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Definition and Standard M GFs

1 (2 marks)
My (t) = E(e) = Z e*P(X = x) M1
M (t) = 0.3e" + 0.7e* Al
Answer: My(t) = 0.3e" + 0.7¢* 2 marks
2 (2 marks)
M (0) = E(e™) M1
=EQ1) =1 Al
Answer: Shown 2 marks
3 (2 marks)
My (t) = Z e”P(X = X) M1
My (t) = %(et +e? + ¥+ %) Al
Answer: %(et +e?+et+eh 2 marks
4 (2 marks)
(@) My(t) = 0.6e° + 0.4e' = 0.6 + 0.4¢' B1
Answer: My(t) = 0.6 + 0.4¢' 1 mark
(b) €"3=3,50M(In3)=06+12=18 B1
Answer: 1.8 1 mark
5 (2 marks)
(@) My(t) = (0.8 + 0.2¢")° B1
Answer: (0.8 + 0.2¢")° 1 mark
(b) €M% =4, so My(In 4) = (0.8 + 0.8)° = 1.6° = 10.48576 B1
Answer: 10.48576 1 mark
6 (2 marks)
(8) My(t) = e3¢~ B1
Answer: ¢~ 1 mark
(b) €"2=2,s0My(In2) =@~V =¢ B1
Answer: e® 1 mark
7 (3 marks)
My (t) = 2 e”*P(X = X) M1
=0.2e7" + 0.5¢° + 0.3¢* M1
My(t) = 0.2 + 0.5 + 0.3¢* Al
Answer: 0.2e”' + 0.5 + 0.3e” 3 marks
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8 (5 marks)
My(t) = e*q'p M1
x=1
=pe' Y, (ae)* ML
x=1
Thisis a geometric series with first term 1 and common ratio ge' M1
S _ pe
Sum to infinity gives My(t) = -8 Al
The series converges when ge' < 1, that ist < —In g B1
Answer: Shown; t < —=Inq 5 marks
9 (4 marks)
o €
My (t) = 2 e M1
X
e E (2\6) M1
= e e (exponential series) Al
= e =D valid for al real t B1
Answer: Shown; all real t 4 marks
10 (4 marks)
My () = £°° e“Ae™™dx =2 £°° e ?=0xdx M1
—(}x t)x
= 2\[— S=tlo” M1
_ A
=3 Al
The integral convergesonly when A — t >0, thatist < A B1
Answer: Shown; t <A 4 marks
11 (3 marks)
My(t) = £2 e‘XX% dx M1
1 e'[X
2[ t ]O M1
_et-1
=~ Al
Answer: Shown 3 marks
12 (3 marks)
M (t) = 2 P(X = x)e™, so the coefficient of €% isP(X = x) M1
P(X=0)=0.1,P(X =1)=03,P(X =2) =04, P(X =3) = 0.2 Al
PX=2)=04+02=0.6 Al
Answer: P(X = 2) = 0.6 3 marks
13 (3 marks)
9,
(@) My(t) =" 2" B1
Answer: e+ 3" 1 mark
1.
(b) Z ~ N(0, 1), S0 M,(t) = 2" B1
Answer: 62" 1 mark
5 9.1 29
O Mu(3)=er" 7T =ev B1
29
Answer: €& 1 mark
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14 (4 marks)
Mx(® = >, e* "C,p*q™™ M1
x=0
=2, "C(pe)q™ M1
x=0
By the binomial theorem X "C,a*b"™* = (a+ b)"witha=pe,b=q Al
My (t) = (q + pe")", valid for all real t Al
Answer: Shown 4 marks
15 (5 marks)
My (t) = 1:1 3x%e™ d x M1
x2 2 2
=3e"(+ — =zt t—3)]0l M1 A1
1 2 2 2
=3e(f -z +p)— @l M1
_3eltP—2t+2)—6
- £3 Al
Answer: Shown 5 marks
16 (5 marks)
Mx(t):%f; e‘xexdx+%_£oo e*e™ dx M1
o e 1
Flrstlntegral.§[l+t]_w = 2(1+t),needst>—1 M1 A1l
, 1, et 1
Second integral: 5[— =1 167 = 2(1_t),needst<1 Al
1,1 1 1
MX(t):§(1+t+1—t):1_t2f°r_1<t<1 B1
Answer: Mx(t):ﬁ, -1<t<1 5 marks
17 (4 marks)
- 1,3 1w 3¢
Mx(t) = g{) e x7(7) =7 26 ) M1
t
Geometric series with first term 1 and ratio 3Te M1
1 1 1
Mx(t) - Zx 3e'l - 4 _ 3et Al
T A
3¢ . 4
Converges when - < 1, that ist < In 3 Bl
. _ 1 4
Answer: Mx(t)—m,t<|n§ 4 marks
18 (4 marks)
My () = fo e*x4xe > dx = 4 ‘Lm xe~ @0 g x M1 A1
Using the result with k = 2 — t (which must be positive): My(t) = (2%402 M1
The result requires2 —t>0,s0t< 2 B1
. _ 4
Answer: My(t) = —(2—t)2’t <2 4 marks
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19 (4 marks)
TPX=x)=k(1+2+3+4) =10k =190k = 75 M1 AL
My (t) = T e®kx M1
My (t) = lio(et +2e% + 3™ + 4e™) Al
Answer: k = 1—10; M (t) = l—lo(et + 2 + 3 + 4e™) 4 marks
20 (4 marks)
(a) e = e'xe!™™D o afactor €' should have been taken outside the sum, not dropped E1
The series should be pe' = (ge")*~?, with first term pe' El
Answer: A factor €' was lost when rewriting e 2 marks
(b) My (t) = pe' >, (ge’)*™* M1
x=1
__pe
iy Al
t
Answer : Pe : 2 marks
1—qe
21 (7 marks)
® 1 1.
@M= [~ e‘ZEe 22 dz M1
1 1 1
tz — 522 =-3@z- )2 + §t2 M1 A1l
1, po 1 1 2
M,(t) = e2" ——e2¢"0 (g
L(t) = e? Lw o 2 z M1
1,
The integrand is the density of N(t, 1), so the integral is 1 and M,(t) = e2' Al
Answer: Shown 5 marks
(b) My (t) = &M, (o) M1
1 202
- eut+ 0°t Al
1 202
Answer: et * 391 2 marks
22 (7 marks)
Mx(t):£l xe”‘dx+£2 (2 — x)e*dx M1
[ xe*dx=[eX% - D=t - 2)+ = V1AL
tt tot t
2 2 — x)e* 1 p2 e e*-¢
.[ (2—x)e‘xdx:[%]12+?£ e‘xdx:—T+ e M1 A1l
e €. 1 €& e ¢
Mx(t):T—t—2+t—2—T+t—2—t—2 M1
et —2d+1 (e = 1)?
= 2 = Al
Answer: Shown 7 marks
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23 (6 marks)
B *© y e—}x)xx : —A ()\et)x
MX(t) - ;{ et Xl(l _ e—)x) - —)s 2
* X
2 he) 1
—?x A€ — 1
Mx(t) = %
A€ —1) _
© = e , valid for all real t

