StemUp | Further Mathematics | Further Pure Mathematics: Multivariable Calculus | Model Answers

Functions of Two Variables

1 (3 marks)
f(2, -1)=34) — (2(—1) +2(—1) =12 M1 A1l
f(—3,2) =3(9) — (—3)(2) +2(2) =37 Al
Answer: f(2, =1) =12, f(—3,2) =37 3 marks
2 (3 marks)

03,4 =y9+16 =5 M1 Al
g(—=>5, 12) =y25 + 144 = 13 Al

Answer: 5and 13 3 marks
3 (2 marks)

h(1,2,3)=2+6+3 M1

=11 Al

Answer: 11 2 marks
4 (2 marks)

The argument of a logarithm must be positive B1

Domain: al (x, y) withx +y >0 B1

Answer: x+y >0 2 marks
5 (3 marks)

f(a, 2a) = & — a(2a) + (2a)° M1

=a? — 2a’ + 4a’ Al

=33° Al

Answer: 3a° 3 marks
6 (3 marks)

4+k?=13 M1

k?=9 Al

k=3ork=-3 Al

Answer: k =+3 3 marks
7 (4 marks)

(@) Need 25 — x* —y?> = 0,s0x* +y? = 25 M1

The disc (including its boundary circle) with centre the origin and radius 5 Al

Answer: x* + y? = 25: closed disc, radius 5 2 marks

(b) 0 = 25 — x? — y? < 25 over the domain M1

O0=sf=5 Al

Answer:0=f=5 2 marks
8 (4 marks)

x>y

wBtaT = 1 M1 Al

Itisan elipse B1

It crosses the x-axis at (x4, 0) and the y-axis at (0, £2) Al

2 2

Answer: 35 + 2 = 1; dlipse; (x4, 0), (0, +2) 4 marks
9 (3 marks)

The denominator must not be zero B1

x?—y#0,s0y#x* M1

All points of the plane except those on the parabolay = x? Al

Answer: All (x, y) with y # x? 3 marks
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10 (4 marks)
(a) Two circular ends and a curved surface
S(r, h) = 2rr? + 2mrh
Answer: S=2mr? + 2mrh
(b) S(3, 10) = 2r1(9) + 21(3)(10) = 181 + 6011
=781
Answer: 78m cm?

11 (4 marks)
(@) 1225 x 16 = 12 x 20
=240
Answer: 240
(b) 12 x 54K =300
YK =5,50K =25
Answer: K =25

12 (3 marks)
f(x +h,y) = (x + h)?y = (x* + 2xh + h?)y
f(x +h,y) = f(x, y) = 2xhy + h%y
Answer: 2xhy + h?y = hy(2x + h)

13 (3 marks)
f2,1)=1—4=-3
y — x?=-3
y=x>-3
Answer:y =x%—3

14 (6 marks)
(a) f(t, 3t) = 2t — t(3t) + (3t)?
= 8t?
Answer: 8t
(b) 8t> =56, s0t* =7
t=7
Answer: t = /7
(c) Alongy = 3x, f = 8t?
8t = O for al real t, and every value = 0 occurs, so the rangeisf = 0
Answer: f=0

15 (5 marks)
(a) f(tx, ty) = 33 — 2(tx)(t?y?) + t3y3
= t3(x® = 2xy? +y°) = t*(x, y)
Answer: Shown: f(tx, ty) = t*f(x, y) for any real number t
(b)f(2,3)=8—36+27=-1
f(6,9) =f(3x2,3%x3)=27x(—1) =-27
Answer: f(2,3) = =1, f(6,9) = =27
16 (5 marks)
¢ > 0: x?> — y? = cisahyperbola crossing the x-axis at (i\/E, 0), opening left and right
¢ < 0: ahyperbola crossing the y-axis at (0, i\/—_c), opening up and down
c=0: (X —y)x+y) =0, the pair of linesy = x andy = —X, crossing at the origin
Answer: ¢ > 0: x-axis (+y/c, 0); ¢ < 0: y-axis (0, +—c); ¢ = 0: y = *X
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17 (7 marks)
(@4x+y+2=60,s0z=15—-x—Yy M1 Al
V=xyz=xy(15 = x — ) Al
Answer: Shown: the volume of the box isV(X, y) = xy(15 — x — V) 3 marks
(b) Lengths are positive: x >0,y >0andz>0 M1
x>0,y>0,x+y<15 Al
Answer: x>0,y>0,x+y<15 2 marks
(©V(3,4=12x8 M1
=96 cm® Al
Answer: 96 cm?® 2 marks
18 (5 marks)
Needy — x*=0and2—y =0 M1 A1
So x? <y < 2, which is the region on or above the parabola and on or below the line Al
They meet where x* = 2 M1
X =12 Al
Answer: X = i\/i 5 marks
19 (5 marks)
(@) f(1,2) =e @*4 M1
=e® Al
Answer: e™° 2 marks
(b) f = c givesx? + y? = —In c: circles centred at the origin M1 A1l
Need —Inc=0,s00<c=< 1. range0<f =1 Al
Answer: Circles, 0<f=1 3 marks
20 (4 marks)
g = lisahyperboloid of one sheet (a single connected surface around the z-axis) B1B1
g = —lisahyperboloid of two sheets (two separate bowls, one above and one below) B1
g = O isacone with the z-axis asits axis B1
Answer: One sheet hyperboloid; two sheet hyperboloid; cone 4 marks
21 (8 marks)
@0ny=0:f=0 B1
2
Ony=x:f=%=% M1 Al
Answer: 0 and % 3 marks
_ox(mx) . omx?
(b) f = 2+ m2x2 X2(1+ mz) M1
m
T 1 Al
Answer: Shown: along theliney = mx, f takes the constant value v 2 marks
(c) Points arbitrarily close to the origin givef =0 (ony =0) and f = % (ony =Xx) M1
So f has no single limit at (0, 0), and no choice of f(0, 0) can make it continuous AlEL
Answer: Different limits along different lines 3 marks
22 (7 marks)
(@) Take (=2, —=3): xy=6>0 M1
f(=2, —3) =In 6 is defined Al
Answer: For examplef(—=2, —=3) =In 6 2 marks
(b) Need xy >0 M1
x and y both positive or both negative: the first and third quadrants, excluding the axes AL1Al
Answer: xy >0 3 marks
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(©) f =In(e? M1
=2 Al
Answer: 2 2 marks
23 (8 marks)
(@x*—4x=(x—2°—4andy’+2y=(y+1)*> -1 M1 AL
f=(x—22+(y+12=5+7=(x—2>2+(y+1)?+2 Al
Answer: Shown: f(x,y) = (x — 2)2+ (y + 1)* + 2 3 marks
(b) Squares are non-negative, sof = 2, andf =2 at (2, —1) M1 Al
Answer: f =2 2 marks
(c) f = 2: the single point (2, —1) B1
f=6: (x — 2)%+ (y + 1)2 = 4, acircle with centre (2, —1) and radius 2 B1B1
Answer: A point; acircle 3 marks
24 (9 marks)
(a) T(2, 1) = 80e™ 720 M1
=56.4°C Al
Answer: 56.4 °C 2 marks
(b) Same temperature, so the exponent equals that at (2, 1): x* + 3y>=4+3=7 M1 AL
Crosses the x-axis at (+7, 0) AL
Crosses the y-axis at (0, J_r\/g ) =(0, £1.53) Al
Answer: x> + 3y* = 7; (7, 0), (0, +1.53) 4 marks
(c) x? + 3y? = 0, so the exponent is < 0 and the exponential is< 1 M1 E1
Equality needs x? + 3y? = 0, whichmeansx =y = 0 Al
Answer: Shown: T(X, y) = 80 for all points, with equality only at the origin 3 marks
25 (8 marks)
(a) V = cylinder + hemisphere = rir®h + % x %nr3 M1 AL
S = base 1ir? + curved wall 2mrh + hemisphere 2mr? M1 A1
= 2mrh + 3nr? Al
Answer: Shown: V =mr?h + %nr3, S=2mrh + 3mr? 5 marks
(b) 251h + @H = %H M1
25h=200,soh=8 Al
S=2m(5)(8) + 3m(25) = 1551 m? Al
Answer: h =8m, S=155m m? 3 marks
26 (8 marks)
(@) x? = c(x? +y?), so cy? = (1 — ¢o)x? M1 AL
2 _ l —C 2 _ 1 —C
y?= == x% 0y =1/ =—X M1 AL
Two lines through the origin with gradients + ! ; ¢ Al
Answer:y =+ l:CX 5 marks
(b) ¢ = 0: x* = 0, so the y-axis (origin removed) B1
c =1 y? =0, so the x-axis (origin removed) B1
Since0 < x? = x> +y? 0 < f < 1, and these are the extreme values attained E1
Answer: y-axis, x-axis; 0 =sf =1 3 marks
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27 (11 marks)
oomxd . mx
(@) (¢, M) = o = " M1 A1
Asx — Othistendsto O (form = 0, form=0andonx =0, f =0) Al
Answer: Shown: f = 0 along every liney = mx 3 marks
n_ X
(b) 1, X)) = =~ w1
1
= > Al
1
Answer : 5 2 marks
(c) Along lines the limit is 0, dlong y = x? itis% M1 E1
A limit must be independent of the path taken, so none exists El
Answer: Path y = x? gives% 3 marks
(d) x* +y? = 2x?y| (since (x* — |y])? = 0) M1 A1
Xyl _ 1
So If| = 2] 2 Al
Answer: Shown: f(X,y) = %for all (x,y) in thedomain 3 marks
28 (11 marks)
(@) (x — y)? = 0givesx? + y? = 2xy, and (x + y)? = 0 gives x? + y? = —2xy M1 AL
Sox?+y?+ 1> 2xy| M1
Dividing, If| < AL
Answer: Shown: —% <f(x,y) < % for all real x and y 4 marks
I S 1
OftY=5277=73 20070 M1 AL
Thistendsto % ast — oo, and by symmetry f(t, —t) tends to —%. Continuity gives every value M1 E1
between
Answer: Range —% <f< % 4 marks
(C) 4xy =x®+y?+1,s0x> — 4xy +y* = —1 M1
2 2 2 _\2
x2+y2:u;V and xy = = 4V M1
2 2
u;v — (U>—v? =—1givesu? — 3v?=2 Al
Answer: Shown: u? — 3v? =2 3 marks
29 (10 marks)
@P11)=c=5 B1
5><4a:109ives4a:2,soa:% M1 A1
5 x 16° = 20 gives 16° = 4, 0 b = 5 ML AL
Answer:c=5,a=b=% 5 marks
(b) P(2L, 2K) = 5y2L x 2K =5 x 2yLK M1
=2P(L, K) Al
Answer: Shown: doubling both L and K doubles the output 2 marks
(c) 5yLK =40, so LK =64 M1 Al
K= aL=64K=1 AL
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Answer: K = %; K=1 3 marks

