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Definition and Standard MGFs

1 (2 marks)
MX(t) = E(etX) = Σ etxP(X = x) M1

MX(t) = 0.3et + 0.7e2t A1

Answer: MX(t) = 0.3et + 0.7e2t 2 marks

2 (2 marks)
MX(0) = E(e0×X) M1

= E(1) = 1 A1

Answer: Shown 2 marks

3 (2 marks)
MX(t) = Σ etxP(X = x) M1

MX(t) =
1
4 (et + e2t + e3t + e4t) A1

Answer:
1
4 (et + e2t + e3t + e4t) 2 marks

4 (2 marks)
(a) MX(t) = 0.6e0 + 0.4et = 0.6 + 0.4et B1

Answer: MX(t) = 0.6 + 0.4et 1 mark

(b) eln 3 = 3, so MX(ln 3) = 0.6 + 1.2 = 1.8 B1

Answer: 1.8 1 mark

5 (2 marks)
(a) MX(t) = (0.8 + 0.2et)5 B1

Answer: (0.8 + 0.2et)5 1 mark

(b) eln 4 = 4, so MX(ln 4) = (0.8 + 0.8)5 = 1.65 = 10.48576 B1

Answer: 10.48576 1 mark

6 (2 marks)

(a) MX(t) = e3(et − 1) B1

Answer: e3(et − 1) 1 mark

(b) eln 2 = 2, so MX(ln 2) = e3(2 − 1) = e3 B1

Answer: e3 1 mark

7 (3 marks)
MX(t) = Σ etxP(X = x) M1

= 0.2e−t + 0.5e0 + 0.3e2t M1

MX(t) = 0.2e−t + 0.5 + 0.3e2t A1

Answer: 0.2e−t + 0.5 + 0.3e2t 3 marks
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8 (5 marks)

MX(t) = ∑
∞

x=1

etxqx−1p M1

= pet ∑
∞

x=1

(qet)x−1 M1

This is a geometric series with first term 1 and common ratio qet M1

Sum to infinity gives MX(t) =
pet

1 − qet A1

The series converges when qet < 1, that is t < −ln q B1

Answer: Shown; t < −ln q 5 marks

9 (4 marks)

MX(t) = ∑
∞

x=0

etx e−λλx

x! M1

= e−λ ∑
∞

x=0

(λet)x

x! M1

= e−λeλet

(exponential series) A1

= eλ(et − 1), valid for all real t B1

Answer: Shown; all real t 4 marks

10 (4 marks)

MX(t) = ∫∞

0
etxλe−λx d x = λ ∫∞

0
e−(λ−t)x d x M1

= λ[− e−(λ−t)x

λ − t ]0
∞ M1

=
λ

λ − t A1

The integral converges only when λ − t > 0, that is t < λ B1

Answer: Shown; t < λ 4 marks

11 (3 marks)

MX(t) = ∫2

0
etx×

1
2 d x M1

=
1
2 [

etx

t ]0
2 M1

=
e2t − 1

2t A1

Answer: Shown 3 marks

12 (3 marks)
MX(t) = Σ P(X = x)etx, so the coefficient of etx is P(X = x) M1

P(X = 0) = 0.1, P(X = 1) = 0.3, P(X = 2) = 0.4, P(X = 3) = 0.2 A1

P(X ≥ 2) = 0.4 + 0.2 = 0.6 A1

Answer: P(X ≥ 2) = 0.6 3 marks

13 (3 marks)

(a) MX(t) = e5t +
9
2 t2

B1

Answer: e5t +
9
2 t2

1 mark

(b) Z ~ N(0, 1), so MZ(t) = e
1
2 t2

B1

Answer: e
1
2 t2

1 mark

(c) MX(
1
2 ) = e

5
2 +

9
2 ×

1
4 = e

29
8 B1

Answer: e
29
8 1 mark
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14 (4 marks)

MX(t) = ∑
n

x=0

etx nCxp
xqn−x M1

= ∑
n

x=0

nCx(pet)xqn−x M1

By the binomial theorem Σ nCxa
xbn−x = (a + b)n with a = pet, b = q A1

MX(t) = (q + pet)n, valid for all real t A1

Answer: Shown 4 marks

15 (5 marks)

MX(t) = ∫1

0
3x2etx d x M1

= 3[etx(
x2

t − 2x
t2 +

2
t3 )]0

1 M1 A1

= 3[et(
1
t − 2

t2 +
2
t3 ) − 2

t3 ] M1

=
3et(t2 − 2t + 2) − 6

t3 A1

Answer: Shown 5 marks

16 (5 marks)

MX(t) =
1
2 ∫0

−∞
etxex d x +

1
2 ∫∞

0
etxe−x d x M1

First integral:
1
2 [

e(1+t)x

1 + t ]−∞
0 =

1
2(1 + t) , needs t > −1 M1 A1

Second integral:
1
2 [− e−(1−t)x

1 − t ]0
∞ =

1
2(1 − t) , needs t < 1 A1

MX(t) =
1
2 (

1
1 + t +

1
1 − t ) =

1
1 − t2 for −1 < t < 1 B1

Answer: MX(t) =
1

1 − t2 , −1 < t < 1 5 marks

17 (4 marks)

MX(t) = ∑
∞

x=0

etx×
1
4 (

3
4 )x =

1
4 ∑

∞

x=0

(
3et

4 )x M1

Geometric series with first term 1 and ratio
3et

4 M1

MX(t) =
1
4 ×

1

1 − 3et

4

=
1

4 − 3et A1

Converges when
3et

4 < 1, that is t < ln
4
3 B1

Answer: MX(t) =
1

4 − 3et , t < ln
4
3 4 marks

18 (4 marks)

