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Divisibility and Prime Numbers

1 (3 marks)
360=23x3*x5 M1 A1
Number of divisors=(3+ 1)(2+ 1)(1+ 1) =24 B1
Answer: 2° x 32 x 5; 24 divisors 3 marks
2 (3 marks)
Digit sum 7 + 2 + 9 + 3 = 21: divisible by 3 but not by 9 M1 A1
Alternating sum 7 — 2+ 9 — 3 =11, so divisible by 11 B1
Answer: 3: yes, 9: no; 11: yes 3 marks
3 (2 marks)
391 =17 x 23 (17 x 23 =340 + 51) M1 Al
Answer: 391 =17 x 23 2 marks
4 (2 marks)
41, 43, 47, 53, 59 B1B1
Answer: 41, 43, 47, 53, 59 2 marks
5 (3 marks)
84=22x3x7and126=2x3*x7 B1
HCF=2x3x7=42 M1
LCM =22 x 32 x 7 =252 Al
Answer: HCF 42, LCM 252 3 marks
6 (2 marks)
n+(n+1)+N+2)=3n+3 M1
=3(n+ 1), amultiple of 3 Al
Answer: 3(n + 1) 2 marks
7 (3 marks)
n>+n=n(n+1) M1
Oneof nand n+ 1iseven El
So the product is even Al
Answer: n(n + 1) iseven 3 marks
8 (3 marks)
Odd integer =2m + 1 M1
2m+1)2=4m*>+4dm+1=4(m?>+m) + 1 M1
k =m? + misan integer Al
Answer: 4m?+m) + 1 3 marks
9 (4 marks)
Number of divisors=5x 3 x 2=30 M1 Al
SUm=(1+2+4+8+16)(1+3+9)(1+7) M1
=31x13x8=3224 Al
Answer: 30 divisors; sum 3224 4 marks
10 (3 marks)
1080=23x3*x 5 M1
Each prime must have an even power, so n must contain 2 x 3 x 5 M1
n = 30 (giving 32400 = 180?) Al
Answer: 30 3 marks
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11 (3 marks)
b =ap and c = aq for integersp, q
3b — 5¢c = 3ap — 5aq = a(3p — 50q)
3p — 5qisaninteger, so adivides 3b — 5¢
Answer: a(3p — 5q)

12 (3 marks)
Each zero comes from afactor 10 = 2 x 5, and there are far more factors 2 than 5
Number of factors 5: | 100/5] + |100/25| =20 + 4
= 24 zeros
Answer: 24

13 (3 marks)
Alternating digitsum: 6 —4+d—-—8=d — 6
d — 6 must beamultipleof 11, and0=d <9
d = 6 (6468 = 11 x 588)
Answer: d =6

14 (4 marks)
Lettheintegersben,n+ 1, n+ 2
At least one of them is even, so the product is divisible by 2
Exactly one of them is a multiple of 3, so the product is divisible by 3
2 and 3 are coprime, so the product is divisible by 6
Answer: Divisible by 2 and 3, hence by 6

15 (5 marks)
nn+1)(n+2)(n+3)+1
Pair the factors: [n(n + 3)][(n + 1)(n + 2)] = (n? + 3n)(n* + 3n + 2)
Let m = n?+ 3n: expression = m(m + 2) + 1
=m?+2m+1=(m+1)?
= (n? + 3n + 1)?, a perfect square
Answer: (n? + 3n + 1)?

16 (4 marks)
n*—1=(n?>-=1((n*+1)
n=2m+1:n>— 1=4m(m+ 1), and m(m + 1) iseven, son®> — 1 = 8k
n? + 1 iseven (odd + 1), so the product is divisible by 8 x 2 = 16
Answer: Divisible by 16

17 (4 marks)
227 = 484 < 523 < 23 = 529, s0 V523 < 23
If 523 were composite it would have a prime factor < 22: check 2, 3, 5, 7, 11, 13, 17, 19
523 + 2, 3, 5 fail (odd, digit sum 10, endsin 3); remainderson 7, 11, 13, 17, 19 are 5, 6, 3, 13, 10
None divides 523, so 523 is prime
Answer: 523 isprime

18 (5 marks)
Assume /3 = % with a, b integers with no common factor

3b? = &%, so & isamultiple of 3

Hence aisamultiple of 3 (as 3 isprime): a= 3c

3b? = 9¢?, so b? = 3c¢? and b is amultiple of 3

aand b have a common factor 3, a contradiction, so 3 is irrational
Answer: Contradiction
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19 (5 marks)
If n=p,®p,P... the number of divisorsis (a+ 1)(b + 1)...
6=6x1o0r3x2 s0n=p°orn=piy
p® = 32 > 30, so none from this form
p=2:49<30givesq=3,5,7s012,20,28; p=3:99<30givesq=2s0 18
p = 5gives 25q > 30. Son =12, 18, 20, 28
Answer: 12, 18, 20, 28

20 (4 marks)
N—1=F—-DT"T+7"%+ L +7+1)
=6 x (an integer)

Hence divisible by 6
Answer: 6(7" 1+ .. + 1)

21 (6 marks)
pPP-1=(p-1(pP+1)
pisodd, sop — 1 and p + 1 are consecutive even numbers, one of which isamultiple of 4:
product divisible by 8
pisnot amultipleof 3,sop — 1orp+ lisamultipleof 3 (p — 1, p, p + 1 are consecutive)
8 and 3 coprime, so divisible by 24
Answer: Divisible by 24

22 (6 marks)
Assume there are finitely many primes p;, p,, ---» P«
Let N =pp,.pc+1
N leaves remainder 1 when divided by each p;, so no p; divides N
N > 1 has a prime factor (or is prime)
That prime is not in the list, a contradiction
Hence there are infinitely many primes
Answer: Contradiction

23 (6 marks)
Consider p modulo 3: p=3k, 3k + 1 or 3k + 2
If p=3k+ 1lthenp+ 2 =3k + 3isamultiple of 3 (and greater than 3)
If p=3k+2thenp+4 =3k +6isamultiple of 3 (and greater than 3)
Sop=3k,p=3:3,5 7aedl prime.Only p=3
Answer: p=3

24 (6 marks)
(@a—b)(a+b)=105=3x5x7
a— b<a+b, sofactor pairs (1,105), (3,35), (5,21), (7,15)

_(F+0) ,_(©-h
2 T 2

All factor pairs are odd, so a, b are integers
(a b) = (53, 52), (19, 16), (13, 8), (11, 4)
Answer: (53,52), (19,16), (13,8), (11,4)

a where F, G are the factors

25 (6 marks)
n=1to5give43, 47,53, 61, 71, dl prime
Take n = 40: 40° + 40 + 41 = 1681
1681 = 412, which is not prime, so the claim is false
Checking a finite number of cases cannot prove a statement for all n
One counterexample is enough to disprove a general claim

Answer: n = 40 gives 41°
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26 (6 marks)
If n = p?the divisors are 1, p, p% exactly three B1
Conversely, let n = p,;®p,%...p * M1
Number of divisors = (g; + 1)(a, + 1)...(a + 1) =3 M1
3isprime, so exactly one factor is 3 and the rest are 1 (no other primes appear) Al
Sok=1anda +1=3, givinga, =2 M1
n = p? with p prime Al
Answer: n = p? 6 marks
27 (8 marks)
n® —n=n(n?— 1)(n?+1) =(n— Dn(n + 1)(n® + 1) M1 AL
Three consecutive integers:. divisible by 2 and by 3, hence by 6 M1 A1
Divisibility by 5: consider n =5k, 5k + 1, 5k = 2 M1
n=5k 5k+1,5k—1.nn—1orn+2lisamultipleof 5 Al
n=>5k + 2: n> = 25k? + 20k + 4, so n? + 1 = 5(...) isamultiple of 5 M1
5 and 6 coprime, so divisible by 30 Al
Answer: Divisible by 30 8 marks
28 (8 marks)
(a) Suppose nisnot prime: n=abwitha, b>1 M1
2"—1=(2%)° -1 M1
Letx=22x"—1=(x — DX+ x"2+ . +1) M1 AL
Xx—1=2*—=1>1asa>1, and theother factor >1asb>1 M1
So 2" — 1 is composite; hence if 2" — 1isprimethen nis prime Al
Answer: Proved 6 marks
(b) 21* — 1= 2047 M1
2047 = 23 x 89, s0 it is composite Al
Answer: 2047 = 23 x 89 2 marks
29 (9 marks)
Try to factorise: n* + 4 = (n? + 2)2 — 4n? M1 AL
=(n*+2 = 2n)(n*+ 2+ 2n) M1 AL
=(n* —2n+2)(n*+ 2n + 2) Al
Second factor n? + 2n+ 2> 1foraln=1 B1
For a prime, the first factor must equal 1: n> — 2n+1=0 M1
(n—1)%=0,s0on=1 Al
Check: 1 + 4 =5, whichisprime. Only n=1 Al
Answer: n =1only 9 marks
30 (9 marks)
(a) Squares are 0 or 1 modulo 4: (2m)? = 4m?, (2m + 1)> = 4(m? + m) + 1 M1 AL
Sum of two squaresistherefore0+ 0,0+ 1or1+1,i.e. 0,1 or 2modulo 4 M1 A1l
Never 3 modulo 4, so 4k + 3 is not a sum of two squares El
Answer: Squaresare 0 or 1 mod 4 5 marks
(b) 2023 =4 x 505 + 3, so it is of the form 4k + 3 M1 Al
Not a sum of two sguares by (a) El
2029 = 457 + 22 (2025 + 4) B1
Answer: 2023=4x505+ 3;a=45b=2 4 marks
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Euclidean Algorithm

1 (3 marks)
252 =2 x 105 + 42 M1
105=2x42+21 Al
42 =2x21+0, sothe HCF is21 Al
Answer: 21 3 marks
2 (3 marks)
221 =1x 119+ 102 M1
119=1x 102+ 17 Al
102=6x 17 + 0, so the HCF is 17 Al
Answer: 17 3 marks
3 (2 marks)
37 x 27 =999 M1
1000 = 37 x 27 + 1. quotient 27, remainder 1 Al
Answer: Quotient 27, remainder 1 2 marks
4 (3 marks)
144=1%x91+53,91=1x53+ 38 M1
53=1x38+15,38=2%x15+8,15=1x8+7,8=1x7+1 Al
HCF = 1, so they are coprime Al
Answer: Coprime 3 marks
5 (2 marks)
HCF x LCM = 18 x 24 =432 M1
LCM =432+6=72 Al
Answer: 72 2 marks
6 (2 marks)
nisamultiple of 12 in the range: 60 M1
gcd(48, 60) =12, son=60 Al
Answer: 60 2 marks
7 (3 marks)
2415 = 1 x 1449 + 966 M1
1449 = 1 x 966 + 483; 966 = 2 x 483 + 0 Al
The last non-zero remainder is 483, so the HCF is 483 Al
Answer: 483 3 marks
8 (4 marks)
5593 =2 x 2431 + 731; 2431 = 3 x 731 + 238 M1 Al
731=3x238+17;238=14%x17+0 M1
The last non-zero remainder is 17, so the HCF is 17 Al
Answer: 17 4 marks
9 (4 marks)
3B=2x12+11,12=1x11+1,so0HCF=1 M1 A1
1=12-11=12—- (36— 2x12) M1
1=3x12—-35s0x=-1,y=3 Al
Answer: x=-1,y=3 4 marks
10 (4 marks)
91=2x35+21,35=1x%x21+14,21=1x14+7 M1 A1
7=21-14=21—-(36—-21)=2%x21—-35 M1
=291 —-2x%x35)—35=2%x91—-5x%x35s0x=2,y=-5 Al
Answer: x=2,y=-=5 4 marks
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11 (4 marks)
1089 = 1 x 1547 + 442: 1547 = 3 x 442 + 221: 442 = 2 x 221 + 0
HCF = 221
Lem = 2 - g x 1547 = 13023