30 (10 marks)
tly — X

(@) (tx, ty) = t%’/ - X)) M1

=f(x,y) Al

Answer: Shown: f(tx, ty) = f(x, y) for everyt # 0 2 marks

(b)y —x=c(y +x) M1

y(1 —c)=x(1+c) M1

_1+c S

y= 1% validsincec # 1 Al

Answer: Shown: y = 1112:: 3 marks

(c0c=1y—x=y+Xx,s0x =0, the y-axis with the origin removed M1 A1

Every rea cisattained, so the range is all real numbers Al

Answer: x =0 (y # 0); all real numbers 3 marks

(d) Near the origin f takes every real value (on lines of different gradients) M1

So there is no single limit El

Answer: No single limit at the origin 2 marks
Surfaces and Contour Diagrams
1 (2 marks)

Sphere B1

Centre the origin, radius 4 Bl

Answer: Sphere, centre O, radius 4 2 marks
2 (3 marks)

Itisaplane B1

x-axis: (3, 0, 0), y-axis: (0, 2, 0), z-axis:. (O, 0, —6) B1B1

Answer: Plane; (3, 0, 0), (0, 2, 0), (O, 0, —6) 3 marks
3 (2 marks)

x> +y?=9 M1

A circle of radius 3, centred on the z-axis, in the plane z =9 Al

Answer: Circle of radius 3 centred on the z-axis 2 marks
4 (2 marks)

Puty = 0: z=x? M1

A parabola Al

Answer: z = x?, a parabola 2 marks
5 (2 marks)

Independent of z, soitisavertica circular cylinder B1

Radius 2, with the z-axis as its axis B1

Answer: Circular cylinder, radius 2, axis the z-axis 2 marks
6 (3 marks)

X—y=6,0y=3x—06 M1 Al

Gradient 3 Al

Answer: y = 3x — 6, gradient 3 3 marks
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7 (4 marks)
(a) Radii 1, 2, 3, 4 (read from the axes)
Contour z = ¢ hasradiusyc, sox? +y? = z
f(x,y) = x> +y?
Answer: f(x, y) = x? + y?
(b) A paraboloid (bowl) with vertex at the origin, opening upwards
Answer: Paraboloid

8 (4 marks)
x2+y? = 0s0z =< 9, with equality at the origin: highest point (0, 0, 9)
z=0:x>+y?=9
A circle of radius 3 centred on the z-axis, in the planez =0
Answer: (0,0, 9); circlex?+y2=9,z=0

9 (6 marks)
(@) x = 0: z = —y?, aparabola opening downwards
Answer: z = —y?, a parabola opening downwar ds
(b) y = 0: z = x?, aparabola opening upwards
Answer: z = x?, a par abola opening upwar ds
(©)z=0:x*=y? s0(x — y)(x +y) =0, the pair of linesy =x andy = —x
Answer: The pair of linesy =xandy = —x

10 (4 marks)
4

xy:4,soy:;

At(2,2):2x2=4
f(—1, 3) = —3, so the contour isxy = —3
Answer: xy = 4; xy = =3

11 (3 marks)
X-aXis;y=z=0,Xx=6
y-axiss x=z=0,y=3
z-aXis x=y=0,z=2
Answer: (6, 0, 0), (0, 3, 0), (0, 0, 2)

12 (4 marks)
Centre (1, —2, 0), radius 5
z=3 (x—1)?+(y+2?=25-9=16
Radius 4
Answer: Centre (1, =2, 0), radius 5; circleradius 4

13 (5 marks)
(a) A ison the 60 m contour and B on the O m contour

Horizontal distance AB = 2 km, so the average gradient is 6—20 =30 m per km downhill

Answer: 30 m per km downhill

(b) The contour curves between A and C (it bulges outwards), so the straight chord does not
follow it

The chord lies inside the 60 m contour, where the ground is higher than 60 m

Answer: The chord lies on higher ground

14 (7 marks)
(a) Near the origin, the contours with positive values lie to the left and right and those with
negative values above and below
Moving along the x-axis f increases, and along the y-axis f decreases
So the origin is a saddle point
Answer: A saddle point
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(b) z=x% — y? B1

x? — y? = 0 givesy = +x, two lines through the origin M1 Al

Answer: z=x? — y% y = #x 3 marks
15 (5 marks)

2 2 _ i x>y
X+ 4y —cglves?+7—1 M1 Al
P

It is an ellipse with semi-axesyc (along x) andlg (along y) AL

Area=1I X yC X lg M1

_ Tc

=5 Al

- . yc. 1c

Answer: Ellipse, semi-axesyc and 5 area —- 5 marks
16 (5 marks)

x2 +y? = 4x M1

x> —4x+y*=0 Al

(x—22+y?=4 M1 AL

A circle with centre (2, 0) and radius 2 Al

Answer: Circle, centre (2, 0), radius 2 5 marks
17 (6 marks)

(@x2+y?’=0s0z=<e’=1 M1

Highest point (O, O, 1) Al

Answer: (0, 0, 1) 2 marks

(b)x2+y2=—lnc=In% M1 AL

Circle, centre the origin, radi us\fln% Al

Answer: Radiusy{—Inc 3 marks

(c) z— 0 but is never 0, so the surface approaches the (x, y) plane without meeting it B1

Answer: ztendsto O 1 mark
18 (6 marks)

(@) z=3:x>+y?=9, acircle of radius 3 M1 AL

Answer: x*>+y? =9, acircle of radius 3 2 marks

(b) y = 0: z2 = x?, s0 z = #x, apair of lines M1 AL

Answer: z = £x, a pair of lines 2 marks

(c) x = 1: 22 — y?> = 1, ahyperbola M1 AL

Answer: z2 — y? = 1, a hyperbola 2 marks
19 (5 marks)

f(1, 2) =2 + 4 = 6, so the contour is2x> + y* = 6 M1 AL

f(2, -1)=8+1=9>6,s0(2, —1) liesoutside M1 Al

x =0:y?>=6, 0 (0, 2//6) AL

Answer: 2x* +y? = 6; outside; (0, +/6) 5 marks
20 (5 marks)

Contour z = ¢ has vertex (0, ¢) and opens upwards, SOy = X2 + ¢ M1 A1

f(x,y)=y — x? Al

Every contour is a parabola, so f takes every real value and for any point there are points nearby M1 E1

with higher and lower values (for example changey)

Answer: f(x,y) =y — x? 5 marks
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21 (8 marks)
(@) Putx = 0: z = —y? M1 AL
Answer: z= —y? 2 marks
(b) Along x = 0 the surface has a maximum at the origin, so values both above and below 0 occur M1 E1
closeto it
Answer: Theorigin isamaximum alongx =0 2 marks
(c) z(0.1, 0.2) =0.01 — 0.04 = —0.03 and z(0.2, 0.1) = 0.04 — 0.01 = 0.03 M1 A1
Values are both positive and negative close to the origin: a saddle point A1E1
Answer: —0.03 and 0.03; saddle point 4 marks
22 (9 marks)
(a) Largestat x =y =0, h =500 m B1
Answer: 500 m 1 mark
(b) e +Y78 = % M1
x*+y?=81In5 Al
Circle with centre at the summit and radiusy8In 5 = 3.59 km Al
Answer: Radius 3.59 km 3 marks
(c) h = 500e™%8 = 500e%® = 303 m M1 A1
2 < 3.59, so the walker isinside the 100 m contour, so above 100 m E1
Answer: 303 m; above 3 marks
(d)h->0asx?+y?—> o B1
But an exponentia is positive for all x, y so h =0 is never attained El
Answer: Tendsto O, never reaches it 2 marks
23 (6 marks)
z=0meetsthe x-axisat x =+6: a— 36p=0 M1 Al
z=20 meetsthe x-axisat x = +4: a— 16p = 20 M1
Subtracting: 20p =20, sop=1anda= 36 Al
z=0meetsthey-axisaty =+3:36 — 99 =0 M1
q=4 Al
Answer: a=36,p=1,9g=4 6 marks
24 (7 marks)
(@y=x:z=x> B1
y=—x:z=—x° B1
Answer: z = x? z = —x? 2 marks
(b) z=6,s0xy =6 M1
x?=6,50x=+/6 M1
(6. 6) and (-6, —{6) m
Answer: xy = 6; (+/6, +/6) 3 marks
(c) Along y = x the origin isaminimum and along y = —x it is a maximum M1 E1
Answer: Min in one direction, max in another 2 marks
25 (8 marks)
(a) Denominator is smallest, 1, at the origin M1
T=100°Cat (0, 0) Al
Answer: 100 °C at the origin 2 marks
(b)1+x2+y2:¥ M1
100 100 — ¢
XPhyP= = 1= Al
Circles, centre the origin, radius 10— c Al

c
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Answer: Radius lOOC— ¢ 3 marks
— 90 radi 80 _
(0 T=20: radlus\/g—Zm M1 Al
_ 100 _ o

