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Functions of Two Variables

1 (3 marks)
f(2, −1) = 3(4) − (2)(−1) + 2(−1) = 12 M1 A1

f(−3, 2) = 3(9) − (−3)(2) + 2(2) = 37 A1

Answer: f(2, −1) = 12, f(−3, 2) = 37 3 marks

2 (3 marks)
g(3, 4) = 9 + 16 = 5 M1 A1

g(−5, 12) = 25 + 144 = 13 A1

Answer: 5 and 13 3 marks

3 (2 marks)
h(1, 2, 3) = 2 + 6 + 3 M1

= 11 A1

Answer: 11 2 marks

4 (2 marks)
The argument of a logarithm must be positive B1

Domain: all (x, y) with x + y > 0 B1

Answer: x + y > 0 2 marks

5 (3 marks)
f(a, 2a) = a2 − a(2a) + (2a)2 M1

= a2 − 2a2 + 4a2 A1

= 3a2 A1

Answer: 3a2 3 marks

6 (3 marks)
4 + k2 = 13 M1

k2 = 9 A1

k = 3 or k = −3 A1

Answer: k = ±3 3 marks

7 (4 marks)
(a) Need 25 − x2 − y2 ≥ 0, so x2 + y2 ≤ 25 M1

The disc (including its boundary circle) with centre the origin and radius 5 A1

Answer: x2 + y2 ≤ 25: closed disc, radius 5 2 marks

(b) 0 ≤ 25 − x2 − y2 ≤ 25 over the domain M1

0 ≤ f ≤ 5 A1

Answer: 0 ≤ f ≤ 5 2 marks

8 (4 marks)
x2

16 +
y2

4 = 1 M1 A1

It is an ellipse B1

It crosses the x-axis at (±4, 0) and the y-axis at (0, ±2) A1

Answer:
x2

16 +
y2

4 = 1; ellipse; (±4, 0), (0, ±2) 4 marks

9 (3 marks)
The denominator must not be zero B1

x2 − y ≠ 0, so y ≠ x2 M1

All points of the plane except those on the parabola y = x2 A1

Answer: All (x, y) with y ≠ x2 3 marks
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10 (4 marks)
(a) Two circular ends and a curved surface M1

S(r, h) = 2πr2 + 2πrh A1

Answer: S = 2πr2 + 2πrh 2 marks

(b) S(3, 10) = 2π(9) + 2π(3)(10) = 18π + 60π M1

= 78π A1

Answer: 78π cm2 2 marks

11 (4 marks)
(a) 12 25 × 16 = 12 × 20 M1

= 240 A1

Answer: 240 2 marks

(b) 12 × 5 K = 300 M1

K = 5, so K = 25 A1

Answer: K = 25 2 marks

12 (3 marks)
f(x + h, y) = (x + h)2y = (x2 + 2xh + h2)y M1

f(x + h, y) − f(x, y) = 2xhy + h2y M1 A1

Answer: 2xhy + h2y = hy(2x + h) 3 marks

13 (3 marks)
f(2, 1) = 1 − 4 = −3 M1

y − x2 = −3 M1

y = x2 − 3 A1

Answer: y = x2 − 3 3 marks

14 (6 marks)
(a) f(t, 3t) = 2t2 − t(3t) + (3t)2 M1

= 8t2 A1

Answer: 8t2 2 marks

(b) 8t2 = 56, so t2 = 7 M1

t = ± 7 A1

Answer: t = ± 7 2 marks

(c) Along y = 3x, f = 8t2 M1

8t2 ≥ 0 for all real t, and every value ≥ 0 occurs, so the range is f ≥ 0 A1

Answer: f ≥ 0 2 marks

15 (5 marks)
(a) f(tx, ty) = t3x3 − 2(tx)(t2y2) + t3y3 M1

= t3(x3 − 2xy2 + y3) = t3f(x, y) A1

Answer: Shown: f(tx, ty) = t3f(x, y) for any real number t 2 marks

(b) f(2, 3) = 8 − 36 + 27 = −1 M1

f(6, 9) = f(3 × 2, 3 × 3) = 27 × (−1) = −27 M1 A1

Answer: f(2, 3) = −1, f(6, 9) = −27 3 marks

16 (5 marks)
c > 0: x2 − y2 = c is a hyperbola crossing the x-axis at (± c, 0), opening left and right M1 A1

c < 0: a hyperbola crossing the y-axis at (0, ± −c), opening up and down M1 A1

c = 0: (x − y)(x + y) = 0, the pair of lines y = x and y = −x, crossing at the origin A1

Answer: c > 0: x-axis (± c, 0); c < 0: y-axis (0, ± −c); c = 0: y = ±x 5 marks
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17 (7 marks)
(a) 4(x + y + z) = 60, so z = 15 − x − y M1 A1

V = xyz = xy(15 − x − y) A1

Answer: Shown: the volume of the box is V(x, y) = xy(15 − x − y) 3 marks

(b) Lengths are positive: x > 0, y > 0 and z > 0 M1

x > 0, y > 0, x + y < 15 A1

Answer: x > 0, y > 0, x + y < 15 2 marks

(c) V(3, 4) = 12 × 8 M1

= 96 cm3 A1

Answer: 96 cm3 2 marks

18 (5 marks)
Need y − x2 ≥ 0 and 2 − y ≥ 0 M1 A1

So x2 ≤ y ≤ 2, which is the region on or above the parabola and on or below the line A1

They meet where x2 = 2 M1

x = ± 2 A1

Answer: x = ± 2 5 marks

19 (5 marks)
(a) f(1, 2) = e−(1 + 4) M1

= e−5 A1

Answer: e−5 2 marks

(b) f = c gives x2 + y2 = −ln c: circles centred at the origin M1 A1

Need −ln c ≥ 0, so 0 < c ≤ 1: range 0 < f ≤ 1 A1

Answer: Circles; 0 < f ≤ 1 3 marks

20 (4 marks)
g = 1 is a hyperboloid of one sheet (a single connected surface around the z-axis) B1 B1

g = −1 is a hyperboloid of two sheets (two separate bowls, one above and one below) B1

g = 0 is a cone with the z-axis as its axis B1

Answer: One sheet hyperboloid; two sheet hyperboloid; cone 4 marks

21 (8 marks)
(a) On y = 0: f = 0 B1

On y = x: f =
x2

2x2 =
1
2 M1 A1

Answer: 0 and
1
2 3 marks

(b) f =
x(mx)

x2 + m2x2 =
mx2

x2(1 + m2)
M1

=
m

1 + m2 A1

Answer: Shown: along the line y = mx, f takes the constant value
m

1 + m2 2 marks

(c) Points arbitrarily close to the origin give f = 0 (on y = 0) and f =
1
2 (on y = x) M1

So f has no single limit at (0, 0), and no choice of f(0, 0) can make it continuous A1 E1

Answer: Different limits along different lines 3 marks

22 (7 marks)
(a) Take (−2, −3): xy = 6 > 0 M1

f(−2, −3) = ln 6 is defined A1

Answer: For example f(−2, −3) = ln 6 2 marks

(b) Need xy > 0 M1

x and y both positive or both negative: the first and third quadrants, excluding the axes A1 A1

Answer: xy > 0 3 marks
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(c) f = ln(e2) M1

= 2 A1

Answer: 2 2 marks

23 (8 marks)
(a) x2 − 4x = (x − 2)2 − 4 and y2 + 2y = (y + 1)2 − 1 M1 A1

f = (x − 2)2 + (y + 1)2 − 5 + 7 = (x − 2)2 + (y + 1)2 + 2 A1

Answer: Shown: f(x, y) = (x − 2)2 + (y + 1)2 + 2 3 marks

(b) Squares are non-negative, so f ≥ 2, and f = 2 at (2, −1) M1 A1

Answer: f ≥ 2 2 marks

(c) f = 2: the single point (2, −1) B1

f = 6: (x − 2)2 + (y + 1)2 = 4, a circle with centre (2, −1) and radius 2 B1 B1

Answer: A point; a circle 3 marks

24 (9 marks)
(a) T(2, 1) = 80e−7/20 M1

= 56.4 °C A1

Answer: 56.4 °C 2 marks

(b) Same temperature, so the exponent equals that at (2, 1): x2 + 3y2 = 4 + 3 = 7 M1 A1

Crosses the x-axis at (± 7, 0) A1

Crosses the y-axis at (0, ±
7
3 ) = (0, ±1.53) A1

Answer: x2 + 3y2 = 7; (± 7, 0), (0, ±1.53) 4 marks

(c) x2 + 3y2 ≥ 0, so the exponent is ≤ 0 and the exponential is ≤ 1 M1 E1

Equality needs x2 + 3y2 = 0, which means x = y = 0 A1

Answer: Shown: T(x, y) ≤ 80 for all points, with equality only at the origin 3 marks

25 (8 marks)

(a) V = cylinder + hemisphere = πr2h +
1
2 ×

4
3 πr3 M1 A1

S = base πr2 + curved wall 2πrh + hemisphere 2πr2 M1 A1

= 2πrh + 3πr2 A1

Answer: Shown: V = πr2h +
2
3 πr3, S = 2πrh + 3πr2 5 marks

(b) 25πh +
250
3 π =

850
3 π M1

25h = 200, so h = 8 A1

S = 2π(5)(8) + 3π(25) = 155π m2 A1

Answer: h = 8 m, S = 155π m2 3 marks

26 (8 marks)
(a) x2 = c(x2 + y2), so cy2 = (1 − c)x2 M1 A1

y2 =
1 − c

c x2, so y = ±
1 − c

c x M1 A1

Two lines through the origin with gradients ±
1 − c

c A1

Answer: y = ±
1 − c

c x 5 marks

(b) c = 0: x2 = 0, so the y-axis (origin removed) B1

c = 1: y2 = 0, so the x-axis (origin removed) B1

Since 0 ≤ x2 ≤ x2 + y2, 0 ≤ f ≤ 1, and these are the extreme values attained E1

Answer: y-axis; x-axis; 0 ≤ f ≤ 1 3 marks
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27 (11 marks)

(a) f(x, mx) =
mx3

x4 + m2x2 =
mx

x2 + m2 M1 A1

As x → 0 this tends to 0 (for m ≠ 0; for m = 0 and on x = 0, f = 0) A1

Answer: Shown: f → 0 along every line y = mx 3 marks

(b) f(x, x2) =
x4

x4 + x4 M1

=
1
2 A1

Answer:
1
2 2 marks

(c) Along lines the limit is 0, along y = x2 it is
1
2 M1 E1

A limit must be independent of the path taken, so none exists E1

Answer: Path y = x2 gives
1
2 3 marks

(d) x4 + y2 ≥ 2x2|y| (since (x2 − |y|)2 ≥ 0) M1 A1

So |f| ≤ x2|y|
2x2|y|

=
1
2 A1

Answer: Shown: f(x, y) ≤ 1
2 for all (x, y) in the domain 3 marks

28 (11 marks)
(a) (x − y)2 ≥ 0 gives x2 + y2 ≥ 2xy, and (x + y)2 ≥ 0 gives x2 + y2 ≥ −2xy M1 A1