MX(t) = ∫∞

0
etx×4xe−2x d x = 4 ∫∞

0
xe−(2−t)x d x M1 A1

Using the result with k = 2 − t (which must be positive): MX(t) =
4

(2 − t)2 M1

The result requires 2 − t > 0, so t < 2 B1

Answer: MX(t) =
4

(2 − t)2 , t < 2 4 marks
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19 (4 marks)

Σ P(X = x) = k(1 + 2 + 3 + 4) = 10k = 1, so k =
1
10 M1 A1

MX(t) = Σ etxkx M1

MX(t) =
1

10 (et + 2e2t + 3e3t + 4e4t) A1

Answer: k =
1
10 ; MX(t) =

1
10 (et + 2e2t + 3e3t + 4e4t) 4 marks

20 (4 marks)
(a) etx = et×et(x−1), so a factor et should have been taken outside the sum, not dropped E1

The series should be pet Σ (qet)x−1, with first term pet E1

Answer: A factor et was lost when rewriting etx 2 marks

(b) MX(t) = pet ∑
∞

x=1

(qet)x−1 M1

=
pet

1 − qet A1

Answer:
pet

1 − qet 2 marks

21 (7 marks)

(a) MZ(t) = ∫∞

−∞
etz 1

2π
e− 1

2 z2

d z M1

tz − 1
2 z2 = − 1

2 (z − t)2 +
1
2 t2 M1 A1

MZ(t) = e
1
2 t2 ∫∞

−∞
1

2π
e− 1

2 (z − t)2

d z M1

The integrand is the density of N(t, 1), so the integral is 1 and MZ(t) = e
1
2 t2

A1

Answer: Shown 5 marks

(b) MX(t) = eμtMZ(σt) M1

= eμt +
1
2 σ2t2

A1

Answer: eμt +
1
2 σ2t2

2 marks

22 (7 marks)

MX(t) = ∫1

0
xetx d x + ∫2

1
(2 − x)etx d x M1

∫1

0
xetx d x = [etx(

x
t − 1

t2 )]0
1 = et(

1
t − 1

t2 ) +
1
t2 M1 A1

∫2

1
(2 − x)etx d x = [

(2 − x)etx

t ]1
2 +

1
t ∫

2

1
etx d x = − et

t +
e2t − et

t2 M1 A1

MX(t) =
et

t − et

t2 +
1
t2 − et

t +
e2t

t2 − et

t2 M1

=
e2t − 2et + 1

t2 =
(et − 1)2

t2 A1

Answer: Shown 7 marks
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23 (6 marks)

MX(t) = ∑
∞

x=1

etx e−λλx

x!(1 − e−λ)
=

e−λ

1 − e−λ ∑
∞

x=1

(λet)x

x! M1 A1

∑
∞

x=1

(λet)x

x! = eλet − 1 M1 A1

MX(t) =
e−λ(eλet − 1)

1 − e−λ M1

=
eλ(et − 1) − e−λ

1 − e−λ , valid for all real t A1

Answer: Shown; all real t 6 marks

24 (6 marks)

Condition on the two cases: MX(t) =
1
3 E(etX | X = 0) +

2
3 E(etX | X is exponential) M1

First case: e0 = 1, so it contributes
1
3 B1

Second case:
2
3 ×

2
2 − t =

4
3(2 − t) M1 A1

MX(t) =
1
3 +

4
3(2 − t) =

(2 − t) + 4
3(2 − t) =

6 − t
3(2 − t) A1

Exists for t < 2 B1

Answer: MX(t) =
6 − t

3(2 − t) , t < 2 6 marks

25 (6 marks)
(a) For t ≤ 0 and x ≥ 1, 0 < etx ≤ 1 M1

So E(etX) ≤ ∫∞

1

2
x3 d x = 1, which is finite A1

Answer: Shown 2 marks

(b) For t > 0, etx >
t3x3

6 M1

So
2etx

x3 >
t3

3 , a positive constant A1

∫∞

1

t3

3 d x diverges, so by comparison E(etX) diverges A1

Answer: Shown 3 marks

(c) MX(t) is not defined on any open interval containing t = 0, so MX'(0) cannot be found E1

Answer: MX(t) does not exist on any interval containing t = 0, so MX'(0) cannot be found 1 mark

26 (6 marks)

MX(t) = ∫∞

0
etx λαxα−1e−λx

Γ(α) d x =
λα

Γ(α) ∫∞

0
xα−1e−(λ−t)x d x M1 A1

For convergence we need λ − t > 0, so t < λ B1

Let u = (λ − t)x, so x =
u

λ − t and d x =
1

λ − t d u M1

The integral becomes
1

(λ − t)α ∫∞

0
uα−1e−u d u =

Γ(α)
(λ − t)α M1

MX(t) =
λα

Γ(α) ×
Γ(α)

(λ − t)α = (
λ

λ − t )α A1

Answer: Shown 6 marks
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27 (8 marks)

(a) MX(t) = ∑
∞

x=r

etx x−1Cr−1p
rqx−r M1

Let k = x − r, so k = 0, 1, 2, ... and etx = etretk M1 A1

MX(t) = (pet)r ∑
∞

k=0

k+r−1Cr−1(qet)k M1

= (pet)r(1 − qet)−r = (
pet

1 − qet )
r A1

The series requires qet < 1, so t < −ln q B1

Answer: Shown; t < −ln q 6 marks

(b) MY(t) = e−rtMX(t) M1

= (
p

1 − qet )
r A1

Answer: (
p

1 − qet )r 2 marks

28 (8 marks)