Answer: Shown; all real t

24 (6 marks)

Condition on the two cases: My (t) = %E(etX | X =0)+ %E(etX | X is exponential)

First case: €° = 1, so it contri butes%

2., 2 4
Second case: 3%5 =% =32-9
1 4 _(2—t)+4_ 6—t
MxO=3+3a-5 =329 -—32=9
Existsfort <2
Answer: M(t) = %,t<2
25 (6 marks)

(@ Fort=0andx=10<e*=1
SoEE) = [ %dx:l,whichisfinite

Answer: Shown
3.3
(b) Fort>0, e* > L

2e% »
So 7 >3, a positive constant

‘[ . d x diverges, so by comparison E(e™) diverges

AnaNer. Shown

(c) M(t) is not defined on any open interval containing t = 0, so M'(0) cannot be found
Answer: M (t) does not exist on any interval containingt =0, so M '(0) cannot be found

26 (6 marks)

A%~ l —AX B
X(t) 1; tX l"(a) dx = ]_"((x) ‘£ X% 1 (A—t)x d x
For convergenceweneed A —t>0,s0t< A
1

Letu:(l—t)x,sox:)x%anddx:mdu

a-lg=u gy = (@)
£ u du= &= 1"

The integral becomes o= t)q

_ A" F(a) _ a
Answer: Shown
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27 (8 marks)

(@) My(t) = 2 e* X IC,_p'q-"

X=r

Leek=x—r,50k=0,1,2,..and e* =e"eX

Mx(t) = (pe)" >, “'C,_(ce)"
k=0

- ()1 — ) = (s

The seriesrequiresge' < 1, sot< —Inq
Answer: Shown; t < —=Inq
(b) My (1) = &"My(0)

_ P r
=(Z qet)
. P r
Answer: (1 — qe‘)
28 (8 marks)
— z5 — [ tzzi —22/2
@My =EE*)= [ e e dz

e 12022 4 5

__1 r-
= I
For the integral to convergeweneed 1 — 2t > 0, that ist < %

L1 1 . .
Write s = 1—2t,s0s= 1= the integral |s\/2ns

My = ey = 2 = (1 - 207

Answer: Shown

(b) Putt= 2.MY( 2) 2 \/E
o1
Answer: _\/5

(cFort= % the exponent —(1 — 2t)z%/2 is = 0, so the integrand does not tend to 0 and the

integral diverges
Answer: Theintegral diverges

29 (8 marks)
@My =3 ["e"sinxdx

1 eX(tsinx — cosx)

- E[ 1 + t2 ]OH
_1 e+ —-(0-1 _ 1+e€"
T2 1+t2 T 21 +t)
Answer: Shown
_o1+1
(0) Mx(0) = 57y =1
Answer: Verified
1t 1t

_ e 2 +e2

(©) My—_pa(t) = €™M (1) = 2040
mt

~ cosh(7)
To1+¢2

cosh and t? are both even functions, so the quotient is even
Answer: Shown
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30 (8 marks)
@PY =y)=P(-InU =y)=PU = e7) M1
=1—-¢e” Al
Thisis the distribution function of an exponential distribution with rate 1 Al
Answer: Y isexponential with rate 1 3 marks
(b) ¥ =e "V =U~, soMy() = [  udu M1
ut 1 .
=[1—%lo" = 7= (theintegral converges for t < 1) Al
Answer: Shown 2 marks
(c) Let S= —In(U,U,U,) =Y, + Y, + Y, then Mg(t) = (1 — t)~3 for independent Y M1 Al
E(U,U,U9) ™) = E(%) = Mo(3) = (3)° =8 AL
Answer: 8 3 marks

Moments from M GFs

1 (2 marks)

M, (t) = 0.7¢' M1

E(X) =M,'(0) = 0.7 AL

Answer: 0.7 2 marks
2 (2 marks)

M, '(t) = (1 + 2t)et* M1

E(X) =M,'(0) =1 AL

Answer: 1 2 marks
3 (2 marks)

Coefficient of tis E(X), so E(X) =4 B1

2

Coefficient of t? is o), 0 E(X?) = 2x9 = 18 B1

Answer: E(X) = 4, E(X?) =18 2 marks
4 (2 marks)

M, '(t) = 4(0.5 + 0.5€")3x0.5¢' M1

E(X) = M,'(0) = 4x1x0.5=2 Al

Answer: 2 2 marks
5 (2 marks)

v B
My'(t) = —(5 —e M1
, 5 1

E(X):MX(O):2—5:§ Al

Answer: % 2 marks
6 (2 marks)

