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Numerical Solution of Equations

1

2

10

11

Show that the equation x* + 2x — 7 = 0 has aroot between x = 1 and x = 2.

The sequence defined by X, = \/3xn + 4 with X, = 3 is used to approximate a root of an
equation.
Find x4, X, and X5, giving each to 4 decimal places.

x3+2

Show that the equation x* — 6x + 2 = 0 can be rearranged into the form x = 3

Show that the eguation cos x = x, where x isin radians, has aroot in the interval [0.7, 0.8].

The equation x® — 3x — 5= 0 hasaroot « in the interval [2, 3].
Use one step of interval bisection to find a smaller interval, of width 0.5, that contains a.

: : 12 . . .
The iteration X,,,; = x+1is used to find aroot of an equation.
n

(8 Statethe value of x, for which x; cannot be calculated.
(b) Starting with x, = 2, find x4, X, and X5 to 3 decimal places.

f(x) = e — 3x.
(@  Show that the equation f(x) = 0 has aroot in the interval [0, 1].
(b)  Show that f(x) = 0 has a second root in the interval [1, 2].

The equation 2* + 3x = 9 has aroot a.

(@ Show that a lies between 1.5 and 2.
In(9 — 3

(b) Theiteration X,,, = % is started with x, = 2.9. Find x; and X, to 3 decimal

places, and explain why x5 cannot be found.

The equation x*> — x — 3=0hasaroot a with 1 < o < 2.
Use three steps of interval bisection, starting with the interval [1, 2], to find an interval of
width 0.125 that contains a.

Let f(x) = 3* + x — 8. The equation f(x) = 0 has aroot o between 1 and 2.
Use linear interpolation with f(1) and f(2) to obtain an estimate x, of a. Then use linear

interpolation again, on a smaller interval that contains a, to obtain a better estimate x,. Give

X, and x, to 3 decimal places.

The equation x* — 5x + 2 = 0 can be rearranged in different ways.
x3+2

5
(b)  Show that the equation can also be written as x = */5x — 2.

(@  Show that the equation can be written as x =

(2]

(2]

(2]

(2]

(2]

(1]
(2]

(2]
(2]

(2]

(4]

(5]

(2]
(2]



StemUp | Further Mathematics | Further Pure Mathematics: Numerical Methods | Question Pack

12 The diagram shows the curve y = g(x), where g(x) = y2x + 3, and the liney = x. The staircase shows the
iteration X,,.; = g(x,,) from the starting value x,,.

y

V=X
/7 7%
|~
X0 X
(@) State whether the sequence converges, and name the type of path (staircase or cobweb). [1
(b) Find the exact limit of the sequence. [2]

13 f(x) =x3+ 2x — 6. Show that the root « of the equation f(x) = 0 is 1.5 correct to 1 decimal
place. (3]

14 Thecurve C has equationy = x> — 4 In x for x > 0. The point P on C is where the gradient of C is 6.

(@  Show that the x-coordinate of P satisfies 3x®> — 6x — 4 =0. 2]
(b)  Show that the x-coordinate of P lies between 1.6 and 1.8. [2]

(c) Show that the equation in (a) can be written x = 31/2x + %. Use the iteration X,,; =

3\/2xn + % with x, = 1.7 to find the coordinates of P, to 2 decimal places. [4]
15 f(x) =5x — 2cosx — 1, where x isin radians.

(@ Show that the equation f(x) = 0 has aroot o« between 0.5 and 0.6. 2]
(b) Aniteration of the form x,,,; = A + B cos x,, is used to find a. Find the constants A and

B. [2]
(o) Starting with x; = 0.55, find x,, X5 and x, to 5 decimal places. [2]
(d) By considering the sign of f in a suitable interval, show that o = 0.543 correct to 3

decimal places. [3]

16 Theequation x* — 7x + 3 =0 has aroot « close to 0.5. Two iterations are proposed:
Xn> + 3

Al Xpy = == Bl Xy = 37X, — 3

Starting with X, = 0.5 in each case, calculate x4, X, and x5 for each iteration, to 4 decimal

places, and state which iteration is suitable for finding . [4]
17 The equation sin x = % where x isin radians, is to be solved.
(@) By sketchingy =sinxandy = % on the same axes, state the number of real roots of the
equation. [2]
(b)  Show that the positive root o lies between 2 and 2.5. [2]
(c) Usetheiteration x,,; = 3 sin X, with X, = 2.5, to find x, to 3 decimal places. [2]

18 A root of an equation liesin theinterval [1, 2]. Interval bisection is used repeatedly, and after n steps the
midpoint of the current interval is taken as the estimate of the root.

(@ Show that the interval has width Zi after n steps. 2]
(b) Find the smallest n which guarantees that the estimate is within 0.001 of the root. [3]
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e equation X In x = 2 has asingle root «.
Show that 2 < o < 3. [2]
Show that the equation can be written x = e?*. [2]
Use X, = 2% with x, = 2.3 to find X, X,, X3, X, to 3 decimal places. Describe how the
values behave relative to a. [3]

The equation x> + 3x — 5= 0 hasaroot ac = 1.154. It is rearranged into the form x = g(x) in
two ways:

5—x° 5

0:(x) = 3 0(X) = 5=

x?+3

An iteration x,,; = g(x,) converges to o when |[g'(a)| < 1. Find g,'(a) and g,'(a), and hence
decide which rearrangement gives an iteration that convergesto a. [5]

Consider the equation e™ = x2.

@

(b)
(©

By sketching y = e and y = x? on the same axes, show that the equation has exactly

one positive root. [2]
Show that this root lies between 0.7 and 0.8. [2]
Show that the equation can be written x = €72, and use x,,,; = €2 with x, = 0.7 to

find the root correct to 2 decimal places. [4]

The diagram shows the graphs of y = g(x), where g(x) = 4 and y = x, together with the path of the

X+1’

iteration X,.; = 9(X,,) starting from x, = 0.6.

y

\

//
=N
o~

N

@
(b)
(©

S T—

y=9g0)

X0 X
The path is a cobweb rather than a staircase. Explain why, in terms of g. 1
Show that the limit L of the sequence satisfies L2 + L — 4 = 0 and find its exact value. [3]

Find g'(L) and explain why the value confirms that the sequence converges. [2]



StemUp | Further Mathematics | Further Pure Mathematics: Numerical Methods | Question Pack

23

24

25

26

27

The iteration x,,,, = € is used to find the root o of x In x = 2, where a. = 2.345751 correct to 6 decimal
places. The table shows x,, for n = 0 to 4.

Xn
2.200000
2.482065
2.238443
2.443614
2.267006

=W N ==

eg” forn=0,1, 2. [3]

n

(8 Cdculatetheerorse,=x, — aforn=0, 1, 2, 3, and the ratios

(b) Hence estimate g'(c), where g(x) = e?*, and state what this indicates about the

convergence. [2]
(c) Usingtheratio in (b), estimate how many further iterations after x, are needed for the
error to fall below 107°. [2]

Zara wants to show that the equation tan x = —1 has a root between x =1 and x = 2 (x in radians). She lets
f(x) =tan x + 1, finds f(1) = 2.557 and f(2) = —1.185, and states that the change of sign means that there is
arootin[1, 2].

(@) Explain why Zaras conclusion is not valid. [2]
(b)  Show that the egquation does have aroot in the interval [2, 2.5]. [2]
(c) Usetwo steps of interval bisection on [2, 2.5] to obtain a smaller interval containing the

root. (2]

X2+ 2
The iteration X,,,; = —=— is used with different starting values.

3
(@ Find the two values to which the sequence could converge. [2]
(b) Starting with x, = 1.5, calculate x4, X, and X5 to 4 decimal places, and state the value to
which the sequence appears to converge. [3]

2
(c) By finding g'(x) at each fixed point, where g(x) = X—gz explain why a sequence with
Xo = 2.5 does not converge to 2. [3]

A hollow sphere of internal radius 10 cm is held with its centre vertically above its lowest point. Water is

2(30 —
poured in. When the depth of water ish cm (0 < h < 10), the volume of water isV = mhi30 - h) cm?.

3
The volume of water is 800 cm?.

(8 Show that h satisfiesh® — 3017 + 220 =, 2]
(b) Show that h lies between 5 and 6. [2]
’ h3 + 2400

(c)  Show that the equation can be written h = %, and use the iteration with h, =5
to find the depth of water to 2 decimal places. [4

The root a of f(x) = x* + x — 3 =0 isfound using the iteration x,,,; = X, — af(x,), where ais a positive
constant.
(@ Show that if the sequence converges, it convergesto aroot of f(x) = 0. [2]

(b) Letg(x) =x — af(x). Show that the iteration convergesto ac when 0 < a< %, given

that o = 1.213. [3]
(c) Takinga=0.2and X, =1, find x4, X, and X5 to 5 decimal places. [2]
(d) Find the value of afor which g'(a) = 0 and explain why convergence is then fastest. [3]
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A seguence converging to a satisfies x,,,; — & = A(x, — «) for large n, where A is a constant with |A| < 1.

The iteration x,,,; = €* with x, = 2.3 generates x, = 2.385873, x, = 2.312357, X, = 2.374812.

(X3 = X,)°
(X3 = X) = (X = Xp)~
(b) Usethisformulato estimate o, and compare your answer with ac = 2.345751 (6 d.p.).
(c) State, with areason, whether the iteration converges monotonically or by oscillation.

(& Showthat o = x5 —

The eguation € = 4x has two real roots, o < p.

(@ Show that a liesin [0, 1] and B liesin [2, 3].

(b)  Show that the iteration x,,,, = In(4x,,) with x, = 2 converges, and find  to 2 decimal
places.

() Letg(x) =In(4x). Show that |g'(B)| < 1 but |g'(a)| > 1, and hence explain why this
iteration can find B but not a.

(d) Usethe rearrangement X, = % with x, = 0.5 to find a to 3 decimal places, and show

that this rearrangement cannot find p.
The iteration X,,,; = 9(X,,) convergesto aroot o = g(a), and e, = X,, — QL.
(& UseaTaylor expansion of g about o to show that, for smal e,, e,,; = g'(«) €,.
(b) Forg(x) = xz—i3 theroot of x* + 3x — 5=0isa = 1.1542. Find g'(c).

(c) Starting with x, = 1.5, e, = 0.3458. Use (a) to estimate e,, and compare with the actual
e, = 0.047.

f n . .
(d) Explanwhy X, =X, — % would be expected to converge faster, by finding g'(a)

for thisg.

Newton-Raphson M ethod

Write down the Newton-Raphson iteration for solving f(x) = 0, where f(x) = x3 — x — 1.

