1 =Y Yo r+1 ~ Yr— .
Answer: y'", = # andy', = % each with error O(h?) 3 marks
Yier — Y, + Y1 Yrsr = V-1 _
(b) 2 + h =X, M1
Multiply by 2h% 2y,,; — 4y, +2y,_; + hy,; — hy,_; = 2h’), M1
(2 + h)yr+1 = 2I‘]2)(r + 4yr - (2 - h)yr—l Al
Answer: (2 + h)y,,; = 2h%, + 4y, — (2 — h)y,_,; 3 marks
(©y"'(0)=0—-1=-1,s0y(0.1) = 0.1 — 0.005 = 0.095 M1
2.1y, = 0.02(0.1) + 4(0.095) — 1.9(0), so y, = 0.18190 Al
2.1y, =0.02(0.2) + 4(0.18190) — 1.9(0.095), so y; = 0.26244 Al
Answer: y(0.2) = 0.18190, y(0.3) = 0.26244 3 marks
(d) Exact: 0.09533, 0.18254, 0.26336; errors 0.00033, 0.00063, 0.00093 B1
Answer: Errorsof order 107 1 mark
29 (10 marks)
(a) For y' =y, every derivative equalsy: y® =y M1
2 p
Substituting givesy(x + h) = y(1+ h + % +..+ %) Al
h?2 hP
Answer: y(x + h) zy(1+h+j+...+ﬁ) 2 marks
(b) e* = 1.648721 B1
p =1: 0.149, p = 2: 0.0237 M1
p = 3: 0.00289, p = 4: 0.000284 Al
Answer: 0.149, 0.0237, 0.00289, 0.000284 3 marks
P+l
(c) Thefirst omitted term is h and the error is about this size M1
p = 6: error 0.00000165, p = 7: error 0.000000103 M1
So thesmallest pis7 Al
Answer: p=7 3 marks
(d) T,(0.5) = 1.648438, s0 y(1) = T,(0.5)? = 2.717346 M1
Error = e — 2.717346 = 0.000936 Al
Answer: y(1) = 2.717346, error 0.000936 2 marks
30 (10 marks)
do _ do
(a)E—w,F——sme B1
Answer: %zw,%—‘?=—sin(—) 1 mark
(b) Step 1: predictor 6* = 1.00000, w* = —0.08415; then 6, = 0.99579, w, = —0.08415 M1 AL
Step 2: predictor 6* = 0.98738, w* = —0.16807; then 6, = 0.98318, w, = —0.16784 M1A1
Step 3: 05 = 0.96224, w; = —0.25059 M1 A1
Answer: 0 = 0.96224, w = —0.25059 6 marks
(€) cos 0.3 = 0.95534, compared with the numerical 6(0.3) = 0.96224 M1
Since © = 1 rad is not small, sin 6 < 0, so the true pendulum accelerates less: it stays higher; the El
small-angle model is not accurate here
Answer: cos 0.3 = 0.95534 2 marks
(d) Error = 0.962289 — 0.962237 = 0.000052 B1
Answer: 0.000052 1 mark
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Error Analysis

1 (2 marks)
Absolute error = |3.142 — 3.14159| = 0.00041
. ~0.00041 _
Relative error = 314159 0.00013

Answer: 0.00041; 0.00013

2 (2 marks)
The maximum error is half the unit of rounding, 0.05 cm
5.55 = x < 5.65
Answer: 555 = x <5.65

3 (3 marks)
22
- = 3.142857...
Absolute error = 3.142857 — 3.141593 = 0.00126

D20 x 100 = 0.040%

Percentage error =
Answer: 0.00126; 0.040%

4 (3 marks)
(a) Rounding: the next digit is 2, so the result is 2.718, error = 0.000282
Truncating: 2.718, error = 0.000282
Answer: 2.718 in each case; error 0.000282
(b) For 2.7189: truncating gives 2.718 (error 0.0009) but rounding gives 2.719 (error 0.0001)
Answer: e.g. 2.7189

5 (2 marks)
335 =a<345and2.05=b<215
540 < a+b<560
Answer: 540 = a+ b <5.60

6 (2 marks)
Absolute error = |3.16 — 3.16228| = 0.0023
Percentage error = % x 100 = 0.072%

Answer: 0.0023; 0.072%

7 (4 marks)
(@) 455 <=a<465225<b<235
Least = 4.55 x 2.25 = 10.2375, greatest < 4.65 x 2.35 = 10.9275
Answer: 10.2375 = ab < 10.9275
4.55