So x2 + y2 + 1 > 2|xy| M1

Dividing, |f| <
1
2 A1

Answer: Shown: − 1
2 < f(x, y) <

1
2 for all real x and y 4 marks

(b) f(t, t) =
t2

2t2 + 1
=

1
2 − 1

2(2t2 + 1)
M1 A1

This tends to
1
2 as t → ∞, and by symmetry f(t, −t) tends to − 1

2 . Continuity gives every value M1 E1

between

Answer: Range − 1
2 < f <

1
2 4 marks

(c) 4xy = x2 + y2 + 1, so x2 − 4xy + y2 = −1 M1

x2 + y2 =
u2 + v2

2 and xy =
u2 − v2

4 M1

u2 + v2

2 − (u2 − v2) = −1 gives u2 − 3v2 = 2 A1

Answer: Shown: u2 − 3v2 = 2 3 marks

29 (10 marks)
(a) P(1, 1) = c = 5 B1

5 × 4a = 10 gives 4a = 2, so a =
1
2 M1 A1

5 × 16b = 20 gives 16b = 4, so b =
1
2 M1 A1

Answer: c = 5, a = b =
1
2 5 marks

(b) P(2L, 2K) = 5 2L × 2K = 5 × 2 LK M1

= 2P(L, K) A1

Answer: Shown: doubling both L and K doubles the output 2 marks

(c) 5 LK = 40, so LK = 64 M1 A1

K =
64
L ; at L = 64, K = 1 A1
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Answer: K =
64
L ; K = 1 3 marks

30 (10 marks)

(a) f(tx, ty) =
t(y − x)
t(y + x) M1

= f(x, y) A1

Answer: Shown: f(tx, ty) = f(x, y) for every t ≠ 0 2 marks

(b) y − x = c(y + x) M1

y(1 − c) = x(1 + c) M1

y =
1 + c
1 − c x, valid since c ≠ 1 A1

Answer: Shown: y =
1 + c
1 − c x 3 marks

(c) c = 1: y − x = y + x, so x = 0, the y-axis with the origin removed M1 A1

Every real c is attained, so the range is all real numbers A1

Answer: x = 0 (y ≠ 0); all real numbers 3 marks

(d) Near the origin f takes every real value (on lines of different gradients) M1

So there is no single limit E1

Answer: No single limit at the origin 2 marks

Surfaces and Contour Diagrams

1 (2 marks)
Sphere B1

Centre the origin, radius 4 B1

Answer: Sphere, centre O, radius 4 2 marks

2 (3 marks)
It is a plane B1

x-axis: (3, 0, 0), y-axis: (0, 2, 0), z-axis: (0, 0, −6) B1 B1

Answer: Plane; (3, 0, 0), (0, 2, 0), (0, 0, −6) 3 marks

3 (2 marks)
x2 + y2 = 9 M1

A circle of radius 3, centred on the z-axis, in the plane z = 9 A1

Answer: Circle of radius 3 centred on the z-axis 2 marks

4 (2 marks)
Put y = 0: z = x2 M1

A parabola A1

Answer: z = x2, a parabola 2 marks

5 (2 marks)
Independent of z, so it is a vertical circular cylinder B1

Radius 2, with the z-axis as its axis B1

Answer: Circular cylinder, radius 2, axis the z-axis 2 marks

6 (3 marks)
3x − y = 6, so y = 3x − 6 M1 A1

Gradient 3 A1

Answer: y = 3x − 6, gradient 3 3 marks
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7 (4 marks)
(a) Radii 1, 2, 3, 4 (read from the axes) B1

Contour z = c has radius c, so x2 + y2 = z M1

f(x, y) = x2 + y2 A1

Answer: f(x, y) = x2 + y2 3 marks

(b) A paraboloid (bowl) with vertex at the origin, opening upwards A1

Answer: Paraboloid 1 mark

8 (4 marks)
x2 + y2 ≥ 0 so z ≤ 9, with equality at the origin: highest point (0, 0, 9) M1 A1

z = 0: x2 + y2 = 9 M1

A circle of radius 3 centred on the z-axis, in the plane z = 0 A1

Answer: (0, 0, 9); circle x2 + y2 = 9, z = 0 4 marks

9 (6 marks)
(a) x = 0: z = −y2, a parabola opening downwards M1 A1

Answer: z = −y2, a parabola opening downwards 2 marks

(b) y = 0: z = x2, a parabola opening upwards M1 A1

Answer: z = x2, a parabola opening upwards 2 marks

(c) z = 0: x2 = y2, so (x − y)(x + y) = 0, the pair of lines y = x and y = −x M1 A1

Answer: The pair of lines y = x and y = −x 2 marks

10 (4 marks)

xy = 4, so y =
4
x M1

At (2, 2): 2 × 2 = 4 A1

f(−1, 3) = −3, so the contour is xy = −3 M1 A1

Answer: xy = 4; xy = −3 4 marks

11 (3 marks)
x-axis: y = z = 0, x = 6 B1

y-axis: x = z = 0, y = 3 B1

z-axis: x = y = 0, z = 2 B1

Answer: (6, 0, 0), (0, 3, 0), (0, 0, 2) 3 marks

12 (4 marks)
Centre (1, −2, 0), radius 5 B1 B1

z = 3: (x − 1)2 + (y + 2)2 = 25 − 9 = 16 M1

Radius 4 A1

Answer: Centre (1, −2, 0), radius 5; circle radius 4 4 marks

13 (5 marks)
(a) A is on the 60 m contour and B on the 0 m contour B1

Horizontal distance AB = 2 km, so the average gradient is
60
2 = 30 m per km downhill M1 A1

Answer: 30 m per km downhill 3 marks

(b) The contour curves between A and C (it bulges outwards), so the straight chord does not E1

follow it
The chord lies inside the 60 m contour, where the ground is higher than 60 m E1

Answer: The chord lies on higher ground 2 marks

14 (7 marks)
(a) Near the origin, the contours with positive values lie to the left and right and those with M1 A1

negative values above and below
Moving along the x-axis f increases, and along the y-axis f decreases M1

So the origin is a saddle point E1

Answer: A saddle point 4 marks
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(b) z = x2 − y2 B1

x2 − y2 = 0 gives y = ±x, two lines through the origin M1 A1

Answer: z = x2 − y2; y = ±x 3 marks

15 (5 marks)

x2 + 4y2 = c gives
x2

c +
y2

c
4

= 1 M1 A1

It is an ellipse with semi-axes c (along x) and
c
2 (along y) A1

Area = π × c ×
c
2 M1

=
πc
2 A1

Answer: Ellipse, semi-axes c and
c
2 ; area

πc
2 5 marks

16 (5 marks)
x2 + y2 = 4x M1

x2 − 4x + y2 = 0 A1

(x − 2)2 + y2 = 4 M1 A1

A circle with centre (2, 0) and radius 2 A1

Answer: Circle, centre (2, 0), radius 2 5 marks

17 (6 marks)
(a) x2 + y2 ≥ 0 so z ≤ e0 = 1 M1

Highest point (0, 0, 1) A1

Answer: (0, 0, 1) 2 marks

(b) x2 + y2 = −ln c = ln
1
c M1 A1

Circle, centre the origin, radius ln
1
c A1

Answer: Radius −ln c 3 marks

(c) z → 0 but is never 0, so the surface approaches the (x, y) plane without meeting it B1

Answer: z tends to 0 1 mark

18 (6 marks)
(a) z = 3: x2 + y2 = 9, a circle of radius 3 M1 A1

Answer: x2 + y2 = 9, a circle of radius 3 2 marks

(b) y = 0: z2 = x2, so z = ±x, a pair of lines M1 A1

Answer: z = ±x, a pair of lines 2 marks

(c) x = 1: z2 − y2 = 1, a hyperbola M1 A1

Answer: z2 − y2 = 1, a hyperbola 2 marks

19 (5 marks)
f(1, 2) = 2 + 4 = 6, so the contour is 2x2 + y2 = 6 M1 A1

f(2, −1) = 8 + 1 = 9 > 6, so (2, −1) lies outside M1 A1

x = 0: y2 = 6, so (0, ± 6) A1

Answer: 2x2 + y2 = 6; outside; (0, ± 6) 5 marks

20 (5 marks)
Contour z = c has vertex (0, c) and opens upwards, so y = x2 + c M1 A1

f(x, y) = y − x2 A1

Every contour is a parabola, so f takes every real value and for any point there are points nearby M1 E1

with higher and lower values (for example change y)

Answer: f(x, y) = y − x2 5 marks
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21 (8 marks)
(a) Put x = 0: z = −y2 M1 A1

Answer: z = −y2 2 marks

(b) Along x = 0 the surface has a maximum at the origin, so values both above and below 0 occur M1 E1

close to it
Answer: The origin is a maximum along x = 0 2 marks

(c) z(0.1, 0.2) = 0.01 − 0.04 = −0.03 and z(0.2, 0.1) = 0.04 − 0.01 = 0.03 M1 A1

Values are both positive and negative close to the origin: a saddle point A1 E1

Answer: −0.03 and 0.03; saddle point 4 marks

22 (9 marks)
(a) Largest at x = y = 0, h = 500 m B1

Answer: 500 m 1 mark

(b) e−(x2 + y2)/8 =
1
5 M1

x2 + y2 = 8 ln 5 A1

Circle with centre at the summit and radius 8 ln 5 = 3.59 km A1

Answer: Radius 3.59 km 3 marks

(c) h = 500e−4/8 = 500e−0.5 = 303 m M1 A1

2 < 3.59, so the walker is inside the 100 m contour, so above 100 m E1

Answer: 303 m; above 3 marks

(d) h → 0 as x2 + y2 → ∞ B1

But an exponential is positive for all x, y so h = 0 is never attained E1

Answer: Tends to 0, never reaches it 2 marks

23 (6 marks)
z = 0 meets the x-axis at x = ±6: a − 36p = 0 M1 A1

z = 20 meets the x-axis at x = ±4: a − 16p = 20 M1

Subtracting: 20p = 20, so p = 1 and a = 36 A1

z = 0 meets the y-axis at y = ±3: 36 − 9q = 0 M1

q = 4 A1

Answer: a = 36, p = 1, q = 4 6 marks

24 (7 marks)
(a) y = x: z = x2 B1

y = −x: z = −x2 B1

Answer: z = x2; z = −x2 2 marks

(b) z = 6, so xy = 6 M1

x2 = 6, so x = ± 6 M1

( 6, 6) and (- 6, − 6) A1

Answer: xy = 6; (± 6, ± 6) 3 marks

(c) Along y = x the origin is a minimum and along y = −x it is a maximum M1 E1

Answer: Min in one direction, max in another 2 marks

25 (8 marks)
(a) Denominator is smallest, 1, at the origin M1

T = 100 °C at (0, 0) A1

Answer: 100 °C at the origin 2 marks

(b) 1 + x2 + y2 =
100

c M1

x2 + y2 =
100

c − 1 =
100 − c

c A1

Circles, centre the origin, radius
100 − c

c A1
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Answer: Radius
100 − c

c 3 marks

(c) T = 20: radius
80
20 = 2 m M1 A1

T =
100

1 + 9 = 10 °C A1

Answer: 2 m; 10 °C 3 marks

26 (7 marks)