Use one step of the Newton-Raphson method, with x, = 3, to find an approximation to the
positive root of x> — 10 = 0. Give your answer to 4 decimal places.

f(x) = x3 + 2x — 4. Taking X, = 1.3, use the Newton-Raphson method once to find x, to 4
decimal places.

f(x) = € — 3x. Find f'(x) and use the Newton-Raphson method with x, = 0.5 to find x, to 4
decimal places.

Use the Newton-Raphson method with x, = 0.7 to find a better approximation to the root of
cos x = X. Work in radians and give your answer to 4 decimal places.

Use the Newton-Raphson method on f(x) = x? — 2 with x, = 1.5 to find x, and x, t0 5
decimal places.

Show that applying the Newton-Raphson method to f(x) = x> — N gives X,,,; = %(xn + Xﬁ).
Use thiswith N = 11 and X, = 3 to find {11 to 4 decimal places.

Use the Newton-Raphson method with f(x) = x> — 5 and x, = 2 to find x;, X, and X5, and
hence give the value of 3\/5 to 5 decimal places.

(4]

(3]
(1]

(4]

(3]
(2]

(3]

(2]

(2]

(2]

(3]

(3]

(3]

(4]

(4]
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The equation x® — 2x — 5= 0 has aroot close to x = 2.

(& Show that the Newton-Raphson iteration for this equation can be written x,,,; =
2X,2+5
3x,.2-2"

(b) Starting with x4 = 2, find x4, X, and X3, giving X5 to 6 decimal places.

fX)=Inx+x—3.
(@  Show that the equation f(x) = 0 has aroot in the interval [2, 3].
(b) Usethe Newton-Raphson method with x, = 2 to find the root to 4 decimal places.

(2]
(2]

(2]
(3]

The curve with equation x3 + y® = 9 meets the liney = 2x — 1 at the point A, where the x-coordinate of A

iscloseto 1.4.

(@  Show that the x-coordinate of A satisfies 9x® — 12x? + 6x — 10 = 0.

(b)  Usethe Newton-Raphson method once, with x, = 1.4, to find a better approximation to
the x-coordinate of A. Give your answer to 3 decimal places.

The diagram shows part of the curve y = f(x). The point P on the curve has x-coordinate X,
and the tangent to the curve at P meets the x-axis at the point with x-coordinate x,.

Show that x; = X, — :(LO)
(Xo)
o
y=1x)

/1 Xo

The equation x? = 3% is to be solved.

(@  Sketch the graphs of y = x? and y = 3* on the same axes, and hence explain why the
equation has exactly one real root, which is negative.

(b)  Show that the root lies between —1 and O.

(c) Usethe Newton-Raphson method with x, = —0.5 to find the root to 4 decimal places.

f(x) = x3 — 3x + 1. The equation f(x) = 0 has aroot near x = 1.5.

(@) Explain why the Newton-Raphson method cannot be used with x, = 1.
(b) Starting with x, = 1.1, find X4, X, and x5 to 4 decimal places.

(c) Explain why x; is much further from the root than x.

The equation 3 sin X = x, where x isin radians, has a positive root a close to 2.
(8 Usethe Newton-Raphson method with x, = 2 to find x4, X, and X5 to 6 decimal places.

(b) By considering the sign of f in a suitable interval, show that o = 2.2789 correct to 4
decimal places.

The curvesy = x® and y = 2% intersect at a point with x-coordinate close to 1.4.

Use the Newton-Raphson method, with x, = 1.4, to find this x-coordinate to 5 decimal places.

Show your values of x;, X, and X.

(2]

(3]

(2]
(1]
(3]

(3]
(1]

(3]

(3]

(5]



StemUp | Further Mathematics | Further Pure Mathematics: Numerical Methods | Question Pack

17

18

19

20

21

22

23

24

The curve C has equation y = € — x3 for x > 0. The curve has a stationary point near x = 1.
Show that the x-coordinate of the stationary point satisfies e = 3x?, and use the

Newton-Raphson method with x, = 1 to find it to 4 decimal places. [6]
A curve has equation x = In(y® — 2y) for y >+/2. The point P on the curve is where the gradient (;—'Z =5, and
the y-coordinate of Pis closeto 15.
(@  Show that the y-coordinate of P satisfiesy® — 15y2 — 2y + 10 = 0. [3]
(b) Usethe Newton-Raphson method twice, starting with y, = 15, to find the y-coordinate

of Pto 3 decimal places. [2]
(c) Find the coordinates of P, to 2 decimal places. [2]

f(x) = x* — 3, with roots +y/3.
(8 Usethe Newton-Raphson method with x, = —1 to find x4, X, and x5 to 4 decimal

places. (3
(b) State which root the sequence is approaching in (a). [1
(o) Starting with x, = 0.5, find x; and say which root the method is heading towards. [2]

The position of a planet in its orbit is found by solving Kepler's equation E — 0.3 sin E = M,
where E isin radians. For a particular time, M = 1.
Use the Newton-Raphson method, with E; = 1, to find E to 5 decimal places, showing E; and

E,. [6]

f(x) = x3 — 4x + 1. The equation f(x) = 0 has three real roots.

23 -1
(&  Write down the Newton-Raphson formula for this equation in the form x,,,; = h. [2]
(b) Using x, = 2, find the largest root to 4 decimal places. [2]
(c) Using x, =0, find the root close to 0 to 4 decimal places. [2]
(d) Starting from x, = —2, find the third root to 3 decimal places, and show that starting at
Xo = 1leadsto x; = —1 and so does not give the nearby root. [2]

An arithmetic series has first term 3 and common difference d, and a geometric series has first term 3 and
common ratio d, where d > 1. The sum of the 8th term of the arithmetic series and the 8th term of the
geometric seriesis 500.

(@ Show that 3d” + 7d = 497. [2]
(b) Showthat2<d<21. [2]
(©) Usethe Newton-Raphson method twice, with d, = 2.1, to find d to 3 decimal places. [3]

A calculator needs to find reciprocals using only multiplication and subtraction.
(@  Show that applying the Newton-Raphson method to f(x) = % —agivesX,; =X,(2 — a

X,). (3]
(b) Usethiswitha=7and x, = 0.1 to estimate % giving X, to X, to 6 decimal places. [2]

(c) Find the range of starting values x,, for which x; > 0, and explain why x, = 0.5 is a poor
choice. [2]

The curve C has equation y = € + 2. The tangent to C at the point P, where x = p, passes through the
origin.
(@ Show that (2p — 1)e* = 2. [3]
(b) Show that p lies between 0.7 and 0.8. [2]
(c) Usethe Newton-Raphson method twice, starting with p, = 0.8, to find p to 4 decimal

places. [3]
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A loan of £10 000 is repaid by 24 equal monthly payments of £450, the first paid one month after the loan

is taken. The monthly interest rate r (as a decimal) satisfies 450(1 — (1 + r)~2%) = 10 000r.

(@ Show that risaroot of f(r) = 450(1 — (1 + r)~2*) — 10 000r, and find f'(r).

(b) Usethe Newton-Raphson method with ry = 0.01 to find ry, 1, r5 and r,, and hence give
r to 5 decimal places.

() Find the equivalent nominal annual rate, as a percentage to 2 decimal places, taken as
12r.

The point P(X, y) lieson the curvey = \/Y . The point A has coordinates (2, 1).

(@  Show that the squared distance AP? is minimised when 2x — 3 — L1oo

VX
(b)  Use the Newton-Raphson method with x, = 2 to find the value of x that minimises AP?,
to 4 decimal places.
(c) Hence find the minimum distance AP to 3 significant figures.

f(Xn)

The Newton-Raphson iteration X,,; = X, — ) converges to asimple root o of f(x) = 0, with f* and "

continuous and f'(a) = O. Let e, = X, — .

f(o)

() e, 2 for small

(@ By expanding f(a) = 0 as a Taylor series about x,,, show that e,,; =
€.

(b) Forf(x) =3 — 5and o = 45, find the value of 2f((°3) to 3 decimal places.

(c) Taking x, = 2, &y = 0.2900. Use (a) and (b) to estimate e; and e,, and compare with the
actual values 0.0400 and 0.000908.

The Newton-Raphson method is applied to f(x) = x¥® for x # 0, a function with aroot at x = 0, starting
with X, = awherea # 0.
(@ Show that x,,; = —2X,.
(b)  Write down x, in terms of aand n, and explain what happens to the sequence.
(c) Explain, with reference to f'(x) near x = 0, why the method fails for this function even
though the root is simple in appearance.
(d) Taking a= 0.1, find the smallest n for which [x,| > 1000.

f(x) = (x — 1)%(x + 2), which has a repeated root at x = 1.
(@  Show that f'(x) = 3(x — 1)(x + 1) and that the Newton-Raphson iteration simplifies to
(Xn - l)(xn + 2)

Xne1 = Xp — 3(x, + 1)

(b)  With xq = 2, find x4, X5, X5 to 5 decimal places, and calculate the rat|os ! wheree,

X, — 1.
(c) Explain why convergence hereis only linear (not quadratic).

( n)
2Ty

n

(d) The modified iteration X,,,; = X,, — is used with x, = 2. Find x4, X,, X310 6

decimal places and comment.

(2]

(4]

(2]

(3]

(4]
(2]

(5]
(2]

(3]

(3]
(2]

(2]
(2]

(3]

(3]
(1]

(3]

The Newton-Raphson method is applied to f(x) = x* — 2x + k, where k is a non-zero constant, with x, = O.

(& Show that x; = %

(b)  Show that x, = 0 if and only if 2x,% = k.

(c) Hencefind the two values of k for which the iteration returns to O after two steps, so
that it cycles forever.

(d) For k =2, state the values of x, for al n, and explain why the iteration never finds the
real root of x> — 2x +2=0.

(2]
(3]

(3]

(2]



StemUp | Further Mathematics | Further Pure Mathematics: Numerical Methods | Question Pack

Numerical Integration

1

10

The table gives values of y = f(x). Use the trapezium rule with all the values to estimate _£4
f(x) dx.

X 0 1 2 3 4

y 3.2 4.1 5.5 5 4.4

25

Use Simpson's rule with 2 strips to estimate ‘fz % dx, and hence show that In 2 = %

Use the mid-ordinate rule with 2 strips to estimate i; ® & dx. Give your answer to 3 decimal
places.

. . . . 4 .
Use Simpson's rule with 2 strips to estimate _£ x2 dx, and comment on your answer given

that the exact value is %

The trapezium rule is to be used to estimate j; ! f(x) dx with 6 strips. Write down the strip
width h and the x-values at which f must be evaluated.

Copy and complete the table of values of y = yx + 1, giving values to 3 decimal places.
x=0,1,23,4

. . . . 1 Lo
Use the trapezium rule with 4 strips to estimate £ ﬁ dx, giving your answer to 4

decimal places.
State the exact value of the integral and the percentage error in your estimate.