(a) MY(t) = E(etZ2

) = ∫∞

−∞
etz2 1

2π
e−z2/2 d z M1

=
1

2π ∫∞

−∞
e−(1 − 2t)z2/2 d z M1 A1

For the integral to converge we need 1 − 2t > 0, that is t <
1
2 B1

Write
1
s = 1 − 2t, so s =

1
1 − 2t ; the integral is 2πs M1

MY(t) =
1

2π
× 2π/1 − 2t = (1 − 2t)−1/2 A1

Answer: Shown 6 marks

(b) Put t = − 1
2 : MY(− 1

2 ) = 2−1/2 =
1

2
B1

Answer:
1
2

1 mark

(c) For t ≥ 1
2 the exponent −(1 − 2t)z2/2 is ≥ 0, so the integrand does not tend to 0 and the E1

integral diverges
Answer: The integral diverges 1 mark

29 (8 marks)

(a) MX(t) =
1
2 ∫π

0
etxsin x d x M1

=
1
2 [

etx(t sin x − cos x)
1 + t2 ]0

π M1 A1

=
1
2 ×

eπt(0 + 1) − (0 − 1)
1 + t2 =

1 + eπt

2(1 + t2)
A1

Answer: Shown 4 marks

(b) MX(0) =
1 + 1

2(1 + 0) = 1 B1

Answer: Verified 1 mark

(c) MX−π/2(t) = e−πt/2MX(t) =
e− πt

2 + e
πt
2

2(1 + t2)
M1

=
cosh(

πt
2 )

1 + t2 A1

cosh and t2 are both even functions, so the quotient is even E1

Answer: Shown 3 marks
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30 (8 marks)
(a) P(Y ≤ y) = P(−ln U ≤ y) = P(U ≥ e−y) M1

= 1 − e−y A1

This is the distribution function of an exponential distribution with rate 1 A1

Answer: Y is exponential with rate 1 3 marks

(b) etY = e−t ln U = U−t, so MY(t) = ∫1

0
u−t d u M1

= [
u1−t

1 − t ]0
1 =

1
1 − t (the integral converges for t < 1) A1

Answer: Shown 2 marks

(c) Let S = −ln(U1U2U3) = Y1 + Y2 + Y3; then MS(t) = (1 − t)−3 for independent Yi M1 A1

E((U1U2U3)
−1/2) = E(eS/2) = MS(

1
2 ) = (

1
2 )−3 = 8 A1

Answer: 8 3 marks

Moments from MGFs

1 (2 marks)
MX'(t) = 0.7et M1

E(X) = MX'(0) = 0.7 A1

Answer: 0.7 2 marks

2 (2 marks)

MX'(t) = (1 + 2t)et + t2

M1

E(X) = MX'(0) = 1 A1

Answer: 1 2 marks

3 (2 marks)
Coefficient of t is E(X), so E(X) = 4 B1

Coefficient of t2 is
E(X2)

2! , so E(X2) = 2×9 = 18 B1

Answer: E(X) = 4, E(X2) = 18 2 marks

4 (2 marks)
MX'(t) = 4(0.5 + 0.5et)3×0.5et M1

E(X) = MX'(0) = 4×1×0.5 = 2 A1

Answer: 2 2 marks

5 (2 marks)

MX'(t) =
5

(5 − t)2 M1

E(X) = MX'(0) =
5
25 =

1
5 A1

Answer:
1
5 2 marks

6 (2 marks)
E(X) = 3 and E(X2) = 13 B1

Var(X) = 13 − 32 = 4 B1

Answer: 4 2 marks
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7 (4 marks)

MX'(t) =
4

(4 − t)2 , MX''(t) =
8

(4 − t)3 M1 A1

E(X) = MX'(0) =
1
4 and E(X2) = MX''(0) =

1
8 A1

Var(X) =
1
8 − (

1
4 )2 =

1
16 A1

Answer: E(X) =
1
4 , Var(X) =

1
16 4 marks

8 (5 marks)

MX'(t) = λeteλ(et−1) M1

E(X) = MX'(0) = λ A1

MX''(t) = λeteλ(et−1) + λ2e2teλ(et−1) M1 A1

E(X2) = λ + λ2, so Var(X) = λ + λ2 − λ2 = λ A1

Answer: Shown 5 marks

9 (4 marks)
(1 − t)−2 = 1 + 2t + 3t2 + 4t3 + ... M1 A1

E(Xn) = n!×(coefficient of tn): E(X) = 2, E(X2) = 2!×3 = 6, E(X3) = 3!×4 = 24 A1

Var(X) = 6 − 22 = 2 B1

Answer: E(X) = 2, E(X2) = 6, E(X3) = 24; Var(X) = 2 4 marks

10 (5 marks)
MX'(t) = n(q + pet)n−1pet, so E(X) = np(q + p)n−1 = np M1 A1

MX''(t) = n(n − 1)(q + pet)n−2p2e2t + n(q + pet)n−1pet M1 A1

E(X2) = n(n − 1)p2 + np, so Var(X) = n2p2 − np2 + np − n2p2 = np(1 − p) = npq A1

Answer: Shown 5 marks

11 (4 marks)
MX'(t) = −0.2e−t + 0.6e2t, MX''(t) = 0.2e−t + 1.2e2t M1 A1

E(X) = −0.2 + 0.6 = 0.4 and E(X2) = 0.2 + 1.2 = 1.4 A1

Var(X) = 1.4 − 0.42 = 1.24 A1

Answer: E(X) = 0.4, Var(X) = 1.24 4 marks

12 (4 marks)

eu = 1 + u +
u2

2 +
u3

6 + ... with u = t +
1
2 t2 M1

Terms in t3: from
u2

2 ,
1
2 ×2×t×

1
2 t2 =

1
2 t3; from

u3

6 ,
1
6 t3 M1 A1

Coefficient of t3 is
2
3 , so E(X3) = 3!×

2
3 = 4 A1

Answer: 4 4 marks

13 (4 marks)

MX'(t) =
1
3 (et + 2e2t + 3e3t), MX''(t) =

1
3 (et + 4e2t + 9e3t) M1 A1

E(X) = MX'(0) =
6
3 = 2 and E(X2) = MX''(0) =

14
3 A1

Var(X) =
14
3 − 22 =

2
3 ; X takes the values 1, 2, 3 each with probability

1
3 A1

Answer: E(X) = 2, Var(X) =
2
3 ; equally likely values 1, 2, 3 4 marks
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14 (6 marks)