Answer: HCF 221, LCM 13923

12 (3 marks)
Lettheintegersbenandn+1l:n+1=1xn+1
The remainder is 1, so Euclid's algorithm gives hcf(n + 1, n) = hef(n, 1) =1
Answer: hef =1

13 (3 marks)
Remainder r (r < 13), quotient 2r: N = 13(2r) + r = 27r
40 < 27r <60 givesr =2
N =54 (check: 54 =13 x 4 + 2)
Answer: 54

14 (5 marks)
341=2x 154+ 33; 154 =4 x 33 + 22
33=1x22+11and22=2x11+0,soh=11
11=33—-22=33— (154 — 4x33)=5x 33 — 154
=5(341 — 2x 154) — 154 =5x 341 — 11 x 154, s0x =5,y = —11
Answer: h=11,x=5y=-11

15 (5 marks)
() 233=1x144+89,144=1x89+55,89=1x55+ 34
55=1%x34+21,34=1%x21+13,..,,3=1x2+1,soHCF=1
Answer: 1
(b) hef(F.a, Fr) = hef(Fy, Fray — F) = hef(Fy, Fioy)
Repeating gives hcf(F,, F;) = hef(1,1) =1
Answer: hef =1

16 (4 marks)
Let d = hcf(a, b): d dividesaand b, so d dividesr =a — bqg
So d isacommon divisor of b and r, hence d < hcf(b, r)
A common divisor of b and r dividesa = bq + r, so hcf(b, r) = hcf(a, b); they are equal
Answer: Proved

17 (5 marks)
12 dividesx: x =12k, k=1, ..., 8
84 =12 x 7, s0 hcf(12k, 84) = 12 x hcf(k, 7)
Need hcf(k, 7) = 1, i.e. kisnot amultipleof 7, sok = 7
x =12, 24, 36, 48, 60, 72, 96
Answer: 12, 24, 36, 48, 60, 72, 96

18 (5 marks)
43=2x17+9;17=1%x9+8;,9=1%x8+1
1=9-8=9—-(17-9=2%x9—-17
=243 —2x%x17) —17=2x43 — 5x 17
—5x%x17=1,s0x=43 — 5=38 (check: 17 x 38 =646 =15 x 43 + 1)
Answer: x = 38

19 (4 marks)
hcf(504, 360): 504 = 1 x 360 + 144; 360 =2 x 144 + 72; 144 =2 x 72
hcf =72
hcf(1260, 72): 1260 = 17 x 72 + 36; 72 = 2 x 36, so overal HCF = 36
Answer: 36
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20 (4 marks)
Let h = hcf(15n + 4, 10n + 3): hdivides (15n+4) — (10n+3) =5n+1 M1 Al
hdivides(10n+3) — 2(5n+1) =1 M1
So h = 1: coprime Al
Answer: hef =1 4 marks
21 (6 marks)
Let h=hcf(a+ b, a—b) B1
h divides the sum 2a and the difference 2b M1 Al
So h divides hcf(2a, 2b) = 2 hcf(a, b) M1
=2sincehcf(a, b) =1 Al
hdivides2,soh=1o0r 2 Al
Answer: 1or 2 6 marks
22 (6 marks)
hcf(a, b) = 1, so there are integers x, y with ax + by = 1 (Euclid's algorithm in reverse) M1 Al
Multiply by c: acx + bcy = ¢ M1
adivides acx, and a divides bc so a divides bcy M1 A1
Hence a divides the sum ¢ Al
Answer: adividesc 6 marks
23 (7 marks)
(2) 221 =1x143+78;143=1x78+65;78=1x65+13;65=5x% 13 M1
h=13 Al
Answer: 13 2 marks
(b) 13=78 —65=78 — (143 — 78) =2 x 78 — 143 M1
=2(221 — 143) — 143=2x 221 — 3 x 143 M1
XxX==-3,y=2 Al
Answer: x=-=3,y=2 3 marks
(c) Multiply (b) by 3: 143 x (—9) + 221 x 6 = 39 M1
p=-909=6 Al
Answer: p=-9,09=6 2 marks
24 (6 marks)
2'2 — 1=40095 and 2'® — 1 = 262143 B1
262143 = 64 x 4095 + 63 M1 A1
4095=65% 63+ 0 M1
HCF = 63 Al
hcf(12, 18) =6 and 2° — 1 =63 B1
Answer: 63=2° -1 6 marks
25 (6 marks)
nP+1l=(Mn+1)(n—1)+2 M1 A1
hef(n? + 1, n+ 1) = hef(n + 1, 2) M1 A1
If nisodd, n + 1 iseven so the hcf is 2 Al
If niseven, n+ 1isodd so the hef is 1 Al
Answer: 2if nodd; 1if n even 6 marks
26 (6 marks)
(a) The HCF is the last non-zero remainder (1), not the divisor 7 in the step before it El
Answer: Last non-zero remainder is1 1 mark
(b) HCF=1 B1
Answer: 1 1 mark
(c)1=8—-7=8—(175—-21x8)=22x8— 175 M1
=22(533 — 3x 175) — 175=22 x 533 — 67 x 175 M1
=22 x 533 — 67(1241 — 2 x 533) = 156 x 533 — 67 x 1241 M1
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X =—67,y =156 Al
Answer: x = —67,y = 156 4 marks
27 (8 marks)
Let d = hcf(a, b), a= dm, b = dn, with hcf(m, n) = 1 M1 Al
Let L =dmn. ThenL =an=b misacommon multiple of aand b M1 A1
Let C be any common multiple: C = ax = dmx and C = by = dny M1
mx = ny, and m, n coprime so n divides X (previous result) M1
x =nk: C=dmnk = kL, so L divides every common multiple, hence L = Icm Al
hcf x lcm =d x dmn = (dm)(dn) = ab Al
Answer: Proved 8 marks
28 (9 marks)
22— 1=22%P - 1)+ (2" — 1) M1 AL
So hef(22 — 1, 2° — 1) = hef(2°(2%° — 1), 2P — 1) (subtracting a multiple) M1
2P and 2° — 1 are coprime (consecutive integers), so the factor 2° can be dropped M1 AL
hence = hcf(28 P — 1,2° — 1) Al
The exponents (a, b) change to (a — b, b): the same subtraction steps as Euclid's algorithm on a M1 A1
and b
The process ends with exponents (h, h) where h = hcf(a, b), giving 2" — 1 Al
Answer: 2"d@b) — 1 9 marks
29 (8 marks)
a=6m, b=6nwith hcf(m,n)=1andm<n M1 Al
lcm = 6mn =180 M1
mn = 30 Al
Factor pairs of 30: (1, 30), (2, 15), (3, 10), (5, 6) M1 Al
All four pairs are coprime B1
(a b) = (6, 180), (12, 90), (18, 60), (30, 36) Al
Answer: (6,180), (12,90), (18,60), (30,36) 8 marks
30 (8 marks)
Let h=hcf(n! + 1, (n+ 1)! +1) B1
n+D'+1=mn+D)n+1=(n+1)(n'+1)—n M1 Al
h divides (n + 1)(n! + 1), so h dividesn M1 Al
n divides n!, so h divides n! M1
h dividesn! + 1 and n!, so h divides 1 Al
h=1 Al
Answer: hef =1 8 marks

Modular Arithmetic

1 (2 marks)
7x17=119 M1
123 — 119=4,s0x =4 Al
Answer: 4 2 marks
2 (3 marks)
47 = 2 and 58 = 4 (mod 9) M1 Al
47 x 58 = 2 x 4 = 8 (mod 9), so the remainder is 8 Al
Answer: 8 3 marks
3 (2 marks)
x =5k + 3 for integer k M1
13, 18, 23, 28 Al
Answer: 13, 18, 23, 28 2 marks

stemup.co.uk | page 8



StemUp | Further Mathematics | Further Pure Mathematics: Number Theory and Abstract Algebra | Model Answers

4 (2 marks)
2°=32=—1(mod 11) (32=33 — 1) M1
2% = (2%? = (-1)? = 1 (mod 11) Al
Answer: 2°=1024=93x 11+ 1 2 marks
5 (2 marks)
8+9=17=6 B1
8x9=72=66+6=06 B1
Answer: Both are 6 2 marks
6 (2 marks)
X=3—-7=-4 M1
X = 7 (mod 11) Al
Answer: x =7 2 marks
7 (3 marks)
5x5=25= 1 (mod 8), so 5isits own inverse M1
X =5x3=15= 7 (mod 8) A1
Check: 5x7=35=32+3 B1
Answer: x = 7 (mod 8) 3 marks
8 (3 marks)
3°=729 =1 (mod 7) M1
310 =(3%®x3*=3"=81 M1
81 =77 + 4, so the remainder is 4 Al
Answer: 4 3 marks
9 (3 marks)
Powersof 7endin 7,9, 3, 1 and then repeat with period 4 M1
2023=4x505+ 3 M1
Thelast digit is the third in the cycle: 3 Al
Answer: 3 3 marks
10 (3 marks)
Every integer is0, 1 or 2 modulo 3 B1
Squares: 0°=0,12=1,2%=4 = 1 (mod 3) M1
A squareis 0 or 1 modulo 3, never 2 Al
Answer: Squaresare 0 or 1 (mod 3) 3 marks
11 (4 marks)
26=3x7+57=1x5+25=2%x2+1;1=5—-2x2=3x5—-2x7=3x26—11x%x7 M1 A1
Inverseof 7is —11 = 15 (check 7 x 15=105=4 x 26 + 1) Al
X = 15x5=75 = 23 (mod 26) Al
Answer: inverse 15; x = 23 (mod 26) 4 marks
12 (4 marks)
10=1(mod9),s010"=1"=1 M1 AL
N=2a10“+ .. +a10+a,=a +..+a +a,(mod9) M1
So N = digit sum (mod 9): N = 0 exactly when the digit sum = 0 Al
Answer: N = digit sum (mod 9) 4 marks

13 (3 marks)

Squaresmodulo 7 forx =0, 1, ...,6 are0,1,4,2,2,4,1 M1 Al
x=3andx=4 Al
Answer: x=3,4 3 marks
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14 (5 marks)
hcf(14, 35) = 7 and 7 divides 21, so there are solutions M1 Al
Divide through by 7, including the modulus: 2x = 3 (mod 5) M1
2x3=6=1,s50x=3%x3=9=4(mod5) Al
x=4,9, 14,19, 24, 29, 34 Al
Answer: X =4, 9, 14, 19, 24, 29, 34 5 marks
15 (4 marks)
If pisprime and p does not divide athen @®~* = 1 (mod p) B1
22 = 1 (mod 13) M1
2'% = (2% x 2" = 16 M1
16 = 3, so the remainder is 3 Al
Answer: 3 4 marks
16 (5 marks)
N =2 (mod3)and N = 2 (mod 7) givesN = 2 (mod 21): N = 21k + 2 M1 Al
21k +2=3(mod5),sok+2= 3,k =1 (mod5) M1 Al
N=21+2=23(check: 23=7x3+2,23=4x5+3,23=3%x7+2) Al
Answer: 23 5 marks
17 (4 marks)
The last two digits are the remainder modulo 100 B1
7% =49, 7* = 2401 = 1 (mod 100) M1 AL
7202 = (7%)%% = 1, 50 the last two digits are 01 Al
Answer: 01 4 marks
18 (5 marks)
22 = 1 (mod 13) by Fermat, s0 2%° = (2% x 22 = 4 M1 AL
3%=27 = 1 (mod 13) M1
350 - (33)16 x 32 =9 A1
2% +3% =4+9=13= 0 (mod 13) Al
Answer: Remainder 0 5 marks
19 (5 marks)
From the second: x = 3 — 4y (mod 7) M1
Substitute: 3(3 — 4y) +2y =9 — 10y = 1,0 —10y = —8,i.e. 10y = 8,i.e. 3y = 1 (mod 7) M1 A1
3x5=15=1,s0y =5(mod 7) Al
X=3—20==17=4(mod 7). Sox=4,y=5 Al
Answer: x =4,y =5 5 marks
20 (5 marks)
Squares modulo 3 are 0 (for multiples of 3) and 1 (otherwise) M1 AL
Possible values of x> +y? modulo 3: 0+0=0,0+1=1,1+0=1,1+1=2 M1 AL
Only 0 + 0 gives 0, so x and y are both multiples of 3 E1l
Answer: Proved 5 marks
21 (6 marks)
(a) 6! =720 M1
720=7%x103 — 1= —1(mod 7) Al
Answer: 6! =720 = -1 2 marks
(b) 22! =22 x 21 x 20! = —1 (mod 23) M1
2=-1and2l=-2,502x21=2 M1
2x 20 = —1 = 22,5020 = 11 (mod 23) (dividing by 2 isvalid since 2 is invertible) M1 Al
Answer: 11 4 marks
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22 (6 marks)
(@) 3%, 3% ..,3°=3,26,4,5 1(mod 7)
First 1 at k = 6, so the order is 6
Answer: 6
(b) 21,22, 2° =2, 4,1 (mod 7)
The order is 3
Answer: 3
(c) Powers of 3 give 3, 2, 6, 4, 5, 1: al six non-zero residues
Powers of 2 give only 2, 4, 1; 3 is never obtained
Answer: Powers of 3 give all; powersof 2 give 1, 2, 4 only