T= 1+9 10°C Al

Answer: 2m; 10 °C 3 marks
26 (7 marks)

(@) Letp =yx*>+y? thenp=p? sop=0orp=1 M1 A1

Origin, and the circle x? + y? = 1 at height z = 1, radius 1 A1 A1

Answer: Originand circlex?+y?=1,z=1 4 marks

(b) Cone: z = 0.5; paraboloid: z=0.25 M1 A1l

The coneishigher forO<p<1 Al

Answer: Cone (0.5) higher than paraboloid (0.25) 3 marks
27 (10 marks)

x* Y 2
(@ vy + 9= 1-k M1
X2 y2 _

T + SL—KD 1 M1 Al

Semi-axes 21 — k? and 3y1 — k? Al

Answer: Shown: semi-axes 21 — k? and 3{1 — k2 4 marks

(b) Area=11 x 21 — k? x 31 — k? M1

= 6m(1 — k?) Al

Answer: Shown: the area of thisellipseis 6m(1 — k?) 2 marks

(©V=[, 6n(-k)dk M1

_ k3 4

—61'[[k—§] between—land1:6n><§ M1 A1

=81 Al

Answer: 81 4 marks
28 (9 marks)

@ x*+y’=2x+4y — 5 M1

xX—1D%+(y —22=0 M1 AL

Only x =1,y =2,s0z="5: the point (1, 2, 5) Al

Answer: (1, 2, 5) 4 marks

(b) x* +y? — 2px — 2qy + p*+@°=0 M1

x—p?+(y—-a?=0 AL

The point (p, g, p> + o°) Al

Answer: (p, g, p% + q?) 3 marks

©p=3,g=—lz=6x—2y—9-1 M1

z=6x—2y — 10 Al

Answer: z=6x — 2y — 10 2 marks
29 (10 marks)

(@) X2 +y% = cx M1

5 c? c?
X —ox+ g Hyi= g M1 AL
2
(x — %)2 +y?= %; x = 0is excluded, which removes only the origin AlE1
C\2 2 C2
Answer: Shown: (x — 5) ty =7 5 marks
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(b) Centre (%, 0), radius% B1B1

Reflections of each other in the y-axis B1

Answer: Centre(%, 0), radiusl—g| 3 marks

(c) f isafunction, so each point (with x # 0) has one value E1

All the circles pass through the origin (excluded) and touch the y-axis there El

Answer: Each point has one value 2 marks
30 (10 marks)

(@l+t?—t>=1 M1 AL

Similarly (1, t, —t) lieson H Al

Answer: (1,t, —t) 3 marks

(b) x? +y? = (cos & — t sin a)? + (sin o + t cos a)? M1

= cos’a + sSinac + t(sina + cos?a) = 1 + t2 M1 A1

Sox?+y?—z72=1 Al

Answer: Shown: theline with points (cosa — t sin a, sin & +t cos a, t) lieswholly on H 4 marks

(c) Direction (—sin «, cos a, 1) from the line in (b) B1

Reflecting in the plane z = 0 gives the line with points (cosa — t sin «, sin a + t cos «, —t), B1

direction (—sin «, cos a, —1)

Answer: (—sin «, cos«, 1) and (—sin «, cos a, —1) 2 marks

(d) Through every point of the circle two straight lines lie wholly on H, so H is made up of El

straight lines

Answer: Made of straight lines 1 mark
Partial Differentiation
1 (3 marks)

af _ o3

& = 6xy 2y M1 Al

of _ 2 _ 2

3y 3X bexy“ + 1 Al

Answer: 2 = gxy — 23 2 =3¢ — pyy? + 1

nswer: o = 6xy Zy,W— X Xy 3 marks

2 (2 marks)

of — 2X + 3y

™o 2e B1

of — 2x + 3y

3y - 3e B1

Answer: 2e>*¥ 3>+ ¥ 2 marks
3 (3 marks)

I gnvand =

ax —siny and 55 =x cosy M1 A1

o, of _ of _

At(2,7)&—1anda—y—0 Al

Answer: siny, xcosy; 1and O 3 marks
4 (2 marks)

Chain rule: derivative of Inu is% X % M1

of | 2

X~ x2+y? Al

Answer: 2 marks

X2+y2
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5 (2 marks)
M~z s
ay = X% +3y?
At(1,2):1+12=13
Answer: 13
6 (2 marks)
av = 2urh
av
ah = = 1ir?

Answer: 2mrh, mr?

7 (4 marks)
Product rule: g—; = 2xe¥ + x? x ye¥
= xev¥(2 + xy)
O_f — 2 XY — 33Xy
Gy = X X xe&¥ =x7€
Answer: xe¥(2 + xy), x3e¥

8 (4 marks)
(x +y)x1—xx1
Quotient ruIe X+ y)?
__
(x+y)?
of _  —x
y  (x+y)?
af _  —x
Answer: By - xry)?
9 (4 marks)
—1. N\ _ 1 . _ X
Used(tan™"u) = T u2du withu = X
aof _ 1 Yy_ Y
% = Tryie <) T Ty
of _ 1 « 1_ X
Y L+yAXE T X T xP+y?
of X
Answer: EVRan ¥
10 (4 marks)
6V~ 6 + ¥ 6hW|thV 1r’h
= 21'[rh6r + Hrzﬁh = 211(4)(12)(0.1) + (16)(—0.3)
= 2 =151 om?
Answer: 2% = 15,1 om?
11 (4 marks)

—2y 4and——x2—4aI(2,1)
z—4 4(x—2)+4(y—1)
=4x+4y — 8
Answer: z=4x + 4y — 8
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12 (4 marks)
dz _9zdx = odzdy

dt T oox dt gy dt M1
= (2x + 3y)(2) + 3x(2t) M1 Al
Substituting x = 2t, y = t% = (4t + 3t?)(2) + 12t*> = 18t* + 8t Al
Answer: 18t + 8t 4 marks
13 (4 marks)
Let F=x?+xy + 2—7Thenﬂ——E M1
- y+y ' & © F
Fr=2x+yandF =x+2y Al
dy _  2x+y
X - T x+ 2y Al
At (1, 2): —g Al
Ldy __X+y, 4
AnSNer.&——X_'_Zy,—g 4 marks
14 (6 marks)
ag _ 4m? ag _  8m’L
a_L‘?anda_T__? M1 A1
2 2
69~ 6L — L L6T M1
6g _ 6L 6T
35T 2= M1 A1
Maximum when the terms add in size: 1% + 2 x 0.5% = 2% Al
Answer: 2% 6 marks
15 (6 marks)
9z _ X 9z __y
(@ 2x e and 5 v M1 A1
3__ 4
At P 5 and 5 Al
Answer: % and % 3 marks
3 4
(b)z—5:§(x—3)+g(y—4) M1
52 —-25=3x—-—9+4y — 16,503x +4y — 52=0 Al
Normal vector 3i + 4j — 5k Al
Answer: 3x +4y — 5z2=0; 3i + 4j — 5k 3 marks
16 (6 marks)
of _ of ou = of ov _ 5
(a)&—m&+a—va—x—2uv><1+u Xy M1 AL
= 2(x + 2y)(xy) + (X + 2y)%y = y(x + 2y)(2x + X + 2y) M1 AL
Answer: Shown: g—)f( =y(x + 2y)(3x + 2y) 4 marks
(b)%=2uv><2+u2><x=4(x+2y)(xy)+(x+2y)2x M1
= X(x + 2y)(4y + x + 2y) = x(x + 2y)(x + 6y) Al
Answer: x(x + 2y)(x + 6y) 2 marks
17 (5 marks)
9z _ oz 0z oo 9 .
@ 35 = 5% cosG+ay sin©® =2xy cosO + x“sin O M1 AL
= 2r’sin O cos”0 + r’cos’0 sin O = 3r’sin O cos’0 Al
Answer: 3r%sin 0 cos’0 3 marks
(b) z=r3cos’0 sin O M1
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% = 3r%cos?0 sin O, which agrees Al
Answer: Agrees 2 marks
18 (5 marks)
=loeh -2 N _ 1.2
V = 3mr h, so e 31'[rh and o = 30T M1 Al
_ A OV Vv _
Atr—6,h—9.W—36nandm—12n Al
%—\t/ = 36m(0.5) + 1211(—0.4) M1
= %TH =41.5 cm® s7* (increasing) Al
Answer: 41.5 cm® st increasing 5 marks
19 (5 marks)
(a) Let F=x%+y® — 6xy: F, = 3x* — 6y and F, = 3y* — 6x M1 A1
dy _ Ko ey—3* _2y-—x°
&~TF T3 ooy M1 A1
: Ldy _2y=x
Answer: Shown: = = V= 2x 4 marks
6—9 _
(b) 9-6"_ -1 Al
Answer: =1 1 mark
20 (8 marks)
(@) f(2, b) = 2b®> — 8b = —6 M1
b?—4b+3=0 Al
b=1lorb=3 Al
Answer:b=1o0r b=3 3 marks
(b) f, =y? — 4xy and f, = 2xy — 2¢° M1 AL
At(2,1): Vf=—=7i —4j,s0—-7x —2) — 4y —1)=0,i.e 7x +4y =18 M1 Al
At (2, 3): Vf = —15i +4j,s0 —15(x — 2) + 4(y — 3) =0, i.e. 15x — 4y =18 Al
Answer: (2, 1): =7i — 4j, 7x + 4y = 18; (2, 3): —15i + 4}, 15x — 4y =18 5 marks
21 (7 marks)
dw _awdx  awdy | owdz
@ G =5xa t oy o T oz M1
:2xy><2t+(x2+z)><2+y><(-t12 M1 AL
= 29)(2)(20) + 20t + 1) — 2t x tiz M1
=gt 2t + 2 - 2 =0 AL
Answer: 10t* 5 marks
(b) w=142) + 2t x T =25 +2 M1
dw _ . 4
o 10t Al
Answer: 10t* 2 marks
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22 (8 marks)
__ 9u av
—:land—=l,80%=gu+gv
of
3y =1lan d—_—lﬂ)W:gu_gv
Answer: Shown: — =g, + ¢, and g—; =0u— 09
(b) (gu + gv)2 - (gu - gv)2