E(X) = 3and E(X?) =13 B1

Var(X)=13 —3?=4 B1

Answer: 4 2 marks
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7 (4 marks)
_ e 8
(t) t)2' X (t) - (4 _ t)3 M1AlL
E(X) = Mx'(O) = 2 ad E(X?) = My"(0) = 3 AL
1
Var(X)=§ - (Z)2=E Al
Answer: E(X) = %, Var(X) = 1_16 4 marks
8 (5 marks)
M, '(t) = Aele?ED M1
E(XX) =M,'(0) = A Al
M "(t) = Ae'e?® D + )\ 2e?erE-D M1 A1
EX?)=A+ A% soVar(X) = A+ A% — A%=) Al
Answer: Shown 5 marks
9 (4 marks)
(1—1)2=1+2t+3t2+4t3+ ... M1 Al
E(X") = nix(coefficient of t"): E(X) = 2, E(X?) = 2Ix3 = 6, E(X°) = 3Ix4 = 24 Al
Var(X)=6—22=2 B1
Answer: E(X) =2, E(X?) = 6, E(X® = 24; Var(X) = 2 4 marks
10 (5 marks)
My'(t) = n(q + pe')""pe', so E(X) = np(q + p)"~* = np M1 A1
Myx"(t) = n(n — 1)(q + pe)"~?p’e* + n(q + pe)"~*pe' M1 AL
E(X?) =n(n — 1)p? + np, so Var(X) = n?p? — np? + np — n?p? = np(1 — p) = npq Al
Answer: Shown 5 marks
11 (4 marks)
M '(t) = —0.2e7" + 0.6e*, M, "(t) = 0.2e7" + 1.2e* M1 Al
E(X)=—02+06=04and E(X?) =02+12=14 Al
Var(X) = 1.4 — 0.4 =1.24 Al
Answer: E(X) = 0.4, Var(X) =1.24 4 marks
12 (4 marks)
=1+ +u2+u3+ ith —t+1t2
= u >t - with u = 2 M1
2 3
Termsin t3 from uz , ;XZXtX%tZ = %t?’; from % %tS M1 A1
Coefficient of t*is 2, 50 E(X?) = 31x2 = 4 AL
Answer: 4 4 marks
13 (4 marks)
My '(t) = %(et +2e* + 3e¥), M "(t) = %(et + 4 + 9e%) M1 AL
E(X) =M '(0) = 2 =2and E(X?) = M,"(0) = 5 AL
Var(X) = & — 22 ; X takes the values 1, 2, 3 each with probability % Al
Answer: E(X) =2, Var(X) = %; equally likely values 1, 2, 3 4 marks
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14 (6 marks)
wiy — PE(L — ge)? + pe'x2qe(l — ge)
M, "(t) = 1= o) M1 Al
_ pe'(l+ge)
T (- ge)? Al
E(X?) =My"(0) = p(1p: 9 - 1;2(] M1 A1
_1+g _ 1 _q
Var(X) = o7 _F_F Al
Answer: Shown 6 marks
15 (5 marks)
; 2ttt
e—1=t+7+€+ﬂ+... M1
M t—l+t+t2+t3+
X() - 57T Tog T Al
1 1 1 1 1
E(X) = 5, E(X?) = 21x5 = 3, EX®) =8Ix5z = 7 M1 AL
1 11
Var(X)—§—Z—E Al
Answer: E(X) = =, E(X?) = £, E(X%) = <; Var(X) = —
nswer : ()—5, ( )—5, ( )_Z' ar()—ﬁ 5 marks
16 (6 marks)
Putu=—2t: (1 — 2t)"3=1— 3(—2t) + 6(—2t)> — 10(—2t)° + ... M1
=1+ 6t + 24t> + 80t° + ... Al
E(X) = 6, E(X?) = 2Ix24 = 48, E(X®) = 31x80 = 480 M1A1AL
Var(X) =48 — 36 =12 Al
Answer: E(X) = 6, Var(X) = 12, E(X®) = 480 6 marks
17 (6 marks)
(a) K'(t) = ',\\",l—((tt)) and M(0) = 1, so K'(0) = M'(0) = E(X) M1 A1
" _ ' 2
k() = OO SO 0 K(0) = MT(0) — (M(0)* = E(X) — (E(X)* = Var(X) a1
Answer: Shown 3 marks
— t ' —
(b) K() = 101In(0.6 + 0.4€'), OK'(V) = oo M1
E(Y)=K'(0)=4 Al
K'() = —2% o va(Y)=K"(0) = 24 AL
"~ (0.6 +0.46")?’ B T
Answer: E(Y) =4, Var(Y) =24 3 marks
18 (5 marks)
MX(O):lgiv&egzl,sok:4 M1 A1
8 w24
Mx(t)_ (Z_t)S’MX (t)_ (Z_t)4 M1
8 24 _ 3
EX)=g=LEX)=1=5 Al
_3 1
Var(X)—§—1—§ Al
Answer: k =4, E(X) =1, Var(X) = 5 5 marks
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19 (5 marks)
(@) My"(0) = E(X?), not the variance E1
E(X) =M'(0) =2, so Var(X) =6 — 22 M1
Var(X) =2 Al
Answer: Var(X) =2 3 marks
(b) My"(t) = (26" + 126* + 86¥)e?* ™ M1
E(XX®)=2+12+8=22 Al
Answer: 22 2 marks
20 (5 marks)
ﬁ:l+t2+t4+... M1 Al
No odd powers of t, so E(X) = E(X®) =0 Al
E(X?) =2Ix1 =2, E(X%) = 4Ix1=24 Al
Coefficient of t* is 1, so E(X%) = (2k)! B1
Answer: 0, 2, 0, 24; E(X*) = (2k)! 5 marks
21 (7 marks)