23 (6 marks)
Squares modulo 8: 0%, 12, 2%, 32, 4%, 52,62, 7°=0,1,4,1,0,1,4,1
So every square is O, 1 or 4 (mod 8)

Sums of three values from {0, 1, 4} give 0, 1, 2, 3, 4, 5, 6 (mod 8), for example4 + 1+ 1 =6 and

4+4+0=0
7 is never obtained, so 8k + 7 is not a sum of three squares
Answer: Squaresare0, 1, 4 (mod 8)

24 (6 marks)
Testx =0, .., 12: valuesof x* + x + 1 are 1, 3, 7, 13, 21, 31, 43, 57, 73, 91, 111, 133, 157
13and 91 =7 x 13 aremultiples of 13: x =3 and x =9

Modulo 11 the valuesfor x =0, ..., 10 are 1, 3, 7, 2, 10, 9, 10, 2, 7, 3, 1 (using x> + x + 1 mod 11)

None is 0, so there are no solutions
Answer: x =3 and x = 9; none mod 11

25 (6 marks)
(a) Dividing a congruence by 3 requires the modulus to be divided by hcf(3, 15) = 3 as well
Dividing without changing the modulus loses solutions: the congruence has 3 solutions, not 1
Answer: The modulus must also be divided by 3
(b) hcf(6, 15) = 3 divides 9, so there are 3 solutions modulo 15
Dividing by 3: 2x = 3(mod 5), so x = 3x 3=9 = 4 (mod 5)
x=4,9 14
Answer: x=4,9, 14

26 (6 marks)
(@) Work modulo 7: 3° = 1 (3°=729=104x 7 + 1)
3¥=(3)°x3?=9=2(mod7)
Thursday + 2 days is Saturday
Answer: Saturday
(b) Need 3" = 0 (mod 7), but 3" is never a multiple of 7 (7 is prime and does not divide 3)
So thereis no such n
Answer: No such n

27 (8 marks)
Consider thep — 1 numbers a, 23, 33, ..., (p — 1)a
Noneis divisible by p, as p divides neither anor any of 1, ..., p — 1 (p is prime)

Ifia= ja(mod p) withl <i<j < p— 1lthenpdivides(j — i)a impossible as p divides neither

factor, so the residues are distinct
So they are arearrangement of 1, 2, ..., p — 1 modulo p

Multiply: @ *(p — 1)! = (p — 1)! (mod p)
(p — 1)! iscoprimeto p, so cancel: &t =1
Answer: Proved
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28 (8 marks)
N=5a+2andN = 3(mod 7): 5a+ 2 = 3,s05a= 1 (mod 7) M1 Al
5x3=15=1,s0a= 3(mod 7): N = 17 (mod 35) M1 A1
N =17+ 35m: 17+ 35m = 4 (mod 9),i.e. 8+ 8m = 4 M1
8n=—-4=5(mMod9);8x8=64=1som=40=4(mod?9) M1 Al
N = 17 + 140 = 157 (mod 315); 5, 7, 9 are pairwise coprime so solutions repeat every 315, and Al
157 is the smallest positive one
Answer: 157 8 marks
29 (8 marks)
2" modulo 7 has period 3: 2, 4,1, 2,4, 1, ... M1 A1l
3" modulo 7 has period 6: 3, 2, 6, 4,5, 1, ... M1 AL
Both repeat every 6, so consider n=1, ..., 6: sums5, 6,0, 6,9 = 2, 2 M1 Al
Only n=3gives0 Al
So 7 divides 2" + 3" exactly when n = 3 (mod 6), i.e. n =6k + 3 Al
Answer: n = 3 (mod 6) 8 marks
30 (9 marks)
Suppose p does not divide b. Then b has an inverse ¢ modulo p M1
a®+b?>= 0,0 (ac)’ = —(bc)> = —1 (mod p). Lett = ac M1 AL
Thent? = —1, so t**2 = (1) %" = (=) = —1 M1 A1
p does not dividet (else t? = 0), so Fermat givest”™ ! = t%2 =1 M1 AL
Hence 1 = —1 (mod p), so p divides 2, impossibleasp = 3 Al
So p divides b; then p divides &%, so p divides a Al
Answer: Proved 9 marks

Diophantine Equations

1 (2 marks)
Tryx=2:6+5y=1givesy =—1 M1
Xx=2,y==1(6-5=1) Al
Answer: x=2,y=-1 2 marks
2 (2 marks)
6x + 9y = 3(2x + 3y) isamultiple of 3 M1
20 is not amultiple of 3, so there are no integer solutions El
Answer: hcf(6, 9) = 3 does not divide 20 2 marks
3 (2 marks)
hcf(4, 6) = 2 divides 10, so integer solutions exist M1
x=1y=1(4+6=10) Al
Answer: x=1,y=1 2 marks
4 (2 marks)
x =10 — 3y requiresy =1, 2,3forx >0 M1
(Xv y) = (71 1)1 (4! 2)1 (11 3) Al
Answer: (7,1), (4,2), (1,3) 2 marks
5 (2 marks)
Adjust by multiples of (7, —5) M1
X =3+ 7t,y=—2— 5t t aninteger Al
Answer: x =3+ 7t,y=—2—5t 2 marks
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6 (2 marks)
2xX + 4y = 2(x + 2y) iseven for integers x and y M1
7 is 0odd, so there are no solutions E1
Answer: LHS even, RHS odd 2 marks
7 (3 marks)
By inspection x = —1, y = 2works (—3 + 8 = 5) M1
Other solutions differ by multiples of (4, —3) M1
X==1+4t,y=2-—3t Al
Answer: x=—-1+4t,y=2— 3t 3 marks
8 (4 marks)
17=1x13+4,13=3x4+1 M1 A1
1=13-3%x4=13-3(17—-13)=4x13—-3x17 M1
Xx==3+13t,y=4— 17t Al
Answer: x = =3+ 13t,y=4 — 17t 4 marks
9 (4 marks)
5x +8y =53,s08y = 53andy = 6 M1
53 — 8y must be amultiple of 5:y = 1 gives 45,y =6 gives5 (y = 2, 3, 4, 5 give 37, 29, 21, 13; M1 A1l
y = 0 gives 53)
9 five-pence and 1 eight-pence stamp, or 1 five-pence and 6 eight-pence stamps Al
Answer: (9, 1) or (1, 6) 4 marks
10 (3 marks)
Divideby 6: 2x + 3y =5 M1
X,y = 1 means 2x + 3y = 5, with equality only whenx =y =1 M1
Theonly solutionisx =1,y =1 Al
Answer: x=1,y=1 3 marks
11 (4 marks)
hcf(14, 21) = 7; 7 does not divide 100, so (i) has no solutions M1 A1
7 divides 105, so (ii) has solutions; divide by 7: 2x + 3y =15 M1
x=0,y=5works,sox=3t,y=5— 2t Al
Answer: (i) none; (i) x=3t,y=5—2t 4 marks
12 (4 marks)
20x + 50y = 230, so 2x + 5y = 23 M1
y must be odd (23 — 5y even) withby = 23:y =1, 3 M1 AL
y=1,x=9;y =3, x=4 Two ways Al
Answer: 2ways: (9, 1) and (4, 3) 4 marks
13 (3 marks)
X—y)(x+y)=21=1x21=3x7 M1
X—y=1,x+y=2Lx=11,y=10;x —y=3,x+y=7:x=5y=2 M1 A1l
Answer: (11, 10), (5, 2) 3 marks
14 (5 marks)
37=1%x23+14,23=1%x14+9,14=1x9+59=1x5+45=1x4+1 M1 A1
Back-substitute: 1 =5—4=2x5—-9=2x14—-3%x9=5%x14—-3x23=5%x37—8x%x23 M1
Xx=—8+37t,y=5— 23t Al
t=1:x=29,y = —18 (check 667 — 666 = 1) Al
Answer: x = =8+ 37t,y =5 — 23t; (29, —18) 5 marks
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15 (5 marks)
Divideby 3: 5x + 7y =3 M1
x =2,y =—1isasolution (10 — 7 = 3) M1 Al
Genera solution: x =2+ 7t,y = —1 — &t Al
t=-1:x=-5y=4 Al
Answer: x =2+ 7t,y = =1 —5t; (=5, 4) 5 marks
16 (5 marks)
7 =3a+5h: b=0gives 7/3, b = 1 gives 2/3; neither is a non-negative integer, so 7p isimpossible M1 Al
8=3+59=3x310=5x2 B1
Any n = 8isone of these plus amultiple of 3: n=(8, 9 or 10) + 3k M1
Adding 3p coins keeps the payment exact, so all n = 8 can be paid Al
Answer: 7 impossible; all n = 8 possible 5 marks
17 (4 marks)
x?<124s0x < 11 Testx =1, ..., 11: 125 — x? = 124, 121, 116, 109, 100, 89, 76, 61, 44, 25, 4 M1 A1
Perfect squares: x = 2 (121), x =5 (100), x = 10 (25), x = 11 (4) M1
(2, 12), (5, 10), (10, 5), (11, 2 Al
Answer: (2,11), (5,10), (10,5), (11,2) 4 marks
18 (4 marks)
Work modulo 5: x? — 5y? = x? M1
So x? = 3 (mod 5) Al
Squaresmodulo 5 are 0, 1, 4, 4, 1 (for x =0, ..., 4), never 3 M1
Hence no integer solutions Al
Answer: Squaresmod 5are0, 1, 4 4 marks
19 (5 marks)
Subtract 2 x (first) from the second: y + 3z =8 M1 A1
z=1y=57z=21y=2,z= 3givesy = —1 (not positive) M1 A1l
x=10—-y—2z(X,¥,2) =(4,5,1) and (6, 2, 2) Al
Answer: (4,5, 1), (6, 2, 2) 5 marks
20 (5 marks)
13x = 300 (mod 8): 5x = 4 (mod 8) M1 A1
5x5=25=1,s0x =20 = 4 (mod 8) M1
x=4,12,20 (13x = 300 givesx = 23) Al
y =31, 18, 5: (4, 31), (12, 18), (20, 5) Al
Answer: (4, 31), (12, 18), (20, 5) 5 marks
21 (6 marks)
m? +n?=65withm>n M1
Testn=1, .., 5: 65— n?=64, 61, 56, 49, 40, so m? perfect squareforn=1(m=8)andn=4 M1 AL
(m=7)
(8, 1): coprime, opposite parity; (7, 4): coprime, opposite parity M1
(8,1):a=63,b=16 Al
(7,4): a=33,b=56 Al
Answer: (63, 16, 65) and (33, 56, 65) 6 marks
22 (6 marks)
(@y=1:x2=3n0;y=2:x2=9, x = 3. Solution (3, 2) B1
Answer: (3, 2) 1 mark
(b) 3+2/2)2=9+12/2+8=17+ 122 M1 AL
(17,12): 289 — 288 =1 Al
Answer: (17, 12) 3 marks
(©) (3+2/2)(17 + 12y/2) = 51 + 36y2 + 342 + 48 = 99 + 70,2 M1
(99, 70): 9801 — 9800 =1 Al
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Answer: (99, 70) 2 marks
23 (6 marks)
Squares are 0 or 1 modulo 4 M1 Al
x?—y>=0-0,0—1,1—0o0r1—1,i.e.0,3,1or0(mod 4); never 2 M1 AL
2018 =4 x 504 + 2 M1
So 2018 cannot be a difference of two squares Al
Answer: Differences of squares are never 2 (mod 4) 6 marks
24 (7 marks)
Let c, s, h be the numbers: ¢ + s+ h =100 and 10c + 3s + g =100 B1
Eliminateh: h=100—-c—s M1
10c + 3s+ 50 — (C;S):100,30200+63—c—s:lOO M1 A1
19c + 5s= 100 Al
19c = 100 (mod 5): 4c = 0, so cisamultipleof 5, c=5givess=1 (c = 10 givess< 0) M1
c=5,s=1, h=94 (check 50 + 3 + 47 = 100) Al
Answer: 5 cows, 1 sheep, 94 hens 7 marks
25 (6 marks)
(a) Solutions exist only if hcf(12, 18) = 6 divides ¢ E1
6 does not divide 15, so there are none; being smaller than c isirrelevant El
Answer: 6 must dividec 2 marks
(b) ¢ must be amultiple of 6: 6, 12, 18, 24, 30 M1 Al
c=30:2x+3y=5 M1
x=1y=1(12+ 18=230) Al
Answer: 6, 12, 18, 24, 30; (1, 1) 4 marks
26 (6 marks)
7x = 1000 (mod 11): 1000 =90 x 11 + 10, so 7x = 10 M1
7x8=56=1(mod 11), so x = 80 = 3 (mod 11) M1 Al
Xx=3+11t,y=89 — 7t Al
y>0givest = 12, and x > 0 givest = 0: 13 solutions M1
Smallest x: (3, 89); largest x: (135, 5) Al
Answer: 13 solutions; (3, 89) and (135, 5) 6 marks
27 (8 marks)
(@ 23— 7bforb=0,1,2,3is23,16,9,2 (b =< 3) M1 A1l
None is amultiple of 5, so 23 isimpossible Al
Answer: Impossible 3 marks
(b) Residues of 7b modulo5forb=0, 1, 2, 3,4 ae0, 2, 4, 1, 3 (all residues) M1 A1l
So for any nthereisbin{0, 1, 2, 3, 4} withn — 7b = 0 (mod 5) M1
n= 24givesn — 7b = 24 — 28 = —4; sinceitisamultiple of 5itis = 0 (amultiple of 5 greater M1 Al
than —5)
Answer: Proved 5 marks
28 (10 marks)
(a) Squares are 0 or 1 modulo 3 B1
If neither a nor b were amultiple of 3then a® + b> = 1+ 1 = 2 (mod 3) M1 AL
But c®> = 0 or 1, never 2: contradiction, so 3 divides aor b E1
Answer: Proved 4 marks
(b) Divide by hcf(a, b) to get a primitive triple; if one of itslegsis divisible by 4 soisthe M1
matching leg of (a, b). So assume a, b have no common factor
Both odd: a + b? = 2 (mod 4), not a square; both even is excluded, so exactly one is even, say b, M1 Al
and &, c are odd
Odd squares are 1 (mod 8) (since (2m + 1)? = 4m(m + 1) + 1) M1
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b?=c? — & = 0 (mod 8) Al
b? isamultiple of 8, hence of 16 (a square with factor 2 has an even power of 2 = 4), 0 4 Al
divides b