= 49,9y
Answer: Shown: ( )2 (ay)2_4gu y

(@f:u+yfu—yx5;:ax+wu—-)+u+yf:6+9:ﬁ
= ax+y)(x —y) = (X +)?=6— 9= =3, 50 (5)? — (5)° =225 — 9=216

Atu=3,v=1:9,=2uv=6,g, = u?> =9, s0 49,9, = 216
Answer: Both sides equal 216

23 (9 marks)
A x gty
(@ x 2 Ty and ay X2 + 2
. y
Answer : ,
\/Xz + y2 \/Xz + y2
(b) (3, 4) =5 of 3 of _ 14

"9x " 59y ~ 5
~ 2(002) + 5(-002)
= —0.004, so the estimate is 4.996
Answer: 4,996
(c) 4.99608

Error = 4.99608 — 4.996 = 0.000078; percentage 0.0016%
Answer: 4.99608; 0.0016%

24 (8 marks)
(a) The student has not applied the chain rule: the derivative of sin(xy) with respect to x isy

cos(xy)
0z _
% = 2Xy +y cos(xy)
Answer: 2xy +y cos(xy)
0Z _ 5
(b) e X“ + X COoS(Xy)
Answer: X% + X cos(xy)
(¢)z(1,0)=0 ,& =2(1)(0) +0xcos0= 0and—-1+1><cosO 2
z=2y
Answer: z =2y

25 (7 marks)
@2 = oo, ot av
aX ~ 9uax | 9V ox
= 4x(x* — y?) + dy(2xy)
= 4x3 + 4xy? = Ax(x% + y?)
Answer: 4x(x? + y?)
(b) U? + V2 = x* — 2x%y? + y* + Ax%y? = (X% + y?)?

gizaﬁ+y6@m:4mx+y%

= 2u(2x) + 2v(2y)
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Answer: Shown: u? + vZ = (x? + y?)?
26 (6 marks)
_NRT . _NnRT __ PV
@P=5- V=5 TR
. o_DNRT . _nRT __PV

Answer: P= =~V =—-T=1%

by 2P _IRT 9V _ R T _ V.

0) 5v = vZ'aoT ~ P’'9P MR

Answer: —TRT TRV

nswer: ——5- B R

_ nRT _nPR _ V _ nRT

(C)PrOdUCt‘_Wx?xﬁ——W

Since PV = nRT thisis —1

, _9PaVaT _

Answer: Shown: 9V oT 9P — 1
27 (11 marks)

9T X ay X Y _g
(a) or =2 Y4y, with ar =cos 6 and ar =sin0
B2 ax Ly L ay _
50 = 239 T Zyag With 55 = rsmeandae—rcose
Answer: Shown: % =2,00s0 + z,sin O and g—é =-rz,sn 0 +rz,cos0

(b) Square and add: (22)? + r—lz(g—ez))2

= (z,c0s 0 + z,5in ) + (—z,sin O + z,cos B)*

= z,%(cos’® + sin’0) + z,%(sin0 + cos’0) + 2z,z,(sin O cos O — sin O cos O)
=72 +22

Answer: Shown: (z,)* + (z,)* = (a—f)2 + r%(g—f,)z

(0 Atx=0,y=2z,=2x=0andz,=2,s0LHS=4

z=r2cosze+2rsin6:%=2rc0526+25in9=2andg—g=—2r2cosesin6+2rcose=0atr

_ _ o

=2,0= >

RHS = 4 + 0 = 4, which agrees
Answer: Both equal 4

28 (11 marks)
(a) f(tx, ty) = t3%3 + 3t3xy? = t3f(x, y)
f, = 3x* + 3y” and f, = bxy
xf, +yf, = 3x* + 3xy” + 6xy? = 3(x* + 3xy?) = 3f
Answer: Shown: f(x, y) = x + 3xy” is homogeneous of degree 3 and that xf, + yf, = 3f

(b) Left side: by the chain rule, %f(tx, ty) = xf,(tx, ty) + yf,(tx, ty)

Right side: St"(x, y)] = nt™f(x, y)

Putt = 1: xf, + yf, = nf

Answer: Proved: for any differentiable homogeneous function of degreen, xf, + yf, = nf
(c) 29, + 9, = 3g at (2, 1)

20, +4=15500, = 5
1
AnSNer.7
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29 (11 marks)
aR _ RZ(Rl +R;)) — RiR;

(a) Quotient rule: =5 R+ Ry M1 A1
R,? b o aR R,
T RorRy Y YTV GR, T R R A
R RS
Answer: R, R+ R’ 3 marks
(b) R= 1o =20
£_3600_£ g IR _ 900 _1
9R, 8100 9¥M3R, T8I0~ 9 ML AL
Maximum 6R =~ 5(05) + 5(1) = = M1 AL
Percentage error = 3 xlzo x 100 =1.7% Al
Answer: R = 20, error = % (1.7%) 5 marks
k? _k
( ) R= KT E B1
R _ kK* _1 1
a—&—m—z,soGR~ZﬁRl M1 E1l
Answer: R = %; theerror in R isaquarter of theerror in oneresistor 3 marks
30 (11 marks)
(@ Slzz:xyhas%:yzlandg—;:x:l,soz— l=x—1+(y—-1),x+y—2z=1 M1 A1
S, F=x?+y?+ 7> — 3hasgradient (2x, 2y, 22) = (2,2,2) at P, sox +y +z=3 M1 AL
Answer: x+y—z=1;,x+y+z=3 4 marks
(b) Normals (1, 1, 1) and (1, 1, 1) M1
cosf=Rt1-1 M1 AL
SRE s
0=705° Al
Answer: 70.5° 4 marks
(c) Adding the equations: 2(x +y) =4,sox+y=2andz=1 M1 Al
r=i+j+k+2Ad —j) Al
Answer:r =(1,1,1) +2A(1, =1, 0) 3 marks
Second Partial Derivatives
1 (3 marks)
f, = 3x%?and f, = 2x% M1
f = 6xy? and f,, = 2x° Al
fy = 6x% Al
Answer: f,, = 6xy?, f,, = 2, f,, = 6x% 3 marks
2 (2 marks)
PZ _ g g
o 9e™ siny B1
%z _
PV e*sny B1
Answer: 9¢* siny, —e*siny 2 marks
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3 (3 marks)
fy=2x+3ysof,, =3 M1 Al
f, =3x + 2y sof,, = 3; they are equal Al
Answer: f,, =f, =3 3 marks
4 (3 marks)
_1 _1
0=y and g, = v M1
__1r 0 __1 AL
gxx - XZ’ gyy - y2
gxy = Al
Answer: —iz, —iz,O 3 marks
X'y
5 (2 marks)
f = 12x% M1
At (1, 2): 24 Al
Answer: 24 2 marks
6 (3 marks)
a—22-—4sin(2x+3) B1
ol Y
0%z .
Tay:—6sm(2x+3y) B1
0%z .
FYa = —9sin(2x + 3y) B1
Answer: —4 sin(2x + 3y), —6 sin(2x + 3y), —9 sin(2x + 3y) 3 marks
7 (4 marks)
f,=2xe’ and f, = x%e” + 3y? M1 AL
fix = 2€7, f,, = 2x&’ Al
f,y = X% + 6y Al
Answer: 2¢¥, 2xe’, x%’ + 6y 4 marks
8 (4 marks)
fy=ye¥ and f, = xe¥ M1
fo = y€¥ and f,, = x%€¥ Al
fy = €Y +xye?¥ = (1 +xy)e” M1 A1
Answer: y%e¥, (1 + xy)e¥, x%e? 4 marks
9 (4 marks)
1 X
fxzyar]dfy:—F M1
fx=0 Al
1
fy = ~V Al
foy = L Al
yy y3
Answer: O, —iz, 2—); 4 marks
y -y
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10 (4 marks)
f, = 3x? — 3y? sof,, = 6x
f, = —6xy, so f,, = —6x
fix +fy =6x —6x=0