4.65 _
Greatest < 55z = 2.0667

Answer: 1.9362 = a/b < 2.0667

8 (4 marks)
Lower bound = 8.45 x 4.15 = 35.0675
Upper bound = 8.55 x 4.25 = 36.3375
Both bounds round to 35 (2 sf.), but to 3 s.f. they would be 35.1 and 36.3, so only 2 s.f. can be
quoted
Answer: 35.0675 = A < 36.3375; 2 sf.
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9 (4 marks)
(a) Estimate =1 + 0.5+ 0,125 + 212> = 1645633

Error = 1.648721 — 1.645833 = 0.002888
Answer: 0.002888

4

(b) Next term = Oé—‘z = 0.002604, close to the true error 0.002888
_0.002604 3

Percentage = 16458 % 100 = 0.16%

Answer: 0.16%

10 (4 marks)
r ranges from 4.9 to 5.1
Greatest area = 11(5.1)2 = 81.713, least = 11(4.9)% = 75.430, nominal = 78.540
Greatest error =~ 3.17 cm?
Percentage error = 4.04%, about double the percentage error inr
Answer: = 4%

11 (4 marks)

dA
v 211r

6A = 211(10)(0.1)

=6.28 cm?

Relative error = STA = % =0.020 = 2 x (relative error inr)

Answer: 6.28 cm?

12 (4 marks)
1.2335 = x < 1.2345 and 1.2295 < y < 1.2305
Least x —y =1.2335 — 1.2305 = 0.0030
Greatest x — y < 1.2345 — 1.2295 = 0.0050, so x — y = 0.004 + 0.001
The absolute errors add but the answer is tiny (0.004), so the relative error is up to 25% compared
with about 0.04% for x and y: cancellation
Answer: 0.003 = x — y < 0.005

13 (5 marks)
(a) 100.005 — 100.000 = 0.005, with at most 1 significant figure surviving
The rounding errorsin the 6 s.f. values (up to 0.0005) are as large as the answer's size scale, so
there is cancellation
Answer: 0.005; unreliable
V(ix + 1) + VX

(b) Multiply by m: numerator (x + 1) — x =1
_ 1 _ 1
~ 100.005 + 100 ~ 200.005
= 0.00500
Answer: 0.00500
14 (4 marks)
Error in f(x + h) — f(x) isat most 2 x 0.00005 = 0.0001

Divided by h = 0.01: maximum error = % =0.01

In general the rounding error is up to %, which grows as h decreases

So very small h makes the estimate worse: rounding error eventually exceeds truncation error
Answer: 0.01
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15 (5 marks)
1235 = a<1245and 3.65 = b< 3.75
The expression z%tt: increases with a and decreases with b
1245 — 365 _
Greatest < 1245+365 0.5466
_1235-375 _
Least = 53557375 = 05342

Answer: 0.5342 = value < 0.5466

16 (5 marks)
Vv _ _ N _ o
ar = 2trh = 251.33, op - Ire= 50.27
6V = 251.33 x 0.05 + 50.27 x 0.1
=176 cm®

V =502.7, so percentage error = 3.50%
Answer: 17.6 cm®; 3.5%

17 (5 marks)

10

@S % = 1+0.25+0.11111 + ...
k=1

= 1.54977
Answer: 1.54977

1 1 . w 1
(b)F<7fork—1<x<k,sotheta1|<‘[0 7 O

1. &
=[=%lw" =01
Actual error = 0.09517, which is below the bound 0.1
Answer: Bound 0.1; actual 0.09517

18 (5 marks)
XA+ NV +E,) =XY(L+ 8, +E, +88,) = xy(L+ 8, +E,)
X(L+g,)
y(l+e) ~

X . .
For 7y the relative errors combine as €, + €, — €,

Greatest = 1% + 1% + 1% = 3%
Answer: 3%

X X
y(l + 8x)(l - 8y) = V(l e — Ey)

19 (4 marks)

(8) 01 — 2% = 0,099833333

Error = 0.0000000833

Answer: 0.0000000833

5
(b) S5 = 0.0000000833 < 107

The series aternates with decreasing terms, so the error is smaller than the first omitted term
Answer: Error < 8.4 x 1078