Answer: Proved 6 marks

29 (8 marks)
(X — y)(X +y) =2024 =23 x 11 x 23 M1 A1
X —y and x +y have the same parity (their sum is 2x); the product is even so both are even M1 Al
Writex —y=2d,x +y=2ewithde=506=2x 11 x23andd<e M1
Factor pairs: (1, 506), (2, 253), (11, 46), (22, 23) Al
x=d+ey=e—d M1
(X, y) = (507, 505), (255, 251), (57, 35), (45, 1) Al
Answer: (507,505), (255,251), (57,35), (45,1) 8 marks
30 (9 marks)

Suppose there is a non-zero solution; take one with |z| smallest (positive) B1
Modulo 3: x* + y? = 0, and squares are 0 or 1 M1
Only 0+ 0gives0,sox =y = 0 (mod 3) Al
Write x = 3a, y = 3b: 9a® + 9b? = 372, s0 7% = 3(a’ + b?) M1 A1
3 divides z2, so 3 divides z (prime): z = 3c M1
9c? = 3(a” + b?), so a® + b? = 3¢? Al
(a b, c) isasolution with |c| < |z, contradicting minimality (infinite descent) M1
Hence the only solution is (0, 0, 0) Al
Answer: Only (0, 0, 0) 9 marks

Binary Operations

1 (3 marks)
3*4=3+8=11 B1
4*3=4+6=10 B1
3* 4 # 4* 3,s0* isnot commutative B1
Answer: 11, 10; not commutative 3 marks
2 (2 marks)
(@) Not closed: 2 — 5= —3 isnot a positive integer B1
(b) Closed: the difference of two integersis an integer B1
Answer: (a) not closed; (b) closed 2 marks
3 (2 marks)
Theentry for 3 ° 3is4, whichisnotin{1, 2, 3} M1
So the set is not closed under E1
Answer: 3¢ 3=4isnot in the set 2 marks
4 (3 marks)
2*3=7,50(2*3)*4=7*4=29 B1
3*4=13,502* (3* 4)=2* 13=27 B1
The results differ, so * is not associative B1
Answer: 29, 27; not associative 3 marks
5 (2 marks)
a*ezagivesa+te—3=a M1
e=3(dso3*a=2a) Al
Answer: e=3 2 marks
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6 (2 marks)
req=q e rhby commutativity = p B1
rep=per=r B1
Answer:req=p,rep=r 2 marks
7 (4 marks)
a*b=a+b+ab=Db+a+ba=b* a socommutative B1
(@*b)*c=(a+b+ab)+c+(a+b+ab)c M1
za+b+c+ab+ac+bc+abc Al
Thisis symmetricin a, b, ¢, so equalsa* (b * c). Hence associative Al
Answer: Commutative and associative 4 marks
8 (4 marks)
a*e-aate+2=a,s0e=-2 M1 A1l
a*ad=—-2at+td+2=-2 M1
a=—4—a Al
Answer: e= —2; inverse =4 — a 4 marks
9 (4 marks)
|a — b] =|b — &, so commutative M1 A1
@*2)*3=1*3=2 M1
1*(2*3)=1* 1=0, so not associative Al
Answer: (i) yes (ii) no 4 marks
10 (4 marks)
Identity: 1 B1
1x1=1and5x5=25=1,s01and5are self-inverse M1 Al
2, 3,4 have none: 2 x k, 3 x k, 4 x k are always even or multiples of 3, never 1 (mod 6); 0 has Al
none
Answer: ldentity 1; inversesexist for 1 and 5 only 4 marks
11 (4 marks)
max(a, b) isone of a, b sois an integer: closed. max(a, b) = max(b, a): commutative B1
max(max(a, b), ¢) = max(a, b, c) = max(a, max(b, c)): associative M1
An identity e would need max(a, €) = afor all a, so e < afor every integer a M1
No integer is less than or equal to all integers, so no identity Al
Answer: No identity 4 marks
12 (3 marks)
Choosea=1,b=2,c¢c=3 M1
at(bxc)=1+6=7 Al
(@+b)x(@a+c)=3x4=12#7 Al
Answer: 7 # 12 3 marks
13 (4 marks)
The row and column of 1 repeat the headings, so the identity is 1 B1
1 appearsinrow 1 col 1, row 2 col 3, row 3 col 2, row 4 col 4 M1
171=1,271=331=24"1=4 Al A1l
Answer: ldentity 1; inverses 1, 3,2, 4 4 marks
14 (5 marks)
@a*b=1—-(1Q-a(1—b M1
ab#lgves(l—a(l—b)#0s0a*b=1 Al
Answer: Closed 2 marks
(bh)a*e=zae—a=0,e(1—a=0,s0e=0 B1
Answer: e=0 1 mark
(c)a+d —a=0,s0d(l—a=-a M1
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. a
=@

. a
Answer: E;:75

15 (6 marks)
(@) ((a b)* (c,d) * (e f)=(ac, ad + b) * (g, f) = (ace, acf + ad + b)
(& b)* ((c,d)* (e f)) =(a b) * (ce, cf +d) = (ace, acf + ad + b). Equal
Answer: Associative
(b) (& b) * (1,0) = (a b) and (1, 0) * (a b) = (a b): identity (1, 0)
(ab)* (xy)=(axay+b)=(L0); x=5,y=—-
Inverse (z—i, —g); az=0s0itisinG
Answer: Identity (1, 0); inverse (x, —2)

16 (5 marks)
Row a, column b: entriesa + 2b mod 4
Rows:0202/1313/2020/3131
1-0=1but0-° 1=2, sonotcommutative
ao 0=afor dl a(0isaright identity), but 0 e b =2b mod 4 = b for b = 1; no two-sided identity
Answer: Not commutative; no identity

° 0o 1 2 3

= o W N
O W N

0
1
2
3

W N =S
Wi~ o

17 (5 marks)

((1) 1 ((1) 31’) - (é T y), which isin H: closed

X +y =y + X, SO commutative

x = 0 gives the identity matrix

The inverse of the matrix with x is the matrix with —x sincex + (—=x) =0
Answer: Closed, commutative, identity I, inverse x = —x

18 (5 marks)
a? + b? = b? + a% commutative
(1*2)*3=5*3=34
1*(2* 3)=1* 13 =170, so not associative
An identity e needs a® + e* = afor al a; at a= 0 thisforcese = 0, but then a* = afails for a= 2
Answer: Commutative, not associative, no identity

19 (5 marks)
2* 3=8but 3* 2 =9: not commutative
(2% 2)*3=4%=64,2* (2* 3) = 2° = 256: not associative
a* 1=aforal a(lisarightidentity), but1* b=1 = bfor b= 2, so thereis no identity
Answer: None of these properties