MX''(t) =
pet(1 − qet)2 + pet×2qet(1 − qet)

(1 − qet)4 M1 A1

=
pet(1 + qet)
(1 − qet)3 A1

E(X2) = MX''(0) =
p(1 + q)

p3 =
1 + q

p2 M1 A1

Var(X) =
1 + q

p2 − 1
p2 =

q
p2 A1

Answer: Shown 6 marks

15 (5 marks)

et − 1 = t +
t2

2 +
t3

6 +
t4

24 + ... M1

MX(t) = 1 +
t
2 +

t2

6 +
t3

24 + ... A1

E(X) =
1
2 , E(X2) = 2!×

1
6 =

1
3 , E(X3) = 3!×

1
24 =

1
4 M1 A1

Var(X) =
1
3 − 1

4 =
1
12 A1

Answer: E(X) =
1
2 , E(X2) =

1
3 , E(X3) =

1
4 ; Var(X) =

1
12 5 marks

16 (6 marks)
Put u = −2t: (1 − 2t)−3 = 1 − 3(−2t) + 6(−2t)2 − 10(−2t)3 + ... M1

= 1 + 6t + 24t2 + 80t3 + ... A1

E(X) = 6, E(X2) = 2!×24 = 48, E(X3) = 3!×80 = 480 M1 A1 A1

Var(X) = 48 − 36 = 12 A1

Answer: E(X) = 6, Var(X) = 12, E(X3) = 480 6 marks

17 (6 marks)

(a) K'(t) =
M'(t)
M(t) , and M(0) = 1, so K'(0) = M'(0) = E(X) M1 A1

K''(t) =
M''(t)M(t) − (M'(t))2

(M(t))2 , so K''(0) = M''(0) − (M'(0))2 = E(X2) − (E(X))2 = Var(X) A1

Answer: Shown 3 marks

(b) K(t) = 10 ln(0.6 + 0.4et), so K'(t) =
4et

0.6 + 0.4et M1

E(Y) = K'(0) = 4 A1

K''(t) =
2.4et

(0.6 + 0.4et)2 , so Var(Y) = K''(0) = 2.4 A1

Answer: E(Y) = 4, Var(Y) = 2.4 3 marks

18 (5 marks)

MX(0) = 1 gives
k
4 = 1, so k = 4 M1 A1

MX'(t) =
8

(2 − t)3 , MX''(t) =
24

(2 − t)4 M1

E(X) =
8
8 = 1, E(X2) =

24
16 =

3
2 A1

Var(X) =
3
2 − 1 =

1
2 A1

Answer: k = 4, E(X) = 1, Var(X) =
1
2 5 marks
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19 (5 marks)
(a) MX''(0) = E(X2), not the variance E1

E(X) = MX'(0) = 2, so Var(X) = 6 − 22 M1

Var(X) = 2 A1

Answer: Var(X) = 2 3 marks

(b) MX'''(t) = (2et + 12e2t + 8e3t)e2(et−1) M1

E(X3) = 2 + 12 + 8 = 22 A1

Answer: 22 2 marks

20 (5 marks)
1

1 − t2 = 1 + t2 + t4 + ... M1 A1

No odd powers of t, so E(X) = E(X3) = 0 A1

E(X2) = 2!×1 = 2, E(X4) = 4!×1 = 24 A1

Coefficient of t2k is 1, so E(X2k) = (2k)! B1

Answer: 0, 2, 0, 24; E(X2k) = (2k)! 5 marks

21 (7 marks)

(a) MX'(t) = (μ + σ2t)eμt + σ2t2/2, so E(X) = μ M1 A1

MX''(t) = [σ2 + (μ + σ2t)2]eμt + σ2t2/2, so E(X2) = σ2 + μ2 M1

Var(X) = σ2 + μ2 − μ2 = σ2 A1

Answer: Shown 4 marks

(b) MX'''(t) = [σ2(μ + σ2t) + 2σ2(μ + σ2t) + (μ + σ2t)3]eμt + σ2t2/2 M1 A1

E(X3) = 3μσ2 + μ3 A1

Answer: μ3 + 3μσ2 3 marks

22 (7 marks)

(a) MX(t) =
1

1 − t
λ

M1

= 1 +
t
λ + (

t
λ )2 + ... + (

t
λ )n + ... for |t| < λ M1 A1

Coefficient of tn is
1
λn and E(Xn) = n!×

1
λn A1

Answer: Shown 4 marks

(b) E[(X − μ)3] = E(X3) − 3μE(X2) + 3μ2E(X) − μ3 M1

=
6
λ3 − 3×

1
λ ×

2
λ2 + 3×

1
λ2 ×

1
λ − 1

λ3 A1

=
6 − 6 + 3 − 1

λ3 =
2
λ3 A1

Answer: Shown 3 marks

23 (7 marks)
(a) X(X − 1) = X2 − X M1

E[X(X − 1)] = E(X2) − E(X) = MX''(0) − MX'(0) A1

Answer: Shown 2 marks

(b) MX'(t) = np et(1 − p + pet)n−1 B1

MX''(t) = npet(1 − p + pet)n−1 + n(n − 1)p2e2t(1 − p + pet)n−2 M1

MX''(0) − MX'(0) = np + n(n − 1)p2 − np = n(n − 1)p2 A1

Answer: Shown 3 marks

(c) E(X2) = E[X(X − 1)] + E(X) = n(n − 1)p2 + np M1

Var(X) = n2p2 − np2 + np − n2p2 = np(1 − p) A1

Answer: Shown 2 marks
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24 (8 marks)