Use Simpson's rule with 4 strips to estimate j;a In x dx, giving your answer to 4 decimal
places.

/2 X
Letl = [ cos¥(3) dx.
(@ Use Simpson's rule with 4 strips to estimate I, to 4 decima places.

(b) Hence estimate j;mz sinz(%) dx.

(¢) Hence estimate £ ™ cos x dx.

Use the mid-ordinate rule with 4 strips to estimate £2 \/x3 + 1 dx. Give your answer to 3
decimal places.

(2]

(3]

(2]

(3]

(2]

(2]

(4]

(4]

(3]
(2]

(2]

(4]
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A car accelerates from rest. Its speed v m s~ is recorded every 5 seconds, as shown in the

table. Use the trapezium rule to estimate the distance travelled in the first 30 seconds.
t 0 5 10 15 20 25 30
v 0 4 9 13 16 18 19

The table shows some values of afunctiony = f(x), where ais a constant.
Simpson's rule, using all of the values in the table, gives an estimate of 14 for the mean value
of f(x) over theinterval —3 =< x = 5. Find the value of a.

X -3 -1 1 3 5
y 4 10 a 19 16

Use Simpson's rule with 4 strips to estimate £ " % dx, where the integrand takes the

value 1 at x = 0. Give your answer to 4 decimal places.

(3]

(4]

(4]

Theintegral | = [3 % dx is estimated using the trapezium rule. T, and T, denote the estimates with 2 and 4

strips.
(8 CdculateT, and T, to5 decimal places.

aT, - T
(b)  Show that 4 3 2 gives the value of Simpson's rule with 4 strips, and evaluate it.

(c) Compare the three values with the exact value In 3 and say which is the best estimate.

The trapezium rule with 3 strips is used to estimate £4 \/Y dx.

(@ Find the estimate to 4 decimal places.

(b) Explain, by considering the second derivative, whether the estimate is an overestimate
or underestimate.

() Find the exact value of the integral, and the percentage error in the estimate.

For afunction f with [f"(X)| = M on [a, b], the error in the trapezium rule with n strips

— 2 —
satisfies || = L2 M, whereh = 222,

The trapezium rule is used to estimate £1 €* dx. Find the smallest number of strips that
guarantees an error of less than 0.0005.

(5]

The width w metres of a small lake is measured at 10 m intervals along its length, as shown in the table (x

metres from one end).
Estimate the area of the lake using

X 0 10 20 30 40 50 60
w 0 18 26 31 29 20 0

(@ thetrapeziumrule,
(b) Simpson'srule.
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The region bounded by the curvey = e, the x-axis and the lines x = 0 and x = 1 is rotated
through 21 radians about the x-axis to form a solid.

. 1 2 . . . .
Show that the volumeisV = n£ e~ dx, and use Simpson's rule with 4 strips to estimate V

to 3 significant figures. [6]

Use Simpson's rule with 4 strips to estimate j; ® X In x dx. Then use integration by parts to
find the exact value, and calculate the error in the estimate. [7]

The curve C has equation y = X—Jlfz where k is a positive integer. The trapezium rule with 4 equal stripsis

used to estimate the area bounded by C, the coordinate axes and the line x = 2. The estimate is 6.97, correct
to 3 significant figures.

(@ Find the value of k. [3]
(b) State one way in which the accuracy of the estimate could be improved. [1
(c) By considering a suitable stretch of the curve, use 6.97 to estimate ‘g ' X2+01 dx. [2]

?/_; dx cannot be estimated directly by the trapezium or Simpson's rule, because the

Theintegral J= 1;1
integrand is undefined at x = 0.

(@) Explain why the integrand causes a problem at x = 0. [1
(b)  Use the substitution u = /x to show that J = 2£l e du. [3]
(¢) Use Simpson's rule with 4 strips on the new integral to estimate J to 4 decimal places. [4

Theintegra | = £ " x4 dx = 0.2 i's estimated by the trapezium rule with n strips. T,, denotes the estimate and
E,=T, — 0.2 theerror.
(8 CdculateT,, T,and T4 to 6 decimal places. [3]
E E
(b) Calculate E,, E,, Eg and the ratios & and - to 2 decimal places. [3]
4 8

(c) Explain what the ratios show about how E,, depends on h, and use Eg to predict E 4 to 2
significant figures. [2]

Ella estimates £2 \/l + x? dx usi ng h = 0.5, with ordinates y,, ..., y, = 1.0000, 1.1180, 1.4142, 1.8028,

2.2361.
(& For the trapezium rule Ellawrites: Area = 0.5 X [y, + Yy, + 2(y; + Y, +Y3)] = 11.906.

She forgot afactor in the formula Identify the error and give the correct estimate. [3]
(b) Ellathen says: "Simpson's rule with 5 strips needs h = 0.4 and y-values at 0, 0.4, ..., 2."
Explain why Simpson's rule with 5 strips cannot be used in the standard form. [4

(c) Find Simpson's estimate using 4 strips and then using 6 strips, to 4 decimal places, and
say which islikely to be more accurate. [2]
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A surveyor measures the depth d metres of ariver at distances x metres from the bank.
(@ The measurements below are at uneven intervals. Use the trapezium rule on each

interval separately to estimate the area of the cross-section from x = 0 to x = 10. [3]
X 0 1 3 6 10
d 2 2.8 4.1 3.5 1.2
(b) A second cross-section is measured at equal intervals, as shown. Estimate its area using
the trapezium rule and Simpson's rule. 4
X 0 2 4 6 8
d 3 4.4 5.1 4.6 2.9

Letf(x) =x Inxand | = [ f(x) x.
(@  Show that f"(x) > 0 for x > 0, and deduce whether the trapezium rule and the

mid-ordinate rule over- or underestimate |. [3]
(b) Calculate the trapezium estimate T, and the mid-ordinate estimate M ,, each with 4

strips, to 4 decimal places. (3]
(c) Find the exact value of | and verify that it lies between M, and T ,. [3]

The arc length of acurvey = g(x) between x =aand x =bisL = Lb 1+ (g'(x)? dx.

Find an expression for the length of one arch of y = sin x, from x = 0to x = 11, as an integral,
and use Simpson's rule with 6 strips to estimate it to 3 significant figures. [8]

Simpson's rule with 2 strips of width h on [—h, h] gives S = %[f(—h) + 4f(0) + f(h)].

3
(8 Letf(x)=ax+bx+ox+d Showthat [7 f(x) dx = 22 + 2dh, 2]
3
(b) Show that S= Z%h + 2dh for the same f, so that Simpson's rule is exact for any cubic. [4

(c) Explain why the result holds for a cubic on any interval [p, q], and verify it for £2 3
— 2X + 1) dx using 2 strips. [3]

Theintegral | = £1 x% dx = % is estimated by the trapezium rule with n strips, giving T ..

n—-1

1.1
(@ Showthat T, = F[Enz + 2 ra. [2]
n—1
n—1n2n—1 1 1

(b) Usezﬂ:%e()toshowthaﬂn=5+ﬁ. [3]
(©) Hencefind the smallest n for which T, is within 10™* of the exact value. [2]
(d) Explain how the form of the error in (b) relates to the fact that the error of the trapezium

rule is proportional to h?. [2]

The function f(x) = ax? + bx®, where aand b are constants, is integrated over [0, 2]. The trapezium rule with
2 strips gives an estimate of 19, and Simpson's rule with 2 strips gives an estimate of 16.
(@ Show that the trapezium estimate is 3a + 5b, and find an expression for the Simpson

estimate. [3]
(b) Findaandb. [3]

() Find the exact value of £ ? f(x) dx, and explain why it equals the Simpson estimate. [3]
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1+ x2
in S, is approximately proportional to h*.
(@ Cdculate S, and S, to 7 decimal places.

(b) Explain why, since halving h reduces the error by afactor of about 16, the quantity R =

1684 -

S .
TZ should be a better estimate of 1.

(c) Cdculate R and the error in R, and compare with the errorsin S, and S,.

The exact value of j; !

Numerical Differentiation

1 Use the forward difference approximation f'(x) = w with h = 0.1 to estimate f'(2)
for f(x) = x2.

2 Use the central difference approximation f'(x) = fx + h) ;hf(x =M with h = 0.1 to estimate
the gradient of y = € at x = 1. Give your answer to 4 decimal places.

3

f(x) — f(x — h)
h

Use the backward difference approximation f'(x) = with h = 0.1 to estimate

the gradient of y = In x a x = 2, to 4 decimal places.

4 The table gives values of afunction f(x). Use the central difference approximation withh =1
to estimate f'(11).

X 10 11 12
f 3.162 3.317 3.464

5 Use the approximation f"(x) = fx+h) = th(;() N ith h= 0.1 to esti mate (1) for f(x)
=x3.
6 The displacement s metres of a particle at time t seconds is recorded in the table. Use a central
difference to estimate the velocity at t = 3.
t 2 3 4
S 11 18.5 28
4

For f(x) = sin x, estimate () using, with h = 0.1,

(@ theforward difference,
(b) the central difference.

(c) Cdculate the error in each estimate by comparing with the exact value cos(%) =0.5.

8 f(x) = x €. The exact value is f'(1) = 2e = 5.43656.
(@ Usethe forward difference with h = 0.1 and with h = 0.01 to estimate f'(1), and find the
error in each.
(b) Repeat with the central difference.
(c)  Which method is more accurate for the same h? Give a reason based on your results.

dx is1. Simpson's rule with 2n stripsis denoted S,,.. It is known that the error

(4]

(3]
(3]

(2]

(2]

(2]

(2]

(2]

(2]
(2]

(2]

(2]
(2]
(1]
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The temperature T °C of aliquid is recorded at time t minutes, as shown in the table.
Estimate the rate of change of temperature dT/dt at

t 0 1 2 3 4
T 20 315 41.2 49 55.1

(@ t=2,using acentral difference,
(b) t=0,using aforward difference,
(c) t=4, using abackward difference.

Use the forward difference approximation to estimate the gradient of y = \/Y at x =4, using h
= 0.1 and then h = 0.01. Give each answer to 5 decimal places and compare with the exact
value.

f(x + h) — 2f(x) + f(x — h)
h2

Usef"(x) = with h = 0.1 to estimate f*(2) for f(x) = In x. Compare

with the exact value.

The gradient of the curvey = f(x) at x = aisthe limit of the gradient of the chord joining (a,
f(@) and (a+ h, f(a+ h)) ash - 0.

Show that the forward difference is the gradient of this chord, and explain why it gives a
better estimate of f'(a) when his small.

f(x) = x3, and the exact value of f'(2) is12. Take h = 0.5.