20 (5 marks)
{1,2 U{2,3} ={1,2,3},{1,2} n{2 3} ={2}, sotheresultis{1, 3}
A*B=AUB) - (ANY)=A—-D=A,andsimilarly @* A = A: identity @
A* A=A — A=, theidentity, so each A is self-inverse
Answer: {1, 3}; identity @; self-inverse
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21 (7 marks)
(@ (a*b)*c=a+b+kab+c+k(a+b+kab)c M1
=a+b+c+k(@ + ac + bc) + k?abc, symmetricina, b, ¢ Al
a* (b* c) givesthe same expression, so associative Al
Answer: Associative 3 marks
(b) a* e=agivese(l+ka)=0forala soe=0 B1
Answer: e=0 1 mark
(c)a+x+kax=0,s0x(1+ka) =—a M1
a
X=—0+ka Al
Noinversewhen1+ ka=0,i.e a= —% Al
Answer: —ﬁ; nonefor a= —% 3 marks
22 (6 marks)
(a) Suppose e and f are both identities. Thene* f =f (as eis an identity) M1
ande* f =e(asfisanidentity), soe=f Al
Answer: e=f 2 marks
(b) Let band c both beinversesof a:a* b=b*a=ze=a*c=c* a B1
b=b*e=b* (a* ¢ M1
=(b* a) * c by associativity M1
—e*c=c Al
Answer: b =c 4 marks
23 (6 marks)
(&) Thetable has 2 x 2 = 4 entries M1
Each entry is 0 or 1 independently: 2* = 16 operations Al
Answer: 16 2 marks
(b) Commutative: the entries0 » 1 and 1 » 0 are equal; 3 independent entries M1
2°=38 Al
Answer: 8 2 marks
(c) Identity O: the entries0°0 =0, 0°1 =1, 1-0 = 1 are fixed, 101 free: 2 operations. Identity 1: M1
similarly 2
No operation has both 0 and 1 as identity (would give0=0-1=1),s02+2=4 Al
Answer: 4 2 marks
24 (6 marks)
(a) Commutativity says nothing about how three elements regroup; the two properties are E1
independent
Answer: Commutativity does not imply associativity 1 mark
(b)y(1*2)*3=15*3=225 M1
1*(2*3)=1*25=175# 225 Al
Answer: 2.25 and 1.75 2 marks
(© @ byrc= ¢ M1
a*(b*C):%l+(bZC) M1
Equating and simplifying: % = 2, soa=c Al
Answer: a=c 3 marks
25 (6 marks)
(a) The row and column of e repeat the headings: identity e B1
ece=egaca=ebeoc=cob=e M1
Inverses. e '=e al=gb'=ccl=b Al
Answer: ldentity e inversese, a, ¢, b 3 marks
(b)acb=b,so(a°b)yec=boc=e M1 Al
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bec=¢e soa° (be°c)=a-e=a# e hencenot associative Al

Answer: e # a 3 marks
26 (6 marks)

b
(a*b)*c=2D B1
[CE
Multiply numerator and denominator by (a + b): abe = abe M1 Al
(@B +c(@a+hb) (ab+bc+ca)

By symmetry a* (b* ¢) = (bc+2t()§+ ) = @ +a€§+ @ associative Al

Identitye:(a;afe)=agiv&ee=a+e,soa=0 M1

a> 0, so thisisimpossible: no identity Al

Answer: Associative; no identity 6 marks
27 (8 marks)

Leta,be S Then(a* b)* (a* b)=e B1

Consider (a* b) * (b* @) =a* (b* b) * a(associativity) M1 A1

—a*e*a=a*a=e M1 A1l

Sob* aisaninverseof a* b Al

a* bisalso aninverse of itself, and inversesare unique (if x * y =y * x=eandx*z=z* x=e M1

theny=y* (x*2) = (y * x) * 2=2)

Hencea* b=b* a Al

Answer: Commutative 8 marks
28 (9 marks)

(a*b)* c=p(pa+gb+r)+qc+r=p?a+pgb+qc+pr+r M1 Al

a* (b*c)=pa+qpb+gc+r)+r=pa+pgo+qg’c+qr+r M1 Al

Equal for al a, b, c: compare coefficients: p> = p, g =02 pr=qr M1 Al

Sop, q€ {0 1} Al

(p, @) = (0, 0) or (1, 1): pr =qgr holds for every r M1

(4,0):r=0; (0, 1): r=0. Triples. (0,0, 1), (1, 1,1), (1,0,0), (0, 1, 0) Al

Answer: (0,0,r), (1,1,r), (1,0,0), (0,1,0) 9 marks
29 (9 marks)

(@ 1+ab>0sincelabl<1 B1

(1+ab)>— (a+b)?=(1—-a)1—-b*>>0 M1 Al

Answer: Closed 3 marks

(&a::tg) *0)
(b)(a* b)*C:W M1
(I+ab)

Multiply through by (1 + ab): % M1 Al

Thisissymmetricin a b, ¢, and a* (b * c) gives the same, so associative Al

Answer: Associative 4 marks

(coa*e=a ((1a:aeg) =agivese=0 (using (1 — &%) = 0) M1

a*d=0givesa = —a Al

Answer: e=0; inverse —a 2 marks
30 (8 marks)

(a) (@* b) * ¢ = (ab]) * ¢ = albl|c| M1 A1

a* (b* c)=a* (blc|) = ablc|| = alb||c]. Equal Al

Answer: Associative 3 marks

b)y1*(-1)=1x|-1=1 M1

(-)*1=-1x1=-1=#1 Al
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Answer: Not commutative

(c) ael = afor dl arequireslel=1:e=1lore=—1

Left identity f: fla] = afor all & a=1 givesf = 1 but a= —1 givesf = —1, a contradiction
Answer: Right identities 1 and —1; no left identity

Groups

1 (3 marks)
Identity: a+ 0 =0+ a=a, so 0 istheidentity
Inverse of ais —asincea+ (—a) =0
—aisaninteger, soinversesliein Z
Answer: ldentity O, inverse —a

2 (2 marks)
Identity O is present, but a positive integer a needs inverse —a
—aisnot a non-negative integer, so inverses fail
Answer: No inverses

3 (2 marks)
The order is the number of elements: 4
i x (—i)=—i?=1, sotheinverseof i is —i

Answer: Order 4; inverse —i

4 (2 marks)
0x x=0= 1forevery X, so 0 has no inverse
The inverse axiom fails
Answer: 0 hasno inverse

5 (3 marks)
Identity O
4+2=6=0,sotheinverseof 4is2
Order 6
Answer: 0; 2; 6

6 (2 marks)
Multiply ontheleftby a*: a™* x (a* b) =a™* * (a * ¢)
@'xa)*b=(at*a) *csoexb=excgvingb=c
Answer: b =c

7 (4 marks)
Closure:a* b€ Gfordla be G
Associativity: (a* b) x c=a* (b * c)
Identity: thereise € Gwithe x a=a* e=aforal a
Inverses: for each athereisa™* € Gwithaxat=at*xa=e
Answer: Closure, associativity, identity, inverses

8 (4 marks)
Closure: every entry in thetableis 1, 2 or 4
Associativity is inherited from multiplication of integers (mod 7)
Identity: 1
Inverses: 171 =1,271 =4, 471 = 2 (1 appears in every row and column)
Answer: A group
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9 (3 marks)
Identity is1
0 has no inverse since 0 x x = 0 (mod 6)
(also 2 x x = 1 (mod 6) has no solution), so the inverse axiom fails
Answer: 0 (and 2, 3, 4) have no inverse

10 (4 marks)
Products: w X w = w?, w x w? = w’ =1, w? x w? = w* = w; al in the set: closed
Associativity is inherited from multiplication of complex numbers; identity 1
Inverses: 171 =1, w = w? (W) t=w
Answer: A group

11 (3 marks)
(ab)(b~"a™") = a(bb™Ha™*
—aeal=zaal=e
Similarly (b~*a™)(ab) = e, so b~ *a ! isthe inverse of ab
Answer: Proved

12 (4 marks)
Order of aisthe smallest k > 0 with ka = 0 (mod 8)
1,3,5 7. order 8(eqg.3,6,1,4,7,2,5,0)
2, 6: order 4 (2, 4, 6, 0)
4: order 2
Answer: 1,3,5,7: 8, 2,6:4; 4.2

13 (4 marks)
(@ 7x8=56=55+1=1
Theinverse of 7is8
Answer: 8
(b)3'=3,32=9,33=27=53"=15=4
3°=12=1, sotheorderis5
Answer: 5

14 (5 marks)
Table3x3=9=1,3x5=15=7,3x7=21=55%x5=25=1,5%x7=35=3,7x7=
49=1
All entries lie in the set: closed; associativity inherited
Identity 1
Each element squares to 1, so every element is its own inverse
Answer: A group; yes, a2 =1 for all

X 1 3 5 7

1 1 3 5 7

3 3 1 7 5

5 5 7 1 3

7 7 5 3 1
15 (5 marks)

@prl-2—-32—-1-23-3->1spg=(13)
gp:1-2-1,2-3-3,3—>1-2,s0qp=(23) # pg: not abelian
Answer: pg = (1 3), gp = (2 3); not abelian
(b)p™t=(132),p?’=(132) =epi=e

Order 3

Answer: p~1=(132); order 3
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16 (5 marks)
1 hasorder 1 B1
2:2,4,1soorder 3; 4: 4, 2, 1 so order 3 M1 Al
6 = —1: order 2 B1
3:3,2,6,4,5 1soorder 6;5: 5, 4,6, 2,3, 1soorder 6 Al
Answer: 1:1, 2:3, 3:6, 4:3, 5:6, 6:2 5 marks
17 (6 marks)
a blfa b) [ad &b'+bd
0o dlo d/ o dd ML AL
Upper triangular, and aa' x dd' # 0, so closed Al
Matrix multiplication is associative; identity (é 2 (a=d=1,b=0) B1
i _b
Inverse: a (lad) (check the product gives|) M1
O 3
Thisis upper triangular with non-zero diagonal, so it liesin the set Al
Answer: A group 6 marks
18 (4 marks)
abab = aabb M1
Multiply on the left by a~*: bab = abb M1
Multiply on the right by b™*: ba=ab Al
Thisholds for all a b, so G is abelian Al
Answer: ab = ba 4 marks
19 (5 marks)
1 1 _ 1
falfs(x)) = g = =% = Talx); fa(f2(X)) = =5 = Ta(x) M1 A1
Similarly f, o f, =f5, fge f, =1, and f, o f; = f, for each i: the table is closed M1
Composition of functions is associative; identity f, B1
Each f; isitsown inverse (f; o f; =f,) Al
Answer: A group 5 marks
° fi f2 £ fa
fi £ i fs fa
2 £ fi fa | f3
fz 3 | fa | fi £
fa  fa | f3 f2 f1
20 (5 marks)
212, = |z4]|25] = 1, so closed M1 A1
Multiplication of complex numbers is associative B1
Identity 1, and |1| = 1 B1
Inverseofzis%:EsincezE:|z|2:1, and |%|:1 Al
Answer: A group 5 marks
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21 (6 marks)
Let ab have order m, so (ab)™ = e
(ba)™* = b(ab)™a
(ba)™?! = bea= ba, so (ba)™ = e
So the order of badivides... is at most m (finite, order = m)
By symmetry (swap aand b) the order of ab is at most that of ba, so the orders are equal
Answer: Equal orders

22 (7 marks)
@ (0 =1~ == XD =g
f3(fo(x)) = (1—ix) = f,(x) # f5(X); not abelian
Answer: 5, f,; not abelian
1

b) f,(fs(X)) = ——F——
(b) f4(f5(x)) . (X;l))

1
== =x=f(x)

& '
Sof, L=y

Answer: f;; inversefg
() f, o f, =5 (hencef,® =f,fs =f,), so order 3
Answer: 3

23 (6 marks)
(a) Powersof 2: 2, 4,8,3,6,12,11,9,5,10,7,1
The first power equal to 1 is 2*2, so the order is 12
Answer: 12
(b) 5=2%4=2?
Order of 2 is ﬁ 5 has order 1—32 =4, and 4 has order 1—22 =6
Answer: 5. 4; 4. 6

24 (6 marks)
(a) Closurefails: 1 + 3=4iseven
Identity fails: the identity is O, which is not odd
The inverse step used by the student is correct but irrelevant without closure and identity
Answer: Closure and identity
(b) Sum of two even integersis even: closed
Associative; identity O is even
Inverse of 2k is —2k, which is even
Answer: A group

25 (6 marks)
ab = awould give b = e, and ab = b would give a = €, both are false. With ab # e (given)
the only possibility isab = ¢

ba=ewould givea=b™'=b, false; ba=aorba=bgivesb=eora=eg, fase; soba=c=ab
ac = a(ab) = a’b = b and ca= (ba)a= b, so ac = ca; bc = b(ba) = b?%a=aand cb = (ab)b = &, so bc