(a) Let ρ = x2 + y2 then ρ = ρ2, so ρ = 0 or ρ = 1 M1 A1

Origin, and the circle x2 + y2 = 1 at height z = 1, radius 1 A1 A1

Answer: Origin and circle x2 + y2 = 1, z = 1 4 marks

(b) Cone: z = 0.5; paraboloid: z = 0.25 M1 A1

The cone is higher for 0 < ρ < 1 A1

Answer: Cone (0.5) higher than paraboloid (0.25) 3 marks

27 (10 marks)

(a)
x2

4 +
y2

9 = 1 − k2 M1

x2

4(1 − k2)
+

y2

9(1 − k2)
= 1 M1 A1

Semi-axes 2 1 − k2 and 3 1 − k2 A1

Answer: Shown: semi-axes 2 1 − k2 and 3 1 − k2 4 marks

(b) Area = π × 2 1 − k2 × 3 1 − k2 M1

= 6π(1 − k2) A1

Answer: Shown: the area of this ellipse is 6π(1 − k2) 2 marks

(c) V = ∫1

−1
6π(1 − k2) dk M1

= 6π[k − k3

3 ] between −1 and 1 = 6π ×
4
3 M1 A1

= 8π A1

Answer: 8π 4 marks

28 (9 marks)
(a) x2 + y2 = 2x + 4y − 5 M1

(x − 1)2 + (y − 2)2 = 0 M1 A1

Only x = 1, y = 2, so z = 5: the point (1, 2, 5) A1

Answer: (1, 2, 5) 4 marks

(b) x2 + y2 − 2px − 2qy + p2 + q2 = 0 M1

(x − p)2 + (y − q)2 = 0 A1

The point (p, q, p2 + q2) A1

Answer: (p, q, p2 + q2) 3 marks

(c) p = 3, q = −1: z = 6x − 2y − 9 − 1 M1

z = 6x − 2y − 10 A1

Answer: z = 6x − 2y − 10 2 marks

29 (10 marks)
(a) x2 + y2 = cx M1

x2 − cx +
c2

4 + y2 =
c2

4 M1 A1

(x − c
2 )2 + y2 =

c2

4 ; x = 0 is excluded, which removes only the origin A1 E1

Answer: Shown: (x − c
2 )2 + y2 =

c2

4 5 marks
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(b) Centre (
c
2 , 0), radius

|c|
2 B1 B1

Reflections of each other in the y-axis B1

Answer: Centre (
c
2 , 0), radius

|c|
2 3 marks

(c) f is a function, so each point (with x ≠ 0) has one value E1

All the circles pass through the origin (excluded) and touch the y-axis there E1

Answer: Each point has one value 2 marks

30 (10 marks)
(a) 1 + t2 − t2 = 1 M1 A1

Similarly (1, t, −t) lies on H A1

Answer: (1, t, −t) 3 marks

(b) x2 + y2 = (cos α − t sin α)2 + (sin α + t cos α)2 M1

= cos2α + sin2α + t2(sin2α + cos2α) = 1 + t2 M1 A1

So x2 + y2 − z2 = 1 A1

Answer: Shown: the line with points (cos α − t sin α, sin α + t cos α, t) lies wholly on H 4 marks

(c) Direction (−sin α, cos α, 1) from the line in (b) B1

Reflecting in the plane z = 0 gives the line with points (cos α − t sin α, sin α + t cos α, −t), B1

direction (−sin α, cos α, −1)
Answer: (−sin α, cos α, 1) and (−sin α, cos α, −1) 2 marks

(d) Through every point of the circle two straight lines lie wholly on H, so H is made up of E1

straight lines
Answer: Made of straight lines 1 mark

Partial Differentiation

1 (3 marks)
∂f
∂x = 6xy − 2y3 M1 A1

∂f
∂y = 3x2 − 6xy2 + 1 A1

Answer:
∂f
∂x = 6xy − 2y3,

∂f
∂y = 3x2 − 6xy2 + 1 3 marks

2 (2 marks)
∂f
∂x = 2e2x + 3y B1

∂f
∂y = 3e2x + 3y B1

Answer: 2e2x + 3y, 3e2x + 3y 2 marks

3 (3 marks)
∂f
∂x = sin y and

∂f
∂y = x cos y M1 A1

At (2,
π
2 ):

∂f
∂x = 1 and

∂f
∂y = 0 A1

Answer: sin y, x cos y; 1 and 0 3 marks

4 (2 marks)

Chain rule: derivative of ln u is
1
u ×

∂u
∂x M1

∂f
∂x =

2x
x2 + y2 A1

Answer:
2x

x2 + y2 2 marks



StemUp  |  Further Mathematics  |  Further Pure Mathematics: Multivariable Calculus  |  Model Answers

stemup.co.uk   |   page 12

5 (2 marks)
∂f
∂y = x2 + 3y2 M1

At (1, 2): 1 + 12 = 13 A1

Answer: 13 2 marks

6 (2 marks)
∂V
∂r = 2πrh B1

∂V
∂h = πr2 B1

Answer: 2πrh, πr2 2 marks

7 (4 marks)

Product rule:
∂f
∂x = 2xexy + x2 × yexy M1 A1

= xexy(2 + xy) A1

∂f
∂y = x2 × xexy = x3exy A1

Answer: xexy(2 + xy), x3exy 4 marks

8 (4 marks)

Quotient rule:
∂f
∂x =

(x + y) × 1 − x × 1
(x + y)2 M1 A1

=
y

(x + y)2 A1

∂f
∂y =

−x
(x + y)2 A1

Answer:
∂f
∂y =

−x
(x + y)2 4 marks

9 (4 marks)

Use d(tan−1u) =
1

1 + u2 du with u =
y
x M1

∂f
∂x =

1
1 + y2/x2 × (-

y
x2 ) = − y

x2 + y2 M1 A1

∂f
∂y =

1
1 + y2/x2 ×

1
x =

x
x2 + y2 A1

Answer:
∂f
∂y =

x
x2 + y2 4 marks

10 (4 marks)

δV ≈ ∂V
∂r δr +

∂V
∂h δh with V = πr2h M1

= 2πrhδr + πr2δh = 2π(4)(12)(0.1) + π(16)(−0.3) M1 A1

=
24π

5 = 15.1 cm3 A1

Answer:
24π

5 ≈ 15.1 cm3 4 marks

11 (4 marks)
∂f
∂x = 2xy = 4 and

∂f
∂y = x2 = 4 at (2, 1) M1 A1

z − 4 = 4(x − 2) + 4(y − 1) M1

z = 4x + 4y − 8 A1

Answer: z = 4x + 4y − 8 4 marks
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12 (4 marks)
dz
dt =

∂z
∂x

dx
dt +

∂z
∂y

dy
dt M1

= (2x + 3y)(2) + 3x(2t) M1 A1

Substituting x = 2t, y = t2: = (4t + 3t2)(2) + 12t2 = 18t2 + 8t A1

Answer: 18t2 + 8t 4 marks

13 (4 marks)

Let F = x2 + xy + y2 − 7. Then
dy
dx = −

Fx

Fy
M1

Fx = 2x + y and Fy = x + 2y A1

dy
dx = − 2x + y

x + 2y A1

At (1, 2): − 4
5 A1

Answer:
dy
dx = − 2x + y

x + 2y ; − 4
5 4 marks

14 (6 marks)
∂g
∂L =

4π2

T2 and
∂g
∂T = − 8π2L

T3 M1 A1

δg ≈ 4π2

T2 δL − 8π2L
T3 δT M1

δg
g ≈ δL

L − 2
δT
T M1 A1

Maximum when the terms add in size: 1% + 2 × 0.5% = 2% A1

Answer: 2% 6 marks

15 (6 marks)

(a)
∂z
∂x =

x

x2 + y2
and

∂z
∂y =

y

x2 + y2
M1 A1

At P:
3
5 and

4
5 A1

Answer:
3
5 and

4
5 3 marks

(b) z − 5 =
3
5 (x − 3) +

4
5 (y − 4) M1

5z − 25 = 3x − 9 + 4y − 16, so 3x + 4y − 5z = 0 A1

Normal vector 3i + 4j − 5k A1

Answer: 3x + 4y − 5z = 0; 3i + 4j − 5k 3 marks

16 (6 marks)

(a)
∂f
∂x =

∂f
∂u

∂u
∂x +

∂f
∂v

∂v
∂x = 2uv × 1 + u2 × y M1 A1

= 2(x + 2y)(xy) + (x + 2y)2y = y(x + 2y)(2x + x + 2y) M1 A1

Answer: Shown:
∂f
∂x = y(x + 2y)(3x + 2y) 4 marks

(b)
∂f
∂y = 2uv × 2 + u2 × x = 4(x + 2y)(xy) + (x + 2y)2x M1

= x(x + 2y)(4y + x + 2y) = x(x + 2y)(x + 6y) A1

Answer: x(x + 2y)(x + 6y) 2 marks

17 (5 marks)

(a)
∂z
∂r =

∂z
∂x cos θ +

∂z
∂y sin θ = 2xy cos θ + x2 sin θ M1 A1

= 2r2sin θ cos2θ + r2cos2θ sin θ = 3r2sin θ cos2θ A1

Answer: 3r2sin θ cos2θ 3 marks

(b) z = r3cos2θ sin θ M1
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∂z
∂r = 3r2cos2θ sin θ, which agrees A1

Answer: Agrees 2 marks

18 (5 marks)

V =
1
3 πr2h, so

∂V
∂r =

2
3 πrh and

∂V
∂h =

1
3 πr2 M1 A1

At r = 6, h = 9:
∂V
∂r = 36π and

∂V
∂h = 12π A1

dV
dt = 36π(0.5) + 12π(−0.4) M1

=
66π

5 = 41.5 cm3 s−1 (increasing) A1

Answer: 41.5 cm3 s−1 increasing 5 marks

19 (5 marks)
(a) Let F = x3 + y3 − 6xy: Fx = 3x2 − 6y and Fy = 3y2 − 6x M1 A1

dy
dx = −

Fx

Fy
=

6y − 3x2

3y2 − 6x
=

2y − x2

y2 − 2x
M1 A1

Answer: Shown:
dy
dx =

2y − x2

y2 − 2x
4 marks

(b)
6 − 9
9 − 6 = −1 A1

Answer: −1 1 mark

20 (8 marks)
(a) f(2, b) = 2b2 − 8b = −6 M1

b2 − 4b + 3 = 0 A1

b = 1 or b = 3 A1

Answer: b = 1 or b = 3 3 marks

(b) fx = y2 − 4xy and fy = 2xy − 2x2 M1 A1

At (2, 1): ∇f = −7i − 4j, so −7(x − 2) − 4(y − 1) = 0, i.e. 7x + 4y = 18 M1 A1

At (2, 3): ∇f = −15i + 4j, so −15(x − 2) + 4(y − 3) = 0, i.e. 15x − 4y = 18 A1

Answer: (2, 1): −7i − 4j, 7x + 4y = 18; (2, 3): −15i + 4j, 15x − 4y = 18 5 marks

21 (7 marks)