() My'(t) = (1 + o2)e"* o2 s E(X) = 1t M1 A1
qu(t) — [0_2 + (u + O_Zt)Z]eut+02t2/2, 0 E(x2) - 0_2 + uZ M1
Var(X) =02+ p? — p?=0? Al
Answer: Shown 4 marks
(b) My "(t) = [04( + 02) + 204 + 0&) + (1 + g 2t)3elt+ o172 M1 Al
E(X3) = 3po? + p? Al
Answer: p® + 3po? 3 marks
22 (7 marks)
1
(@) My (t) = : M1
N
— t t 2 t n
=l + ()t (3) +..forft| <A M1 AL
Coefficient of t" is % and E(X") = n!X% AL
Answer: Shown 4 marks
(b) E[(X — 1)°] = E(X®) — 3nE(X?) + 3p°E(X) — p° M1
= i —_ 3xlxi + Sxixi —_ i
By NI AV N € At
_6—-6+3—-1_2
B SR & M
Answer: Shown 3 marks
23 (7 marks)
(@ X(X —1)=X2=X M1
E[X(X — 1)] = E(X?) — E(X) = My"(0) — My'(0) Al
Answer: Shown 2 marks
(b) Mx'() = np €/(1 — p + pe)™ B1
Myx"(t) = npe'(1 — p + pe!)"™* + n(n — )p’e*(1 — p + pe)"? M1
M "(0) — My'(0) = np + n(n — 1)p? — np = n(n — 1)p? Al
Answer: Shown 3 marks
(c) E(X?) = E[X(X — 1)] + E(X) =n(n — 1)p? + np M1
Var(X) = n’p? — np? + np — n’p® = np(1 — p) Al
Answer: Shown 2 marks
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24 (8 marks)
u_ u Ul . 1,
(a)e—1+u+7+€+...W|thU—§t M1
1 1 1
M,(t) =1+ Etz + gt“ + Et‘s + .. Al
Answer: 1+ %tz + %t“ + %te 2 marks
(b) EZ%) = 413 =3 B1
E(Z%) = 6145 = 15 B1
Answer: E(Z* =3,E(2% =15 2 marks
(c) Var(Z?) = E(Z%) — (E(Z2?))? M1
=3—-1=2 Al
Answer: 2 2 marks
(d)(z?—1)3=2°-32*+322-1 M1
E=15-9+3—-1=8 Al
Answer: 8 2 marks
25 (7 marks)
My(@©0)=1l:a+b+c=1 B1
My'(Q)=b+2c=1.2 M1 Al
My"(0)=b+4c=2 M1 A1
Subtracting: 2c=0.8,s0c=04,b=0.4,a=0.2 Al
Var(X) =2 — 1.2 = 0.56 Al
Answer: a=0.2,b=04,c=0.4; Var(X) = 0.56 7 marks
26 (6 marks)
E(Y") = E(e™) = My(n) M1
E(Y) = My (1) = e¥? M1 AL
E(Y?) =My(2) =€ Al
Var(Y) = €2 — (e¥?)? M1
=e’—e Al
Answer: E(Y)=e¥2 Var(Y) =€’ —e 6 marks
27 (8 marks)
Kt =r[lnp+t—In(1l— geh] M1 A1
- ge'
K't)y =r[1+ 1—qe‘] M1 A1
=1 Al
T 1-ge
O S §
E(X)—K(O)—l_q—ID Al
wpy = _1G€
Var(X) = K"(0) = % AL
Answer: Shown 8 marks
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28 (8 marks)
(@ (L+u)¥2=1- o+ 3w - 2ee M1
- 2 8 16
_ . B 24 O o3
Putu=-2t:1+t+ §x4t + EXSt M1
MY(t):1+t+gt2+gt3+... Al
Answer: 1+t + %tz + gts 3 marks
(b) E(Y) = 1, E(Y) = 21x5 = 3, E(Y®) = 31x3 = 15 M1 AL
Va(Y)=3—-1=2 Al
Answer: E(Y) =1, Var(Y) =2, E(Y® =15 3 marks
(© My'() = (1 — 2072, My"(t) = 3(L — 2t) =2 M1
My'(0) = 1 and M "(0) = 3, in agreement Al
Answer: Verified 2 marks
29 (8 marks)
t2 t4 t2k
(a)MX(t):l'*‘ﬁ'f'ﬁ'f'...‘f‘m'i'... M1 Al
No odd powers of t, so all odd moments are O B1
N 1 _ 1
EX™) = @20 arar = kvt AL
Answer: Shown 4 marks
(b) Var(x) = E(X) = 2 B1
1
4 _
E(X®) = z B1
1 2 1
E[(X? = 3)] =E(X*) — 3E(X?) + 3 M1
_1_2.1_24
57975 % A
Answer: Var(X) = % E(X?) = % 4 marks
30 (8 marks)
(@) My_(t) = €My (1) M1
= exp[A(e' — 1) — M] = exp[A(e' — 1 — 1)] Al
Answer: Shown 2 marks
2ttt
(b))\(et—1—t)=}\(7+€+ﬂ)+... M1
2
exp(w) =1+w+ WT + ...; the term in t comes only from w, with coefficient % M1
E[(X — 2)%] = 3Ix2 = AL
Answer: Shown 3 marks
2
(c) Termin t* from w, %; from W7 %(%)2 = % M1 AL
E[(X — A)*] = 41(A/24 + A?/8) = A + 3A? Al
Answer: Shown 3 marks
Sums, Transformations and Uniqueness
1 (2 marks)
My (1) = My (21) M1
= 0.5+ 0.5e* Al
Answer: 0.5 + 0.5e* 2 marks
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2 (2 marks)
M) = €My (t)
_ eBt
T1-t
3t
Answer: 1=t
3 (2 marks)