20 (5 marks)
(@) e, =0.5 — 0.567143 = —0.067143
& = (—a)’e
= 0.012
Answer: 0.012
(b) x, = 0.60653, x, = 0.54524, x5 = 0.57970
Error = 0.013, similar to the prediction
Answer: 0.57970
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21 (7 marks)
(8) T, = 5[0+ 1+ 25sin()] = 0.94806 M1 AL
T, =0.98712; errors 0.05194 and 0.01288 Al
Answer: 0.94806, 0.98712 3 marks
E
(b) & =403 = 4 M1
4
Halving h divides the error by about 4, s0 E « h? El
Answer: 4.03 2 marks
o2
_m _2'\8) _
(coh= g’ bound = 1 T 0.0202 M1
Actual error 0.0129 is below the bound Al
Answer: 0.0202 2 marks
22 (6 marks)
(a) 50002 — 4 = 24 999 996, which the calculator stores as 25 000 000 (6 s.f.) M1
B . 5000 + 5000.00 _
25 000 000 = 5000.00, and the larger root is ———> —— =5000.00 Al
Smallerroot:wzo AL
Answer: 0 3 marks
_ _ 1
(b) Product of roots = 1, so smaller root = 000,00 M1
= 0.000200 Al
The formula subtracts two nearly equal numbers, so almost all the significant figures are lost: El
cancellation error
Answer: 0.000200 3 marks
23 (7 marks)
() T,=0.782794 M1 Al
Tg =0.784747 Al
Answer: 0.782794, 0.784747 3 marks
(b) 1 = Ty = CH% 1 = Ty = 2(1 = T)) M1
. ATg— T,
So4(l — Tg) =1 — T, giving | = M1
= 0.785398 Al
Answer: 0.785398 3 marks
(c) Errors: 0.00065 and 0.000000038; the improved value is far more accurate E1l
Answer: Errors0.00065 (Tg) and 0.000000038 (improved) 1 mark
24 (6 marks)
lens1] = Kle,| + € M1 Al
Assume |e;| < K"eo| + (1 + k + ... + K" M1
| NtD
Then el = k™eg] + £(k + ... + K) + &, which is the geometric sum £ %" AL
Asn—»oo,k”—>0andthebound—>ﬁ M1
-6
Answer: 107° 6 marks
25 (5 marks)
(a) Subtract: 0.0001y = 0.0001,soy =1 M1
x=1 Al
Answer: x=1,y=1 2 marks
(b) 0.0001y = 0.0002, soy =2 M1
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x=0 Al

A tiny change in the data changes the solution drastically, so the system is ill-conditioned (the El

lines are nearly parallel)

Answer: x=0,y =2 3 marks
26 (6 marks)

e+ )"

Relative error = — M1

L+ )N = 1= 57, 80 (L+ )N = &1 — o), refative error = o ML AL

Need oy < 0.01, 50 N > 50 M1

Check N = 50: (1.02)*° = 2.6916, relative error 0.982% Al

N = 51 gives 0.963%, so check which is smallest: first N with error < 1% is N = 50 Al

Answer: N = 50 6 marks
27 (9 marks)

(a) Rounding: the numerator has error < 2¢, divided by 2h gives% M1

Adding the truncation error gives E(h) Al

M 3h?

Answer: E(h) = % + % 2 marks

by B =" _ & -

O)E(M) =—75-—1:z=0 M1 A1

h®= % and E"(h) > 0 so thisis aminimum Al

3
Msh® g _ 3

ThenT—E,soEmm—% Al

Answer: h = (3e/M,)'%; E ., = 3€/2h 4 marks

(c) h = (1.5 x 1078)¥® = 0.0025 B1

Erin = o2 = 0.0000030 M1

Ath=10"1%, % = 0.05, dominated by rounding error E1

Answer: 0.0000030 3 marks
28 (9 marks)

(a) x, = 0.540302, x, = 0.857553 M1

X5 = 0.654290, x, = 0.793480 Al

Answer: 0.540302, 0.857553, 0.654290, 0.793480 2 marks

(b) X', = 0.728010 M1 A1

x'; = 0.733665 Al

x', = 0.736906 Al

Answer: 0.728010, 0.733665, 0.736906 4 marks

(c) Errors: x,: 0.054, x',: —0.0022 M1 Al

. Xnt2 = Xne1
If e,.; = Ae, exactly, the formula returns o exactly, since A = ~ = E1
n+l n

Answer: x', isfar closer 3 marks
29 (8 marks)

(@) p(3+8) +&(B3+6)°=0,and p(3+6) = p'(3)6 M1

, _ %

pP'(3)6 +9 = 0,506 = e Al

PR =@B—-1)@B -2 =2 Al

Answer: p'(3) =2 3 marks

(b) 6 = —w = —0.0045, so the root = 2.9955 M1
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This agrees with 2.99548 to 4 decimal places Al
Answer: —0.0045 2 marks
-8