=cb

Every pair commutes, so G is abelian. Table: > =b’=c*=¢ ab=ba=c,ac=ca=b,bc=cb =

a
Answer: ab = ba = c; Klein four-group
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26 (6 marks)
ab = agivesb = e (cancellation); ab = b gives a= g; both false, soab = e M1 Al
ba=etoosinceb=a? B1
a’ = ewould give a® = ab, so a= b: fase; a® = agivesa= e fase. Soa’=b M1 AL
b? = asimilarly (b® = egivesb? = ba, b= a b*=b givesb = ¢) Al
Answer: ab=ba=¢ a’=b; b?=a 6 marks
27 (9 marks)
Fix a € S. The map x — ax isinjective (left cancellation) on afinite set, so it is surjective M1 Al
Hencethereise € Swithae=a B1
For any b: a(eb) = (ag)b = ab, so eb = b: eisaleft identity M1 A1
(be)b = b(eb) = bb, so by right cancellation be = b: e is an identity M1 Al
For each b, x — bx is surjective, so thereiscwithbc=e M1
b(chb) = (bc)b = eb = b = be, so cb = e (left cancellation). So c is the inverse of b Al
Answer: Sisagroup 9 marks
28 (9 marks)
Since ab = ba, (ab)* = a“b* for every integer k B1
(@)™ = (@M"(b"™ = e, so the order of ab divides mn M1 AL
Suppose (ab)* = e. Then ab* = e, sox = a = b ¥ M1 AL
xM=(@Mk=eandx"=(b") *=e M1
Ashcf(m, n) = 1, there are integersu, v withum+vn=1,sox =x"" """ =g M1 AL
Hence & = e, so m divides k; similarly n divides k. As m, n are coprime, mn divides k, so the Al
order ismn
Answer: Order mn 9 marks
29 (8 marks)
Pair each element x with itsinverse x % M1
If x # x~* the elements x and x ~* form a pair of distinct elements: such elements come in pairs, M1 Al
so there is an even number of them
Let T be the set of x with x = x 7%, i.e. x* = e. |G| = [T| + (even number) M1
|G| iseven, so [T|iseven Al
T contains e, whose order is 1, so T has |T| — 1 elements of order 2 M1 Al
[T| — 1isodd Al
Answer: An odd number 8 marks
30 (8 marks)
(a) Determinant ad — bc is odd exactly when ad + bc is odd, i.e. exactly one of ad, bcis 1 M1
ad =1 (a=d = 1) with bc = 0: three choices of (b, ¢) = (0,0), (0,1), (1,0); bc = 1 with ad = 0: M1
three choices of (a, d)
(1 0) (1 1) (1 0) (O 1) (0 1) (1 l):6e|ements AL
o 1//{0 1)'\1 1/°{1 0O/)"\1 1)'\1 O
Answer: 6 elements 3 marks
(b) Row by column products, modulo 2: AB = (é:g I iii é:i I iig M1
AB = (i é) Al
0 1 _ .
BA:(l 1) # AB, so G isnot abelian Al
Answer: AB = (1 é) BA = (2 1) 3 marks
2 _ 01 3 _
(c) (AB) = (1 1),(AB) =1, 50 AB has order 3 M1
Checking the orders of the six elements (1, 2, 2, 2, 3, 3), noneis 6 so G is not cyclic Al
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Answer: Order 3; no element of order 6 2 marks
Subgroups
1 (2 marks)

Closure: 2+2=4,2+4=0,4+ 4 =2 (and 0 added to anything), al in the set; identity O is M1

present

Inverses: 2+ 4 = 0so0 2 and 4 are inverses; 0 is self-inverse Al

Answer: Subgroup 2 marks
2 (2 marks)

2+2=4 M1

4isnotin{0, 1, 2}, so the set is not closed El

Answer: Not closed 2 marks
3 (2 marks)

The order of a subgroup of a finite group divides the order of the group B1

5 does not divide 12 E1

Answer: 5 does not divide 12 2 marks
4 (2 marks)

By Lagrange, the order must divide 15 M1

1,3,5,15 Al

Answer: 1, 3,5, 15 2 marks
5 (2 marks)

Multiples of 3 modulo 12: 3,6,9,12= 0 M1

{0, 3,6, 9} Al

Answer: {0, 3, 6, 9} 2 marks
6 (2 marks)

The trivial subgroup { €}, containing just the identity B1

G itself B1

Answer: {e} and G 2 marks
7 (3 marks)

Closure: 1x1=211x(-1)=-1, (=) x(-1)=1 M1

Identity 1 isin the set B1

Inverses: 17 =1and (-1)"t=-1 Al

Answer: Subgroup 3 marks
8 (4 marks)

By Lagrange, orderscan only be 1, 2, 3, 6 M1

Order 1: {O}; order 6: Zg Al

Order 2: {0, 3} (3+3=0) Al

Order 3: {0, 2, 4} Al

Answer: {0}, {0, 3}, {0, 2, 4}, (s 4 marks
9 (3 marks)

Powersof 2: 2, 4,8 =1,s0(2) ={1, 2, 4} M1 A1

Powersof 3: 3, 2, 6, 4, 5, 1, so (3) is the whole group Al

Answer: (2) ={1,2,4}; (3) ={1,2,3,4,5, 6} 3 marks
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10 (3 marks)
Cosetsarea+H: 0+ H ={0, 4, 8} M1
1+H={1,529,2+H={26,10},3+H={3,7, 11} Al
Further cosets repeat these (4 + H = H etc.): four distinct cosets Al
Answer: {0,4,8}, {1,5,9}, {2,6,10}, {3,7,11} 3 marks
11 (3 marks)
Let f be the identity of H: ff = f B1
In G, multiply by f~: f = e (f~*ff = 1) M1
Sof=e Al
Answer: f=e 3 marks
12 (3 marks)
(123)%=(132),(123)%*=e subgroup {e, (12 3), (13 2)} M1 A1
(12)% = e: subgroup {e, (1 2)} Al
Answer: {e, (12 3), (13 2)}; {e, (12)} 3 marks
13 (3 marks)
Subgroup orders divide 7, soare 1 or 7 M1
A non-identity element a generates a subgroup of order greater than 1, so of order 7 M1
So a has order 7 Al
Answer: Orders1or 7 only 3 marks
14 (4 marks)
Non-empty: 1=2° € H B1
Takex=2"andy=2"inH M1
xy t=2"x27"=2m" M1
m — nisan integer, so xy ! € H: H is a subgroup Al
Answer: Subgroup 4 marks
15 (5 marks)
0€ 3Z;3a— 3b=3(a— b) € 3Z, so asubgroup M1 Al
X € 3Z N 5Z means 3 and 5 both divide x M1
3 and 5 are coprime, so 15 divides x Al
Conversely multiples of 15 are multiples of both: 3Z N 5Z = 15Z Al
Answer: Proved 5 marks
16 (5 marks)
(@ H N K ={0}, the trivial subgroup B1
It contains the identity and isclosed: 0+0=10 B1
Answer: {0} 2 marks
() HU K ={0, 2, 3, 4} B1
2+ 3=5 whichisnotinH U K M1
Not closed, so not a subgroup Al
Answer: Not closed: 2+3=5 3 marks
17 (4 marks)
(a) The order of an element divides |G| (the order of (a) isadivisor) M1
1,2,5 10 Al
Answer: 1, 2, 5, 10 2 marks
(b) Orders other than 1 are 2, 5 or 10; 10 is excluded M1
So each non-identity element has order 2 or 5 Al
Answer: 2or 5 2 marks
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18 (5 marks)
e € Z(G) since ex = xe, SO hon-empty B1
Closure: if y, z € Z(G), (y2)x = y(zx) = y(xz) = (yX)z = (xy)z = x(yz) M1 A1
Inverse: zx = xz givesx = 2 'xz, so xz "t = z7x M1
Soz™! € Z(G): subgroup Al
Answer: Subgroup 5 marks
19 (5 marks)
Left cosetsare pH = {p, p(1 2)}; eH ={e, (1 2)} M1
(123)(12:1-2-32-1-23-3-1s0=(13).(123)H={(123),(13)} M1 A1
132(12:1-2-1,2-1-33-3-2,50=(23).(132H={(132),(23)} Al
The three cosets are disjoint and contain all six elements Al
Answer: {e, (12)},{(123), (13)},{(132), (23)} 5 marks
20 (4 marks)
e=a € (a) B1
Closure: a™a" = a™" € (a) M1
Inverse: (@")"'=a™" € (a) M1
Associativity is inherited from G, so (a) is a subgroup Al
Answer: Subgroup 4 marks
21 (6 marks)
By Lagrange the possible orders are 1, 2, 3, 4, 6, 12 M1
Order 1: {O}; order 12: the whole group Al
Order 2: {0, 6}; order 3: {0, 4, 8} Al
Order 4: {0, 3, 6, 9}; order 6: {0, 2, 4, 6, 8, 10} Al
In a subgroup of order d every element x satisfies dx = 0 (mod 12), so x is a multiple of 12/d; M1
there are exactly d such multiples, so the subgroup is (12/d)
Hence exactly one subgroup for each order Al
Answer: One subgroup of each order 1, 2, 3, 4, 6, 12 6 marks
22 (6 marks)
Ordersdivide6, soare 1, 2, 3, 6 M1
Order 1: {€}; order 6: S, Al
Order 2: an element of order 2 generates {e, (1 2)}, {e, (1 3)} or{e, (2 3)} M1 Al
Order 3: an element of order 3 generates {e, (12 3), (1 3 2)}, the only such subgroup Al
Every subgroup of order 2 or 3 is generated by one of its non-identity elements (prime order), so Al
these exhaust al possibilities: 6 subgroups
Answer: 6 subgroups: {€}, three of order 2, one of order 3, S; 6 marks
23 (6 marks)
H N K isasubgroup of H, so |[H N K| divides [H| (Lagrange) M1 Al
H N K isasubgroup of K, so |[H N K] divides K| M1
[H| and |K| coprime, so |[H N K] divides hcf(|H|, [K]) = 1 Al
HNK|=1,so0HNK ={¢} Al
Orders 4 and 9 are coprime, so the intersection is { €} Al
Answer: H N K = {¢} 6 marks
24 (6 marks)
(a) Lagrange's theorem says subgroup orders divide |G; it does not say every set whose size El
divides |G| is a subgroup
3+3=6isnotinthe set M1
Not closed, so not a subgroup Al
Answer: Not closed: 3+3=6 3 marks
(b) (2) ={0, 2, 4, 6} B1
A subgroup of order 4 has al its elements of order dividing 4; elements of order 1, 2 or 4 are 0, 4 M1
and 2, 6
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So any such subgroup must be {0, 2, 4, 6} Al
Answer: {0, 2, 4, 6} 3 marks
25 (6 marks)
(@) 8,16,24=4,12,20=0 M1
H={0, 4, 8,12, 16} AL
Answer: {0, 4, 8, 12, 16} 2 marks
(b) |H| = 5, so there are 20 + 5 = 4 cosets M1
H,1+H={1,59 13 17},2+H ={2, 6, 10, 14, 18}, 3+ H ={3, 7, 11, 15, 19} AL
Answer: 4 cosets 2 marks
(07+H=19+Hifandonlyif 7—19 € H M1
—12 = 8 € H, so yes (both are 3 + H) Al
Answer: Yes 2 marks
26 (6 marks)
e?=e soe€H B1
If g, h € H: (gh)? = ghgh = g°h? (G abelian) =ee=¢,sogh € H M1 A1
g°=emeansg ' =g € H, soinversesarein H Al
In(Z4,, +): 9> =emeans2g = 0 (mod 12), sog=0or 6 M1
H={0, 6} Al
Answer: H ={0, 6} 6 marks
27 (9 marks)
Left cosetsaH ={ah: h € H} fora€e G B1
Every aliesin aH sincea=ae B1
Same size: the map h — ah from H to aH is a bijection (cancellation gives injectivity), so [aH| = M1 A1
H|
Cosets are equal or digoint: if x € aH N bH then x = ah; = bh,, so a=bh,h, ™ € bH M1 A1
Then aH C bH, and symmetrically bH C aH, so aH = bH M1
The distinct cosets partition G, each of size |H|, so |G| = k|H]| Al
Hence |H| divides |G| Al
Answer: |G| = k|H| 9 marks
28 (9 marks)
Take a # e. (a) is asubgroup other than {€}, so (a) = G: Giscyclic M1 Al
Suppose G isinfinite. Then (&?) is a subgroup; it is not {€} and does not contain a (else a= a*, M1 AL
a1 = g, finite order)
This gives a proper non-trivial subgroup, a contradiction. So G is finite, of order n Al
Suppose n =rswith 1 <r, s<n. Then @ has order s (smallest positive multiple of r withn | -) M1
(a') has order swith 1 < s < n: a proper non-trivial subgroup, a contradiction Al
S0 n has no factorisation; nisprime(n = 2asG = {€}) Al
G iscyclic of prime order Al
Answer: Cyclic of prime order 9 marks
29 (8 marks)
Consider the |H||K| products hk (h € H, k € K) B1
Suppose hk = hk'. Then h' " th = k'k ™! M1 Al
Theleft sideliesin H and theright sidein K, sot=h"*h € H N K M1
Thenh' =ht™*and k' =tk witht € H N K Al
Conversely every t € H N K gives apair (ht™?, tk) with the same product M1
So each element of HK arises from exactly [H N K| pairs Al
|HK]| = “_llHrlLK'l(l Al
Answer : ||!|Hr|lKK|| 8 marks
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30 (8 marks)
(a) Coprimeto 15 (not divisibleby 3or 5): 1, 2, 4,7, 8,11, 13, 14 M1
Order 8 Al
Answer: 8 elements 2 marks
(b) The order k of aisthe order of the subgroup (a), so k divides 8 M1 A1
=@y =1 Al
Answer: a® =1 3 marks
(c)222=8x27+6 M1
722 =7%(mod 15); 7°=49=4,7"=16=1 M1
7% = 7% x 72 = 4; the remainder is 4 Al
Answer: 4 3 marks