2 2

Answer: Shown: f(x, y) = x3 — 3xy? satisfies L aplace's equation g—xfz + g—yz =
11 (5 marks)

az _ 2

0’z _ 20X°+y%) —4ax® _ 2(y* =X

aXZ - (X2 +y2)2 - (X2+y2)2

0%z _ 2(x* —y?
By Wmme{ry ayZ - (X2 +y2)2
ThesumisO

Answer: Shown: z,, +2z,, =0

12 (4 marks)
fo=2xy> fo = 2y°, s0f,,, = 6y”
fy = 6xy?, 0 f,y, = 6y?
They are equa
Answer: 6y?in both cases

13 (3 marks)
fix = 2and fy, = 2k
2+2k=0,s0k=-1
Answer: k = =1

14 (5 marks)

u, = 2 cos 2x cos 6t, u,, = —4 sin 2x cos 6t

U, = —6 sin 2x sin 6t, u; = —36 sin 2x cos 6t

U; = 9 x (—4 sin 2x cos 6t) = 9u,,

_ . - . 9% _ 9%

Answer: Shown: u = sin 2x cos 6t satisfies the wave equation o2 QW
15 (5 marks)

u, = Aet'cos 3x

u, = —3e’'sin 3x, u,, = —9e'cos 3x

A=2(-9

A=-18

Answer: A = =18

16 (5 marks)
f, =3x* — 3y and f, = 3y* — 3x
fix = 6x, f,, =6y, f,, =—3
At (1,1):36 — 9=27
At(0,0:0—9=-9

Answer: f,, = 6x, f

v lyy = 6y; ny = _3, 27 and _9
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17 (5 marks)
fy =y cos(xy) and f, = x cos(xy) M1
fx = —y? sin(xy) and f,, = —x? sin(xy) Al
fyy = cos(xy) — Xy sin(xy) M1 Al
fyx = cos(xy) — xy sin(xy), equal to f,, Al
Answer: —y?sin(xy), —x?sin(xy), cos(xy) — xy sin(xy) (both) 5 marks
18 (7 marks)
Letp?=x%+y?+ 272 Thenu, = —xp~° M1 A1
Uy, =—p >+ 3x%p~° M1 AL
Similarly u,, = —p~>+3y*p ™ and u,, = —p~> +3z°p ° Al
Sum=—-3p"3+3p%p°=0 M1 A1l
Answer: Shown: u satisfies the three-dimensional L aplace equation u,, + Uy, + U, =0 7 marks
19 (5 marks)
z, = 2x cos(x? + y?) M1
2
% = 2cos(x? + y?) — 4x%sin(x? + y?) M1 AL
2
By symmetry g—yﬁ = 2c08(x? + y?) — 4y?sin(x? + y?) Al
Adding gives the result Al
Answer: 2cos(x? + y?) — 4x?sin(x? + y?); 2cos(x? + y?) — 4dy?sin(x® + y?) 5 marks
20 (5 marks)
Integrate with respect to x: f = x?y + 3xy? + g(y) M1 AL
f(0,y) =g(y) =y’ M1
f=x% + 3xy? +y? Al
f,=2xy + 3y’ sof,, = 2x + 6y Al
Answer: f = x?%y + 3xy? +y? 5 marks
21 (8 marks)
(@) u, = F(x + ct) + G'(x — ct) by the chain rule M1
2
% =F'(x +ct) + G"(x — ct) Al
2
U, = cF'(x + ct) — cG'(x — ct), so % = c2F"(x + ct) + c®G"(x — ct) M1 AL
A T — "
Answer: a2 - C [F"(x +ct) + G"(x = ct)] 4 marks
.9t _ 0%
(b) Comparing: el c v Al
. ] L . 9% _ ,90%U
Answer: Shown: u satisfies the wave equation o c o 1 mark
Qu=(x+2t)2+e~2 B1
U, =2+e~%=3a(0,0) M1
U, =8+4e*~%=12at(0,0) =4 x 3=c?u,, Al
Answer: u, = 12 = 4u,, 3 marks
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22 (9 marks)
or a _ x
€)) 2ra =2X, S0 woT
A _r=x(x _rr=x*_y?
Y
. aur _y
S|m|IarIy a— =T
Oy oy
Answer: peiaiec il v
(b) u, = ()7
2
v+ 10 x %
2
Answer: Shown: ‘; U Ff"(r) 0
(c) — = y_2 + Ff' by symmetry; adding gives " + %f'

Laplace: "+ T =0,s0(rf)=0,rf'=A

f=Alnr+B
Answer: f(r)=Alnr +B

23 (8 marks)
(@) f, = 4x> — 6xy?, f, = —6x%y + 4y°
fx = 12¢% — 6y? f,, = —12xy, f,, = —6x* + 12y°
Answer: 12x? — 6y?, —12xy, 12y* — 6x?
(b) x?f,, = 12x* — 6x%y?
2xyf,, = —24x%y?, yf,, = —6x%y? + 12y*
Total: 12x* — 36x%y? + 12y* = 12f
Answer: Shown: x*f, + 2xyf,, +y*,, = 12f
(c) Homogeneous of degree 4: xf, + yf, = 4(x* — 3x%y* +y*) = 4f
Answer: 4f

24 (7 marks)
(a) The student differentiated € but not the factor (1 + xy), which also depends on y
fy = xe¥ + (L +xy) x xe?
= (2x + x?y)e”
Answer: f,, = (2x + xy)e¥
(b) f, = x*e¥
fix = 2x€¥ + x% x ye¥ = (2x + x°y)e”, equal to f,,
Answer: Equal

25 (8 marks)
22 e dy o R 2x
(@ F=x“+y 25.dx— F™ "y
dy _ X
Answer: Shown: ™=y
dy
2 y — X=
O) G =
dx y
__y+X2__y2+X2
ooy Y
_ 25
Y
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2
Answer: Shown: d—{ = —2—2 4 marks
dx y
(© —?—Gi Al
Negative: the curve is concave downwards there B1
25
Answer : — &4 concave down 2 marks
26 (7 marks)
(a) fy = €'cosy, f, = —€"siny M1
At (0, 0): 1, O; fxX =1f,=0f,=-1 Al
f=1+h+ (0~ K) AL
Answer: Shown: f(h, k) = 1+ h + 3(h? = k?) 3 marks
(b) Estimate: 1 + 0.1 + %(0.01 — 0.04) =1.085 M1 A1
Exact: €*'cos 0.2 = 1.08314 Al
The estimate differs by 0.0019 Al
Answer: Estimate 1.085; exact 1.08314 4 marks
27 (12 marks)
(8) £,(0, y) = limash — 0 of {0V =10V M1
f(h,y) = Ly) and f(0, y) = 0 AL
fhy) _ y(h* - y I A
h 7 ry? y2 = -y M1 Al
Answer: Shown: f,(0,y) ==y fory # 0 4 marks
f(x k) _ x(x2 - k3
(b) 11 —-xask—-0 M1 A1
AnSNer. Shown: f(x, 0) =x for x # 0 2 marks
d d
(©) 1(0,0) = [0, )] = g (=y) = -1 ML AL
d
fyx(0, 0) = &[fy(x, 0]=1 M1 Al
Answer: —1and 1 4 marks
(d) The mixed derivatives are not equal, so continuity of the second derivatives at (0, 0) is needed E1E1
for f,, = f,, to hold
Answer: Mixed derivatives differ 2 marks
28 (11 marks)
(@) u, —uggi +ung—QW|th 35 = 32 =1 M1 Al
= Ug(—C) + uy(c) Al
Answer: Shown: u, = ug + u, and u, = c(u, — Ug) 3 marks
2
(b) Apply the same operator agam a = (9g + 9,)(Ug + Up) = Ugg + 2Ug, + Uy M1 Al
GRY
=g = C(0n = 9g) of c(uy — ug) = cz(urm — 2Ug, + Ugg) M1 AL
A shown: &Y 2 g 2u_ 2
nswer: Shown: —°7 = Ugg + 2Ugy + Upy @n a2 - C (Ugg = 2Ugy + Uyy) 4 marks
82u 262U _ 2 _ _
(c F—cﬁ——%ugn—o,sougn—o M1 A1l
Integrate with respect to n: uz = p(€); integrate again: u = P(€) + G(1) M1
u=F(x + ct) + G(x — ct) for arbitrary twice differentiable F and G Al
Answer: u =F(x +ct) + G(x — ct) 4 marks
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29 (11 marks)
sn O
(@) u,=cosB u, — ——ug
d _ sin© sin©
or(Uy) =cosO u, — ——uy + —z Yo M1 A1
d . cos 0 sin©
3 (W) = —sin O u, +cosO uy — —Ug — Ugg M1
0°u snb 9
i cosear (u) — 39 (uy); collecting terms gives the result M1 A1l
Answer: Shown: u,, asgiven, in termsof u,,, U,g, Ug, U,, Ugg 5 marks
(b) Add the two expressions M1
rr(00529 +§in%0) = urr; the ure and ug terms cancel M1
(SI n°0 + cos’0) = — and (S| n%0 + cos’0) = r— Al
9°u azu 1 1
Answer: Shown: W + a—yz = U, t ?u, + Fuee 3 marks
(©) u,, = n(n — 1)r"?cos nB, u,/r = Nr™2cos N, uge/r*> = —nr™2cos nO M1 AL
Sum=(n>—n+n—n?)r"2cosnd =0 Al
Answer: u =r"cos n@ works 3 marks

30 (12 marks)
y. 0w y da_w _1

(a) Chain rule withw = e vl it 3y - X M1 Al
Hence the results Al
Answer: Shown: z, = —lf'(x) and z, = 1f'(z) 3 marks
’ T X x2 ‘X Y x ‘X