(©) P(LOD) = (0.01)(~0.01) = ~0.0001, 50 6 = —+ 22X X1V M1

6 = 0.000102, which is about 10201 times €, whereas in (b) 6 was only 4.5 times € Al

p' istiny when roots are close, so a small change in the coefficients moves the root a great deal: E1

the problem is ill-conditioned

Answer: & = 1.02 x 107, about 10* times £ 3 marks
30 (8 marks)

(a) Bound = <% (e — 1) = 0.2335 M1 AL

Actual error = 2.7183 — 2.5937 = 0.1245, within the bound Al

Answer: 0.2335 3 marks

ehe—1 0.02
(0) $™€ =1 <001, 00 < oy = 0.00428 M1
N > 2335 M1
_ 1

N = 234, h= >34 Al

Answer: N = 234 3 marks

(c) The actual error = %, so error < 0.01 needs N = 135 M1

The bound requires about 234, around 1.7 times as many steps, because it uses worst-case M and E1

L everywhere

Answer: N = 135 2 marks
Approximation Methods
1 (3 marks)

1 —_ 1 1 — 1

f(x)_ﬁ'&)f(ZS)_E B1

Y26 = 5+1x0.1 M1

=5.1000 Al

Answer: 5.1000 3 marks
2 (2 marks)

sin0.1 = 0.1 B1

cos0.1 = 1 — 0.005 = 0.995 B1

Answer: 0.1; 0.995 2 marks
3 (3 marks)

X x?

e€=1+x+ > B1

e"? =~ 1+0.2+0.02 M1

= 1.2200 Al

Answer: 1.2200 3 marks
4 (2 marks)

(1.02)° = 1 + 5(0.02) M1

=1.100 Al

Answer: 1.100 2 marks
5 (2 marks)

Gradient= - =3 =

radient = > — = B1
f(1.25) = 3+4(0.25) =4 B1
Answer: 4 2 marks

stemup.co.uk | page 49



StemUp | Further Mathematics | Further Pure Mathematics: Numerical Methods | Model Answers