M.y (1) = My (M (1) = (0.5 + 0.5¢")°
X +Y ~B(5,0.5)
Answer: B(5, 0.5)

4 (2 marks)
This is the moment generating function of Po(3)

—372
PX=2)= > =022

Answer: Po(3); P(X =2) =0.224

5 (2 marks)
This is the moment generating function of B(6, 0.3)

P(X = 2) = °C,(0.3)%(0.7)* = 0.324135
Answer: B(6, 0.3); P(X = 2) = 0.324135

6 (2 marks)
Compare with e * 972 1 = 5
202=1,002=2 X ~N(, 2)
Answer: N(5, 2)

7 (3 marks)
M axan(t) = E(et(aX+b))
— E(ebteatX) - eth(e(at)X)
=e"M x(at)
Answer: Shown

8 (3 marks)
My (t) = €My (2t)
3

—
_eX3_2t

Existswhen 3 — 2t > 0, that ist < %

t
Answer: My(t) = %1 t < %
9 (3 marks)
Myy (1) = My (DM (1) = X€-Dghle-D)
— ale-1)

By uniqueness X +Y ~ Po(7)
Answer: Po(7)

10 (4 marks)
Mx(® = &2, My(t) = &7
Moy (1) = My(OMy (1) = €+ 6%

This is the moment generating function of N(3, 13), so X +Y ~ N(3, 13)
Answer: N(3, 13)
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11 (3 marks)
t

Compare with the geometric moment generating function I Eeqel (x=1,2.)p=0409g=0.6 M1 Al

P(X = 3) = ¢°p = 0.36x0.4 = 0.144 Al

Answer: Geometric with p = 0.4; P(X = 3) = 0.144 3 marks
12 (3 marks)

By uniqueness, the coefficient of e* gives P(X = x): P(X = =1) = 0.1, P(X =0) = 0.4, P(X = 2) = M1 Al

0.5

E(X)=—-01+0+1.0=09 Al

Answer: P(—=1) = 0.1, P(0) = 0.4, P(2) = 0.5; E(X) =0.9 3 marks
13 (4 marks)

1 _ t

Z=X~- %, s0 M(t) = e*My(35) M1 A1

= g Wognto + 0?t%20° M1

=" 507 ~N(0, 1) Al

Answer: Shown 4 marks
14 (4 marks)

(8) My, (D) = My ()M (t) by independence M1

=(q+pe)(a+pe)™ = (q + pe)™" AL

This is the moment generating function of B(n + m, p); by uniqueness X +Y ~B(n+ m, p) Al

Answer: Shown 3 marks

(b) The product (q + pe")"(q + p'e")™ is not of the form (g" + p"e)™™ El

Answer: The product is not a binomial moment generating function 1 mark
15 (5 marks)

My, () = €My ()M (—21) M1 A1

M (3t) = e¥ 4% M (—2t) = 28 M1 AL

My (t) = e+ 12%¢ 5o W ~ N(13, 25) Al

Answer: N(13, 25) 5 marks
16 (5 marks)

Mya(t) =M x.(%) = gHid o2 M1 A1

By independence Mg(t) = [eV4+ 077324 M1

= ght+ ot?y8 Al

2 2

This is the moment generating function of N(j1, GT); by uniqueness X ~ N(i, OT) Al

Answer: Shown 5 marks
17 (6 marks)

(@) Mao(t) = €*M () M1

=(0.3+0.7e)*, s0Y ~B(4, 0.7) Al

Answer: B(4, 0.7) 2 marks

(b) E(Y) =4x0.7=2.8 M1

E(z)=28-2=0.8 Al

Answer: 0.8 2 marks

(©PZ=0)=P(Y =2 M1

= %C,(0.7)%(0.3)> = 0.2646 Al

Answer: 0.2646 2 marks
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18 (6 marks)
My (1) = %M ro2) (D) + %M pocs)(t) (conditioning on the type) M1 Al
M, (t) = %xzetez(e‘—l) + %x5et65(e‘—l)’ 0 E(X) = % + % =4 M1 A1
E(X?) = 2(2+4) + (5 + 25) = 22 M1
Var(X) =22 - 16=6 Al
Answer: E(X) =4, Var(X) =6 6 marks
19 (5 marks)
M_y(t) = My (—t), S0 Mp(t) = eX€ D™D M1 A1
K{t) =InMp(t)=3('— 1) +2(e™" — 1) M1
E(D)=K'(0)=3—-2=1,Va(D)=K"(0)=3+2=5 Al
A Poisson variable cannot take negative values, but D can (for example X =0, Y = 1) El
Answer: E(D) =1, Var(D) =5 5 marks
20 (6 marks)
(@) My,y(t) = (0.5 + 0.5¢)%(0.8 + 0.2¢") = (0.25 + 0.5¢" + 0.25¢%)(0.8 + 0.2¢") M1 AL
P(X +Y = 3) isthe coefficient of e* M1
=0.25x0.2 =0.05 Al
Answer: P(X +Y =3) =0.05 4 marks
(b) EX+Y)=1+0.2=12,s0aB(3, p) distribution would need p = 0.4 M1
Then P(X + Y = 0) would be 0.6° = 0.216, but from the expansion it is 0.25x0.8 = 0.2 El
Answer: Shown 2 marks
21 (6 marks)
Jar: M(t) = €%+ 125 pottjer M (t) = €5 45 B1
M (t) = (eZOOt + 12.5t2)3xe50t +451% _ o650t +42t% M1 AL
So T ~ N(650, 84) Al
z= % =1.091 M1
P(T >660) =1 — ©(1.091) = 0.138 Al
Answer: T ~N(650, 84); P(T > 660) = 0.138 6 marks
22 (7 marks)
(a) By independence Mg(t) = My ()M (1) M1
_ ., 04é |,
=06 AL
X 0.4-et 2
Answer: (1 — O.6€t) 2 marks
(b) M(t) = 0.16e*(1 — 0.6€") 2 M1
= 0.16e%(1 + 2(0.6¢€") + 3(0.6€")? + ...) Al
Coefficient of €™ is0.16x3x0.36 = 0.1728, so P(S = 4) = 0.1728 Al
Answer: 0.1728 3 marks
(¢) P(S=4) = P(1,3) + P(2,2) + P(3,1) with P(x, y) = (0.4)%(0.6)*"Y~2 M1
= 3x0.16x0.36 = 0.1728 Al
Answer: 0.1728 2 marks
23 (6 marks)
. L, et — et
(a) Comparing with B=at b=4,a=-2,b—a=6 M1 A1
X ~U[-2 4], 0P(X > 1) =222 =2 AL
Answer: U[—2, 4]; P(X > 1) = 5 3 marks
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1 1 t
(b) Y = X + 3,50 My(t) = €°*My(5) M1
ef—eF _e—1
— A3 — — —
= X I = n Al
This is the moment generating function of U[0, 1], so Y ~ U[0, 1] Al
Answer: Y ~UJ[O0, 1] 3 marks
24 (6 marks)
(8) Mx(t) = [Mx()]* by independence M1
= 2 : 14 Al
T a
8
=(g=p)" Al
Thisisagammadistribution witha=4and A =8 Al
Answer: Gamma, ac =4, A =8 4 marks
b) EX) = = = 2, Var(X) = o = —
(b) EX) =g =5, Va(X) =g =15 B1
Check: E(X)) = =, Var(X;) = =, so Var(X) = ~+4 = —
eck: E(X)) = 5, Var(X) = 7, o Var(X) = 7+4 = 4& B1
Answer: E = % Var = 1_16 2 marks
25 (7 marks)
1
@ M_y(t) =My(—t) = T+t M1 Al
1 1 1 .
MD(t):l_txl+t:1_t2,val|dfor—1<t<1 Al
Answer: Shown 3 marks
(b) Same moment generating function as W, so by uniqueness D has pdf %e"d' M1 Al
PO>2)=[" 2edd M1
= %e‘z Al
1 _1
Answer: 5e™ P(D>2) = 5€ 4 marks
26 (8 marks)
(8) Mx(®) = 2EEX |N(0, 1)) + 3E(* | N(O, 4) vt
= %etz’z + %eﬁz Al
Answer: Shown 2 marks
2, 2 4 2
(b)e”2=1+t7+t§+...,e2‘=1+2t2+2t4+... M1 AL
5 17
Mx(®) =1+ 7t%+ st + .. Al
5_5 5 17 _ 51
E(X?) = 2ix7 = 5 soVar(X) = 3 (asE(X) = 0); E(X?) = MxTe =5 Al
Answer: Var(X) = g E(X?) = % 4 marks
(©) If X were normal with Var(X) = , E(X*) would be 3x(3)? = = M1
s _ 51 _102 75
BUtE(X)_T_T¢T E1l
Answer: Shown 2 marks
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27 (9 marks)
(@) Mp(t) = My (OM _y (1) = My ()M (1)
- ea(e‘—l)eb(e“—l)