(b) 2, = ny ¥ —f" M1 AL
Z, = —izf‘ - laf" M1 A1

1 n
z,, = Ff Al

1 2 . 1 1 . 1 "

Answer: z,, = %f + y—4f s Zyy = _Ff - %f ) Zyy = Ff 5 marks
(€) X%z, = ny + y —f" M1
2Xyz,, = —%f‘ - Qf" Al

2
y’z,, = %f" Al
Adding: 0 Al
Answer: Shown: X%z, + 2xyz,, +y®z,, =0 4 marks

Stationary Points of Functions of Two Variables

1 (2 marks)
Each squareis at least 0, and bothareOwhenx =2,y = —1 M1
Minimum at (2, —1, 3) Al
Answer: Minimum at (2, =1, 3) 2 marks

2 (3 marks)
fy=2x—4=0andf, =2y +6=0,50(2, —3) M1 Al
fix =2, fy=2,f,=0,s0D=4>0andf,, >0: minimum Al
Answer: Minimum at (2, =3),f = =13 3 marks
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3 (2 marks)
fy = —2xand f, = —4y, both zero at the origin M1
fox=—2,f,=-4,1,=0,s0D=8>0andf,, <0 maximum, z=9 Al
Answer: Shown: the surface z =9 — x? — 2y? hasa maximum at (0, 0, 9) 2 marks
4 (2 marks)
fy =y and f, = x are both zero a (0, 0) M1
fix =fy =0,f,, =1,s0D =—-1<0: asaddle point Al
Answer: Saddle point at (0O, O, 0) 2 marks
5 (2 marks)
D=2x3-1=5>0 M1
f > 0, SO @aminimum Al
Answer: Minimum 2 marks
6 (2 marks)
D=4x1-2?=0 M1
When D = 0 the test gives no information about the nature of the point El
Answer: D=0 2 marks
7 (5 marks)
fy=2x+y—-6=0andf,=x+2y=0 M1 Al
X=—2y,50 —4y+y=6,y=—-2,x=4 Al
fox =21, =21,=1D=3>0,f, >0, soaminimum M1
f4,—2)=16—-8+4—24=-12 Al
Answer: Minimum at (4, =2),f= =12 5 marks
8 (5 marks)
f,=3x?—12=0,f, =2y =0, 0 (2, 0) and (-2, 0) M1 A1
fx = 6x, fy, =2, f,, =0,s0D = 12x M1
(2,0:D=24>0andf,, =12 >0, aminimum (f = —16) Al
(=2,0): D=-24<0, asaddle point (f = 16) Al
Answer: (2, 0, —16) minimum; (=2, 0, 16) saddle 5 marks
9 (6 marks)
z, =4y —6x+2=0andz,=4x — 2y +4=0 M1 A1l
Fromthesecond, y = 2x + 2; then8x + 8 — 6x +2=0,s0x = =5,y = —8 M1 A1l
Z = =6,2,y = =2,2,, = 4,0 242, — (2,)° =12 — 16 = —4<0 M1
A saddle point, with z = —21 Al
Answer: Saddle point at (=5, —8),z=—-21 6 marks
10 (4 marks)
fy=2x—-2=0andf,=-2y+4=0,50(1,2) M1 Al
fXX:Z,fW:—2,ny:0,soD:—4<0 M1
A saddle point at (1, 2, 3) Al
Answer: Saddle point at (1, 2, 3) 4 marks
11 (4 marks)
fy=4y —2x=0andf,=4x — 2y =0 M1
x=2yandy=2Xx,s0x=y =0 Al
fx=—2,fy=-21f,=4D=4-16=-12<0 M1
A saddle point at the origin Al
Answer: Saddle point at (0O, O, 0) 4 marks
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12 (4 marks)
fy =2x + ky and f, = kx + 2y both vanish at the origin B1
fo=2f,=2f,=ksoD=4-k M1
Minimum needs D > 0: k* < 4 M1
—2<k<?2 Al
Answer: —2<k <2 4 marks
13 (4 marks)
(@P=18—-2x—y=0andP, =12 -2y —x=0 M1
XxX=8y=2 Al
Answer: x=8,y=2 2 marks
(b) Py =—2,P, =—2,P,, = —1,D=3>0, P, < 0: maximum M1
P=144+24 — 64 — 4 — 16 = 84, ie £84 000 Al
Answer: £84 000 2 marks
14 (7 marks)
f,=3x* — 3=0givesx = +1; f, = 3y’ — 12=0givesy = +2 M1 AL
Four stationary points: (£1, £2) Al
fix = 6x, f,, = 6y, f,, =0, so D = 36xy M1
(1,2):D>0,f, >0, mnimum,z=—18 Al
(-1, —2): D>0,f,, <0, maximum, z = 18 Al
(1, —2) and (—1, 2): D <0, saddle points, z=14 and z= —14 Al
Answer: (1, 2, —18) min; (=1, =2, 18) max; (1, =2, 14), (=1, 2, —14) saddles 7 marks
15 (6 marks)
8 8
fX=y—?=0andfy=x—F=0 M1 Al
_ 8 X o _ _
y—?,sox—g—o,x =8, x=2,y=2 M1 Al
16
fXX=F=2,fyy=2,ny=1 M1
D =3>0andf, >0: aminimum, with f = 12 Al
Answer: Minimum at (2, 2), f = 12 6 marks
16 (5 marks)
fy=cosxsiny=0andf,=sinx cosy =0; sinx, siny # 0intherange M1
cosx=cosy=0,sox=y=% Al
fx =—sinxsiny=-1,f, =—-1,f,, =cosxcosy =0 M1 Al
D=1>0andf,, <0: maximum, f =1 Al
Answer: Maximum at (%, %), f=1 5 marks
17 (6 marks)
= - 1 = 2 - 1 = i imi = i
f, = 2x - 0, so x 5 X \/E,smllarlyy \/5 M1 Al
1
fXX:2+?:4,fW:4,fxy:0 M1 A1
D = 16 > 0 and f,, > 0: minimum Al
11 1
f—§+§—ln§—1+ln2 Al
Answer: Minimum at (%,%),leﬂnZ 6 marks
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18 (7 marks)
f,=3x* —3ay=0andf, =3y’ — 3ax =0 M1
2
y= % gives x* = a®x, so x = 0 or x = & points (0, 0) and (a, ) M1 Al
fix = 6x, f,, =6y, f,, = —3a M1
(0,0): D= —9a? < 0, saddle Al
(a, a): D = 36a° — 9a° = 27a> > 0, f,, = 6a> 0: minimum, f = —a° A1A1
Answer: (0, 0) saddle; (a, @) minimum with f = —a3 7 marks
19 (5 marks)
(@) f, = 4x° and f, = 4y° are zero at the origin B1
fo = 12X, f,, = 12y? f,, = 0, al zero at the origin, so D = 0 M1 Al
Answer: D=0 3 marks
(b) x* + y* = O for al x, y, with equality only at (0, 0) M1 Al
Answer: f = 0=1(0, 0) 2 marks
20 (5 marks)
f=(x—y)2+2y?—4y+5 M1 AL
=(x—y)?+2(y —1)°+3 M1 AL
Both squares are at least 0, so f = 3, with equality whenx =y =1 Al
Answer: Minimum value 3 at (1, 1) 5 marks
21 (9 marks)
f,=3x*+3y*—15=0andf,=6xy — 12=0 M1 AL
x?+y?=5andxy=2,s0(x+y)’=9and (x — y)*=1 M1
Points (2, 1), (1, 2), (=1, —=2), (=2, —1) A1 A1
f = 6X, f,, = 6X, f,, = 6y, S0 D = 36(x* — y?) M1
(2,1):D>0,f, >0, mnimum, z=—28; (—2, —1): D >0, f,, <0, maximum, z = 28 A1 AL
(1, 2), (-1, —2): D <0, saddle points, z= —26 and z = 26 Al
Answer: (2, 1, —28) min; (=2, —1, 28) max; (1, 2, —26), (—1, —2, 26) saddles 9 marks
22 (8 marks)
@ f, = (1 — 2x)e® ") and f, = —2xye * *¥) M1 AL
f,=0givesx=00ry=0; x:Ogivast:e‘y2 # 0, soy:Oandx:i% M1 AL
Answer: Shown: the only stationary points are at (t%, 0) 4 marks
(b) o = (4% — 6x)e™ *Y) f, = 2x(2y? — 1)e™ ™ ™Y, f, =0ay=0 M1
Atx = %: fox = —2f26772<0,f,, = —y2e7"? and D = 4e™* > 0: amaximum, f = %e‘”z AL AL
__ 1. R __1
=——=:f_ > = >0 = —=
At x 2 f.x >0and D =4e 0: aminimum, f ﬁe Al
. L o) minat (L
Answer: Max at (\/5’0)’ min at(\/i,O) 4 marks
23 (6 marks)
(@) f,=2x=0andf,=3y*=0, 50 (0, 0) M1 AL
fx=2f,=6y=0,f,,=0,s0D=0 Al
Answer: Shown: the origin isthe only stationary point and that D = 0 there 3 marks
(b) Onx =0, f = y3, which is positive for y > 0 and negative for y < 0 M1 A1
So f takes values above and below (0, 0) = 0 near the origin: neither Al
Answer: Neither 3 marks
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24 (8 marks)
(@) The nature cannot be decided from f,, alone: D = f,,f,, — (ny)2 and the sign of f,, are needed M1 E1
Answer: Need the full second derivative test 2 marks
(b) fux = 6x, fy, =2,f,, =0,s0D = 12x M1
(1,0: D =12>0,f,, =6 >0: minimum Al
(=1, 0): D = —12 < 0: saddle point Al
Answer: (1, 0) min; (=1, 0) saddle 3 marks
(©Ony=0,f=x3—3xwithf'=6x=—6<0atx=—1: aloca maximum M1 AL
But dong x = —1, f =2+ y? hasaminimum at y = 0, so the point is a saddle El
Answer: Saddle 3 marks
25 (7 marks)
(@) f,=3x*—3=0andf, = -2y =0, s0(1,0) and (-1, 0) M1 AL
fx = 6%, fy, = =2, f,, =0,D = —12x M1
(-1,0:D=12>0,f,, <0: maximum, z=2 Al
(1,0: D=-12<0: saddle, z= -2 Al
Answer: (=1, 0, 2) maximum; (1, 0, —2) saddle 5 marks
(b) Near a maximum: small closed loops around the point E1l
Near a saddle: contours of lower and higher values forming a cross shape (X) through the point El
Answer: Closed loops; crossing pattern 2 marks
26 (7 marks)
@f,=2x+ay—5=0a(2,1):4+a—-5=0,a=1 M1 Al
fy=ax+2by —4=0at(2,1):2+2b—-4=0,b=1 M1 Al
Answer:a=1,b=1 4 marks
(b) fo=2,f,=2f,=1,D=3>0,f;>0 M1
f2,1)=4+2+1—-10—-4=-7 A1AlL
Answer: Minimum, f = =7 3 marks
27 (12 marks)
(@) fy = 2ax + 2hy and f, = 2hx + 2by, both zero at the origin B1
fix =2a f,, =2b,f,, =2h M1
D = 4ab — 4h? = 4(ab — h?) Al
Answer: Shown: the origin is a stationary point and that f,,f,, — (ny)2 = 4(ab — h?) 3 marks
(b) f = ax + 2'xy) + by? M1
— h 2 h2 2 b 2
=g (x+3y) _EV]J’ Y M1 A1
_Rh2
=a(x+ %B/)z + %W Al
_h2
Answer: Shown: f(x,y) = a(x + %y)2 4 B 2 h y? 4 marks
(c) If a> 0 and ab > h?, both coefficients are positive, so f = 0 with equality only wheny = 0 and M1 A1
x = 0: aminimum
Conversdly, if the origin isaminimum then f = 0 everywhere; takingy = 0 givesa= 0soa>0 M1
_Rn2
Taking x = —gy gives & 2 h y?=0,s0ab = h% if ab=h? f = 0adong that line so it is not a E1E1
strict minimum; hence ab > h?
Answer: Proved: the origin isa minimum if and only if a> 0 and ab > h? 5 marks
28 (12 marks)
(@) fy=cosx +cos(x +y) =0andf, =cosy + cos(x +y) =0 M1 A1
S0 cos X = cosy; cosine is one-to-one on (0, 11), SOX =y M1 Al
Answer: Shown: cosX = cosy = —Cos(X +y), SOX =y 4 marks
(b) cos x + cos 2x = 0, s0 2c0s’X + cosX — 1 =0 M1
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(2cosx — 1)(cosx + 1) = 0; cosx = —1 in the range, SO COS X = % X = % M1 Al
Answer: (%, %) 3 marks
(©)f,=—sinx —sin(x +y) = —@ - 3@ = —3,f,, = —{3,f,, = —sin(x +y) = —@ M1 AL
D:B—%:%>Oandfxx<0:amaximum M1 A1
f= % Al
Answer: Maximum %E 5 marks
29 (11 marks)
(@) f, = 4x(x* +y* — 1) and f, = 4y(x* + y* + 1) M1 AL
f, =0 givesy = O (the bracket is positive); then 4x(x? — 1) = 0givesx = 0, 1 M1 A1
fo = 4(3X% +y? — 1), f,, = 4(x* + 3y* + 1), f,, = 8xy
(0,0): D=(—4)(4) =—16<0, saddle Al
(1, 0): f,,=8,f,, =8 D=64>0: minima, f = — A1 A1
Answer: (0, 0, 0) saddle; (x1, 0, —1) minima 7 marks
(b) Expand: x* + 2x%y? + y* — 2x? — 2y? + 1 + 4y? M1
(P+y? —1)2+4y? = (X°+y?)? —2x2 — 2y?+ 1+ 4y’ =f+1 Al
Answer: Shown: f(x,y) + 1= (x? + y? — 1)? + 4y? 2 marks
(o) f +lisasum of squares, sof = —1 M1 A1
Equality needsy = 0 and x* = 1: at (+1, 0)
Answer: f = —1, attained at (x1, 0) 2 marks
30 (10 marks)
(@fy=2x+y—-3=0,f, =2y +x+2z=0,f,=4z+y=0 M1 Al
y = —4z; then x = 7z from the second equation, and 14z — 4z =3 M1
_ 3 6 21
z=45: Y= X= 15 Al
Answer: (10, g 130) 4 marks
2 1 2 10
(b) Minors: 2, =3and |1 2 1|=28—-1)—-14)=10 M1 A1A1L
1 2
0 1 4
All positive, so H is positive definite and the point is a minimum El
Answer: Minimum 4 marks
TSN I R B
©f=10+5+*56 "5~ 10 M1
63
= 2—0 Al
Answer : —% 2 marks
Multivariable Optimisation
1 (3 marks)
P=x(10 - X) = 10x = X% & =10 — 2= 0,50x = 5 M1 AL
Maximum product = 25 Al
Answer: 25 (when x =y =5) 3 marks
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2 (3 marks)