6 (3 marks)
f(0)=0, f'(0) =1,f'(0) = -1 B1
2
|n(l+X)zX—X7 M1
In1.1 = 0.1 — 0.005 = 0.0950 Al
Answer: 0.0950 3 marks
7 (3 marks)
e %=1 - 03+0.045 — 0.0045 M1
= 0.740500 Al
Error = |0.740818 — 0.740500] = 0.00032 Al
Answer: 0.740500 3 marks
8 (3 marks)
x3  x®
snx = X — 5t 10 B1
sin 0.5 = 0.5 — 0.0208333 + 0.0002604 M1
=0.47943 Al
Answer: 0.47943 3 marks
9 (4 marks)
2
(1+x)”2zl+g—% B1 M1
y1.08 = 1 + 0.04 — 0.0008 M1
= 1.03920, error 0.000030 Al
Answer: 1.03920 4 marks
10 (4 marks)
f(0.5) = 1;3 =2 M1 Al
s~ =7 AL
The gradient isincreasing fast (2 then 8), so the curve is strongly convex and the chord E1
overestimates, especially over the second interval
Answer: 2and 7 4 marks
11 (3 marks)
Put x = 0.0L: 1+ 0,005 + > 920 M1
= 1.005037 Al
Exact = 1.005038, so error = 0.00000032 Al
Answer: 1.005037 3 marks
12 (4 marks)
x2 X
cosx=l—7+ﬂ—... M1
xz  x*
1—cosx:7—ﬂ+... Al
l-cosx _1 _x* 1
— "2 %t =3 Al
x = 0.1: 0.49958 Al
Answer: 0.49958 4 marks
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13 (4 marks)
_(25-2(25-3 _ 1, _(25-1)25-3) _3 , _(25-1)(25-2 _3
Lo="d—21-3 ~ 81" 2-ne-3 @2 @E-DE-2 "8 M1AL
f(25) = —5(1) + 2(8) + o(27) = 16000 AL
Error = 15.625 — 16.000 = —0.375 Al
Answer: 16.000 4 marks
14 (6 marks)
a x2  x® X x2 x4
eXCOSX—(1+X+7+€+ﬂ)(1—7+z) M1
201 1 _ 31 1_ 1
X% 5 2—0,x.6 5="3 M1 Al
0 11 1 _ 1
X242 3724776 Al
3 4
excosle+x—%—% Al
Atx=0.2: 1+ 0.2 — 0.002667 — 0.000267 = 1.19707 Al
Answer: 1.19707 6 marks
15 (6 marks)
o x3
snx=x— & +.. B1
u ol
In(1+u):u—7+§—...Withu:sinx M1
uzzxz—%,u3:x3+... M1
2
IN(L+8inX) =X = 5+ (=g + 2+ .. AL
NG
=X - 7 + ? Al
At x =0.1: 0.1 — 0.005 + 0.000167 = 0.095167 Al
Answer: 0.095167 6 marks
16 (6 marks)
—x2 _ Y2 X4 _ X_6
e x = X+ o — M1 A1l
x2 x5 X7
J=lx—5+15— 221" M1AL
= 0.5 — 0.041667 + 0.003125 — 0.000186 M1
= 0.46127 Al
Answer: 0.46127 6 marks
17 (5 marks)
) = 2x 2 0 F(8) = o F'(X) = —2x "3 50 (8) = — ML AL
-3 T 12 ) 144
1 025 1
f(8.5)z2+0.5XE—TXm M1 A1l
=2+ 0.041667 — 0.000868 = 2.04080 Al
Answer: 2.04080 5 marks
18 (5 marks)
_(15-)@A5-2) _ 1 _ (15)(=05 _3 _ (1505 _3
L9 ="o=p0o-2 ~ " mFy "2 om s MLAL
5 1.3 3,
e = —g+ e+ ge M1
= 4.6846 Al
Error = —0.2029 Al
Answer: 4.6846 5 marks
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19 (5 marks)
First differences: 0.72, 1.67; second difference: 0.95 M1 Al
X(x—1
Y0) = yo + xhy, + XEZ A%y, M1
x=05:2+036+ 2229 0 5) Al
=2241 Al
Answer: 2.241 5 marks
20 (5 marks)
f(x) = x¥2, f"(x) = —%x‘” <0, sof is concave M1 A1
A concave curve lies below its tangent, so the tangent approximation overestimates El
2
Taylor: f(x + h) = f(x) + hf'(x) + h7f"(E) M1
_h 1 h?
|error|—?x@swa55>x Al
2
Answer: Tangent approximation over estimates; |error| < % 5 marks
21 (8 marks)
(@ 1+ 0.5+ 0.125 + 0.0208333 + 0.0026042 + 0.0002604 M1
= 1.6486979 Al
Answer: 1.6486979 2 marks
(b)) 0<€<05s0ef<e®®<2 M1
2(0.5)°
Rs < ~750 Al
=0.0000434 Al
Answer: 0.0000434 3 marks
(c) Actual error = 1.6487213 — 1.6486979 = 0.0000234, inside the bound B1
n = 8: bound 0.000000011; n = 9: 0.00000000054 M1
Leastn=9 Al
Answer: n=9 3 marks
22 (9 marks)
L. 1_1
(@ x=1-— 55 B1
201 1.1 _1
X~ > P M1 Al
1 1. 1 _ . 1 1 1 _ X X2 4
X~ Z+E-Oandx Log E+ﬂ—o,sotheproductequalsl+§+ﬁuptox Al
X X2 x2 X3 X . x2
Answer: (1= 5+ 5)(L+x+ 5+ +.) =1+ 5+ 15+ O(x°) 4 marks
1 19
_1405+4; 5 19
(b) R(l) S 1 T 7 =7= 2.714286 M1 Al
- 05+ T
Cubic: 1+1+05+ % = 2.666667; errors. R: 0.0040, cubic: 0.052, so R is more accurate Al
Answer: 2.714286 3 marks
X X2
l=5+1
(c) R(—x) = e the reciprocal of R(x) M1
1+ > + kR
So R shares the property e *e* = 1 El
Answer: R(—x) = 1/R(x) 2 marks
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23 (7 marks)
(@) 0S/om = =22x,(y; — mx; —¢) =0 M1
aS/oc = —=22(y; —mx; —¢) =0 M1
Expanding the sums gives the two normal equations Al
Answer: mXx? + cZx = Zxy and mXx + 4c = Zy 3 marks
(b) Zx =6, Tx*> = 14, Ty = 16, Txy = 2.9 + 10.4 + 20.4 = 33.7 M1 AL
14m + 6¢c = 33.7 and 6m + 4¢c = 16 Al
m=1.94, c=1.09, S=0.082 Al
Answer:y =1.94x + 1.09 4 marks
24 (7 marks)
Letp(x) =a+bx +cx* y,=ay, +y_; = 2a+ 2ch? M1 AL
h B 2ch®
Ih p dx = 2ah + =3 M1
+ —
From above ch? = M so integral = 2hy, + g(yl +Y_1 = 2Y) = g(y_l + 4y, +y)) Al
Withh=1andy=1,05 3 ax=012 5(1+2+3) M1
= %0 =111111 Al
In 3 =1.09861, an overestimate of 0.01250 B1
Answer: 1.11111 7 marks
25 (7 marks)
(8) 5! = {10m(2)° = 118.02, error 1.65% ML AL
10! = 3598696, error 0.83% M1 Al
Answer: 1.65% and 0.83% 4 marks
(b) 190 = 0.833%, close to 0.830% M1
% <0.1givesn>83.3 M1
n=284 Al
Answer: n =84 3 marks
26 (7 marks)
(a) First divided differences. 3, 6, 9 M1 Al
Second: 1, 1; third: O Al
px)=0+3(x—1)+(x—1)(Xx—2)+0 Al
Answer: p(X)=3x = 1)+ X = 1)(x — 2) 4 marks
B pX)=x—D@B+x—2)=(x—DYx+1)=x>—-1 M1
f(3) = 8 Al
Answer: x° — 1. 8 2 marks
(c) All four points satisfy y = x? — 1, so a quadratic fits exactly and the cubic coefficient is 0 El
Answer: Datalieony =x?— 1 1 mark
27 (9 marks)
(@) g(x) = (x — a)(x — b) isaquadratic with minimum at the midpoint x = %b M1
_(b-a (-3 _(b—2a?
|g| - 2 X 2 - 4 Al
. _(b—2a?
Answer: Greatest [(x — a)(x — b)| = i 2 marks
M _ (b— a)?
b)f —pl= 5 x4 B1
_ )2
Answer: [f(x) — po)| s O 1 mark
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1