Answer: Shown

(b) K(t) = a(e' — 1) + b(e™ — 1)

K'(t)=ae'— be™,soE(D)=a—Db

Answer: Shown (Var(D) =K"(0) =a+ b asK"(t) = ae' + be™)

(c) K™(t) = ae' — be™, so third central moment = K"(0) =a—b

If a> b thisis positive, so D is positively skewed

Answer: a — b; positively skewed

(d) Mp(t) = expla(e' + ™" — 2)] = exp[2a(cosh t — 1)]

Thisis an even function of t, so M _p(t) = Mp(t) and D and —D have the same distribution
Answer: Shown

28 (8 marks)
(@) M() = [ e*dx

_ etX 1 et _ 1

=10 = =

Answer: Shown

(b) By independence My, (t) = (Mx(t))?
_(¢-17

==

t_ 1\2
Answer: M

(c) The moment generating function equals that of W, so by uniqueness X + Y has the pdf of W

f(s=sfor0=s=1,2—sforl<s< 2 0otherwise
Answer: f(s)=sfor 0=s=1,f(s)=2 —sfor 1<s= 2, f(s) = 0otherwise

(A PX+Y>15= [, (2-9ds

2
=[2s— S)is2=2 - 1.875:%
1
Answer: 5
29 (9 marks)
(a) By independence M (t) = [(1 — 2t)™"?]®
=(1-2t)%

Answer: (1 — 2t)~32

(b) M'(t) = 3(1 — 2t) 72, M"(t) = 15(1 — 2t)~ "

E(Y5) =3,E(Y;®) =150 Va(Y;)=15-9=6

Answer: E=3,Var =6

(©) My (t) = (1 — 20731 — 2072

=(1-2t)""= My, (t); by uniqueness the distributions are the same

Answer: Shown
1

(dMy,H)=01- 2n~t= l——t the exponential moment generating function with rate%
2
P(Y,>4)=e ¥ =¢?

Answer: e~
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30 (10 marks)
1. 1
@ Mx() = 3x— M1
-3
19 &y (Lo
=35> (3= (5" M1
x=0 x=0
Coefficient of € gives P(X = x) = (5)*"* AL
Answer: Shown 3 marks
(b) My (t) = (M(t))® by independence M1
1 g5 1 e _
=51 -5) =517 Al
Answer: Shown 2 marks
t
(© My(®) = 5 £ 2C,(5)K 0 PY =k) = gx*2C,x(3)¢ v
a1 .1 3
PY =2) = §x6xZ =16 Al
Answer: P(Y = k) = “2C,(5)% P(Y = 2) = 15 2 marks
ey - € _
(d) My'(t) = (2_et)2,soE(X)—l M1 Al
M"(0) = 3, so Var(X) =3 — 1 = 2; by independence E(Y) = 3, Var(Y) =6 Al
Answer: E(Y) =3, Var(Y)=6 3 marks
Applicationsand Limits
1 (2 marks)
t t_
Me®=@ -2+ 3)=@+ XDy go=ge - 1) B1
Limit = e¥¢ ~ 9 B1
Answer: ¢ = 3(e' — 1); limit e3¢~ 2 marks
2 (2 marks)
P(X = 6) < e %%~ M1
=e*8=0077 Al
Answer: P(X = 6) = e*%=0.077 2 marks
3 (2 marks)
My (t) = My (M (1) M1
_ 2 o_ 4
_(z_t)_(z_t)Z Al
.4
Answer : 2=1? 2 marks
4 (2 marks)
E(S) = 300 and Var(S) = 400 B1
Sis approximately N(300, 400) B1
Answer: S = N(300, 400) 2 marks
5 (2 marks)
Gn(s) =0.3+0.7s B1
M(t) = 0.3+ 0.7x5 2= B1
Answer: 0.3 + 21'_4t 2 marks
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6 (2 marks)
X = aandt>0givetX = ta, and " is an increasing function, so e* = e El
If t < 0, multiplying by t reverses the inequality, so tX < taand e* < e® E1
Answer: For t >0, tX = tasoe™ = €', for t < 0 theinequality reverses, e* =< ' 2 marks