(a)
dw
dt =

∂w
∂x

dx
dt +

∂w
∂y

dy
dt +

∂w
∂z

dz
dt M1

= 2xy × 2t + (x2 + z) × 2 + y × (-
1
t2 ) M1 A1

= 2(t2)(2t)(2t) + 2(t4 +
1
t ) − 2t ×

1
t2 M1

= 8t4 + 2t4 +
2
t − 2

t = 10t4 A1

Answer: 10t4 5 marks

(b) w = t4(2t) + 2t ×
1
t = 2t5 + 2 M1

dw
dt = 10t4 A1

Answer: 10t4 2 marks
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22 (8 marks)

(a)
∂f
∂x = gu

∂u
∂x + gv

∂v
∂x M1

∂u
∂x = 1 and

∂v
∂x = 1, so

∂f
∂x = gu + gv A1

∂u
∂y = 1 and

∂v
∂y = −1, so

∂f
∂y = gu − gv A1

Answer: Shown:
∂f
∂x = gu + gv and

∂f
∂y = gu − gv 3 marks

(b) (gu + gv)
2 − (gu − gv)

2 M1

= 4gugv A1

Answer: Shown: (
∂f
∂x )2 − (

∂f
∂y )2 = 4gugv 2 marks

(c) f = (x + y)2(x − y):
∂f
∂x = 2(x + y)(x − y) + (x + y)2 = 6 + 9 = 15 M1

∂f
∂y = 2(x + y)(x − y) − (x + y)2 = 6 − 9 = −3, so (

∂f
∂x )2 − (

∂f
∂y )2 = 225 − 9 = 216 M1

At u = 3, v = 1: gu = 2uv = 6, gv = u2 = 9, so 4gugv = 216 A1

Answer: Both sides equal 216 3 marks

23 (9 marks)

(a)
∂f
∂x =

x

x2 + y2
and

∂f
∂y =

y

x2 + y2
M1 A1

Answer:
x

x2 + y2
,

y

x2 + y2
2 marks

(b) f(3, 4) = 5,
∂f
∂x =

3
5 ,

∂f
∂y =

4
5 B1

δf ≈ 3
5 (0.02) +

4
5 (−0.02) M1 A1

= −0.004, so the estimate is 4.996 A1

Answer: 4.996 4 marks

(c) 4.99608 B1

Error = 4.99608 − 4.996 = 0.000078; percentage 0.0016% M1 A1

Answer: 4.99608; 0.0016% 3 marks

24 (8 marks)
(a) The student has not applied the chain rule: the derivative of sin(xy) with respect to x is y M1 E1

cos(xy)
∂z
∂x = 2xy + y cos(xy) A1

Answer: 2xy + y cos(xy) 3 marks

(b)
∂z
∂y = x2 + x cos(xy) M1 A1

Answer: x2 + x cos(xy) 2 marks

(c) z(1, 0) = 0,
∂z
∂x = 2(1)(0) + 0 × cos 0 = 0 and

∂z
∂y = 1 + 1 × cos 0 = 2 M1 A1

z = 2y A1

Answer: z = 2y 3 marks

25 (7 marks)

(a)
∂f
∂x =

∂f
∂u

∂u
∂x +

∂f
∂v

∂v
∂x = 2u(2x) + 2v(2y) M1 A1

= 4x(x2 − y2) + 4y(2xy) M1

= 4x3 + 4xy2 = 4x(x2 + y2) A1

Answer: 4x(x2 + y2) 4 marks

(b) u2 + v2 = x4 − 2x2y2 + y4 + 4x2y2 = (x2 + y2)2 M1 A1

∂f
∂x = 2(x2 + y2)(2x) = 4x(x2 + y2) A1
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Answer: Shown: u2 + v2 = (x2 + y2)2 3 marks

26 (6 marks)

(a) P =
nRT

V , V =
nRT

P , T =
PV
nR B1

Answer: P =
nRT

V , V =
nRT

P , T =
PV
nR 1 mark

(b)
∂P
∂V = − nRT

V2 ,
∂V
∂T =

nR
P ,

∂T
∂P =

V
nR M1 A1 A1

Answer: − nRT
V2 ,

nR
P ,

V
nR 3 marks

(c) Product = − nRT
V2 ×

nR
P ×

V
nR = − nRT

PV M1

Since PV = nRT this is −1 A1

Answer: Shown:
∂P
∂V

∂V
∂T

∂T
∂P = −1 2 marks

27 (11 marks)

(a)
∂z
∂r = zx

∂x
∂r + zy

∂y
∂r with

∂x
∂r = cos θ and

∂y
∂r = sin θ M1 A1

∂z
∂θ = zx

∂x
∂θ + zy

∂y
∂θ with

∂x
∂θ = −r sin θ and

∂y
∂θ = r cos θ M1 A1

Answer: Shown:
∂z
∂r = zxcos θ + zysin θ and

∂z
∂θ = −rzxsin θ + rzycos θ 4 marks

(b) Square and add: (
∂z
∂r )2 +

1
r2 (

∂z
∂θ )2

= (zxcos θ + zysin θ)2 + (−zxsin θ + zycos θ)2 M1

= zx
2(cos2θ + sin2θ) + zy

2(sin2θ + cos2θ) + 2zxzy(sin θ cos θ − sin θ cos θ) M1 A1

= zx
2 + zy

2 A1

Answer: Shown: (zx)
2 + (zy)

2 = (
∂z
∂r )2 +

1
r2 (

∂z
∂θ )2 4 marks

(c) At x = 0, y = 2: zx = 2x = 0 and zy = 2, so LHS = 4 M1

z = r2cos2θ + 2r sin θ:
∂z
∂r = 2r cos2θ + 2 sin θ = 2 and

∂z
∂θ = −2r2cos θ sin θ + 2r cos θ = 0 at r M1 A1

= 2, θ =
π
2

RHS = 4 + 0 = 4, which agrees
Answer: Both equal 4 3 marks

28 (11 marks)
(a) f(tx, ty) = t3x3 + 3t3xy2 = t3f(x, y) M1 A1

fx = 3x2 + 3y2 and fy = 6xy M1

xfx + yfy = 3x3 + 3xy2 + 6xy2 = 3(x3 + 3xy2) = 3f A1

Answer: Shown: f(x, y) = x3 + 3xy2 is homogeneous of degree 3 and that xfx + yfy = 3f 4 marks

(b) Left side: by the chain rule,
d
dt f(tx, ty) = xfx(tx, ty) + yfy(tx, ty) M1 A1

Right side:
d
dt [tnf(x, y)] = ntn-1f(x, y) A1

Put t = 1: xfx + yfy = nf M1 A1

Answer: Proved: for any differentiable homogeneous function of degree n, xfx + yfy = nf 5 marks

(c) 2gx + gy = 3g at (2, 1) M1

2gx + 4 = 15, so gx =
11
2 A1

Answer:
11
2 2 marks
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29 (11 marks)

(a) Quotient rule:
∂R
∂R1

=
R2(R1 + R2) − R1R2

(R1 + R2)
2 M1 A1

=
R2

2

(R1 + R2)
2 ; by symmetry

∂R
∂R2

=
R1

2

(R1 + R2)
2 A1

Answer:
∂R
∂R2

=
R1

2

(R1 + R2)
2 3 marks

(b) R =
1800

90 = 20

∂R
∂R1

=
3600
8100 =

4
9 and

∂R
∂R2

=
900
8100 =

1
9 M1 A1

Maximum δR ≈ 4
9 (0.5) +

1
9 (1) =

1
3 M1 A1

Percentage error =
1

3 × 20 × 100 = 1.7% A1

Answer: R = 20, error ≈ 1
3 (1.7%) 5 marks

(c) R =
k2

2k =
k
2 B1

∂R
∂R1

=
k2

4k2 =
1
4 , so δR ≈ 1

4 δR1 M1 E1

Answer: R =
k
2 ; the error in R is a quarter of the error in one resistor 3 marks

30 (11 marks)

(a) S1: z = xy has
∂z
∂x = y = 1 and

∂z
∂y = x = 1, so z − 1 = (x − 1) + (y − 1), x + y − z = 1 M1 A1

S2: F = x2 + y2 + z2 − 3 has gradient (2x, 2y, 2z) = (2, 2, 2) at P, so x + y + z = 3 M1 A1

Answer: x + y − z = 1; x + y + z = 3 4 marks

(b) Normals (1, 1, −1) and (1, 1, 1) M1

cos θ =
|1 + 1 − 1|

3 3
=

1
3 M1 A1

θ = 70.5° A1

Answer: 70.5° 4 marks

(c) Adding the equations: 2(x + y) = 4, so x + y = 2 and z = 1 M1 A1

r = i + j + k + λ(i − j) A1

Answer: r = (1, 1, 1) + λ(1, −1, 0) 3 marks

Second Partial Derivatives

1 (3 marks)
fx = 3x2y2 and fy = 2x3y M1

fxx = 6xy2 and fyy = 2x3 A1

fxy = 6x2y A1

Answer: fxx = 6xy2, fyy = 2x3, fxy = 6x2y 3 marks

2 (2 marks)
∂2z
∂x2 = 9e3x sin y B1

∂2z
∂y2 = −e3x sin y B1

Answer: 9e3x sin y, −e3x sin y 2 marks
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3 (3 marks)
fx = 2x + 3y so fxy = 3 M1 A1

fy = 3x + 2y so fyx = 3; they are equal A1

Answer: fxy = fyx = 3 3 marks

4 (3 marks)

gx =
1
x and gy =

1
y M1

gxx = − 1
x2 , gyy = − 1

y2 A1

gxy = 0 A1

Answer: − 1
x2 , − 1

y2 , 0 3 marks

5 (2 marks)
fxx = 12x2y M1

At (1, 2): 24 A1

Answer: 24 2 marks

6 (3 marks)
∂2z
∂x2 = −4 sin(2x + 3y) B1

∂2z
∂x∂y = −6 sin(2x + 3y) B1

∂2z
∂y2 = −9 sin(2x + 3y) B1

Answer: −4 sin(2x + 3y), −6 sin(2x + 3y), −9 sin(2x + 3y) 3 marks

7 (4 marks)
fx = 2xey and fy = x2ey + 3y2 M1 A1

fxx = 2ey, fxy = 2xey A1

fyy = x2ey + 6y A1

Answer: 2ey, 2xey, x2ey + 6y 4 marks

8 (4 marks)
fx = yexy and fy = xexy M1

fxx = y2exy and fyy = x2exy A1

fxy = exy + xyexy = (1 + xy)exy M1 A1

Answer: y2exy, (1 + xy)exy, x2exy 4 marks

9 (4 marks)

fx =
1
y and fy = − x

y2 M1

fxx = 0 A1

fxy = − 1
y2 A1

fyy =
2x
y3 A1

Answer: 0, − 1
y2 ,

2x
y3 4 marks
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10 (4 marks)
fx = 3x2 − 3y2, so fxx = 6x M1 A1