L=xy —A(x+y—10:y=Aandx=A M1 A1

Sox=yandx+y=10givesx=y=5 Al

Answer: (5, 5) 3 marks
3 (3 marks)

x?h = 500, 50 h = 22 M1

A = 262 + 4xh = 2x2 + 220 M1 AL

, N ., 2000

Answer: Shown: itssurfaceareais A = 2x° + —~ 3 marks
4 (3 marks)

S oa-1+2a-2+2a-4=6a-14 M1 A1

a:%,and S'=6> 0 sothisisaminimum Al

Answer: a:% 3 marks
5 (3 marks)

D=x%+(2x +5)?=5x>+ 20x + 25 M1

3—3:10x+20:0,sox:—2,y:1 M1 Al

Answer: (=2, 1) 3 marks
6 (2 marks)

f has no stationary point, so extremes are on the boundary, at the corners M1

Greatest 2 at (1, 1); least O at (0, 0) Al

Answer: Greatest 2 at (1, 1); least 0 at (0, 0) 2 marks
7 (5 marks)

h=3—§,A=x2+4xh=x2+1—28 M1 A1

X X
3—ﬁ:2x—1—2520,sox3:64,x:4,h:2 M1 A1
X
2

(37'2=2+%>O,aminimum,A=16+32=48m2 Al

Answer: 4 m by 4 m by 2m; 48 m? 5 marks
8 (6 marks)

Minimisef = x? + y? subject tog=xy — 8=0 B1

2x = Ay and 2y = Ax M1 A1

So 2x% = Axy = 2y?, giving x =y M1

x? = 8, so the point is (22, 2/2) AL

Distance=y8+8 =4 Al

Answer: (22, 2/2); distance 4 6 marks
9 (4 marks)

L=x?+y?>— A(x+2y — 10): 2x = A, 2y = 2\ M1 AL

y=2X,505x=10,x =2,y =4 M1

Minimum value 4 + 16 = 20 (the squared distance from the origin to the line) Al

Answer: 20 at (2, 4) 4 marks
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10 (4 marks)

S=(2—-m)?+(3—2m)* + (7 — 3m)? M1

8 - 22— m) - 4@ - 2m) — 67 — 3m) = 28m — 58 M1 A1

29
m= 1a Al
A .29
nswer: m = 14 4 marks

11 (4 marks)

f=(xx— 1%+ (y — 2?2 — 5, least when (x, y) = (1, 2), which liesinside: —5 M1 Al

The greatest value is at the corner furthest from (1, 2): (3, 0) M1

(3, 0) = 3 (the other corners give 0, —3, 0) Al

Answer: Least =5 at (1, 2); greatest 3 at (3, 0) 4 marks
12 (4 marks)

L=xy?—Ax+y—9):y?=Aand2xy = A M1 AL

y?=2xy,s0y =2x (y > 0) M1

3x=9,x=3,y=6,f =108 Al

Answer: 108 at (3, 6) 4 marks
13 (4 marks)

Minimisex? +y2+z% 2x = A, 2y = 2\, 2z =2\ M1 A1

Yy=z2=2X,0X+4x+4x=9,x=1 M1

Point (1, 2, 2), distancey1+4+4 =3 Al

Answer: (1, 2, 2); distance 3 4 marks
14 (7 marks)

1000

(a) h= X_y M1

S=2xy+2(x+y)h=2xy+$+2?(Oo M1 Al

Answer: Shown: thetotal surfaceareaisS=2xy + @ + @ 3 marks

2000 2000

(b) S, =2y — v =0and S, =2x — ¥ =0 M1

x%y = 1000 = xy?, so x =y and x® = 1000: x =y = 10

So= 220 =45,=4,5,=20=12>0,5, >0 minimum AL

Smin = 200 + 200 + 200 = 600 cm?; the box is a cube Al

Answer: 10 cm cube; 600 cm? 4 marks
15 (8 marks)