(a) eu = 1 + u +
u2

2 +
u3

6 + ... with u =
1
2 t2 M1

MZ(t) = 1 +
1
2 t2 +

1
8 t4 +

1
48 t6 + ... A1

Answer: 1 +
1
2 t2 +

1
8 t4 +

1
48 t6 2 marks

(b) E(Z4) = 4!×
1
8 = 3 B1

E(Z6) = 6!×
1
48 = 15 B1

Answer: E(Z4) = 3, E(Z6) = 15 2 marks

(c) Var(Z2) = E(Z4) − (E(Z2))2 M1

= 3 − 1 = 2 A1

Answer: 2 2 marks

(d) (Z2 − 1)3 = Z6 − 3Z4 + 3Z2 − 1 M1

E = 15 − 9 + 3 − 1 = 8 A1

Answer: 8 2 marks

25 (7 marks)
MX(0) = 1: a + b + c = 1 B1

MX'(0) = b + 2c = 1.2 M1 A1

MX''(0) = b + 4c = 2 M1 A1

Subtracting: 2c = 0.8, so c = 0.4, b = 0.4, a = 0.2 A1

Var(X) = 2 − 1.22 = 0.56 A1

Answer: a = 0.2, b = 0.4, c = 0.4; Var(X) = 0.56 7 marks

26 (6 marks)
E(Yn) = E(enX) = MX(n) M1

E(Y) = MX(1) = e1/2 M1 A1

E(Y2) = MX(2) = e2 A1

Var(Y) = e2 − (e1/2)2 M1

= e2 − e A1

Answer: E(Y) = e1/2, Var(Y) = e2 − e 6 marks

27 (8 marks)
K(t) = r[ln p + t − ln(1 − qet)] M1 A1

K'(t) = r[1 +
qet

1 − qet ] M1 A1

=
r

1 − qet A1

E(X) = K'(0) =
r

1 − q =
r
p A1

K''(t) =
rqet

(1 − qet)2 M1

Var(X) = K''(0) =
rq
p2 A1

Answer: Shown 8 marks
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28 (8 marks)

(a) (1 + u)−1/2 = 1 − 1
2 u +

3
8 u2 − 5

16 u3 + ... M1

Put u = −2t: 1 + t +
3
8 ×4t2 +

5
16 ×8t3 M1

MY(t) = 1 + t +
3
2 t2 +

5
2 t3 + ... A1

Answer: 1 + t +
3
2 t2 +

5
2 t3 3 marks

(b) E(Y) = 1, E(Y2) = 2!×
3
2 = 3, E(Y3) = 3!×

5
2 = 15 M1 A1

Var(Y) = 3 − 1 = 2 A1

Answer: E(Y) = 1, Var(Y) = 2, E(Y3) = 15 3 marks

(c) MY'(t) = (1 − 2t)−3/2, MY''(t) = 3(1 − 2t)−5/2 M1

MY'(0) = 1 and MY''(0) = 3, in agreement A1

Answer: Verified 2 marks

29 (8 marks)

(a) MX(t) = 1 +
t2

3! +
t4

5! + ... +
t2k

(2k + 1)! + ... M1 A1

No odd powers of t, so all odd moments are 0 B1

E(X2k) = (2k)!×
1

(2k + 1)! =
1

2k + 1 A1

Answer: Shown 4 marks

(b) Var(X) = E(X2) =
1
3 B1

E(X4) =
1
5 B1

E[(X2 − 1
3 )2] = E(X4) − 2

3 E(X2) +
1
9 M1

=
1
5 − 2

9 +
1
9 =

4
45 A1

Answer: Var(X) =
1
3 , E(X4) =

1
5 4 marks

30 (8 marks)
(a) MX−λ(t) = e−λtMX(t) M1

= exp[λ(et − 1) − λt] = exp[λ(et − 1 − t)] A1

Answer: Shown 2 marks

(b) λ(et − 1 − t) = λ(
t2

2 +
t3

6 +
t4

24 ) + ... M1

exp(w) = 1 + w +
w2

2 + ...; the term in t3 comes only from w, with coefficient
λ
6 M1

E[(X − λ)3] = 3!×
λ
6 = λ A1

Answer: Shown 3 marks

(c) Term in t4: from w,
λ
24 ; from

w2

2 ,
1
2 (

λ
2 )2 =

λ2

8 M1 A1

E[(X − λ)4] = 4!(λ/24 + λ2/8) = λ + 3λ2 A1

Answer: Shown 3 marks

Sums, Transformations and Uniqueness

1 (2 marks)
M2X(t) = MX(2t) M1

= 0.5 + 0.5e2t A1

Answer: 0.5 + 0.5e2t 2 marks
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2 (2 marks)
MX+3(t) = e3tMX(t) M1

=
e3t

1 − t A1

Answer:
e3t

1 − t 2 marks

3 (2 marks)
MX+Y(t) = MX(t)MY(t) = (0.5 + 0.5et)5 M1

X + Y ~ B(5, 0.5) A1

Answer: B(5, 0.5) 2 marks

4 (2 marks)
This is the moment generating function of Po(3) B1

P(X = 2) =
e−332

2! = 0.224 B1

Answer: Po(3); P(X = 2) = 0.224 2 marks

5 (2 marks)
This is the moment generating function of B(6, 0.3) B1

P(X = 2) = 6C2(0.3)2(0.7)4 = 0.324135 B1

Answer: B(6, 0.3); P(X = 2) = 0.324135 2 marks

6 (2 marks)

Compare with eμt + σ2t2/2: μ = 5 B1

1
2 σ2 = 1, so σ2 = 2; X ~ N(5, 2) B1

Answer: N(5, 2) 2 marks

7 (3 marks)
MaX+b(t) = E(et(aX+b)) M1

= E(ebteatX) = ebtE(e(at)X) M1

= ebtMX(at) A1

Answer: Shown 3 marks

8 (3 marks)
MY(t) = etMX(2t) M1

= et×
3

3 − 2t A1

Exists when 3 − 2t > 0, that is t <
3
2 B1

Answer: MY(t) =
3et

3 − 2t , t <
3
2 3 marks

9 (3 marks)