(@ Usethe forward difference to estimate f'(2).

(b) Usethe centra difference to estimate '(2).

(c) State which estimate is more accurate, and give a reason.

f(x +h) — f(x —

Use Taylor expansions of f(x + h) and f(x — h) about x to show that >h

M _ fix)

2
+ 0000 +
Hence state the order of the error in the central difference approximation and compare it with
that of the forward difference.

f(x +h) — 2f(x) +f(x — h
h2

2
Use Taylor expansions to show that ) - f'(x) + %f(“’(x) + .

State the order of the error.

Let D(r) = EFD I o gmall h, D(R) = F(x) + Ch?, where C i a constant.

Use D(0.2) and D(0.1) for f(x) = In x a x = 3 to find an improved estimate of '(3), and
compare it with the exact value.

The table gives values of f(x) = e ¥,
X 1 1.1 1.2 1.3 1.4
f 0.3679 0.2982 0.2369 0.1845 0.1409

(@ Usecentral differences with h = 0.1 and with h = 0.2 to estimate f'(1.2).

(b) Estimatef'(1.2) using h=0.1.

(c) The exact derivativeis f'(x) = —2x e, State which estimate in (@) iscloser to f'(1.2) =
—0.5686.

(2]
(1]
(1]

(4]

(3]

(2]
(2]
(1]

(5]

(5]

(6]

(3]
(2]

(1]
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Values of € are recorded to 4 decimal places, with e! = 2.7183, e = 3.0042, e = 2.7456
and "% = 2.7186.

Use the forward difference with h = 0.1, 0.01 and 0.0001 to estimate the gradient of y = €" at
x = 1, and explain why the estimate for h = 0.0001 is poor even though h is smallest. The
exact gradient ise = 2.71828...

(6]

The table shows values of y = x €%, rounded to 4 decimal places. The curve has a maximum point near X =

1
X 0.6 0.8 1 1.2 1.4
y 0.3293 0.3595 0.3679 1 0.3614 0.3452

(@ Usecentral differences with h = 0.2 to estimate (;—di ax=0.8,10and 1.2.
(b) Uselinear interpolation on the gradient estimates to find an estimate of the x-coordinate
of the maximum.

f(x) = x® — 2x — 5 and the root of f(x) = 0 is to be found starting from x, = 2.

(@ Find x, using the Newton-Raphson method with the exact derivative.

(b) Repeat, but replace f'(2) by the forward difference approximation with h = 0.01. Give x,;
to 5 decimal places.

(c) Comment on the difference between the two values of x;.

A function is only known at x, x + h and x + 2h, so a central difference cannot be used at x.
(@  Write down the Taylor series for f(x + h) and f(x + 2h) up to the term in h®,
(b) By combining 4f(x + h) — f(x + 2h) — 3f(x), show that f'(x) =
2
—3f(x) + 4f(x ;hh) —fx+2h) % 00 + .
(c) Usethe formulawith h = 0.1 to estimate f'(0) for f(x) = €*, and compare the error with
that of the forward difference with the same h.

f(x + h) — f(x — h)
2h

is rounded to 4 decimal places, so each has an error of a most £ =5 x 107>,

€

F.

The central difference D(h) =

(@  Show that the rounding errors cause an error in D(h) of at most

2 2
(b) The truncation error is approximately hFf"'(l) = %. Write down the total maximum
error E(h) and find the value of h that minimisesiit.
(c) Cdculate the minimum value of E(h), and explain why a smaller h (for example h =
0.001) isworse.

Sam estimates f'(2) and f"(2) for f(x) = x* using h = 0.1. He writes:
f(2.1) — f(1.9) _ 9.261 — 6.859

f(2) = o1 T = 2402
. f(2.1) — 2f(2) + f(1.9) _ 9.261 — 16 + 6.859
)~ (ED=FRTCD - SRR = 1

(& Identify the mistake in each calculation.

(b) Calculate the correct estimates.

(c) Differentiate to find the exact values of f'(2) and f"(2), and explain how this could have
shown Sam that his answers were wrong.

(3]

(2]

(2]

(3]
(1]

(2]

(4]

(2]

is used to estimate f'(1) for f(x) = €, where each value of f

(2]

(4]

(2]

(2]
(2]

(2]
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The displacement s metres of a particle from a fixed point at timet seconds is recorded every 0.5 s, as

_ds _ d’s
shown. Takev = & and a =
t 0 0.5 1 1.5 2

S 0.000 1.500 @ 3.000 @ 6.000 12.000

(@ Estimatevatt=0.5,1and 1.5 using central differences.
(b) Estimatev att =0 using aforward difference and at t = 2 using a backward difference.
(c) Estimate the accelerationatt = 1.

(d) Giventhat s=2t> — 3t? + 4t, find the exact values of v(1) and a(1), and comment on
the accuracy of the estimates.

The forward difference with step h is used to estimate f'(2) for f(x) = In x, for which f'(2) = 0.5.

(@ Calculate the estimates for h = 0.1 and h = 0.05 to 6 decimal places, and the errors.

(b)  Show that the ratio of the errorsis close to 2, and explain this using the leading term of
the Taylor series for the error.

(c) Usetheleading term %f"(x) to predict the error for h = 0.1 and compare with the actual
error.

A curve is defined parametrically by x =t> + 1, y = t3 — 2t.

(@  Show that dy ?{/E and use it to find the exact value of When t=2

(b) Use central differencesint with h = 0.1 to estimate ?t/ and at t = 2, and hence
dy
estimate - x

(c) Explain why the hin the central differences cancelsin the ratio.

A function f isknown at x, x + h and x + 2h only.

(@ Use Taylor seriesto show that f(x) — 2f(x + h) + f(x + 2h) = h%"(x) + h3"(x) +
7h*
ﬁf(“)(X) + ...

(b) Hence write down a one-sided approximation to f"(x) with its leading error term.
() For f(x) =In x, estimate f*(1) using the formulain (b) with h = 0.1, and then use the
error term (with (1) = 2) to obtain a corrected estimate. Compare both with the exact

value (1) = —
Let D(h) = f(x + h) ;hf(x —h) . Taylor series give D(h) = f'(x) + f '(X) + = 120 (5)(X) o
(@ Show that 4D(h) ; D(2h) _ f(x — 2h) — 8f(x — hi;h 8f(x + h) — f(x+2n)

4D(h) — D(2h)
3

(b)  Show that the h? terms cancel in , and state the order of the error that

remains.
(c) Forf(x)=sinx at x =1 with h=0.1, calculate D(0.1), D(0.2) and the five-point
estimate to 8 decimal places, and compare their errors with cos 1 = 0.54030231.

— — 2
Let D,(h) = &+ 1) th(;‘) =Dyt can be shown that D(h) = £1(x) + 15f9(x) + .
h
. 4D2(§) — Dy(h) 2
(@  Show that the combination ————=——— has an error of order h”.

3
(b) Forf(x) =Inxat x =2, calculate D,(0.2) and D,(0.1) to 6 decimal places.
(c) Use(a) to obtain an improved estimate of f"(2) and compare all three estimates with the
exact value f"(2) = —0.25.

(2]
(2]
(2]
(1]

(3]

(2]

(3]

(3]
(1]

(4]

(3]

(3]

(3]

(3]

(3]
(3]

(3]
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(2]

(2]

(2]

(3]

(3]

(2]

(3]

(4]

(4]

2

30 The function y(x) satisfies the boundary value problem % =y, withy(0) =0and y(1) = 1.
Theinterval [0, 1] isdivided into 4 equa strips of width h = 0.25 with x; = ih and y; = y(X;), so that y, =0
andy,=1.

i1 = 2ty
(@ Replace the second derivative by % and show that y;_; — %yi +V¥i,, =0
fori=1, 2, 3.
(b)  Write the three equations for y,, y,, Y5 in matrix form and solve them to 5 decimal
places.
(c) Theexact solutionisy = %ﬂi. Compare your values with the exact values at x = 0.25,
0.5, 0.75.

Euler's Method

1 % =x +y,withy =1 when x = 0. Use Euler's method with a step length of 0.1 to estimate y
when x = 0.1.

2 ;—‘i =2x — y, withy = 3when x = 1. Use Euler's method with h = 0.2 to estimate y when x =
12

3 % =y?, y(0) = 1. Use Euler's method with step 0.1 to find an estimate of y(0.2).

4 % =dgnx, y(0) = 0. Use two steps of Euler's method with h = 0.5 to estimate y(1). Give your
answer to 4 decimal places.

5 The differential equation a—di =x?+y hasy =y, when x = x,. Write down the Euler step
formula giving y,., in terms of x,,, y,, and the step length h, and use it to find y; when x, = 2,
Yo=landh=0.1

6 % =3 - % y(0) = 0. Use Euler's method with h = 0.5 to estimate y(0.5) and y(1).

7 (;—'Z =e™y, y(0) = 2. Use Euler's method with a step length of 0.1 to estimate y(0.3), giving
your answer to 4 decimal places.

8 % = ﬁ y(0) = 0. Use Euler's method with h = 0.25 to estimate y(1). Compare with the
exact value y(1) = z

7
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Euler's method with step h = 0.1 is used to solve a—di =xy — 1, y(1) = 2. The table shows the

calculation, with some values replaced by ?.
Find the values of the missing entries, and hence y.

n Xn Yn fGn, Yn)
0 1.0 2.0000 1.0000
1 1.1 2.1000 1.3100
2 1.2 ? ?

d
F VYO =1

(@  Show that Euler's method with step h givesy,., = (1 + h)y,, and hencey,, = (1 + h)".
(b) Usethiswith h = 0.1 to estimate y(1), and compare with the exact value e.

d

K=Y YO =1

(@ Use Euler's method with h = 0.1 to estimate y(0.3).

(b) Solve the differential equation exactly, and find the error in your estimate of y(0.3).

A cup of tea cools according to %—I = —0.1(T — 20), where T °C is the temperature after t

minutes. Initially T = 90. Use Euler's method with step 2 minutes to estimate the temperature
after 4 minutes.

a—di =Xy, (1) = 2. Use Euler's method with h = 0.2 to find y(1.4).

% =y,y(0) =1
(@ UseEuler's method with h = 0.5 to estimate y(1).

(b) Solve the differential equation and find the percentage error in your estimate.

(c) Explain, by considering the gradient of the solution curve between the points, why

Euler's method gives an underestimate here.

% = x? — y. Euler's method with h = 0.1 is used from the point (1, y,) and gives the estimate
y(1.1]) = 2.2.

Find the value of y,, giving your answer to 4 decimal places.

% =ky — X, where k is a constant, and y(0) = 1. Using Euler's method with step length 0.2,

the estimate of y(0.2) is 1.1.
Find the value of k, and hence estimate y(0.4).