fy = −6xy, so fyy = −6x A1

fxx + fyy = 6x − 6x = 0 A1

Answer: Shown: f(x, y) = x3 − 3xy2 satisfies Laplace's equation
∂2f
∂x2 +

∂2f
∂y2 = 0 4 marks

11 (5 marks)
∂z
∂x =

2x
x2 + y2 B1

∂2z
∂x2 =

2(x2 + y2) − 4x2

(x2 + y2)2 =
2(y2 − x2)
(x2 + y2)2 M1 A1

By symmetry
∂2z
∂y2 =

2(x2 − y2)
(x2 + y2)2 A1

The sum is 0 A1

Answer: Shown: zxx + zyy = 0 5 marks

12 (4 marks)
fx = 2xy3, fxx = 2y3, so fxxy = 6y2 M1 A1

fxy = 6xy2, so fxyx = 6y2 M1

They are equal A1

Answer: 6y2 in both cases 4 marks

13 (3 marks)
fxx = 2 and fyy = 2k M1 A1

2 + 2k = 0, so k = −1 A1

Answer: k = −1 3 marks

14 (5 marks)
ux = 2 cos 2x cos 6t, uxx = −4 sin 2x cos 6t M1 A1

ut = −6 sin 2x sin 6t, utt = −36 sin 2x cos 6t M1 A1

utt = 9 × (−4 sin 2x cos 6t) = 9uxx A1

Answer: Shown: u = sin 2x cos 6t satisfies the wave equation
∂2u
∂t2 = 9

∂2u
∂x2 5 marks

15 (5 marks)
ut = λeλtcos 3x B1

ux = −3eλtsin 3x, uxx = −9eλtcos 3x M1 A1

λ = 2(−9) M1

λ = −18 A1

Answer: λ = −18 5 marks

16 (5 marks)
fx = 3x2 − 3y and fy = 3y2 − 3x M1

fxx = 6x, fyy = 6y, fxy = −3 A1 A1

At (1, 1): 36 − 9 = 27 M1

At (0, 0): 0 − 9 = −9 A1

Answer: fxx = 6x, fyy = 6y, fxy = −3; 27 and −9 5 marks
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17 (5 marks)
fx = y cos(xy) and fy = x cos(xy) M1

fxx = −y2 sin(xy) and fyy = −x2 sin(xy) A1

fxy = cos(xy) − xy sin(xy) M1 A1

fyx = cos(xy) − xy sin(xy), equal to fxy A1

Answer: −y2sin(xy), −x2sin(xy), cos(xy) − xy sin(xy) (both) 5 marks

18 (7 marks)
Let ρ2 = x2 + y2 + z2. Then ux = −xρ−3 M1 A1

uxx = −ρ−3 + 3x2ρ−5 M1 A1

Similarly uyy = −ρ−3 + 3y2ρ−5 and uzz = −ρ−3 + 3z2ρ−5 A1

Sum = −3ρ−3 + 3ρ2ρ−5 = 0 M1 A1

Answer: Shown: u satisfies the three-dimensional Laplace equation uxx + uyy + uzz = 0 7 marks

19 (5 marks)
zx = 2x cos(x2 + y2) M1

∂2z
∂x2 = 2cos(x2 + y2) − 4x2sin(x2 + y2) M1 A1

By symmetry
∂2z
∂y2 = 2cos(x2 + y2) − 4y2sin(x2 + y2) A1

Adding gives the result A1

Answer: 2cos(x2 + y2) − 4x2sin(x2 + y2); 2cos(x2 + y2) − 4y2sin(x2 + y2) 5 marks

20 (5 marks)
Integrate with respect to x: f = x2y + 3xy2 + g(y) M1 A1

f(0, y) = g(y) = y2 M1

f = x2y + 3xy2 + y2 A1

fx = 2xy + 3y2 so fxy = 2x + 6y A1

Answer: f = x2y + 3xy2 + y2 5 marks

21 (8 marks)
(a) ux = F'(x + ct) + G'(x − ct) by the chain rule M1

∂2u
∂x2 = F''(x + ct) + G''(x − ct) A1

ut = cF'(x + ct) − cG'(x − ct), so
∂2u
∂t2 = c2F''(x + ct) + c2G''(x − ct) M1 A1

Answer:
∂2u
∂t2 = c2[F''(x + ct) + G''(x − ct)] 4 marks

(b) Comparing:
∂2u
∂t2 = c2 ∂2u

∂x2 A1

Answer: Shown: u satisfies the wave equation
∂2u
∂t2 = c2 ∂2u

∂x2 1 mark

(c) u = (x + 2t)2 + ex − 2t B1

uxx = 2 + ex − 2t = 3 at (0, 0) M1

utt = 8 + 4ex − 2t = 12 at (0, 0) = 4 × 3 = c2uxx A1

Answer: utt = 12 = 4uxx 3 marks
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22 (9 marks)

(a) 2r
∂r
∂x = 2x, so

∂r
∂x =

x
r M1 A1

∂2r
∂x2 =

r − x(x
r)/r2 =

r2 − x2

r3 =
y2

r3 A1

Similarly
∂r
∂y =

y
r

Answer:
∂2r
∂x2 =

y2

r3 ,
∂r
∂y =

y
r 3 marks

(b) ux = f'(r)
x
r M1

∂2u
∂x2 = f''(r)

x2

r2 + f'(r) ×
y2

r3 A1

Answer: Shown:
∂2u
∂x2 =

x2

r2 f''(r) +
y2

r3 f'(r) 2 marks

(c)
∂2u
∂y2 =

y2

r2 f'' +
x2

r3 f' by symmetry; adding gives f'' +
1
r f' A1

Laplace: f'' +
f'
r = 0, so (rf')' = 0, rf' = A M1 A1

f = A ln r + B A1

Answer: f(r) = A ln r + B 4 marks

23 (8 marks)
(a) fx = 4x3 − 6xy2, fy = −6x2y + 4y3 M1

fxx = 12x2 − 6y2, fxy = −12xy, fyy = −6x2 + 12y2 A1 A1

Answer: 12x2 − 6y2, −12xy, 12y2 − 6x2 3 marks

(b) x2fxx = 12x4 − 6x2y2 M1

2xyfxy = −24x2y2, y2fyy = −6x2y2 + 12y4 A1

Total: 12x4 − 36x2y2 + 12y4 = 12f A1

Answer: Shown: x2fxx + 2xyfxy + y2fyy = 12f 3 marks

(c) Homogeneous of degree 4: xfx + yfy = 4(x4 − 3x2y2 + y4) = 4f M1 A1

Answer: 4f 2 marks

24 (7 marks)
(a) The student differentiated exy but not the factor (1 + xy), which also depends on y M1 E1

fxy = xexy + (1 + xy) × xexy M1

= (2x + x2y)exy A1

Answer: fxy = (2x + x2y)exy 4 marks

(b) fy = x2exy B1

fyx = 2xexy + x2 × yexy = (2x + x2y)exy, equal to fxy M1 A1

Answer: Equal 3 marks

25 (8 marks)

(a) F = x2 + y2 − 25:
dy
dx = −

Fx

Fy
= − 2x

2y M1 A1

Answer: Shown:
dy
dx = − x

y 2 marks

(b)
d2y
dx2 = −

y − x
dy
dx

y2 M1 A1

= − y + x2

y/y2 = − y2 + x2

y3 M1

= − 25
y3 A1
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Answer: Shown:
d2y
dx2 = − 25

y3 4 marks

(c) − 25
64 A1

Negative: the curve is concave downwards there B1

Answer: − 25
64 ; concave down 2 marks

26 (7 marks)
(a) fx = excos y, fy = −exsin y M1

At (0, 0): 1, 0; fxx = 1, fxy = 0, fyy = −1 A1

f ≈ 1 + h +
1
2 (h2 − k2) A1

Answer: Shown: f(h, k) ≈ 1 + h +
1
2 (h2 − k2) 3 marks

(b) Estimate: 1 + 0.1 +
1
2 (0.01 − 0.04) = 1.085 M1 A1

Exact: e0.1cos 0.2 = 1.08314 A1

The estimate differs by 0.0019 A1

Answer: Estimate 1.085; exact 1.08314 4 marks

27 (12 marks)

(a) fx(0, y) = lim as h → 0 of
f(h, y) − f(0, y)

h M1

f(h, y) =
hy(h2 − y2)

h2 + y2 and f(0, y) = 0 A1

f(h, y)
h =

y(h2 − y2)
h2 + y2 → −y3

y2 = −y M1 A1

Answer: Shown: fx(0, y) = −y for y ≠ 0 4 marks

(b)
f(x, k)

k =
x(x2 − k2)

x2 + k2 → x as k → 0 M1 A1

Answer: Shown: fy(x, 0) = x for x ≠ 0 2 marks

(c) fxy(0, 0) =
d
dy [fx(0, y)] =

d
dy (−y) = −1 M1 A1

fyx(0, 0) =
d
dx [fy(x, 0)] = 1 M1 A1

Answer: −1 and 1 4 marks

(d) The mixed derivatives are not equal, so continuity of the second derivatives at (0, 0) is needed E1 E1

for fxy = fyx to hold

Answer: Mixed derivatives differ 2 marks

28 (11 marks)

(a) ux = uξ
∂ξ
∂x + uη

∂η
∂x with

∂ξ
∂x =

∂η
∂x = 1 M1 A1

ut = uξ(−c) + uη(c) A1

Answer: Shown: ux = uξ + uη and ut = c(uη − uξ) 3 marks

(b) Apply the same operator again:
∂2u
∂x2 = (∂ξ + ∂η)(uξ + uη) = uξξ + 2uξη + uηη M1 A1

∂2u
∂t2 = c(∂η − ∂ξ) of c(uη − uξ) = c2(uηη − 2uξη + uξξ) M1 A1

Answer: Shown:
∂2u
∂x2 = uξξ + 2uξη + uηη and

∂2u
∂t2 = c2(uξξ − 2uξη + uηη) 4 marks

(c)
∂2u
∂t2 − c2 ∂2u

∂x2 = −4c2uξη = 0, so uξη = 0 M1 A1

Integrate with respect to η: uξ = p(ξ); integrate again: u = P(ξ) + G(η) M1

u = F(x + ct) + G(x − ct) for arbitrary twice differentiable F and G A1

Answer: u = F(x + ct) + G(x − ct) 4 marks



StemUp  |  Further Mathematics  |  Further Pure Mathematics: Multivariable Calculus  |  Model Answers

stemup.co.uk   |   page 23

29 (11 marks)