MX+Y(t) = MX(t)MY(t) = e2(et−1)e5(et−1) M1

= e7(et−1) A1

By uniqueness X + Y ~ Po(7) A1

Answer: Po(7) 3 marks

10 (4 marks)

MX(t) = et + 2t2

, MY(t) = e2t + 4.5t2

B1

MX+Y(t) = MX(t)MY(t) = e3t + 6.5t2

M1 A1

This is the moment generating function of N(3, 13), so X + Y ~ N(3, 13) A1

Answer: N(3, 13) 4 marks
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11 (3 marks)

Compare with the geometric moment generating function
pet

1 − qet (x = 1, 2, ...): p = 0.4, q = 0.6 M1 A1

P(X = 3) = q2p = 0.36×0.4 = 0.144 A1

Answer: Geometric with p = 0.4; P(X = 3) = 0.144 3 marks

12 (3 marks)
By uniqueness, the coefficient of etx gives P(X = x): P(X = −1) = 0.1, P(X = 0) = 0.4, P(X = 2) = M1 A1

0.5
E(X) = −0.1 + 0 + 1.0 = 0.9 A1

Answer: P(−1) = 0.1, P(0) = 0.4, P(2) = 0.5; E(X) = 0.9 3 marks

13 (4 marks)

Z =
1
σ X − μ

σ , so MZ(t) = e−μt/σMX(
t
σ ) M1 A1

= e−μt/σeμt/σ + σ2t2/2σ2

M1

= et2/2, so Z ~ N(0, 1) A1

Answer: Shown 4 marks

14 (4 marks)
(a) MX+Y(t) = MX(t)MY(t) by independence M1

= (q + pet)n(q + pet)m = (q + pet)n+m A1

This is the moment generating function of B(n + m, p); by uniqueness X + Y ~ B(n + m, p) A1

Answer: Shown 3 marks

(b) The product (q + pet)n(q' + p'et)m is not of the form (q'' + p''et)n+m E1

Answer: The product is not a binomial moment generating function 1 mark

15 (5 marks)
MW(t) = e5tMX(3t)MY(−2t) M1 A1

MX(3t) = e6t + 4.5t2

, MY(−2t) = e2t + 8t2

M1 A1

MW(t) = e13t + 12.5t2

, so W ~ N(13, 25) A1

Answer: N(13, 25) 5 marks

16 (5 marks)

MXi/4(t) = MXi
(

t
4 ) = eμt/4 + σ2t2/32 M1 A1

By independence MX(t) = [eμt/4 + σ2t2/32]4 M1

= eμt + σ2t2/8 A1

This is the moment generating function of N(μ,
σ2

4 ); by uniqueness X ~ N(μ,
σ2

4 ) A1

Answer: Shown 5 marks

17 (6 marks)
(a) MZ+2(t) = e2tMZ(t) M1

= (0.3 + 0.7et)4, so Y ~ B(4, 0.7) A1

Answer: B(4, 0.7) 2 marks

(b) E(Y) = 4×0.7 = 2.8 M1

E(Z) = 2.8 − 2 = 0.8 A1

Answer: 0.8 2 marks

(c) P(Z = 0) = P(Y = 2) M1

= 4C2(0.7)2(0.3)2 = 0.2646 A1

Answer: 0.2646 2 marks
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18 (6 marks)

MX(t) =
1
3 MPo(2)(t) +

2
3 MPo(5)(t) (conditioning on the type) M1 A1

MX'(t) =
1
3 ×2ete2(et−1) +

2
3 ×5ete5(et−1), so E(X) =

2
3 +

10
3 = 4 M1 A1

E(X2) =
1
3 (2 + 4) +

2
3 (5 + 25) = 22 M1

Var(X) = 22 − 16 = 6 A1

Answer: E(X) = 4, Var(X) = 6 6 marks

19 (5 marks)

M−Y(t) = MY(−t), so MD(t) = e3(et−1)e2(e−t−1) M1 A1

K(t) = ln MD(t) = 3(et − 1) + 2(e−t − 1) M1

E(D) = K'(0) = 3 − 2 = 1, Var(D) = K''(0) = 3 + 2 = 5 A1

A Poisson variable cannot take negative values, but D can (for example X = 0, Y = 1) E1

Answer: E(D) = 1, Var(D) = 5 5 marks

20 (6 marks)
(a) MX+Y(t) = (0.5 + 0.5et)2(0.8 + 0.2et) = (0.25 + 0.5et + 0.25e2t)(0.8 + 0.2et) M1 A1

P(X + Y = 3) is the coefficient of e3t M1

= 0.25×0.2 = 0.05 A1

Answer: P(X + Y = 3) = 0.05 4 marks

(b) E(X + Y) = 1 + 0.2 = 1.2, so a B(3, p) distribution would need p = 0.4 M1

Then P(X + Y = 0) would be 0.63 = 0.216, but from the expansion it is 0.25×0.8 = 0.2 E1

Answer: Shown 2 marks

21 (6 marks)

Jar: M(t) = e200t + 12.5t2

; bottle: M(t) = e50t + 4.5t2

B1

MT(t) = (e200t + 12.5t2

)3×e50t + 4.5t2

= e650t + 42t2

M1 A1

So T ~ N(650, 84) A1

z =
660 − 650

84
= 1.091 M1

P(T > 660) = 1 − Φ(1.091) = 0.138 A1

Answer: T ~ N(650, 84); P(T > 660) = 0.138 6 marks

22 (7 marks)
(a) By independence MS(t) = MX1

(t)MX2
(t) M1

= (
0.4et

1 − 0.6et )
2 A1

Answer: (
0.4et

1 − 0.6et )2 2 marks

(b) MS(t) = 0.16e2t(1 − 0.6et)−2 M1

= 0.16e2t(1 + 2(0.6et) + 3(0.6et)2 + ...) A1

Coefficient of e4t is 0.16×3×0.36 = 0.1728, so P(S = 4) = 0.1728 A1

Answer: 0.1728 3 marks

(c) P(S = 4) = P(1,3) + P(2,2) + P(3,1) with P(x, y) = (0.4)2(0.6)x+y−2 M1

= 3×0.16×0.36 = 0.1728 A1

Answer: 0.1728 2 marks

23 (6 marks)