Salt solution flows into atank at 4 g per minute, and solution leaves so that the mass S grams

of salt in the tank satisfies % =4 — 0.02S, wheret isin minutes. Initially S= 0.

Use Euler's method with step 5 minutes to estimate S at t = 15. Find the value that S
approaches in the long term, and comment on your estimate.

d? ) d
—dxz = -y, withy = 1andd—i =0whenx =0.
dy ' . . i dy dv
Letv =5 Use Euler's method with h = 0.1 for the pair of equations i e A

estimate y(0.3) and v(0.3).

(4]

(2]
(2]

(3]
(2]

(4]

(4]

(2]
(2]

(1]

(4]

(5]

(6]

(6]
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9 F=x+yyo=1

(@ Use Euler's method with h = 0.2 to estimate y(0.4).
(b) Use Euler's method with h = 0.1 to estimate y(0.4).
(c) Theerrorisroughly proportional to h. Use this to find an improved estimate of the form

2Y(h=01) — Yin=02), and compare it with the exact value y(0.4) = 2e>* — 1.4 = 1.58365.
d
20 Fex+yy0=1
(@ Useonestep of Euler's method with h = 0.1 to estimate y(0.1).
(b) Theexact solutionisy =2€* — x — 1. Find the error in y,.

2
(c) Usethe Taylor seriesy(h) = y(0) + hy'(0) + h7y"(0) to explain this error, wherey" = 1
+y.
21

10.

(@ Use Euler's method with step 1 year to estimate P after 4 years, showing each step.

(b) Find the values of P for which the population is stationary, and explain why the
population can never exceed 50 thousand in the model.

22  Thefunctions x(t) and y(t) satisfy the pair of differential equations
dx _ dy _
E——2x+y,a-x—2y,
with x(0) = 1 and y(0) = 0. Use Euler's method with h = 0.1 to estimate x(0.3) and y(0.3).

23 Kai uses Euler's method to estimate y(0.3) for % =x+vy,y(0) =1, withh=0.1. Hisworking is:
y, =1+0.1(0.1+1)=1110,y, =1.110 + 0.1(0.2 + 1.110) = 1.2410, y, = 1.2410 + 0.1(0.3 + 1.2410) =
1.39510
(@ Identify Kai's error.

(b) Carry out the calculation correctly to find y,, y, and ys.

24 The differential equation 5 = —10y hasy(0) = 1.

(@ Solvethe differential equation and describe the behaviour of the solution for large x.

(b) Use Euler's method with h = 0.3 to find y,, V,, Y3, Y4, and describe how this compares
with the exact solution.

(c) Show that for y,.; = (1 — 10h)y,, the estimates tend to O only if 0 <h < 0.2.

25 A parachutist falls from rest and her speed v m s™* after t seconds is modelled by % =9.8 — 0.2v.

(@) Use Euler's method with step 0.5 sto estimate her speed after 2 seconds.

(b) Find the termina speed according to the model.

(©) Theexact solution isv = 49(1 — e~ %), Find the exact speed at t = 2 and the percentage
error in your estimate.

26 dy _y

ax —;,Withy:ZWhenx: 1
(@ Use Euler's method with h = 0.25 to estimate y(2). Show your values of y; toy,.
(b) Solvethe differential equation by separating variables, and find the exact y(2).

(c) Comment on your answersto (a) and (b), and explain why this happens.

The population P (in thousands) of a colony satisfies % =0.2P(1 — 5—%), wheretisinyears. Initialy P =

(2]
(2]

(3]

(3]

(5]

(3]

[7]

(2]
(4]

(2]

(3]
(2]

(4]
(1]

(3]

(4]
(3]
(1]
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Euler's method with step h = - is used to estimate y(1) for dx =y, y(0) = 1, giving Ey.

(@ Showthat Ey=(1+ N)N.
(b) Caculate Ey for N =1, 2, 4, 10 and 100 to 4 decimal places.

2 3

(© UselnEy=NIn(l+ %) and the series In(1+ U) = u — — + 5 — .. to show that Ey,

=egl- %) for large N.
(d) Hence state the order of the error and check it for N = 100.

Euler's method with step h =  is applied to d = x with y(0) = 0, to estimate y(1).

nn — 1)h2

(@ Showthaty,= 5

1
m.
() Find the exact value of y(1), and the error of the estimate in terms of h. Explain why the
error is exactly proportiona to h here.
(d) Find the number of steps N needed so that the error is less than 0.0005.

(b) Hence show that the estimate of y(1) is % -

A block on a spring has displacement x metres from equilibrium at time t seconds, satlsfymg

4x=0.Att=O,x=1and(;—)t(=0.

(@ Letv= % Show that the equation can be written as the pair % =V, % =—0.5v —

4x.

(b) Use Euler's method with h = 0.1 to find estimates of x and v at t = 0.1, 0.2, 0.3 and 0.4,
giving values to 4 decimal places.

(c) Theblock should pass through equilibrium (x = 0) first at about t = 0.85 in the exact
model. Explain, using your results, whether the Euler estimates are plausible and why
accuracy would deteriorate over alonger time.

¥ =y2y(0 =

(a) Solve the differential equation, and state what happenstoy asx — 1.

(b) Use Euler's method with h = 0.2 to estimate y(0.2), y(0.4), ..., y(1.0), to 3 decimal
places.

(c) Compare with the exact values at x = 0.2 and x = 0.8, and explain why Euler's method
isapoor tool closeto x = 1.

Improved Euler Methods

1

The improved Euler method uses y* .., = y,, + hf(x,, y,,) followed by y,.,; = [f(xn, Vo) +

f(xn+1v y* n+1)] .

dy

For X =X+y with y(O) =1,useh=0.1to find Yi.

The modified Euler (mid-point) method uses k; = (s, Vo), Kz = f(Xy + 3, Yo + 2K2) a0d Vs
=y, + hk,.

For ;ﬂx = 2x — y withy(1) = 3, useh = 0.2 to find y,.

2
ra

(2]
(2]

(4]
(2]

(3]
(2]

(3]
(1]

— +

(2]
(6]

(2]

(3]
(4]

(2]

(3]
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11

12

13

14

% =y? with y(0) = 1. Using y*, = 1.1 from the first stage of the improved Euler method with
h=0.1, find y,.

dy
dx
0.1, y,=1landy, =0.91, find y,.

dy

A numerical method for &

=f(x, y) usesy,,; = Y, + 2hf(x,, y,). For /= =x — y, withh =

% = —vy, y(0) = 1. Use one step of the improved Euler method with h = 0.5 to estimate

y(0.5).

For % =y, y(0) = 1, the exact solution isy = €*. With h = 0.1, Euler's method gives y(0.1) =

1.1 and the improved Euler method gives y(0.1) = 1.105. Which is closer to the exact value
of y(0.1)? Give y(0.1) to 5 decimal places.

% =xy, y(0) = 1. Use the improved Euler method with h = 0.2 to estimate y(0.4).

% =x?+y, y(0) = 1. Use the modified Euler (mid-point) method with h = 0.2 to estimate

y(0.4).

% =x +y? y(0) = 1. Use Euler's method with h = 0.1 to find y,. Then usey,,; = y,_; +

2hf(x,, y,) to estimate y(0.2) and y(0.3).

d

T =2.y(0)=1.

(8 UseEuler's method with h = 0.1 to estimate y(0.2).

(b) Usetheimproved Euler method with h = 0.1 to estimate y(0.2).

(©) Compare both with the exact value e** = 1.4918.

The fourth-order Runge-Kutta method is Ky = f(Xy, Vo), K = F(, + 1, Yy + 9Ko), Ky = (X, +
h h h
5 Yn T 5Ka), Kg =f(X, + 1, y, +hkg), Yo =y, + 5Ky + 2Ky + 2k +K,).

For % =x+Vy,y(0) =1, useh=0.2tofind y, to 5 decima places.

Explain how the improved Euler formulay,,., =y, + %[f(xn, Vr) + f(Xne1, Y ep)] 1S based on

the trapezium rule, and why it is more accurate than Euler's method.

A cup of tea cools according to %—I = —0.1(T — 20), where T °C is its temperature after t

minutes, and T = 90 when t = 0. Use the improved Euler method with step 2 minutes to
estimate T when t = 4, and compare with the exact value 20 + 70e™01,

d__ 1
dx T 1+x2+y?’
with h = 0.5, with the predictor y*; =y, + hf(Xo, Yo)-

Use the predictor once, then apply the corrector twice (replacing y; on the right-hand side by
the latest value each time), to find two successive improved values of y,, to 5 decimal places.

y(0) = 1. The corrector formulay; =y, + g[f(xo, Vo) + f(X4, y1)] isapplied

(2]

(3]

(5]

(4]

(5]

(1]
(3]
(1]

(4]

(3]

(5]

(6]
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17

18

19

20

21

22

23

d
=YY =1
(@ Show that one step of the improved Euler method with step h givesy, ., =(1+h +

h2

?)yn [3]
(b) Useh=0.1to estimate y(1), and compare with e. [3]
d
VYO =1

2
(& Show that the modified Euler (mid-point) method also givesy,., = (1 +h+ h7)yn. [3]
2 3

(b) Theexact solution givesy(h) =e"=1+h+ % + % + ... Write down the local error of

the method and evaluate it for h = 0.1. [3]
% =v, y(0) = 1. The fourth-order Runge-K utta method is used with step h.

h h h?  h?

(@ Showthatk, =y, ky = (1+5)yn ks = (1+5 + Z)yaandk, = (1+h+ =+ 2y, [3]
(b) Useh=0.5and two steps to estimate y(1), and compare with e. [3]

The functions x(t) and y(t) satisfy % = —yand % =X, with x(0) = 1 and y(0) = 0.

Use one step of the improved Euler method for the pair of equations, with h = 0.2, to estimate
x(0.2) and y(0.2). Compare with the exact values x = cost, y = sint. [7

% = ay with y(0) = 1, where ais a positive constant. One step of the improved Euler method

with h = 0.2 givesy, = 1.22.
Find the value of a. [6]

Euler's method and the improved Euler method are each used to estimate y(1) for % =y, y(0)

=1, with N steps of sizeh = % Let yy be the estimate. For N = 10 and N = 20, calculate the

error e — y,, for each method (to 5 significant figures) and the ratio of the errorsfor N = 10 to
N = 20. Hence deduce the order of each method. [7]

A fish population N (in hundreds) is modelled by %—T = 0.4N(1 — %) — 3, wheretisin years; the fina

term represents fishing. Initially N = 30.
(@ Usetheimproved Euler method with step 1 year to estimate N after 3 years, showing

the working for each step. (6]
(b) Find the equilibrium populations of the model, by solving %—T =0. [3]
% =x% +y? y(0) = 1. Use the fourth-order Runge-Kutta method with h = 0.1 to estimate
y(0.2) to 5 decimal places. (8l

Miais using the improved Euler method with h = 0.1 for % =x +Y,y(0) = 1. In thefirst step she writes:
y*,=1+01(0+1)=11,y, =1+0.05f(0.1, 1.1) = 1 + 0.05(1.2) = 1.06
(@ Explain Mids error. [2]
(b) Carry out the improved Euler method correctly to find y,, y, and y4, to 5 decimal

places. [4]
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25

26

27

28

The method y,,, = y,_; + 2hf(Xx,, y,) is applied to g—i = —2y, with y(0) = 1 and step h = 0.5. The exact

solution isy = e, The first step is taken from the exact value, y; = 0.368.