7 (4 marks)

\
My = (1 — = + 280 ML
A

=(1+ M)“ Al
Asn - o« thistendsto e*© ~ ¥ M1
This is the moment generating function of Po(2), so X, tends in distribution to Po(2) Al
Answer: Shown 4 marks

8 (5 marks)

—5t

Bound g(t) = e =t minimiseIng = =5t — In(1 — 1) M1
Derivative: =5+ 1% L =0 sot—% M1 A1
og) = & =567 = 0,0016 AL

5
Exact: P(X = 5) = e~° = 0.0067, so the bound is valid but not tight B1
Answer: t = g; bound 5e* = 0.0916, exact e~° = 0.0067 5 marks

9 (5 marks)

R el 1o
My (1) = 5€ + 5€%, 50 K(t) = 4(§e + 56" — 1) M1 A1
K'(t) = 2e' + 4e*, K"(t) = 2¢' + 8e* M1
E(S) =K'(0)=6 Al
Var(S) = K"(0) = 10 Al
Answer: E(S) =6, Var(S) = 10 5 marks
10(4 marks)
Mg(t) = (}\ t)n by independence B1
K(t) = n[in A — In(d — )], K't) = L_, K"(t) = r”t)z M1 AL
E(S) =K'(0) = and Var(S) =K"(0) = Al
Answer: Shown 4 marks
11 (4 marks)
E(Y) = E(X) =0 M1 Al
E(Y?) = Var(x) = 1 (since E(Y) = 0) M1
2
MY(%) =1+ ! = + (terms in °n~%2 and higher powers) Al
2

Answer: 1+ ;—n + ... 4 marks
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12 (4 marks)

PZ = a) < e @+t M1

2

The exponent —ta + % isminimised whent = a M1 Al

With a = 2 the bound is €2 = 0.1353, which is much larger than 0.02275 (valid but not tight) Al

Answer: @2, a = 2 gives 0.1353 4 marks
13 (4 marks)

Let Y = e%, which is non-negative B1

Fort>0, X = aifandonly if Y = &® M1

E(Y) = €°P(Y = ¥ =e®P(X = a) M1

So P(X = a) = e "E(e™) = e ™M () Al

Answer: Shown 4 marks
14 (5 marks)

A

Ms(t) = (=) M1

This is the moment generating function of the gamma distribution with o = 2 (I'(2) = 1), so by Al

uniqueness S has pdf A%se?s

PS>1)= [~ 225%™ *ds M1

s _ 1 _ o _

=225~ 1P = 5o 7 = (15 + et Al

=0.558 Al

Answer: Shas pdf A%se™s; P(S> 1) = 0.558 5 marks
15 (6 marks)

In of bound: h(t) = 20 In(0.5 + 0.5e") — 15t M1

gy 106t 208
h(t)—0.5+0-5et 15—1+et 15=0 M1 A1
20e' =15+ 15¢', s0€e' =3 Al
20

Bound = (0.5 + 1.5)©x3715 = % - 0.0731 M1

Exact P(X = 15) = 0.0207, so the bound holds Al

Answer: €' = 3; bound 0.0731; exact 0.0207 6 marks
16 (6 marks)

GivenN =n, Y ~B(n, p), 0 E(e" |N =n) = (q + pe')" M1 Al

My (D) = X P(N = n)(q + pe)" = E((q + pe)") = Gy(a + pe)) M1

= exp[A(q + pe' — 1)] Al

Sinceq — 1 = —p thisis exp[Ap(e' — 1)] Al

This is the moment generating function of Po(Ap), so Y ~ Po(Ap) Al

Answer: Shown 6 marks
17 (5 marks)

Bound = exp[3(e' — 1) — ta] M1

Derivative of exponent: 3¢' — a= 0, giving €' = g M1

Bound = expla— 3 — a In(%)] = ea‘g(%)a Al

a=9: e’x(35)° = 0.0205 AL

Exact: P(X = 9) = 0.0038 B1

Answer: e ‘3(2)""; a =9 gives 0.0205; exact 0.0038 5 marks
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18 (5 marks)
(@) X < aifandonly if e = e
Applying the inequality P(Y = k) < E(Y)/kwithY =e ™™ k=" P(X < a) < e®E(e™™) =
etaM x(_t)
Answer: Shown
(b) Bound = exp[ta+ 10(e™" — 1)]; derivativea — 10e™' = 0 givese™" = 1—%
a=4: bound = (2.5)*%™® = 0.0968, while the exact P(X < 4) = 0.0293
Answer: 0.0968 (exact 0.0293)

19 (5 marks)
(a) The bracket tends to 1 but the power n tends to infinity at the same time, so the limit is of the

form 1%, which is not necessarily 1
The correct result is (1 + %)“ - e
Answer: Indeterminate form 17
(b) Use (1 + =)" — & with x = A(e' — 1)
Limit = €€~ 2
This is the moment generating function of Po(A)
Answer: €2, sp Po(2)
20 (6 marks)
(a) By independence M (t) = [(1 — 2t)~ ¥4
=(1—-2t7?
Answer: Shown