(a) Comparing with
ebt − eat

(b − a)t : b = 4, a = −2, b − a = 6 M1 A1

X ~ U[−2, 4], so P(X > 1) =
4 − 1

6 =
1
2 A1

Answer: U[−2, 4]; P(X > 1) =
1
2 3 marks
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(b) Y =
1
6 X +

1
3 , so MY(t) = et/3MX(

t
6 ) M1

= et/3×
e

2t
3 − e− t

3

t =
et − 1

t A1

This is the moment generating function of U[0, 1], so Y ~ U[0, 1] A1

Answer: Y ~ U[0, 1] 3 marks

24 (6 marks)

(a) MX(t) = [MX(
t
4 )]4 by independence M1

= [
2

2 − t
4

]4 A1

= (
8

8 − t )4 A1

This is a gamma distribution with α = 4 and λ = 8 A1

Answer: Gamma, α = 4, λ = 8 4 marks

(b) E(X) =
4
8 =

1
2 , Var(X) =

4
64 =

1
16 B1

Check: E(Xi) =
1
2 , Var(Xi) =

1
4 , so Var(X) =

1
4 ÷4 =

1
16 B1

Answer: E =
1
2 , Var =

1
16 2 marks

25 (7 marks)

(a) M−Y(t) = MY(−t) =
1

1 + t M1 A1

MD(t) =
1

1 − t ×
1

1 + t =
1

1 − t2 , valid for −1 < t < 1 A1

Answer: Shown 3 marks

(b) Same moment generating function as W, so by uniqueness D has pdf
1
2 e−|d| M1 A1

P(D > 2) = ∫∞

2

1
2 e−d d d M1

=
1
2 e−2 A1

Answer:
1
2 e−|d|; P(D > 2) =

1
2 e−2 4 marks

26 (8 marks)

(a) MX(t) =
1
2 E(etX | N(0, 1)) +

1
2 E(etX | N(0, 4)) M1

=
1
2 et2/2 +

1
2 e2t2

A1

Answer: Shown 2 marks

(b) et2/2 = 1 +
t2

2 +
t4

8 + ..., e2t2

= 1 + 2t2 + 2t4 + ... M1 A1

MX(t) = 1 +
5
4 t2 +

17
16 t4 + ... A1

E(X2) = 2!×
5
4 =

5
2 so Var(X) =

5
2 (as E(X) = 0); E(X4) = 4!×

17
16 =

51
2 A1

Answer: Var(X) =
5
2 , E(X4) =

51
2 4 marks

(c) If X were normal with Var(X) =
5
2 , E(X4) would be 3×(

5
2 )2 =

75
4 M1

But E(X4) =
51
2 =

102
4 ≠ 75

4 E1

Answer: Shown 2 marks



StemUp  |  Further Mathematics  |  Further Statistics: Moment Generating Functions  |  Model Answers

stemup.co.uk   |   page 17

27 (9 marks)
(a) MD(t) = MX(t)M−Y(t) = MX(t)MY(−t) M1

= ea(et−1)eb(e−t−1) A1

Answer: Shown 2 marks

(b) K(t) = a(et − 1) + b(e−t − 1) B1

K'(t) = aet − be−t, so E(D) = a − b M1 A1

Answer: Shown (Var(D) = K''(0) = a + b as K''(t) = aet + be−t) 3 marks

(c) K'''(t) = aet − be−t, so third central moment = K'''(0) = a − b M1

If a > b this is positive, so D is positively skewed A1

Answer: a − b; positively skewed 2 marks

(d) MD(t) = exp[a(et + e−t − 2)] = exp[2a(cosh t − 1)] M1

This is an even function of t, so M−D(t) = MD(t) and D and −D have the same distribution A1

Answer: Shown 2 marks

28 (8 marks)

(a) MX(t) = ∫1

0
etx d x M1

= [
etx

t ]0
1 =

et − 1
t A1

Answer: Shown 2 marks

(b) By independence MX+Y(t) = (MX(t))2 M1

=
(et − 1)2

t2 A1

Answer:
(et − 1)2

t2 2 marks

(c) The moment generating function equals that of W, so by uniqueness X + Y has the pdf of W M1

f(s) = s for 0 ≤ s ≤ 1, 2 − s for 1 < s ≤ 2, 0 otherwise A1

Answer: f(s) = s for 0 ≤ s ≤ 1, f(s) = 2 − s for 1 < s ≤ 2, f(s) = 0 otherwise 2 marks

(d) P(X + Y > 1.5) = ∫2

1.5
(2 − s) d s M1

= [2s − s2

2 ]1.5
2 = 2 − 1.875 =

1
8 A1

Answer:
1
8 2 marks

29 (9 marks)
(a) By independence MY3

(t) = [(1 − 2t)−1/2]3 M1

= (1 − 2t)−3/2 A1

Answer: (1 − 2t)−3/2 2 marks

(b) M'(t) = 3(1 − 2t)−5/2, M''(t) = 15(1 − 2t)−7/2 M1 A1

E(Y3) = 3, E(Y3
2) = 15, so Var(Y3) = 15 − 9 = 6 A1

Answer: E = 3, Var = 6 3 marks

(c) MY3+W(t) = (1 − 2t)−3/2(1 − 2t)−5/2 M1

= (1 − 2t)−4 = MY8
(t); by uniqueness the distributions are the same A1

Answer: Shown 2 marks

(d) MY2
(t) = (1 − 2t)−1 =

1
2

1
2 − t

, the exponential moment generating function with rate
1
2 M1

P(Y2 > 4) = e−4/2 = e−2 A1

Answer: e−2 2 marks
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30 (10 marks)