@
(b)
(©

(d)

dy _

dx ~
(€Y
(b)
(©)
(d)
(e)

dy _
dx —
€Y
(b)
(c)
(d)

. d of
Consider ¢ =f(x, y). Letf, f, = = andf

Show that Yy, = Y,—1 — 2Y,.
Calculate y,, Y3, Ya Y5 and Y.

Compare with the exact solution at x = 3, and describe the behaviour of the numerical
solution.

Show that solutions of y,,; + 2y, — y,_, = 0 contain aterm proportional to A" with A =
—1 — 2, and explain why this causes the instability.

(1]
(3]

(2]

(2]

X +Y, y(0) = 1. The exact solutionisy = 2e* — x — 1. Use h = 0.2 and two steps to estimate y(0.4) by

Euler's method,

the improved Euler method,

the mid-point method,

the fourth-order Runge-K utta method.

Compare the errors with the exact value 1.58365.

cos X, Y(0) = 0, which has exact solutiony =sinx. Useh = % and 2 steps to estimate y(%) by

Euler's method,

the improved Euler method,

the mid-point method.

State which of the three estimates is closest to the exact value 1, and give the sign of
each error.

y

2
+ -+ T (F, + 17,) + O(h?).

@
(b)

(©
(d)

The two-step method y,,, = y,_; + 2hf(Xx,, y,) is applied to % = —vy, y(0) = 1, with starting values y, = 1

Show that f(x + h, y + hf) = f + h(f, +ff,) + 0o(h?).

Hence show that the improved Euler method agrees with the Taylor series up to and
including the h? term, so its local error is O(h®).

Show that Euler's method agrees with the Taylor series only up to thetermin h, so its
local error is O(h?), and state the leading error term for Euler's method.

Explain why the global error over afixed interval [a, b] is of one order lower than the
local error.

andy, =e™"

@

(b)
(©

(d)

Show that y,.; + 2hy, — y,_; = 0;y, = AA," + BA,", where A, A, are the roots of A? +
2hA —1=0.

Show that A, = —h +yh?+ 1 and A, = —h — {h?+ 1, and that A, A, = —1.

Show that 0 < A; < 1 and |A,| > 1 for every h > 0, and explain why A, gives agood

approximation to e~" for small h.
Take h=0.1. Find A and B, and hence show that the numerical solution at x = 10 (r =

100) is dominated by the term BA,", and say what this means for the accuracy.

(1]
(2]
(2]
(1]
(1]

(2]
(2]
(2]

(1]

= % be evaluated at (x, y). The Taylor seriesgivesy(x + h)y =y

(2]

(4]

(2]

(2]

(3]
(2]

(3]

(3]
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30

The fourth-order Runge-Kutta method is used for % =vy,y(0) =1, sothat y,,, = r(h)y,, wherer(h) =1+ h

h> h® h*

278 T

(@ Find the RK4 estimates of y(1) with h = 0.5, 0.25 and 0.125, to 7 decimal places.

(b) Cdculate the errors e — y(1) for the three step sizes and the ratios of successive errors.

(c) Deduce the order of the global error of RK4 and explain how the ratios show it.

+

(3]
(3]
(2]

(2]

(2]

5
(d)  Show that r(h) = e" — % — ..., and use it to explain the error found at h = 0.125.
For the test equation % = —10y, y(0) = 1, the exact solution is e~**, which decays to 0. Two methods with
step h are compared.
(@  Show that Euler's method givesy,,; = (1 — 10h)y,, and that the estimates decay to 0
only if h<0.2.
(b) The trapezium (corrector) method isy,.; =y, + g[f(xn, Vn) + f(Xne1, Yrer)], Uused with

Y1 ON both sides. Show that for this equation y,,; = —11 : ;? Y-

(c) Show that |11:—55t|:| < 1for every h > 0, so that the trapezium method decays for any

step size.
(d) Cdculatey, for h=0.5 by each method, and compare with the exact value of y(2).

Numerical Solutions of Differential Equations

1

% =x? +y, y(0) = 1. Using the approximation y,,; = y, + hy', with h = 0.1, estimate y(0.1).
dy _ . _ _ . . ' Yeer = Yi-1
o - XTY- Given that y(0) = 1 and y(0.1) = 1.11, use the approximation y', = —n
with h = 0.1 to estimate y(0.2).

> 1 T Yty
% = —y, with y(0) = 1 and y(0.1) = 0.995. Use the approximation y", = %

with h = 0.1 to estimate y(0.2) to 5 decimal places.

% =x+vy,y(0) =1 Find y"(0) and y"(0), and use them in the Taylor series y(x) = y(0) +

2 3
Xy'(0) + %-y"(0) + *y"(0) to estimate y(0.1) to 5 decimal places.

2
Write the second-order differential equation % =Xy — 2% asapair of first-order
differential equations, using v = %
dy  2x+y? . _ _ . N _ ,
™~ XAy with y = 2 when x = 1. Using the approximation y,,; = y, + hy',, the value of y

when x =1 + hisestimated as 2.5. Find h.

The curve y = y(x) passes through (2, 1) and satisfies % =In(2x +y). Use the approximation

v yr+1

Y T_yr with h = 0.1 to find y(2.2), correct to 3 decimal places.

(3]

(2]
(2]

(2]

(2]

(3]

(3]

(2]

(4]
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11

12

13

14

15

16

17

18

w with h = 0.05 to estimate

y(1.1) to 4 decimal places. (No credit will be given for solving the differential equation
anaytically.)

% = 3x? — 2y, y(1) = 0.5. Use the approximation y', =

% = cos(x? + y?), y(0.5) = 1. Usey,,; =y, + hy', with h = 0.02 to estimate y(0.56) to 4
decimal places.

i A r Y- . .
% = %21 y(1) = 2, y(L1) = 2.15. Use y", = % with h = 0.1 to estimate

y(1.2) and y(1.3) to 4 decimal places.

% =x +y?, y(0) = 1. By differentiating the equation, find the Taylor series for y in ascending

powers of x up to and including the term in x*, and use it to estimate y(0.2) to 4 decimal
places.

2
% +a—d§+y20, withy(0) =1 and y'(0) = 0. Letv:(;—di. Usey,,; =Yy, thv,andv,,=v, +

hv', with h = 0.1 to estimate y(0.2) and y'(0.2).

dy _ x+y
dx ~ k+y’
the estimate of y(0.1) is 1.025.

Find the value of k, and hence estimate y(0.2) to 4 decimal places.

where k is a positive constant, and y(0) = 1. Using y,.; = Y, + hy', with h =0.1,

2 _ 2
& =25 withy() = 1 where k> 0.

(@ Usey,; =Yy, +hy, withh=0.1tofindk, giventhat y(k + 0.1) = 1.2.

The curvey = y(x) satisfies

(b)  Useyour answer and the approximation y', = % with h = 0.1, to estimate y(k
+ 0.2), to 3 decimal places.
2 A —_ A SRV
% =y +x, with y(0) = 0 and y(1) = 1. Using step h = 0.25 and ", = # find

y(0.25), y(0.5) and y(0.75) to 4 decimal places, by forming and solving three simultaneous
eguations.

2,
% =x —y,withy(0) =1and y'(0) = 0. Useh=0.1.
2
Use the Taylor seriesy(h) = y(0) + hy'(0) + h7y"(0) to estimate y(0.1). Then usey,,; = 2y, —

y,_1 + h?y", to estimate y(0.2) and y(0.3) to 5 decimal places.

% =x%+y? y(0) = 0. Assume that y = ax® + bx” + ... for small x.
(@ Substitute this series into the differential equation and equate coefficients of x? and x° to

find aand b.
(b) Hence estimate y(0.5) to 5 decimal places, and compare with the value 0.04179 from a
more accurate numerical method.

The method y,. = y, + 213, ¥,) = f(X,_s, y,_1)] is used for S = x — y with h = 0.1, y(0)
=1 and y(0.1) = 0.9097.
Calculate estimates of y(0.2) and y(0.3) to 4 decimal places, and compare y(0.3) with the

exact valuex — 1 +2e* at x = 0.3.

(4]

(4]

(5]

(5]

(5]

(3]

(3]

(6]

(4]

(2]

(6]
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19 & oy =ax withy(0) = 1

(@ Solvethe differential equation exactly using an integrating factor.
(b) Usey,,; =y, +hy', with h=0.1to estimate y(0.3), and find the error compared with
the exact value.

2
20 % + 2;—‘1 =x+y, withy(0) = 1 and y(0.1) = 1.1. Use the approximations
" ~ Yo — 2yr+1 Y, ' ~ Yoo = Yr
Y1 = — h? Y1 h

(@ Show that (1 +h)y,, =2y, — (1 = h)y, + hz(Xr+1 + Yie1)-
(b) Useh=0.1to estimate y(0.2) and y(0.3) to 4 decimal places.

2 —cosh1

(4]

(3]

(3]
(3]

(1]
(3]
(4]

(4]
(2]

(2]

(1]
(3]

(2]

(3]

(3]

(2]

2

21 % =2+xcosy,withy=1and % =0.5a x = 2. The solution is to be estimated at x = 2.1, 2.2 and 2.3,

using h=0.1.
(@ Explain why the recurrencey,,; = 2y, — Y,_, + h%", cannot be used to find y(2.1)
directly.
2
(b) Usey(2+h) =y(2) +hy'(2) + h7y"(2) to estimate y(2.1) to 5 decimal places.
(c) Usetherecurrence to estimate y(2.2) and y(2.3) to 5 decimal places.
d

22 Fex+yyO0=1

(@ By repeated differentiation, show that y™(0) = 2 for n = 2, and write down the Taylor
series of y up to the term in x°.

(b) Usethe seriesto estimate y(0.5) and y(1), to 4 decimal places.

(c) Theexact solutionisy =2e* — x — 1. Find the error in each estimate and explain why
the seriesis much less accurate at x = 1.