(a) ux = cos θ ur − sin θ
r uθ

∂
∂r (ux) = cos θ urr − sin θ

r urθ +
sin θ

r2 uθ M1 A1

∂
∂θ (ux) = −sin θ ur + cos θ urθ − cos θ

r uθ − sin θ
r uθθ M1

∂2u
∂x2 = cos θ ∂

∂r (ux) − sin θ
r

∂
∂θ (ux); collecting terms gives the result M1 A1

Answer: Shown: uxx as given, in terms of urr, urθ, uθ, ur, uθθ 5 marks

(b) Add the two expressions M1

urr(cos2θ + sin2θ) = urr; the urθ and uθ terms cancel M1

ur

r (sin2θ + cos2θ) =
ur

r and
uθθ

r2 (sin2θ + cos2θ) =
uθθ

r2 A1

Answer: Shown:
∂2u
∂x2 +

∂2u
∂y2 = urr +

1
r ur +

1
r2 uθθ 3 marks

(c) urr = n(n − 1)rn-2cos nθ, ur/r = nrn-2cos nθ, uθθ/r2 = −n2rn-2cos nθ M1 A1

Sum = (n2 − n + n − n2)rn-2cos nθ = 0 A1

Answer: u = rncos nθ works 3 marks

30 (12 marks)

(a) Chain rule with w =
y
x :

∂w
∂x = − y

x2 and
∂w
∂y =

1
x M1 A1

Hence the results A1

Answer: Shown: zx = − y
x2 f'(

y
x ) and zy =

1
x f'(

y
x ) 3 marks

(b) zxx =
2y
x3 f' +

y2

x4 f'' M1 A1

zxy = − 1
x2 f' − y

x3 f'' M1 A1

zyy =
1
x2 f'' A1

Answer: zxx =
2y
x3 f' +

y2

x4 f''; zxy = − 1
x2 f' − y

x3 f''; zyy =
1
x2 f'' 5 marks

(c) x2zxx =
2y
x f' +

y2

x2 f'' M1

2xyzxy = − 2y
x f' − 2y2

x2 f'' A1

y2zyy =
y2

x2 f'' A1

Adding: 0 A1

Answer: Shown: x2zxx + 2xyzxy + y2zyy = 0 4 marks

Stationary Points of Functions of Two Variables

1 (2 marks)
Each square is at least 0, and both are 0 when x = 2, y = −1 M1

Minimum at (2, −1, 3) A1

Answer: Minimum at (2, −1, 3) 2 marks

2 (3 marks)
fx = 2x − 4 = 0 and fy = 2y + 6 = 0, so (2, −3) M1 A1

fxx = 2, fyy = 2, fxy = 0, so D = 4 > 0 and fxx > 0: minimum A1

Answer: Minimum at (2, −3), f = −13 3 marks
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3 (2 marks)
fx = −2x and fy = −4y, both zero at the origin M1

fxx = −2, fyy = −4, fxy = 0, so D = 8 > 0 and fxx < 0: maximum, z = 9 A1

Answer: Shown: the surface z = 9 − x2 − 2y2 has a maximum at (0, 0, 9) 2 marks

4 (2 marks)
fx = y and fy = x are both zero at (0, 0) M1

fxx = fyy = 0, fxy = 1, so D = −1 < 0: a saddle point A1

Answer: Saddle point at (0, 0, 0) 2 marks

5 (2 marks)
D = 2 × 3 − 1 = 5 > 0 M1

fxx > 0, so a minimum A1

Answer: Minimum 2 marks

6 (2 marks)
D = 4 × 1 − 22 = 0 M1

When D = 0 the test gives no information about the nature of the point E1

Answer: D = 0 2 marks

7 (5 marks)
fx = 2x + y − 6 = 0 and fy = x + 2y = 0 M1 A1

x = −2y, so −4y + y = 6, y = −2, x = 4 A1

fxx = 2, fyy = 2, fxy = 1: D = 3 > 0, fxx > 0, so a minimum M1

f(4, −2) = 16 − 8 + 4 − 24 = −12 A1

Answer: Minimum at (4, −2), f = −12 5 marks

8 (5 marks)
fx = 3x2 − 12 = 0, fy = 2y = 0, so (2, 0) and (−2, 0) M1 A1

fxx = 6x, fyy = 2, fxy = 0, so D = 12x M1

(2, 0): D = 24 > 0 and fxx = 12 > 0, a minimum (f = −16) A1

(−2, 0): D = −24 < 0, a saddle point (f = 16) A1

Answer: (2, 0, −16) minimum; (−2, 0, 16) saddle 5 marks

9 (6 marks)
zx = 4y − 6x + 2 = 0 and zy = 4x − 2y + 4 = 0 M1 A1

From the second, y = 2x + 2; then 8x + 8 − 6x + 2 = 0, so x = −5, y = −8 M1 A1

zxx = −6, zyy = −2, zxy = 4, so zxxzyy − (zxy)
2 = 12 − 16 = −4 < 0 M1

A saddle point, with z = −21 A1

Answer: Saddle point at (−5, −8), z = −21 6 marks

10 (4 marks)
fx = 2x − 2 = 0 and fy = −2y + 4 = 0, so (1, 2) M1 A1

fxx = 2, fyy = −2, fxy = 0, so D = −4 < 0 M1

A saddle point at (1, 2, 3) A1

Answer: Saddle point at (1, 2, 3) 4 marks

11 (4 marks)
fx = 4y − 2x = 0 and fy = 4x − 2y = 0 M1

x = 2y and y = 2x, so x = y = 0 A1

fxx = −2, fyy = −2, fxy = 4: D = 4 − 16 = −12 < 0 M1

A saddle point at the origin A1

Answer: Saddle point at (0, 0, 0) 4 marks
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12 (4 marks)
fx = 2x + ky and fy = kx + 2y both vanish at the origin B1

fxx = 2, fyy = 2, fxy = k, so D = 4 − k2 M1

Minimum needs D > 0: k2 < 4 M1

−2 < k < 2 A1

Answer: −2 < k < 2 4 marks

13 (4 marks)
(a) Px = 18 − 2x − y = 0 and Py = 12 − 2y − x = 0 M1

x = 8, y = 2 A1

Answer: x = 8, y = 2 2 marks

(b) Pxx = −2, Pyy = −2, Pxy = −1, D = 3 > 0, Pxx < 0: maximum M1

P = 144 + 24 − 64 − 4 − 16 = 84, ie £84 000 A1

Answer: £84 000 2 marks

14 (7 marks)
fx = 3x2 − 3 = 0 gives x = ±1; fy = 3y2 − 12 = 0 gives y = ±2 M1 A1

Four stationary points: (±1, ±2) A1

fxx = 6x, fyy = 6y, fxy = 0, so D = 36xy M1

(1, 2): D > 0, fxx > 0, minimum, z = −18 A1

(−1, −2): D > 0, fxx < 0, maximum, z = 18 A1

(1, −2) and (−1, 2): D < 0, saddle points, z = 14 and z = −14 A1

Answer: (1, 2, −18) min; (−1, −2, 18) max; (1, −2, 14), (−1, 2, −14) saddles 7 marks

15 (6 marks)

fx = y − 8
x2 = 0 and fy = x − 8

y2 = 0 M1 A1

y =
8
x2 , so x − x4

8 = 0, x3 = 8, x = 2, y = 2 M1 A1

fxx =
16
x3 = 2, fyy = 2, fxy = 1 M1

D = 3 > 0 and fxx > 0: a minimum, with f = 12 A1

Answer: Minimum at (2, 2), f = 12 6 marks

16 (5 marks)
fx = cos x sin y = 0 and fy = sin x cos y = 0; sin x, sin y ≠ 0 in the range M1

cos x = cos y = 0, so x = y =
π
2 A1

fxx = −sin x sin y = −1, fyy = −1, fxy = cos x cos y = 0 M1 A1

D = 1 > 0 and fxx < 0: maximum, f = 1 A1

Answer: Maximum at (
π
2 ,

π
2 ), f = 1 5 marks

17 (6 marks)

fx = 2x − 1
x = 0, so x2 =

1
2 , x =

1

2
; similarly y =

1

2
M1 A1

fxx = 2 +
1
x2 = 4, fyy = 4, fxy = 0 M1 A1

D = 16 > 0 and fxx > 0: minimum A1

f =
1
2 +

1
2 − ln

1
2 = 1 + ln 2 A1

Answer: Minimum at (
1
2

,
1
2

), f = 1 + ln 2 6 marks
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18 (7 marks)
fx = 3x2 − 3ay = 0 and fy = 3y2 − 3ax = 0 M1

y =
x2

a gives x4 = a3x, so x = 0 or x = a; points (0, 0) and (a, a) M1 A1

fxx = 6x, fyy = 6y, fxy = −3a M1

(0, 0): D = −9a2 < 0, saddle A1

(a, a): D = 36a2 − 9a2 = 27a2 > 0, fxx = 6a > 0: minimum, f = −a3 A1 A1

Answer: (0, 0) saddle; (a, a) minimum with f = −a3 7 marks

19 (5 marks)
(a) fx = 4x3 and fy = 4y3 are zero at the origin B1

fxx = 12x2, fyy = 12y2, fxy = 0, all zero at the origin, so D = 0 M1 A1

Answer: D = 0 3 marks

(b) x4 + y4 ≥ 0 for all x, y, with equality only at (0, 0) M1 A1

Answer: f ≥ 0 = f(0, 0) 2 marks

20 (5 marks)
f = (x − y)2 + 2y2 − 4y + 5 M1 A1

= (x − y)2 + 2(y − 1)2 + 3 M1 A1

Both squares are at least 0, so f ≥ 3, with equality when x = y = 1 A1

Answer: Minimum value 3 at (1, 1) 5 marks

21 (9 marks)
fx = 3x2 + 3y2 − 15 = 0 and fy = 6xy − 12 = 0 M1 A1

x2 + y2 = 5 and xy = 2, so (x + y)2 = 9 and (x − y)2 = 1 M1

Points (2, 1), (1, 2), (−1, −2), (−2, −1) A1 A1

fxx = 6x, fyy = 6x, fxy = 6y, so D = 36(x2 − y2) M1

(2, 1): D > 0, fxx > 0, minimum, z = −28; (−2, −1): D > 0, fxx < 0, maximum, z = 28 A1 A1

(1, 2), (−1, −2): D < 0, saddle points, z = −26 and z = 26 A1

Answer: (2, 1, −28) min; (−2, −1, 28) max; (1, 2, −26), (−1, −2, 26) saddles 9 marks

22 (8 marks)

(a) fx = (1 − 2x2)e−(x2 + y2) and fy = −2xye−(x2 + y2) M1 A1

fy = 0 gives x = 0 or y = 0; x = 0 gives fx = e−y2 ≠ 0, so y = 0 and x = ±
1

2
M1 A1

Answer: Shown: the only stationary points are at (±
1
2

, 0) 4 marks

(b) fxx = (4x3 − 6x)e−(x2 + y2), fyy = 2x(2y2 − 1)e−(x2 + y2), fxy = 0 at y = 0 M1

At x =
1

2
: fxx = −2 2e−1/2 < 0, fyy = − 2e−1/2 and D = 4e−1 > 0: a maximum, f =

1

2
e−1/2 A1 A1

At x = − 1

2
: fxx > 0 and D = 4e−1 > 0: a minimum, f = − 1

2
e−1/2 A1

Answer: Max at (
1
2

, 0), min at (-
1
2

, 0) 4 marks

23 (6 marks)
(a) fx = 2x = 0 and fy = 3y2 = 0, so (0, 0) M1 A1

fxx = 2, fyy = 6y = 0, fxy = 0, so D = 0 A1

Answer: Shown: the origin is the only stationary point and that D = 0 there 3 marks