Cyclic Groups

1 (2 marks)
5isprime, so for a # 0 the multiples a, 2a, 3a, 4a, 5a = 0 are all different modulo 5 M1
So each non-zero element generates al of Zs: generators 1, 2, 3, 4 Al
Answer: 1,2, 3,4 2 marks
2 (2 marks)
Multiples of 3modulo 7: 3,6, 2,5,1,4,0 M1
All seven elements appear, so (3) = Z, Al
Answer: Cyclic, {3) =[], 2 marks
3 (3 marks)
G={e g a’ &, a* a B1
(@)%=a°=¢ ()% (@)°* = e M1
The order of &% is 3 Al
Answer: Order 3 3 marks
4 (2 marks)
it=ii2=-1,i°=—j,i*=1 M1
All elements are powers of i, so the group is cyclic with generator i Al
Answer: Generator i 2 marks
5 (2 marks)
4,8,12=2,16=6,20=0 M1
The order is5 Al
Answer: 5 2 marks
6 (2 marks)
LetG=(a)andx=a", y=4" B1
Xy = a™n = g*m = yX B1
Answer: Xy = yx 2 marks
7 (3 marks)
k generates Z,, exactly when hcf(k, 12) = 1 M1
k=157 11 Al
(e.g. 5hasorder 12, 6 x 5= 30 = 0; 12/hcf(5, 12) = 12) B1
Answer: 1,5,7,11 3 marks
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8 (4 marks)
The order of a isﬁék)
a’: 1—22:6; a: 1—32:4
a“:%:& a5:1—12:12
a®: %2 =2

Answer: 6, 4, 3,12, 2

9 (3 marks)
F=9=15°=25=17"=49=1
Every element has order 1 or 2, none has order 4, so no element generates the group
Answer: No element of order 4

10 (3 marks)
Powersof 3: 3,2, 6,4,5, 1
3 has order 6, so it generates the group of order 6
Answer: Generated by 3

11 (4 marks)
Multiples of (1, 1): (1, 1), (0, 2), (1, 0), (0, 1), (1, 2), (0, 0)
These are 6 different elements, which is the whole group of order 6
So (1, 1) generates the group, which is cyclic
Answer: Generator (1, 1)

12 (4 marks)
w®=¢e" =1, and therootsare €™? k=0, ..., 5
Elements 1, w, w? w?, w* w®, al powers of w
"> = w has order 6 since hcf(5, 6) = 1
So w® is also a generator
Answer: Generators w and w®

13 (3 marks)
Generators are k with hcf(k, 20) =1
1,3,7,9 11,13, 17,19
There are 8 generators
Answer: 1,3,7,9, 11, 13,17, 19; 8

14 (5 marks)
Subgroup orders divide 18: 1, 2, 3, 6, 9, 18
The subgroup of order d is generated by a'®®
{e}; (&°) (order 2); (a°) (order 3); (a°) (order 6); (&) (order 9); (a)
There is exactly one subgroup for each divisor
Answer: One subgroup of each order 1, 2, 3,6, 9, 18

15 (5 marks)
Z, x Z,. each element satisfies 2(a, b) = (0, 0), so no element has order 4
Z, % Z, has order 8; a generator would have order 8
2(a, b) = (2a, 2b) = (0, 2b), 4(a, b) = (0, 0): every element has order at most 4
No element has order 8, so not cyclic
Answer: Neither iscyclic
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16 (5 marks)
Let d = hcf(n, k), n=dn', k = dk" with hef(n', k') = 1 B1
(&)™ = eif and only if n divides km M1
dn' divides dk'm, so n' divides k'm M1 A1
n' and k' coprime so n' divides m; the least misn' = % Al
Answer : m 5 marks
17 (5 marks)
Powersof 2:2,4,8,16 =7,14=5,10=1 M1 Al
2 has order 6 = |U|, so U = (2) iscyclic Al
Generators are 2¢ with hef(k, 6) = 1: k=1, 5 M1
2! =2 and 2° = 5, so the generators are 2 and 5 Al
Answer: Cyclic; generators 2 and 5 5 marks
18 (5 marks)
a“ has order ﬁ M1
Order 5 needs hef(15, k) =3: k=3, 6, 9, 12 M1 Al
Order 3 needs hcf(15, k) =5: k=5, 10 M1
Order 5: &, &°, @°, a'% order 3: &°, a° Al
Answer: Order 5: a3, a*6, a*9, a*12; order 3: a5, a* 10 5 marks
19 (5 marks)
G = (a), x = &, x? = a® = eif and only if n divides 2k M1
(a) n = 8: 8 divides 2k when k is amultiple of 4: k = 0, 4. Two solutions (e and a*) M1 Al
(b) n=9: 9 divides 2k only when 9 divides k (9 isodd): k =0 only M1
One solution (x =€) Al
Answer: (a) 2 (b) 1 5 marks
20 (5 marks)
Fifth roots of unity are z*, k=0, ..., 4,and 2° = 1 B1
Powers of z% 7%, 2%, 2° = 2,28 = 2% 2% =1 M1 A1
All five roots appear, so z> generates the group Al
z° = (2%)* Al
Answer: 2% = (29)* 5 marks
21 (6 marks)
If H={0} thenH =0Z B1
Otherwise H contains a positive integer (if x € H then —x € H); let n be the smallest positive M1 A1
element
nZ C H since H is closed under addition and inverses M1
Forx € Hwritex=nq+r,0<r<n;thenr=x —ng € H M1
n is the smallest positive element, sor =0 and x € nZ. Hence H = nZ Al
Answer: H = n[] 6 marks
22 (6 marks)
Powers of 2 modulo 11: 2, 4, 8,5,10,9,7,3,6, 1 M1 Al
The first power equal to 1 is 2'°, so 2 has order 10 and is a primitive root Al
Generators are 2¢ with hef(k, 100 = 1: k=1, 3,7, 9 M1
22=8,2"=72=6 Al
Primitiveroots: 2, 6, 7, 8 Al
Answer: 2,6,7,8 6 marks
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23 (6 marks)
(a) Element (&, b) has order Icm(ord a, ord b), withorda € {1, 2,4} andord b € {1, 2, 3, 6} M1
Largest possible valueislem(4, 6) = 12 <24 =|Z, x Z¢| M1
No element of order 24, so not cyclic Al
Answer: Not cyclic 3 marks
(b) (1, 1) has order lcm(4, 9) = 36 M1 Al
The group has order 36, so (1, 1) generates it: cyclic Al
Answer: Generator (1, 1) 3 marks
24 (6 marks)
(@) 8,16 = 4, 24 = 0: order 3 (= 12 + hcf(8, 12)) M1
Order 3 # 12, so 8 is not a generator Al
Answer: Order 3; not a generator 2 marks
(b) 3isodd but hcf(3, 12) = 3, so 3 has order 4 M1
3, 6,9, 0: only 4 elements, so 3 is not a generator Al
Answer: 3 hasorder 4 2 marks
(c) k generates (Z,,, +) if and only if hcf(k, n) = 1 (k coprime to n) B1
e.g. for n =12, the generatorsare 1, 5, 7, 11 B1
Answer: hef(k, n) =1 2 marks
25 (6 marks)
(a) Positions 6, 12, 3,9, 0 M1
The did returnsto O after 5 turns (visiting 5 different positions in total) Al
Answer: 6,12, 3,9, 0; 5turns 2 marks
(b) Every position is visited exactly when k generates (Z s, +) M1
This happens when hcf(k, 15) = 1 M1
k=1,24,78, 11,13, 14 Al
Answer: 1,2, 4,7, 8,11, 13, 14 3 marks
(c) The turns needed is the order of k, which divides [Z 5| = 15 (Lagrange) El
Answer: Order divides 15 1 mark
26 (6 marks)
Existence: a" has order d, so (a"") has order d M1 A1
Let H be a subgroup of order d. Every subgroup of a cyclic group is cyclic, H = (") where miis M1
the least positive power in H
Every element x of H satisfies x? = e (Lagrange); x = & gives n divides jd, so j is amultiple of n/d M1 A1
So H C (a"), and both have d elements, so H = (a"): unique Al
Answer: Unique 6 marks
27 (8 marks)
The order of any element divides n; an element of order d generates a subgroup of order d M1 Al
That subgroup is the unique one of order d, namely (a"), which is cyclic of order d M1
Its generators are the @(d) elements a™® with hcf(j, d) = 1; these are exactly the elements of M1 A1
order d
Every element has exactly one order, son = X, ¢(d) Al
n=12: divisors 1, 2, 3,4, 6, 12givep=1,1,2,2,2, 4 M1
Sum =12 Al
Answer: Z@(d) =n 8 marks
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28 (8 marks)
Orders of elements divide 4: 1, 2 or 4 M1 AL
If some element has order 4 it generates the group, which is cyclic Al
Otherwise every non-identity element x satisfiesx? = e, so x™* = x M1
Forany a, b:ab=(ab)"* =b tat=ba M1 Al
Hence the group is abelian Al
(the elements are €, a, b, ab, the Klein four-group) B1
Answer: Cyclic, or Klein four-group 8 marks
29 (8 marks)
-1
g has order p — 1; g* has order % M1 A1
Thisequals p — 1 exactly when hef(k, p— 1) =1 Al
Forp=13: k € {1,5, 7, 11} M1
2t=2 B1
2°=32=6,2"=128=11 M1
21 =2048 = 7 (2048 = 13 x 157 + 7) Al
Primitive roots: 2, 6, 7, 11 Al
Answer: 2,6, 7,11 8 marks
30 (9 marks)
(@) Let G = (a) haveordern,x =a withO < j <n B1
x2 = eif and only if n divides 2j, i.e. j is amultiple of n/hcf(n, 2) M1 Al
Between 0 and n — 1 there are exactly hcf(n, 2) = 2 such multiples Al
Answer: At most 2 4 marks
(b) @< 1+1)2=2%242k+1 M1
2k — 2 = kwhenk = 2, so thisis = 1 (mod 2¥) Al
(2= 1)2=2* -2+ 1=1ads01%=1 B1
The four residues are odd and distinct whenk = 3 (2"t — 1> 1and 251+ 1< 2% — 1) M1
Four elements with x? = 1 contradicts part (a), so U« is not cyclic Al
Answer: Four squareroots of 1; not cyclic 5 marks
Group Isomor phisms
1 (2 marks)
@ is ahijection (one-to-one and onto) B1
@(ab) = p(a)p(b) foral a, b e G B1
Answer: Bijection with ¢ (ab) = @(a)@(b) 2 marks
2 (2 marks)
An isomorphism is a bijection, so the groups must have the same number of elements M1
6 # 8, so they are not isomorphic El
Answer: Different orders 2 marks
3 (3 marks)
©0)=1,0(1) =i, 02 = =1, ©(3) = —i B1B1
91 +3)=@0)=1land @(1)p(3) =i x (=i)=1 B1
Answer: 1,1, =1, —i; both sidesequal 1 3 marks
4 (2 marks)
If @ isanisomorphism and G is abelian, (@) @(b) = @(ab) = @(ba) = @(b)e(a), and every M1
element of H is some @(a), so H is abelian
So an abelian group is never isomorphic to a non-abelian one E1
Answer: Commutativity is preserved 2 marks
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5 (2 marks)
@@a+b)=2@+b)=2a+2b=09@@ + @) M1
@ isabijection (inversey — %) Al
Answer: | somor phism 2 marks
6 (2 marks)
fO+0)=f0)=1 M1
f(0) +f(0) =2 # 1, sof(a+ b) = f(a) + f(b) in general Al
Answer: f(0)=1=20 2 marks
7 (4 marks)
@(a+b) = ¥ = e%" = p(a)p(b) M1 AL
Injective: €= e” impliesa=b B1
Surjective: fory >0, @o(Iny) =y B1
Answer: | somor phism 4 marks
8 (4 marks)
Well defined sincei* = 1: i = ik B1
@(a+b) =i¥ =i = p(a)¢(b) M1 A1
®(0), (1), (2), (3) =1,i, —1, —i aredistinct and cover the set: a bijection Al
Answer: | somor phism 4 marks
9 (3 marks)
(Z,, +) has an element of order 4: 1, 2, 3,0 M1
In{1, 3,5, 7} every element squaresto 1, so no element has order 4 M1
An isomorphism preserves orders of elements, so the groups are not isomorphic El
Answer: Orders of elements differ 3 marks
10 (3 marks)
(Zg, +) isabelian B1
INS;: (12)(13)=(132) but (13)(12) =(123),s0S;isnot abelian M1
An isomorphism preserves commutativity, so they are not isomorphic E1l
Answer: Oneis abelian, the other is not 3 marks
11 (4 marks)
¢(es) = p(eces) = p(eg)P(es) M1
Multiply by @(eg) ™ e, = @(eg) Al
e@@™") = @@™) = g(e) = ey M1
So @(a™?) isthe inverse of ¢(a) Al
Answer: Proved 4 marks
12 (4 marks)
Zg ordersof 0,1, ..., 7ael,8,4,8,2,8,4,8 M1 A1
InZ, x Z, every (a, b) satisfies 4(a, b) = (0, 0), so the maximum order is 4 M1
Zg has an element of order 8, so they are not isomorphic Al
Answer: [Jg has elements of order 8; the other does not 4 marks
13 (4 marks)
Define p(e) =0, (@) =1, (b) =2 B1
Sinceaca=bh:@laca=2=1+1=¢(a + @(a) M1
Sinceacb=eandbeb=al+2=0=q@(e), 2+ 2=1=@(a); the table of G matches the Al
addition table of Z; entry by entry
¢ is a bijection preserving the operation, so G isisomorphic to Z, Al
Answer: @(e) =0, @(@) =1, @b)=2 4 marks
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14 (5 marks)
@k + 4) = 2 = 2K x 16 = 2¥ (mod 5), so ¢ iswell defined
@(a+b) =2%° = 22" = @(@¢(b)
@(0), (1), (2), (3) =1, 2, 4, 3: distinct, al four elements, so bijective
Hence @ is an isomorphism
Answer: |somor phism