23 . d?y _ . _ o ; _ : -

Ravi solves ol —4y, with y(0) = 0 and y'(0) = 2, using h = 0.1. He estimates y(0.1) = 0.2 from y(0) +
hy'(0), and then writes:
Vi1 = 2V, — ¥Y,—1 + h(—4y,), so y(0.2) = 2(0.2) — 0 — 0.4(0.2) = 0.32
(@ Identify the error in Ravi's recurrence.
(b) Calculate y(0.2) and y(0.3) correctly, to 5 decimal places.
(c) Theexact solutionisy = sin 2x. Compare Ravi's y(0.2) and the corrected y(0.2) with the
exact value.
24 dy _ , _ _ o . 3
Pl with y(0) = 1 and y(1) = 2. The exact solution isy = cosh x + B sinh x, where B =
" Yier = 2 +Yio1 _ : .
(@& Usey"' = B E— with h = 0.5 to estimate y(0.5), to 4 decimal places.
(b) Repeat with h =0.25 to estimate y(0.5), by solving the three equations for y(0.25),
. 33
y(0.5), y(0.75). (Equations: y;_; — 3gYi * Yiss = 0.)
(©) Theerrors are proportiona to h?. Use Y extrapolated = 4y(h = 0'25)3_ y(h =05) for y(0.5)
and compare al three with the exact value 1.3302.

25 During an epidemic in a schooal, Sisthe number of susceptible pupils, | the number infected,
and t the time in days. The model is % = —0.0029l, % =0.002Sl — 0.41, with S=400 and |
=10at=0.

Use Euler's method with step 1 day to estimate S and | after 3 days, giving Sand | to 1
decimal place at each stage.
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A predictor-corrector method for % =f(x, y) uses the predictor y* ., = y,_; + 2hf(x,, y,) and
the corrector yr+l = yr—l + %[f(xr—lv yr—l) + 4f(xrv yr) + f(Xr+1v y* r+l)]'

For % =x+ywithh=0.1, y(0) =1 and y(0.1) = 1.1103, find y(0.2) and y(0.3) to 5 decimal

places, and compare with the exact values 2* — x — 1.
2
The equation % =y, with y(0) = 1 and y'(0) = 0, has exact solution y = cosh x. The central difference
. . " Y1 — 2yr Y1 . . _ _ h2
approximation y", = — gz gives arecurrence for the estimatesy,, withy,=l1andy, =1+ >
(@ Show that y,,; = (2+ h?)y, — y,_1.
2
(b) LetcoshB=1+ % Show that y, = cosh(r0) satisfies the recurrence and both starting
values.
(c) For h=0.25find 6 and the estimate of y(1), and compare with cosh 1 = 1.54308.
2
(d UsecoshB=1+ h? with ® = h — ch® + ... to show that ¢ = 2—14, and so explain why the
error is of order h?,
d? . .
S+ Y = x, with y(0) = 0. and y'(0) = 1
(@) UseTaylor seriesfor y(x + h) and y(x — h) to justify the approximationsy", =
Y1 — 2yr Y- ' Y1 = Y-
1 h2 1 and y . ~ 1 5 1 )
(b) Hence show that (2 + h)y,,; = 2h’x, + 4y, — (2 — h)y,_,.
2
(c) Withh=0.1, usey(h) = y(0) + hy'(0) + %y"(O) to estimate y(0.1), and then the
recurrence to estimate y(0.2) and y(0.3), to 5 decimal places.
2
(d) Theexact solutionisy = X? — X + 2 — 2e*. Find the errors in your estimates at x =
0.1,0.2and 0.3.
. dy B h? hP
The Taylor series method of order p for U =Y usesyn, = (1+h+ or ot ﬁ)yn.
2
(@  Show how this formulafollows from the Taylor seriesy(x + h) =y + hy' + %y" +..+
hP
ﬁy(p)-
(b)  For h=0.5 calculate the one-step error > — T,(0.5) for p=1, 2, 3, 4 to 3 significant
figures.
p+l
(c) Show that the leading error term is (ph+—1), and find the smallest p for which the
one-step error is below 107® when h = 0.5.
(d) Usetwo steps of the order 4 method with h = 0.5 to estimate y(1), and find the error
compared with e.

(8]

(1]

(4]
(3]

(2]

(3]
(3]

(3]

(1]

(2]

(3]

(2]
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2
30 A pendulum has angle 6 radians from the vertical at timet seconds, where % = —sin 0. Initidly 6 =1
do _

@ Lew= % Write the equation as a pair of first-order equations. 1
(b) Usethe improved Euler method with h = 0.1 for three stepsto estimate © and w at t =

0.3, to 5 decimal places. Show the predictor values at each step. [6]
(c) Forsmall oscillationssin 8 = 6, giving © = cost. Calculate cos 0.3 and say whether it

isagood model for these oscillations. [2]
(d) A highly accurate numerical solution gives 6(0.3) = 0.962289. Find the error in your

improved Euler estimate. [1]

Error Analysis

1 The number 11 = 3.14159... is rounded to 3 decimal places, giving 3.142. Find the absolute

error and the relative error in using 3.142 for 3.14159, giving each to 2 significant figures. [2]
2 A length is measured as x = 5.6 cm, correct to 1 decimal place. Write down the range of
possible values of x as an inequality. [2]

The fraction 2—72 is used as an approximation to 11 = 3.14159265... Find the absolute error and

the percentage error, giving the percentage error to 2 significant figures. [3]

4 The number e = 2.718281828... is approximated to 3 decimal places, once by rounding and once by
truncating (cutting off the digits after the third decimal place).

(@  Write down the two approximations, and find the absolute error in each. [2]
(b) Give an example of a number for which truncating to 3 decimal places gives alarger
error than rounding to 3 decimal places. [1

5 a= 3.4 and b = 2.1 are each correct to 1 decimal place. Find the least and greatest possible
values of a+ b. [2]

6 V10 is approximated by 3.16. Calculate the absolute error and the percentage error to 2
significant figures. [2]

7 a=4.6 and b = 2.3, each rounded to 2 significant figures.

(@ Find the greatest and least possible values of ab. [2]
(b) Find the greatest and least possible values of %. [2]
8 The sides of arectangle are measured as 8.5 cm and 4.2 cm, each correct to 1 decimal place.
Find the upper and lower bounds for the area, and explain how many significant figures you
can safely quote for the area. [4
2 3
9 Theseriese* =1+ x + % + % + ... istruncated after the term in x3, and used to estimate €°°.
(@ Calculate the estimate and the true error, given €%° = 1.648721. [2]
(b) Show that the error is approximately equal to the next term in the series, and give this as
a percentage of the estimate. [2]

10  Theradius of acircular disc is measured as 5.0 cm with a possible percentage error of 2%.

Use A = 11r? to estimate the greatest possible percentage error in the area, and the greatest
possible error in A. [4]
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19

Theradius of acircleisr = 10.0 £ 0.1 cm. Use the approximation 6A = %—'?‘Gr to estimate the

maximum error in the area A = 1ir?, and the relative error in A. [4]

x = 1.234 and y = 1.230 are each correct to 4 significant figures. Find the greatest and least
possible values of x — vy, and explain why the relative error in X — y is much larger than the
relative error in x or y. [4]

A calculator works to 6 significant figures. To find v10001 — v'10000 a student uses V10001 = 100.005 (6
sf.) and V10000 = 100.000.
(@  Show that this gives 0.005 and say why the answer is unreliable. [2]
(b) Show that V(x + 1) — Vx = m and use it to find the value correct to 3

significant figures. [3]

Vaues of afunction are given to 4 decimal places, so each has an error of at most 0.00005.

f(x + h) — f(x)
h

The forward difference is used with h = 0.01. Find the maximum possible error

in the estimate of f'(x) caused by rounding, and explain what happens as h is made smaller. [4

a=124and b = 3.7 are correct to 3 significant figures. Find the greatest and least possible

values of %S, giving each to 4 decimal places. [5]

A cylinder has radiusr = 4.0 cm and height h = 10.0 cm, with r correct to £0.05 cm and h to
+0.1cm. Use bV = %ﬁr + %ﬁh for V = 11r’h to estimate the greatest error in V, and the

percentage error. [5]

The sum E % is approximated by the first 10 terms.
k=1

(@ Calculate the approximation to 5 decimal places. [2]

(b)  Show that the truncation error is less than jow X—12 dx and find this bound. Compare with

2

the actual error % — 1.54977. [3]

Show that if x and y have small relative errors €, and €,, then the relative error in the product

Xy is approximately €, + €,, and in the quotient § is approximately €, — €, (so a most [g,| +

ley| in size).

Hence find the greatest percentage error in % when X, y, z each have arelative error of at

most 1%. [5]

3
sin X is approximated by x — % for small x.

(@) Find the approximation to sin 0.1 and its absolute error, given that sin 0.1 =
0.099833417. [2]

5
%. Show that the error is less than 107 for |x| = 0.1 and explain

why. (2

(b) Thenexttermis
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20  Theiteration x,,,; = €% with x, = 0.5 converges to o, where o = e~*. Near a the error satisfiese,; =
—ae,, using g'(a) = —e™* = —a.
(8 Givena =0.567143, find e, = x, — a and the predicted value of e; to 2 significant

figures. (3]

(b) Cadculate x5 and its actua error. [2]
21 . . . . o2 .
The trapezium rule with n strips estimates | = £ snxdx =1
(@ Findtheestimates T, and T, to 5 decimal places and the errors. [3]
(b)  Show that the ratio of the errors is about 4, and use it to deduce that E = Ch?. [2]
_ 2

(c) Usetheerror bound |E| = %M with M = 1 to find the bound for T, and check

that it exceeds the actua error. [2]

22 The quadratic equation x> — 5000x + 1 = 0 has alarge root and a small root. A student uses the formulax =

5000 + \/50002 -4

on a calculator that keeps only 6 significant figures at every stage.

2
(@ Show that the student obtains O for the smaller root. [3]
(b) Usethe product of the roots to find the smaller root correctly, to 3 significant figures,
and explain why the formula method failed. [3]
23 . . 11 _I
T, and T4 are the trapezium estimates of _I; T+ dx = 7.
(@) Calculate T, and Tgto 6 decimal places. [3]
4T —T
(b)  Given that the error is proportional to h?, show that —5— is a better estimate and
evaluate it. [3]
(c) Comparetheerrorsin T4 and the improved value with % =0.785398. [1

24 In an iteration X,,.; = g(x,,) with |g] = k < 1 near the fixed point o, each calculation has a

rounding error of at most €. Show that the total error satisfies |e,| < k"|g;| + % and

find the limiting bound asn —  whenk = 0.5and £ = 5 x 1075, (6]
25  Consider the system x + y = 2, x + 1.0001y = 2.0001.