(b) On x = 0, f = y3, which is positive for y > 0 and negative for y < 0 M1 A1

So f takes values above and below f(0, 0) = 0 near the origin: neither A1

Answer: Neither 3 marks
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24 (8 marks)
(a) The nature cannot be decided from fyy alone: D = fxxfyy − (fxy)

2 and the sign of fxx are needed M1 E1

Answer: Need the full second derivative test 2 marks

(b) fxx = 6x, fyy = 2, fxy = 0, so D = 12x M1

(1, 0): D = 12 > 0, fxx = 6 > 0: minimum A1

(−1, 0): D = −12 < 0: saddle point A1

Answer: (1, 0) min; (−1, 0) saddle 3 marks

(c) On y = 0, f = x3 − 3x with f'' = 6x = −6 < 0 at x = −1: a local maximum M1 A1

But along x = −1, f = 2 + y2 has a minimum at y = 0, so the point is a saddle E1

Answer: Saddle 3 marks

25 (7 marks)
(a) fx = 3x2 − 3 = 0 and fy = −2y = 0, so (1, 0) and (−1, 0) M1 A1

fxx = 6x, fyy = −2, fxy = 0, D = −12x M1

(−1, 0): D = 12 > 0, fxx < 0: maximum, z = 2 A1

(1, 0): D = −12 < 0: saddle, z = −2 A1

Answer: (−1, 0, 2) maximum; (1, 0, −2) saddle 5 marks

(b) Near a maximum: small closed loops around the point E1

Near a saddle: contours of lower and higher values forming a cross shape (X) through the point E1

Answer: Closed loops; crossing pattern 2 marks

26 (7 marks)
(a) fx = 2x + ay − 5 = 0 at (2, 1): 4 + a − 5 = 0, a = 1 M1 A1

fy = ax + 2by − 4 = 0 at (2, 1): 2 + 2b − 4 = 0, b = 1 M1 A1

Answer: a = 1, b = 1 4 marks

(b) fxx = 2, fyy = 2, fxy = 1, D = 3 > 0, fxx > 0 M1

f(2, 1) = 4 + 2 + 1 − 10 − 4 = −7 A1 A1

Answer: Minimum, f = −7 3 marks

27 (12 marks)
(a) fx = 2ax + 2hy and fy = 2hx + 2by, both zero at the origin B1

fxx = 2a, fyy = 2b, fxy = 2h M1

D = 4ab − 4h2 = 4(ab − h2) A1

Answer: Shown: the origin is a stationary point and that fxxfyy − (fxy)
2 = 4(ab − h2) 3 marks

(b) f = a(x2 +
2h
a xy) + by2 M1

= a[(x +
h
a y)2 − h2

a2 y2] + by2 M1 A1

= a(x +
h
a y)2 +

ab − h2

a y2 A1

Answer: Shown: f(x, y) = a(x +
h
a y)2 +

ab − h2

a y2 4 marks

(c) If a > 0 and ab > h2, both coefficients are positive, so f ≥ 0 with equality only when y = 0 and M1 A1

x = 0: a minimum
Conversely, if the origin is a minimum then f ≥ 0 everywhere; taking y = 0 gives a ≥ 0 so a > 0 M1

Taking x = − h
a y gives

ab − h2

a y2 ≥ 0, so ab ≥ h2; if ab = h2, f = 0 along that line so it is not a E1 E1

strict minimum; hence ab > h2

Answer: Proved: the origin is a minimum if and only if a > 0 and ab > h2 5 marks

28 (12 marks)
(a) fx = cos x + cos(x + y) = 0 and fy = cos y + cos(x + y) = 0 M1 A1

So cos x = cos y; cosine is one-to-one on (0, π), so x = y M1 A1

Answer: Shown: cos x = cos y = −cos(x + y), so x = y 4 marks

(b) cos x + cos 2x = 0, so 2cos2x + cos x − 1 = 0 M1
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(2cos x − 1)(cos x + 1) = 0; cos x ≠ −1 in the range, so cos x =
1
2 , x =

π
3 M1 A1

Answer: (
π
3 ,

π
3 ) 3 marks

(c) fxx = −sin x − sin(x + y) = − 3
2 − 3

2 = − 3, fyy = − 3, fxy = −sin(x + y) = − 3
2 M1 A1

D = 3 − 3
4 =

9
4 > 0 and fxx < 0: a maximum M1 A1

f =
3 3

2 A1

Answer: Maximum
3 3

2 5 marks

29 (11 marks)
(a) fx = 4x(x2 + y2 − 1) and fy = 4y(x2 + y2 + 1) M1 A1

fy = 0 gives y = 0 (the bracket is positive); then 4x(x2 − 1) = 0 gives x = 0, ±1 M1 A1

fxx = 4(3x2 + y2 − 1), fyy = 4(x2 + 3y2 + 1), fxy = 8xy

(0, 0): D = (−4)(4) = −16 < 0, saddle A1

(±1, 0): fxx = 8, fyy = 8, D = 64 > 0: minima, f = −1 A1 A1

Answer: (0, 0, 0) saddle; (±1, 0, −1) minima 7 marks

(b) Expand: x4 + 2x2y2 + y4 − 2x2 − 2y2 + 1 + 4y2 M1

(x2 + y2 − 1)2 + 4y2 = (x2 + y2)2 − 2x2 − 2y2 + 1 + 4y2 = f + 1 A1

Answer: Shown: f(x, y) + 1 = (x2 + y2 − 1)2 + 4y2 2 marks

(c) f + 1 is a sum of squares, so f ≥ −1 M1 A1

Equality needs y = 0 and x2 = 1: at (±1, 0)
Answer: f ≥ −1, attained at (±1, 0) 2 marks

30 (10 marks)
(a) fx = 2x + y − 3 = 0, fy = 2y + x + z = 0, fz = 4z + y = 0 M1 A1

y = −4z; then x = 7z from the second equation, and 14z − 4z = 3 M1

z =
3
10 , y = − 6

5 , x =
21
10 A1

Answer: (
21
10 , − 6

5 ,
3
10 ) 4 marks

(b) Minors: 2,
2 1
1 2

= 3 and
2 1 0
1 2 1
0 1 4

= 2(8 − 1) − 1(4) = 10 M1 A1 A1

All positive, so H is positive definite and the point is a minimum E1

Answer: Minimum 4 marks

(c) f =
441
100 +

36
25 +

9
50 − 63

50 − 9
25 − 63

10 M1

= − 63
20 A1

Answer: − 63
20 2 marks

Multivariable Optimisation

1 (3 marks)

P = x(10 − x) = 10x − x2,
dP
dx = 10 − 2x = 0, so x = 5 M1 A1

Maximum product = 25 A1

Answer: 25 (when x = y = 5) 3 marks
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2 (3 marks)
L = xy − λ(x + y − 10): y = λ and x = λ M1 A1

So x = y and x + y = 10 gives x = y = 5 A1

Answer: (5, 5) 3 marks

3 (3 marks)

x2h = 500, so h =
500
x2 M1

A = 2x2 + 4xh = 2x2 +
2000

x M1 A1

Answer: Shown: its surface area is A = 2x2 +
2000

x 3 marks

4 (3 marks)
dS
da = 2(a − 1) + 2(a − 2) + 2(a − 4) = 6a − 14 M1 A1

a =
7
3 , and S'' = 6 > 0 so this is a minimum A1

Answer: a =
7
3 3 marks

5 (3 marks)
D = x2 + (2x + 5)2 = 5x2 + 20x + 25 M1

dD
dx = 10x + 20 = 0, so x = −2, y = 1 M1 A1

Answer: (−2, 1) 3 marks

6 (2 marks)
f has no stationary point, so extremes are on the boundary, at the corners M1

Greatest 2 at (1, 1); least 0 at (0, 0) A1

Answer: Greatest 2 at (1, 1); least 0 at (0, 0) 2 marks

7 (5 marks)

h =
32
x2 , A = x2 + 4xh = x2 +

128
x M1 A1

dA
dx = 2x − 128

x2 = 0, so x3 = 64, x = 4, h = 2 M1 A1

d2A
dx2 = 2 +

256
x3 > 0, a minimum, A = 16 + 32 = 48 m2 A1

Answer: 4 m by 4 m by 2 m; 48 m2 5 marks

8 (6 marks)
Minimise f = x2 + y2 subject to g = xy − 8 = 0 B1

2x = λy and 2y = λx M1 A1

So 2x2 = λxy = 2y2, giving x = y M1

x2 = 8, so the point is (2 2, 2 2) A1

Distance = 8 + 8 = 4 A1

Answer: (2 2, 2 2); distance 4 6 marks

9 (4 marks)
L = x2 + y2 − λ(x + 2y − 10): 2x = λ, 2y = 2λ M1 A1

y = 2x, so 5x = 10, x = 2, y = 4 M1

Minimum value 4 + 16 = 20 (the squared distance from the origin to the line) A1

Answer: 20 at (2, 4) 4 marks
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10 (4 marks)
S = (2 − m)2 + (3 − 2m)2 + (7 − 3m)2 M1

dS
dm = −2(2 − m) − 4(3 − 2m) − 6(7 − 3m) = 28m − 58 M1 A1

m =
29
14 A1

Answer: m =
29
14 4 marks

11 (4 marks)
f = (x − 1)2 + (y − 2)2 − 5, least when (x, y) = (1, 2), which lies inside: −5 M1 A1

The greatest value is at the corner furthest from (1, 2): (3, 0) M1

f(3, 0) = 3 (the other corners give 0, −3, 0) A1

Answer: Least −5 at (1, 2); greatest 3 at (3, 0) 4 marks

12 (4 marks)
L = xy2 − λ(x + y − 9): y2 = λ and 2xy = λ M1 A1

y2 = 2xy, so y = 2x (y > 0) M1

3x = 9, x = 3, y = 6, f = 108 A1

Answer: 108 at (3, 6) 4 marks

13 (4 marks)
Minimise x2 + y2 + z2: 2x = λ, 2y = 2λ, 2z = 2λ M1 A1

y = z = 2x, so x + 4x + 4x = 9, x = 1 M1

Point (1, 2, 2), distance 1 + 4 + 4 = 3 A1

Answer: (1, 2, 2); distance 3 4 marks

14 (7 marks)