(© If"] = 2= =1lonJl 2] B1

h2

5 =5x107° s0h’<4x107* M1

h < 0.02 Al

Answer: h =0.02 3 marks

(d) p(a.5) = TEBIINLOZ 6 40537621 ML AL

Error =In 1.5 — p = 0.000089, below the bound 0.000091 Al

Answer: 0.000089 3 marks
28 (9 marks)

— 2 3
(a)exxl=1+%+%+)2(—+... M1 A1
2
Its reciprocal: 1 — (5 + %) + (%)2 + ... M1
1, 5 X X2
—l——+(———)x—1—§+ﬁ Al
X . x2

Answer: f(x) =1 — St t o(x*% 4 marks

(b) 1 - 0.25+ %2 = 070833 M1

Error = —0.000086. very accurate for small x Al

Answer: 0.770833 2 marks

x _ x2

© 5 1—1+§:E+O(x4) M1

Dividing by x giveﬁ X -0 Al

Dividing by x? glves 5 +0(x%) - i Al

Answer: 0and /12 3 marks
29 (8 marks)

—dactanl=~ 41— = + = — 2

(@uon=4actanl= (—§ 5—7) M1

= 2.8952 Al

The terms 2k1+ 1 decrease slowly (alternating series error about the next term, 4/9 here) El

Answer: 2. 8952 3 marks

0008

(b) arctan(z ) =~ 0.2 — —— =0.1973333 M1

16 x 0.1973333 — 4 x 2%9 = 3.140597 M1

=~ 3.140597 Al

Answer: 3.140597 3 marks

(c) The arguments% and %9 are small, so the terms x*** shrink quickly E1

Error = i — 3.140597 = 0.00100 B1

Answer: 0.00100 2 marks
30 (10 marks)

(@) Equa errorsatx =0andx=1.1—c=e—m—c¢,som=e—1 M1 Al

Answer- m=e—1 2 marks

(b) (& —mx - =€ —(e-1)=0 M1

=In(e — 1) = 0.54132 Al

Answer: 0.54132 2 marks

(c) Errorat 0isl — c; errorat X, iS€* —mx; —c=m—mx, — C M1

l-c=—(M-mx; —¢),s02c=1+m— mx, M1
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c = 0.89407 Al
Maximum error =1 — ¢ = 0.10593 Al
Answer: ¢ = 0.8941; max error 0.1059 4 marks
(d) The minimax line has greatest error 0.1059, about 6.8 times smaller M1
Maclaurin is best near x = 0 but worst at X = 1; the minimax line spreads the error evenly El
Answer: Minimax error is smaller 2 marks
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