(@ Solve the system exactly. [2]

(b) Theright-hand side 2.0001 is replaced by 2.0002 (a relative change of about 0.005%).

Solve again and comment. [3]

26 , : : dy _ _ . _ . . _1

Euler's method is applied to =Y y(0) = 1 to estimate y(1) = e, with N steps of size h = N

giving (1 + %)N. Find the least N for which the relative error is below 1%, and explain why

the error is approximately % relative. [6]

—_ —_ 2

21 For small h, the central difference D(h) = fx+h) — fx = ) has truncation error = %M 3 Where M 4 bounds

2h
[f""], and each function value has rounding error a most €.

M 3h?
(@ Show that the total error is bounded by E(h) = % + % [2]

(b)  Show that E(h) is least when h = (3e/M3)Y?, and find the |east value of E. [4
(©) Fore=5x10"%and M, =1, find the optimal h and the least error to 2 significant
figures, and explain why using h = 10~*° would be a mistake. [3]
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29

30

The sequence X,,,; = COS X,,, X = 1, converges slowly to o = 0.739085. Aitken's formulax', = X, —
Kz = Xpe1)?

(Xns2 = Xns) = Xner — Xn)

(@ Cdculate xy, ..., X, to 6 decimal places.

(b) Cdculate x'g, x'4, X', to 6 decimal places.

(c) Comparetheerrorsin x, and x', (both use X, to x,), and explain why the method works
whene,; = Ae,.

accelerates conver gence.

(2]
(4]

(3]

The polynomial p(x) = (x — 1)(x — 2)(x — 3) hasaroot at x = 3. A small perturbation x? is added, so that

p(x) + x® =0 has aroot 3 + .
(@ Showthat b = —% to first order in g, and find p'(3).

(b) Hence estimate 6 when £ = 0.001, and compare with the exact root of the perturbed
equation, 2.99548 (to 5 d.p.).

(¢) Now consider p(x) = (x — 1)(x — 1.01)(x — 1.02), whose roots are close together.
Estimate the change in the root near 1.01 when ex? is added with € = 1078, and
compare it with the answer in (b) by finding the factor by which each change in the root
exceeds €. Explain why root-finding is ill-conditioned when roots are close.

For Euler's method applied to y' = f(x, y) with [f, | = L and |y"| = M, the global error at x,, satisfies |g;| =

'\z/l—l_h(eL(X"‘Xo) —1). Apply thistoy'=y,y(0)=1(L=1)on0 < x < 1whereM =e.
(@ Find the bound on |ey| for h = 0.1 and compare with the actual error e — 1.1%°,

(b) Find the largest h of the form % for which the bound guarantees an error below 0.01,

and state N.
(c) Explain why the bound is pessimistic by comparing with the actual smallest N giving
error below 0.01.

Approximation Methods

1

Use the linear approximation f(x) = f(a) + (x — a)f'(a) with f(x) = \/Y and a = 25 to estimate

126 to 4 decimal places.

Use the small angle approximations to estimate sin 0.1 and cos 0.1 (angle in radians). Give sin
X2

0.1usingsinx = x and cos 0.1 using cosx = 1 — >

Write down the first three non-zero terms of the Maclaurin series for €*, and use them to
estimate €2 to 4 decimal places.

Use the binomial approximation (1 + x)" = 1 + nx to estimate (1.02)° to 3 decimal places.
Use linear interpolation between (1, 3) and (2, 7) to estimate f(1.25).

Find the quadratic Taylor polynomial for f(x) = In(1 + x) about x = 0 and use it to estimate In
1.1 to 4 decimal places.

Use the cubic Maclaurin polynomial for e* to estimate %2, and find the absolute error given
that e %3 = 0.740818.

Write down the Maclaurin series for sin x up to and including x°, and use it to estimate sin 0.5
to 5 decimal places.

(3]

(2]

(3]

(3]

(3]

(2]

(3]

(2]

(2]
(2]

(3]

(3]
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9 Use the first three terms of the binomial expansion of (1 + x)*? to estimate {1.08 to 5 decimal
places, and compare with the calculator value 1.03923. [4

10  Thepoints (0, 1), (1, 3), (2, 11) lie on the curve y = f(x). Use linear interpolation between
suitable points to estimate f(0.5) and f(1.5), and explain which estimate is likely to be less

reliable. [4]
1 Usethe approximation (1 — x) 2 =~ 1+ > + 2 o estimate ——— to 6 decimal places and
2 8 10.99
the error. [3]
12" show that for small x, % ~ % using the Maclaurin series of cos x. Evaluate%
for x = 0.1to 5 decimal places. [4]

13 Thevalues of f(x) = x* are known at x = 1, 2, 3. Use quadratic Lagrange interpolation through
these points to estimate f(2.5) = 15.625 and find the error. [4

14 Find the Maclaurin series for €*cos x up to and including the term in x*, and use it to estimate
e®2c0s 0.2 to 5 decimal places. [6]

15 Find the first three non-zero terms of the Maclaurin series for In(1 + sin x), and use them to

estimate In(1 + sin 0.1) to 6 decimal places. [6]
16 . u_ U2 U3 . _ 2 . . —x2 6

Usethe seriese”"=1+u+ ot gt with u= —x*“ to find a series for e™ up to x°, and

integrate it to estimate £ ** e dx to 5 decimal places. [6]

17 Usethe Taylor polynomial of degree 2 for f(x) = x'® about x = 8 to estimate /8.5 to 5
decimal places. [5]

18  The Lagrange form of the linear interpolating polynomial through (Xq, Yo) and (X4, y1) isp(x)

=, ;(O__)ill +y, ;(1__):(00 . Use quadratic interpolation through (0, 1), (1, €), (2, €?) to estimate

e'® and compare with the exact value 4.4817. [5]

19 A gquantity y varies with x as shown: y(0) = 2.00, y(1) = 2.72, y(2) = 4.39, y(3) = 7.39. Use
Newton's forward difference formula, with the first and second differences taken from the first
three values, to estimate y(0.5) to 3 decimal places. [5]

20 Explain why the linear approximation yx + h = \/Y + % always overestimates, by

2
considering the second derivative of \/§ , and show that the error is less than % for h> 0. [5]

21 The degree-5 Maclaurin polynomial for € is used to estimate €2°. The Lagrange form of the remainder is

etx®
Rs = =5 for some € between 0 and x.

(@) Cadlculate the estimate to 7 decimal places. [2]
6

(b) Using €° < e®® < 2, show that the error is less than % and evaluate this bound. [3]

(©) Compare with the actual error €>® — your estimate, and find the least degree n for

n+l
which the bound % isbelow 1078, [3]
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22

23

24

25

26

27

2

1+ % + %
The rational function R(x) = — is a Padé approximation to €*.
1- § + E
x | x? x2 X3 x X2 5 ,
(& Show that (1 — §+E)(1+X+7+?+'"):1+§ +E+O(x ), by expanding up
to x*.
(b) Evaluate R(1) and the cubic Maclaurin polynomial at x = 1, and compare both with e =
2.718282.

(c) Show that R(—x) = R(x) and hence explain why R is a sensible approximation to €*,

which satisfies 6™ = —

The data points (0, 1.1), (1, 2.9), (2, 5.2), (3, 6.8) are to be approximated by the liney = mx + c that
minimises S= X(y;, — mx; — ¢)°.
(@  Show that the conditions 8S5/om = 0 and 8S/dc = 0 give mZx? + cZx = Xxy and mXx +
4c = 2y.
(b) Calculate m and ¢, and the sum of sguares S.

Show that the quadratic p(x) passing through (—h, y_,), (0, yo), (h, y;) has f_ : p(x) dx =

%(y_l + 4y, +Y,). Hence use it to estimate £2 dx with h =1, and compare with In 3.

1+Xx
irling' imati ~ 22
Stirling's approximation states n! = +/2rn( e)”.
(@ Useittoestimate5! and 10!, and find the percentage error in each.
(b) The percentage error is about T Check thisfor n = 10, and use it to find the smallest
n for which the error is below 0.1%.
The function f takes the values f(1) = 0, f(2) = 3, f(4) = 15, f(5) = 24.
(& Construct the divided difference table and write the interpolating polynomial in
Newton's form.
(b)  Simplify p(x), and estimate f(3).
(c) Explain why the third divided difference being zero is to be expected from the data.
A function f has [f"(X)] = M on [a, b], and p is the linear interpolant through (a, f(a)) and (b, f(b)).
(@ Theerorisf(x) — p(x) = ﬂ(x — a)(x — b). Show that the greatest value of |(x —

a)(x — b)| on [a b] is L= 3" a)2

— 2
(b) Deducethat [f(x) — p(x)| < M_
(c) A tableof In x isto be used with linear interpolation. Find the largest spacing h

(between x = 1 and x = 2) that guarantees an error below 5 x 107>,
(d) Check with x = 1.5, using the interpolant through In 1.48 and In 1.52: find the actual
error to 2 significant figures.

(4]

(3]

(2]

(3]
(4]

(4]

(3]

(4]
(2]
(1]

(2]

(1]

(3]

(3]
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X

For small x, f(x) =

-1
2
(@ Show that f(x) = 1 — 5 + 75 + O(x*) by expanding e — 1 and dividing. [4]
(b) Evaluate the series at x = 0.5 and compare with the exact f(0.5) = 0.770747. [2]

(c) Usethe seriesto show that lim,_, % (ﬁ -1+ %) = 0 and evaluate lim,_,, X—12

X X

(g7~ 1+73) (3]
. X2 x® . .
The seriesarctan X = x — FtE — s used to estimate 11.
(@ Usex =1andthefirst 4 termsto estimate 11 to 4 decimal places, and explain why the
convergence is slow. [3]

(b) Machin'sformulaist = 16 arctan(%) -4 arctan(flg). Use two terms of the series for

the first part and one term for the second, giving an estimate to 6 decimal places. [3]
(c) Explain why Machin's formula converges much faster, and find the error in (b) to 2
significant figures. [2]

The function €* on [0, 1] is to be approximated by a straight line L(x) = mx + ¢ so that the greatest value of
le* — L(x)| is as small as possible (a minimax approximation). For the best line, € — L(x) has the same
value at both end points, and has the same size but opposite sign at the interior point where € — L(X) is
stationary.

(@ Show that the lineis parallel to the chord from (0, 1) to (1, €), som=e — 1. [2]
(b) Find the x-coordinate x, of the interior stationary point of € — L(x). [2]
(c) Usethe condition that the error at x, is the negative of the error at 0 to find ¢, and the

maximum error. [4]

(d) Compare with the Maclaurin linear approximation 1 + x, whose greatest error on [0, 1]
ise—2=0.7183. [2]