(b) With & = 3: (5/3 — %= (1 — 20

By uniqueness the pdf is (%)Zye‘y’2 = %e‘y’z

Answer: Shown

©P(Y>6)= [" TeV2dy=[-Te 2 - 7"
=33 +e=4e°%=0.1991

Answer: 4e~3 = 0.1991

21 (7 marks)
(a) By independence M (t) = TI My (1)
_ tin
= [My( \/ﬁ)]
Answer: Shown
t? 1
(b) INnMz (1) =nin(1 + 5~ +o())
t2 1 1 1
=n(z5 +0(7) + 0(5)) = 5t°
Answer: Shown
(c) M (t) — €2, the moment generating function of N(0, 1)
By the continuity theorem for moment generating functions, Z,, tends in distribution to N(O, 1):

thisis the central limit theorem
Answer: N(O, 1)
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22 (7 marks)
@Ms®=(1-19" M1
1 _ t
Zy= 55~ yn.soM () =e “MSAF) M1
— a—tfnpq _ tin
e "1 \/ﬁ) Al
Answer: Shown 3 marks
(b) INM_ (1) = t\/_—nln(l—— M1
\/—
= —t/n + n(— + L . ) M1
ottt
- Etz + i + Al
5 an T
Answer: Shown 3 marks
(c) M (t) — €2 50 Z, tends in distribution to N(0, 1) E1
Answer: €72 N(0, 1) 1 mark
23 (6 marks)
. o A J M1 A1
Gr r+u'~ 1—-q€ r+u-—pe
_ 1 i BE -1,
_l+u(1—et) =(1 ; ) Al
r
SoMy (1) = (1 — HE= Dy AL
1- M)r - e—u(e‘—l) M1
Taking the reciprocal, My (t) — " ~ %, the moment generating function of Po(j) Al
Answer: Shown 6 marks
24 (7 marks)
M(t) = 1o with My = 72
(@ Ms(V) = 7, With My = r— M1
Multiplying numerator and denominator by A — t: M(t) = ﬁ M1 A1
__ A
= A=t Al
This is the moment generating function of an exponential distribution with rate pA Al
Answer: S~ Exp(p2) 5 marks
(b) Shasrate 0.6, so P(S > 5) = e 26° M1
=e 3 = 0.0498 Al
Answer: e~ = 0.0498 2 marks
25 (6 marks)
My (t) = e M, (%) M1 A1l
= exp[A(e"? — 1) — ty/A] AL
es—l—s+S—2 S— . Withs= = M1
- 2 6 - \/X
2
t®
AMet—1)=tyA + 5 Al
At em
t2 3 t2 2/
So the exponent IS 6\/_ ,and Mg (t) = = Al
Answer: Shown 6 marks
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26 (6 marks)
tyn
%, (1) = [M({)] M1 AL
In MX(t)—nIn(1+ +o( )) M1
=n(i +o() ~ mt AL
So M (t) — e Al
! s the moment generating function of the constant 11, so X, tends in distribution to p (weak E1
law of large numbers)
Answer: Shown 6 marks
27 (8 marks)
() My (1) = e + ;e‘t—cosht B1
Answer: Shown 1 mark
2k 2 2k
(b) cosht = (2k)l ande”’? =% W M1 A1l
(2k)! = 2k(2k — 1)...(k + 1)xk! = 2*k! because each of the k factors 2k, ..., k + 1is at least 2; s0 El
each term of the cosh seriesis at most the matching term of the exponential series
Answer: Shown 3 marks
() Fort>0, P(S, = a) < e ¥cosh t)" < e~a*n”2 M1 AL
Choose t = 2 to minimise th L. i .
oose t = — to minimise the exponent: —— + 5= = =5 Al
Answer: Shown 3 marks
(d) @ 200200 = =45 = 0,0111 B1
Answer: 0.0111 1 mark
28 (9 marks)
@M, () =1+pge — 1) < e M1 A1
My(t) =TI M, (1) < e* P10 = g€~ D AL
Answer: Shown 3 marks
(b) Fort >0, P(X = (1 + 6)1) < e ‘@M (1) M1
< exp[p(e' — 1) — t(1 + &)p] Al
Chooset = In(1 + 8) > 0: exponent = (6 — (1 + 6) In(1 + 6)) M1
6
So the bound |s((l 6)1*5) Al
Answer: Shown 4 marks
(c) 6 = 1: bound = ()™ M1
=0.0210 Al
Answer: (%)10 =0.0210 2 marks
29 (9 marks)
(a) K(t) =1n Mg(t) = In My(Kx (1)) M1
= Kn(Kx(1)) Al
Answer: Shown 2 marks
(b) Ks'(t) = K (Kx (1)K X'(t) M1
Att =0, K4(0) =0, so E(S) = K\'(0)K'(0) = E(N)E(X) Al
Answer: Shown 2 marks
(©) Ks"(t) = Kn"(Kx () (Kx'(0)? + Ky'(Kx ()K" (1) M1 AL
Att=0: Var(S) = Var(N)(E(X))? + E(N)Var(X) M1 AL
Answer: Shown 4 marks
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(d) Var(N) = E(N) = A, so Var(S) = A(Var(X) + (E(X))?) = AE(X?) B1
Answer: Shown 1 mark
30 (9 marks)
1 1

() My(t) = ﬁ, 0 M(t) = exp[3(7=5 — 1) M1
—exp[3>< t] _exp[l_t] Al
Answer: Shown 2 marks
(b) K(1) = 1ot = 3(~1+ 70), O K'(D) = Lt)z M1 AL
K"(t) = W, so E(S) =3 and Var(S) =6 Al
Answer: E(S) =3, Var(S) =6 3 marks
(©) In bound g(t) = 1%‘ ~ 12,5060 = Gy ~ 12 M1

gt)=0gives(1 —t)>=,t= (t = |s outside the range) Al
g ()- t)3 > 0, so thisis a minimum El
Bound = exp[3 — 6] =e 3 = 0.0498 Al
Answer: t = 2; P(S = 12) = €™ = 0.0498 4 marks
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