(a) h =
1000
xy M1

S = 2xy + 2(x + y)h = 2xy +
2000

y +
2000

x M1 A1

Answer: Shown: the total surface area is S = 2xy +
2000

x +
2000

y 3 marks

(b) Sx = 2y − 2000
x2 = 0 and Sy = 2x − 2000

y2 = 0 M1

x2y = 1000 = xy2, so x = y and x3 = 1000: x = y = 10

Sxx =
4000

x3 = 4, Syy = 4, Sxy = 2, D = 12 > 0, Sxx > 0: minimum M1 A1

Smin = 200 + 200 + 200 = 600 cm2; the box is a cube A1

Answer: 10 cm cube; 600 cm2 4 marks

15 (8 marks)
(a) Sa = −2Σxi

2(yi − axi
2 − b) = 0 and Sb = −2Σ(yi − axi

2 − b) = 0 M1

Σxi
2 = 6, Σxi

4 = 18, Σxi
2yi = 60, Σyi = 22 M1 A1

So 18a + 6b = 60 and 6a + 4b = 22 A1

Answer: Shown: 18a + 6b = 60 and 6a + 4b = 22 4 marks

(b) 3a + b = 10 and 3a + 2b = 11, so b = 1 and a = 3 M1 A1

Saa = 36, Sbb = 8, Sab = 12 M1

SaaSbb − Sab
2 = 144 > 0 and Saa > 0, so a minimum A1

Answer: a = 3, b = 1 4 marks
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16 (6 marks)
L = xyz − λ(x + y + z − 12): yz = xz = xy = λ M1 A1

Positive values: x = y = z M1 A1

x = y = z = 4, product 64 A1

The product tends to 0 as any variable tends to 0, so the only stationary value is the maximum E1

Answer: 64 at (4, 4, 4) 6 marks

17 (7 marks)
(a) Sm = −2Σxi(yi − mxi − c) = 0, so mΣx2 + cΣx = Σxy M1

Σx2 = 14, Σx = 6, Σxy = 35, Σy = 16, n = 4 A1

14m + 6c = 35 and, from Sc = 0, 6m + 4c = 16 A1

Answer: Shown: the conditions Sm = 0 and Sc = 0 give 14m + 6c = 35 and 6m + 4c = 16 3 marks

(b) m =
11
5 , c =

7
10 M1 A1

Smm = 28, Scc = 8, Smc = 12 (all halved), D = 224 − 144 = 80 > 0 and Smm > 0 M1 A1

Answer: m = 2.2, c = 0.7 4 marks

18 (7 marks)
fx = 2x − y = 0 and fy = 2y − x − 3 = 0 give (1, 2), inside the rectangle, f = −3 M1 A1

D = 3 > 0 and fxx > 0: a minimum, so least value −3 A1

Corners: f(0, 0) = 0, f(2, 0) = 4, f(0, 3) = 0, f(2, 3) = −2 M1 A1

On the edges the extremes are at the corners or at −2.25 (for example x = 0, y =
3
2 ); none exceeds M1

4
Greatest value 4 at (2, 0) A1

Answer: Greatest 4 at (2, 0); least −3 at (1, 2) 7 marks

19 (6 marks)
Minimise S = 2πr2 + 2πrh subject to πr2h = 500 B1

L = S − λ(πr2h − 500): 4πr + 2πh = 2πrhλ and 2πr = πr2λ M1 A1

λ =
2
r , so 4πr + 2πh = 4πh, giving h = 2r M1 A1

r3 =
250
π , r = 4.30, S = 6πr2 = 349 cm2 A1

Answer: h = 2r; 349 cm2 6 marks

20 (5 marks)
L = x + y − λ(x2 + y2 − 2): 1 = 2λx and 1 = 2λy M1 A1

x = y, so 2x2 = 2, x = ±1 M1 A1

Greatest value 2 at (1, 1); least value −2 at (−1, −1) A1

Answer: Greatest 2, least −2 5 marks

21 (7 marks)

(a)
dS
da = −2Σ 1

xi
(yi − a

xi
) = 0 M1 A1

Σ
yi

xi
= aΣ 1

xi
2 M1

d2S
da2 = 2Σ 1

xi
2 > 0, a minimum A1

Answer: Shown: S is minimised when a =
Σ(yi

xi)/Σ(1/xi
2)

4 marks

(b) Σ y
x = 6 + 1.25 + 0.25 = 7.5 M1

Σ 1
x2 = 1 +

1
4 +

1
16 =

21
16 A1

a = 7.5 ×
16
21 =

40
7 ≈ 5.71 A1
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Answer: a =
40
7 ≈ 5.71 3 marks

22 (8 marks)
L = x2 + y2 − λ(x2 + 4y2 − 16): 2x = 2λx and 2y = 8λy M1 A1

Case x ≠ 0: λ = 1, so 2y = 8y, y = 0 and x = ±4 M1 A1

Case y ≠ 0: λ =
1
4 , so 2x =

1
2 x, x = 0 and y = ±2 M1 A1

f(±4, 0) = 16 and f(0, ±2) = 4 A1

Closest (0, ±2) at distance 2; furthest (±4, 0) at distance 4 A1

Answer: Closest (0, ±2), furthest (±4, 0) 8 marks

23 (8 marks)

(a) Lg = 20 LK − λ(4L + 9K − 360): 10
K
L = 4λ and 10

L
K = 9λ M1 A1

Dividing the equations:
K
L =

4
9 , so K =

4L
9 M1 A1

4L + 4L = 360, so L = 45 and K = 20 M1

P = 20 900 = 600 A1

Answer: L = 45, K = 20, P = 600 6 marks

(b) λ =
10
4

20
45 =

10
4 ×

2
3 =

5
3 M1

An extra £1 of budget increases the maximum output by about
5
3 units E1

Answer: λ =
5
3 2 marks

24 (7 marks)
(a) fx = 2x and fy = 4y vanish only at the origin, which is inside the disc, and f = 0 M1 A1

f ≥ 0 everywhere, so the least value is 0 A1

Answer: 0 at (0, 0) 3 marks

(b) f = x2 + 2(4 − x2) = 8 − x2 for −2 ≤ x ≤ 2 M1 A1

Greatest when x = 0: f = 8 at (0, ±2) A1

Least on the boundary is 4 at (±2, 0), which exceeds the interior minimum A1

Answer: Greatest 8 at (0, ±2) 4 marks

25 (7 marks)
(a) The student has ignored the constraint: the conditions fx = fy = 0 find a stationary point of xy M1 E1

on the whole plane, not along the line x + y = 6
(0, 0) does not satisfy x + y = 6 A1

Answer: Constraint ignored 3 marks

(b) f = x(6 − x),
df
dx = 6 − 2x = 0, x = 3, f = 9 M1 A1

Lagrange: y = λ = x, so x = y = 3 M1 A1

Answer: 9 at (3, 3) 4 marks

26 (8 marks)
L = x2 + y2 + z2 − λ(x + y + z − 3) − μ(x − 2y + z − 1) M1

Lx = 0: 2x = λ + μ, Ly = 0: 2y = λ − 2μ, Lz = 0: 2z = λ + μ M1 A1

So x = z A1

The constraints become 2x + y = 3 and 2x − 2y = 1; subtracting gives 3y = 2 M1

y =
2
3 , x = z =

7
6 A1

f = 2 ×
49
36 +

4
9 =

19
6 A1

f has no maximum on the line of intersection, so this stationary value is the minimum E1

Answer: Minimum value
19
6 at (

7
6 ,

2
3 ,

7
6 ) 8 marks
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27 (12 marks)
(a) Sm = −2Σxi(yi − mxi − c) = 0, so B − mA − cX = 0 M1 A1

Sc = −2Σ(yi − mxi − c) = 0, so Y − mX − nc = 0 M1 A1

Answer: Shown: Sm = 0 and Sc = 0 give mA + cX = B and mX + nc = Y 4 marks

(b) Multiply the second equation by X and the first by n: mnA + cnX = nB and mX2 + ncX = XY M1 A1

Subtract: m(nA − X2) = nB − XY M1

m =
nB − XY
nA − X2 A1

Answer: Shown: m =
nB − XY
nA − X2 4 marks

(c) nA − X2 = nΣ(xi − x̄)2 where x̄ = X
n , which is positive unless every xi = x̄ M1 A1

Smm = 2A, Scc = 2n, Smc = 2X, so D = 4(nA − X2) > 0 M1 A1

Scc > 0, so the stationary point is a minimum

Answer: Shown: nA − X2 > 0, so a minimum 4 marks

28 (12 marks)

(a) L =
1
3 πr2h − λ(r2 + h2 − 100):

2
3 πrh = 2λr and

1
3 πr2 = 2λh M1 A1

λ =
1
3 πh from the first (r ≠ 0) A1

1
3 πr2 =

2
3 πh2, so r2 = 2h2 M1 A1

Answer: Shown: r2 = 2h2 at a stationary point 5 marks

(b) 3h2 = 100, so h =
10

3
= 5.77 and r2 =

200
3 M1 A1

V =
1
3 π ×

200
3 ×

10

3
= 403 cm3 A1

V = 0 when r = 0 or h = 0 (the ends of the constraint) and V > 0 between, so the only stationary E1 E1

value is the maximum

Answer: 403 cm3 5 marks

(c) tan α =
r
h =

r2

h2 M1

= 2 A1

Answer: tan α = 2 2 marks

29 (12 marks)
(a) P = q1p1 + q2p2 − C M1

= 50q1 − 3q1
2 + 30q2 − q2

2 − 4q1 − 8q2 − q1
2 − 2q1q2 − q2

2 M1

= 46q1 + 22q2 − 4q1
2 − 2q2

2 − 2q1q2 A1

Answer: Shown: the profit is P = 46q1 + 22q2 − 4q1
2 − 2q2

2 − 2q1q2 3 marks

(b) P1 = 46 − 8q1 − 2q2 = 0 and P2 = 22 − 4q2 − 2q1 = 0 M1 A1

q1 = 5, q2 = 3

P11 = −8, P22 = −4, P12 = −2: D = 32 − 4 = 28 > 0 and P11 < 0, a maximum M1 A1

P = 230 + 66 − 100 − 18 − 30 = 148 A1

Answer: q1 = 5, q2 = 3, P = 148 5 marks

(c) P1 = P2 = λ: 46 − 8q1 − 2q2 = 22 − 4q2 − 2q1, so q2 = 3q1 − 12 M1 A1

With q1 + q2 = 6: q1 =
9
2 , q2 =

3
2 A1

P = 141; λ = 46 − 36 − 3 = 7
One extra unit of capacity would raise the maximum profit by about £7 E1

Answer: q1 = 4.5, q2 = 1.5, P = 141, λ = 7 4 marks
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30 (11 marks)
(a) yz = xz = xy = λ and x, y, z > 0, so x = y = z M1 A1

x = y = z = 1, xyz = 1 A1

As any variable tends to 0 the product tends to 0, so the stationary value 1 is the maximum E1

Answer: Maximum 1 at (1, 1, 1) 4 marks

(b) From part (a), xyz ≤ 1, and equality is attained only at the stationary point M1 A1

Answer: Shown: xyz ≤ 1 for all such numbers, with equality only if x = y = z = 1 2 marks

(c) x + y + z = 3, so xyz ≤ 1 M1

27abc
(a + b + c)3 ≤ 1, so (a + b + c)3 ≥ 27abc M1 A1

Taking cube roots:
a + b + c

3 ≥ (abc)1/3 A1

Answer: Proved:
a + b + c

3 ≥ (abc)1/3 4 marks

(d) Equality holds when x = y = z, that is when a = b = c B1

Answer: a = b = c 1 mark