15 (5 marks)
©(0), ..., (5) = (0,0), (1.1), (0,2), (1,0), (0.2), (1.2)
These six pairs are distinct, so ¢ is ahbijection
(a+b) mod 2 =(amod 2 + b mod 2) mod 2, and likewise mod 3
So @(a+ b) = @(a) + @(b); isomorphism
Answer: | somor phism

16 (5 marks)
Define @(1) = (0, 0), @(3) = (1, 0), (5 = (0, 1), ©(7) = (1, 1)
Bijection by construction
3x5=15=7and (1,0) +(0,1) =(1,12)
3x7=5and(1,0)+(1,1)=(0,1);5x7=3and (0, 1) + (1, 1) = (1, 0)
All squares are 1 and (a, b) + (a, b) = (0, 0); al products agree, so isomorphic
Answer: | somor phic

17 (5 marks)
e@" = @(@") = p(eg) = ey, so the order of (a) dividesn
Suppose ((a)™ = e, Then @(a™) = e, = p(eg)
@ isinjective, so a" = eg, and n dividesm
So the order of @(a) is exactly n
Answer: Order n

18 (5 marks)
In the group of non-zero real numbers under multiplication the element —1 satisfies (—1) x (—1)
=1, so it has order 2
In (R, +), x + x =0 impliesx = 0, so the only element with 2x = 0 is the identity: no element of
order 2
An isomorphism preserves orders of elements, so the groups are not isomorphic
Answer: —1 hasorder 2; ([, +) has no element of order 2

19 (4 marks)
Define @(x) = ((1) ’;)

w00) =[5 17| =wx+)

@ isclearly abijection from R to the set of matrices; hence an isomorphism
Answer: | somor phism

20 (5 marks)
Define (a¥) = b*
Well defined: & = a<iff n| (j — k) iff b’ = b*
@(@d) = p@™) = b = bb*
Bijective: the n elements of G map to the n distinct elements of H
Answer: @(a“k) = bk
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21 (6 marks)
Any group of order 4 isisomorphic to (Z,, +) if it has an element of order 4, and to Z, x Z, if all M1 Al
non-identity elements have order 2
A:ihasorder 4 (i, —1, —i, 1), so A isisomorphic to Z, Al
C: 2,4,3,1s02hasorder 4, so Cisisomorphicto Z, Al
B: 32=5%=7%= 1mod 8, so B isisomorphic to Z, x Z, Al
D:52=25=1,72=49=1,112=121 = 1 mod 12, so D isisomorphic to Z, x Z, Al
Answer: A and C areisomorphicto[],; B and D areisomorphicto [J, x [, 6 marks
22 (6 marks)
(a) Since 4 divides 12, (x +y) mod 12 and x + y have the same remainder mod 4 M1
So @(x +y) = @(x) + @(y) (mod 4) Al
Answer: Homomor phism 2 marks
(b) Kernel: x = 0 (mod 4): {0, 4, 8} B1
Image: @(0), (1), ©(2), (3)=0,1,2,3,s04al of Z, B1
Answer: Kernel {0, 4, 8}; image[], 2 marks
(©) ©(4) = ©(0) =0, so @ isnot injective M1
(1Z1o| =12 # 4 = |Z,]) E1
Answer: Not injective 2 marks
23 (6 marks)
Zg: the order of k is %: order 1: {O}; order 2: {4}; order 4: {2, 6}; order 8: {1, 3, 5, 7} M1 A1
Z, x Z,: (a, b) has order Icm(ord a, ord b), whereord a € {1, 2}, ord b € {1, 2, 4} M1
Order 1: (0,0); order 2: (1,0), (0,2), (1,2); order 4: (0,1), (0,3), (1,1), (1,3) Al
No element has order 8in Z, x Z, M1
An isomorphism preserves orders, so the groups are not isomorphic Al
Answer: Ordersdiffer: [Jg has 4 elements of order 8 6 marks
24 (6 marks)
(a) Having the same order and being abelian are necessary conditions for isomorphism, not E1
sufficient ones
Other structure, such as the orders of elements, must also match El
Answer: Necessary, not sufficient 2 marks
(b) 1 has order 4in (Z,, +) B1
Every element of {1, 3, 5, 7} has order at most 2, but isomorphisms preserve order El
Answer: Ordersdiffer 2 marks
(c) All non-identity elements have order 2 M1
The Klein four-group, isomorphic to Z, x Z, Al
Answer: [, x [], 2 marks
25 (6 marks)
o(xy) = (xy) Tt =y 7 M1 AL
eX)(y) =x"ty™ B1
If Gisabelian, y™*x ' =x'y™?, s0 ¢ is a homomorphism Al
Conversdly, if @ isahomomorphism then yx % = x"ty ! for all x, y; replacing x, y by their M1
inversesa=x"1, b=y ! ba=ab
So Gisabelian Al
Answer: Homomor phism iff abelian 6 marks
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26 (6 marks)
NamethevaluesP:Z,Q:—l,R:% B1
f2=-1-1-2 3 - 3 (PQ); f5: P~ Rand Qfixed: (PR); fs: Q = R: (QR) M1 AL
fp2--1,-1- % % -2 (PQR);fs:2— % —-1-2, % - —1: (PR Q); f,: identity Al
The six functions give six different permutations: a bijection onto S, M1
Composition of functions corresponds to composition of the permutations they induce, so @(f ° g) Al
= @(f)@(g): isomorphism
Answer: |somorphicto S; 6 marks
27 (8 marks)
Let G = (a). Define (k) = a B1
@(j + k) = d*™ = da = (j)p(k): a homomorphism from (Z, +) M1 A1
Infinite order: & = a impliesa™* = e, soj = k; @ isinjective, and surjective since G = (a): @ is M1 AL
an isomorphism Z = G
Order n: define @(k mod n) = a; well defined asa” = e M1
d =akiff n|(j — k), soinjective on Z,,; both groups have n elements so bijective Al
Homomorphism as before: G isisomorphic to (Z,, +) Al
Answer: G isisomorphicto[]or [J, 8 marks
28 (8 marks)
Define (k) = (k mod m, k mod n) B1
Well defined: if k = k' (mod mn) then k = k' mod m and mod n M1 Al
Homomorphism: remainders add componentwise Al
Injective: ©(j) = @(k) meansm | (j — k) andn | (j — K); m, ncoprimesomn|(j — k), soj=kin M1 Al
Zmn
Both groups have mn elements, so @ is aso surjective M1
m = 3, n =5 (coprime) gives that Z,5 isisomorphic to Z; x Zg Al
Answer: | somor phic 8 marks
29 (9 marks)
Let G be abelian of order 6; orders of elements divide 6: 1, 2, 3, 6 M1
If an element has order 6, G is cyclic Bl
G has even order, so some x has order 2 M1 A1
Suppose no element has order 3. Then (no element of order 6) every non-identity element has M1
order 2
Take distinct non-identity a, b: {e, a, b, ab} is a subgroup of order 4 (G abelian, a® = b* = ¢) Al
4 does not divide 6, contradicting Lagrange. So some y has order 3 M1 Al
Xy = yx hasorder 2 x 3 =6, so G is cyclic and isomorphic to (Zg, +) Al
Answer: Cyclic, isomorphic to [Jg 9 marks
30 (8 marks)
A homomorphism @ is determined by k = @(1): @(x) = @1+ 1+ ... +1) = kx M1 A1
Each such @, is a homomorphism: @,(x +y) = kx + ky B1
@, ishijective iff itsimageisall of Z,, i.e. iff k generates Z,, (the image is (k)) M1 Al
k generates Z,, iff hcf(k, n) =1 Al
n=12:k=1,57,11 M1
@1(X) = X, @5(X) = 5X, @7(X) = 7, @11(X) = 11x (mod 12) Al
Answer: k coprimeton; forn=12,k=1,5,7, 11 8 marks
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