(a.) Sa= _sziz(yi - axi2 - b) = O and Sb = _ZZ(yI - aXi2 - b) = 0 M1

x> =6, Tx;* = 18, Zx,%; = 60, Zy, = 22 M1A1

So 18a+ 6b = 60 and 6a + 4b = 22 Al

Answer: Shown: 18a + 6b = 60 and 6a + 4b = 22 4 marks

(b)3a+b=10and3a+2b=11,sob=1anda=3 M1 A1

Sa=36,S,,=8,S,=12 M1

S.Sy — S’ = 144> 0and S, > 0, S0 aminimum Al

Answer:a=3,b=1 4 marks
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16 (6 marks)
L=xyz— AXx+y+z—12):yz=xz=Xy=A M1 A1
Positive values. x =y = z M1 A1l
X =Yy =z =4, product 64 Al
The product tends to 0 as any variable tends to 0, so the only stationary value is the maximum El
Answer: 64 at (4, 4, 4) 6 marks
17 (7 marks)
(@) S, = —22x(y; — mx; — ¢) = 0, SO MIx? + CZX = Xy M1
Yx?=14,3x=6,Xxy =35 Xy =16,n=4 Al
14m + 6¢ = 35 and, from S, = 0, 6m + 4c = 16 Al
Answer: Shown: the conditions S,, = 0 and S, = 0 give 14m + 6¢ = 35 and 6m + 4c = 16 3 marks
(b)m:%,c:ll0 M1 Al
Sim=28,S,.=8,S,.=12(all halved), D =224 — 144=80>0and S, > 0 M1 A1
Answer: m=22,¢c=0.7 4 marks
18 (7 marks)
fy=2x—y=0andf, =2y —x — 3=0give(l, 2), inside the rectangle, f = —3 M1 Al
D =3>0andf, >0: aminimum, so least value —3 Al
Corners: f(0, 0) =0, f(2,0) =4,f(0,3)=0,f(2,3) = -2 M1 A1
On the edges the extremes are at the corners or at —2.25 (for examplex =0, y = %); none exceeds M1
4
Greatest value 4 at (2, 0) Al
Answer: Greatest 4 at (2, 0); least =3 at (1, 2) 7 marks
19 (6 marks)
Minimise S = 2mr? + 2mrh subject to rr’h = 500 B1
L =S — A(rr*h — 500): 4mir + 2mh = 2nrhA and 2mr = mmr?A M1 Al
A= %,so4nr+2nh:4nh, giving h=2r M1 A1
rd= % r = 4.30, S = 6mr? = 349 cm? Al
Answer: h = 2r; 349 cm? 6 marks
20 (5 marks)
L=x+y—AX>+y?—2):1=2Axand1=2)\y M1 Al
X=Yy,s02x° =2, x=#1 M1 A1
Greatest value 2 at (1, 1); least value —2 at (—1, —1) Al
Answer: Greatest 2, least —2 5 marks
21 (7 marks)
ds 1 a
@ G =225 (i — %) =0 MLAL
Vi _ 1
ZZ = aZX—IZ M1
2
d—f = ZZi2 > 0, aminimum Al
da X
Answer: Shown: Sis minimised when a= ——_ 4 marks
X Z(11%%)
(b) 2L =6+125+025=75 M1
1 1. 1 _21
27 =1+ 2 + 16 - 16 Al
B 16 _ 40 _
a—7.5xﬁ—7~5.71 Al

stemup.co.uk | page 31



StemUp | Further Mathematics | Further Pure Mathematics: Multivariable Calculus | Model Answers

40
Answer: a=

- = 571 3 marks

22 (8 marks)
L =x%+y? — A(x? + 4y? — 16): 2x = 2\x and 2y = 8Ay M1 AL
Casex#O:)x=1 soZy—8y,y=0andx=i4 M1 A1
Casey:to:)x= , S0 2X = xx Oandy ==+2 M1 A1
f(z4, 0) = 16 and (0, £2) = 4 Al
Closest (0, £2) at distance 2; furthest (4, 0) at distance 4 Al
Answer: Closest (0, +2), furthest (4, 0) 8 marks

23 (8 marks)
(@) Lg=20yLK — A(4L + 9K — 360): 10\/7 4\ and 10\/7 9A M1 A1
Dividing the equations: E 4 soK = M1 Al
4L+4L:360,soL:45andK—20 M1
900 = 600 Al
Answer: L =45, K =20, P =600 6 marks

20 _10_2 _5

(b) A= J; Z %373 M1
An extra £1 of budget increases the maximum output by about g units El
Answer: A = % 2 marks

24 (7 marks)
(@) fy = 2x and f, = 4y vanish only at the origin, which isinside the disc, and f = 0 M1 Al
f = 0 everywhere, so the least valueis 0 Al
Answer: 0 at (0, 0) 3 marks
(b)f=x?+24—x*)=8—x’for —2=x<2 M1 Al
Greatest when x = 0: f =8 a (0, £2) Al
Least on the boundary is 4 at (£2, 0), which exceeds the interior minimum Al
Answer: Greatest 8 at (0, £2) 4 marks

25 (7 marks)
(@) The student has ignored the constraint: the conditions f, = f, = 0 find a stationary point of xy M1 E1

on the whole plane, not along thelinex +y =6

(O, 0) does not satisfy x +y =6 Al
Answer: Constraint ignored 3 marks
(b)f:x(6—x),%:6—2x:0,x:3,f:9 M1 Al
Lagrange y=A =X,s0Xx=y =3 M1 Al
Answer: 9at (3, 3) 4 marks

26 (8 marks)
L=x?+y?+22— A(x+y+z—3) —pu(x—2y+z—1) M1
Ly=0:2x=2A+1u,L,=0:2y=A—2p,L,=0:2z=A+n M1 A1
Sox=1z Al
The constraints become 2x + y = 3 and 2x — 2y = 1, subtracting gives 3y = 2 M1
y = % X=z= % Al

_ 49 4 19

f=2x%x 4= t9=% Al
f has no maximum on the Iine of intersection, so this stationary vaue is the minimum El
Answer: Minimum value at (Z g g) 8 marks
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27 (12 marks)
(@) Sy = —2Zx(yj —mx; —¢)=0,s0B—mA —cX =0 M1 Al
S.=—=22(; —mx;—¢)=0,s0Y —mX —nc=0 M1 A1
Answer: Shown: S;,=0and S;=0givemA +cX =Band mX +nc=Y 4 marks
(b) Multiply the second equation by X and the first by n: mnA + cnX = nB and mX? + ncX = XY M1 Al
Subtract: m(nA — X?) =nB — XY M1
_ nB — XY
iy —— Al
_ . nB=XY
Answer: Shown: m = A= X2 4 marks
(€) nA — X2 =nX(x; — X)> where X = % which is positive unless every x; = X M1 AL
Som = 2A, S =2n, S, =2X, 0D = 4(nA — X3 >0 M1 A1
S > 0, so the stationary point is a minimum
Answer: Shown: nA — X?> 0, so a minimum 4 marks
28 (12 marks)
(8) L = srr’h — A2 + W% — 100): 2rith = 2Ar and 1 = 2Ah M1 AL
A = 21ih from thefirst (r = 0) AL
1 -_2 .- 2 _ o2
30r —§nh,sor =2h M1 Al
Answer: Shown: r2 = 2h? at a stationary point 5 marks
2_ _10_ 2_ 200
(b) 3h —100,soh—\/§—5.77andr =3 M1 AL
1200 _ 10 _ 3
V—§HXTXﬁ—4O3cm Al
V =0whenr =0 or h=0 (the ends of the constraint) and V > 0 between, so the only stationary E1E1
value is the maximum
Answer: 403 cm? 5 marks
L L
(©tana = h =112 M1
=42 Al
Answer: tan a = \/E 2 marks
29 (12 marks)
(@ P=q;p; +gop, — C M1
=500, — 39,° + 300, — 0,° — 40, — 8, — O;° — 20,0, — 0,° M1
= 460, + 220, — 40,” — 29,° — 20,0, Al
Answer: Shown: the profit is P = 46q, + 220, — 4q,> — 20,° — 20,0, 3 marks
(b)P1:46—8q1—2q2:06ndP2:22—4q2—2q1:0 M1 Al
01 =50,=3
Py =—8,Py=—4,P,=—2D=32—-4=28>0and Py; <0, amaximum M1 A1
P=230+66 — 100 — 18 — 30 = 148 Al
Answer: g, =5,q9,=3,P =148 5 marks
(c)P,=P,=A:46—-8q, — 20, =22 — 49, — 2q,, S0, = 3¢, — 12 M1 Al
. 9 3
W|thQ1+QZ=6:Q1=§,CI2=§ Al
P=141;A=46—-36 —3=7
One extra unit of capacity would raise the maximum profit by about £7 El
Answer: q; =45,09,=15P=141, A =7 4 marks
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30 (11 marks)
(@ yz=xz=xy=Aandx,y,z>0,0Xx=y =2
x=y=z=1xyz=1
As any variable tends to O the product tends to O, so the stationary value 1 is the maximum
Answer: Maximum lat (1,1, 1)
(b) From part (a), xyz < 1, and equality is attained only at the stationary point
Answer: Shown: xyz = 1 for all such numbers, with equality only if x=y=z=1
(c)x+y+z=3,s0xyz=<1

%sl,so(a+b+c)3227abc

Taking cube roots: 2 g *C > (abo)?

% > (abc)??

(d) Equality holdswhen x =y =z, that iswhena=b =c
Answer:a=b=c

Answer: Proved:
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