(a) MX(t) =
1
2 ×

1

1 − et

2

M1

=
1
2 ∑

∞

x=0

(
et

2 )x = ∑
∞

x=0

(
1
2 )x+1etx M1

Coefficient of etx gives P(X = x) = (
1
2 )x+1 A1

Answer: Shown 3 marks

(b) MY(t) = (MX(t))3 by independence M1

= (
1
2 )3(1 − et

2 )−3 =
1
8 (1 − et

2 )−3 A1

Answer: Shown 2 marks

(c) MY(t) =
1
8 Σ k+2C2(

et

2 )k, so P(Y = k) =
1
8 ×k+2C2×(

1
2 )k M1

P(Y = 2) =
1
8 ×6×

1
4 =

3
16 A1

Answer: P(Y = k) = k+2C2(
1
2 )k+3; P(Y = 2) =

3
16 2 marks

(d) MX'(t) =
et

(2 − et)2 , so E(X) = 1 M1 A1

MX''(0) = 3, so Var(X) = 3 − 1 = 2; by independence E(Y) = 3, Var(Y) = 6 A1

Answer: E(Y) = 3, Var(Y) = 6 3 marks

Applications and Limits

1 (2 marks)

MXn
(t) = (1 − 3

n +
3et

n )n = (1 +
3(et − 1)

n )n, so c = 3(et − 1) B1

Limit = e3(et − 1) B1

Answer: c = 3(et − 1); limit e3(et−1) 2 marks

2 (2 marks)
P(X ≥ 6) ≤ e−6e2(e − 1) M1

= e2e − 8 = 0.077 A1

Answer: P(X ≥ 6) ≤ e2e−8 = 0.077 2 marks

3 (2 marks)
MX+Y(t) = MX(t)MY(t) M1

= (
2

2 − t )2 =
4

(2 − t)2 A1

Answer:
4

(2 − t)2 2 marks

4 (2 marks)
E(S) = 300 and Var(S) = 400 B1

S is approximately N(300, 400) B1

Answer: S ≈ N(300, 400) 2 marks

5 (2 marks)
GN(s) = 0.3 + 0.7s B1

MS(t) = 0.3 + 0.7×
2

2 − t B1

Answer: 0.3 +
1.4

2 − t 2 marks
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6 (2 marks)
X ≥ a and t > 0 give tX ≥ ta, and eu is an increasing function, so etX ≥ eta E1

If t < 0, multiplying by t reverses the inequality, so tX ≤ ta and etX ≤ eta E1

Answer: For t > 0, tX ≥ ta so etX ≥ eta; for t < 0 the inequality reverses, etX ≤ eta 2 marks

7 (4 marks)

MXn
(t) = (1 − λ

n +
λet

n )n M1

= (1 +
λ(et − 1)

n )n A1

As n → ∞ this tends to eλ(et − 1) M1

This is the moment generating function of Po(λ), so Xn tends in distribution to Po(λ) A1

Answer: Shown 4 marks

8 (5 marks)

Bound g(t) =
e−5t

1 − t ; minimise ln g = −5t − ln(1 − t) M1

Derivative: −5 +
1

1 − t = 0, so t =
4
5 M1 A1

g(
4
5 ) =

e−4

1
5

= 5e−4 ≈ 0.0916 A1

Exact: P(X ≥ 5) = e−5 ≈ 0.0067, so the bound is valid but not tight B1

Answer: t =
4
5 ; bound 5e−4 ≈ 0.0916, exact e−5 ≈ 0.0067 5 marks

9 (5 marks)

MX(t) =
1
2 et +

1
2 e2t, so K(t) = 4(

1
2 et +

1
2 e2t − 1) M1 A1

K'(t) = 2et + 4e2t, K''(t) = 2et + 8e2t M1

E(S) = K'(0) = 6 A1

Var(S) = K''(0) = 10 A1

Answer: E(S) = 6, Var(S) = 10 5 marks

10 (4 marks)

MS(t) = (
λ

λ − t )n by independence B1

K(t) = n[ln λ − ln(λ − t)], K'(t) =
n

λ − t , K''(t) =
n

(λ − t)2 M1 A1

E(S) = K'(0) =
n
λ and Var(S) = K''(0) =

n
λ2 A1

Answer: Shown 4 marks

11 (4 marks)

E(Y) =
E(X) − μ

σ = 0 M1 A1

E(Y2) =
Var(X)

σ2 = 1 (since E(Y) = 0) M1

MY(
t

n
) = 1 +

t2

2n + (terms in t3n−3/2 and higher powers) A1

Answer: 1 +
t2

2n + ... 4 marks
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12 (4 marks)

P(Z ≥ a) ≤ e−ta + t2/2 M1

The exponent −ta +
t2

2 is minimised when t = a M1 A1

With a = 2 the bound is e−2 = 0.1353, which is much larger than 0.02275 (valid but not tight) A1

Answer: e−a2/2; a = 2 gives 0.1353 4 marks

13 (4 marks)
Let Y = etX, which is non-negative B1

For t > 0, X ≥ a if and only if Y ≥ eta M1

E(Y) ≥ etaP(Y ≥ eta) = etaP(X ≥ a) M1

So P(X ≥ a) ≤ e−taE(etX) = e−taMX(t) A1

Answer: Shown 4 marks

14 (5 marks)

MS(t) = (
λ

λ − t )2 M1

This is the moment generating function of the gamma distribution with α = 2 (Γ(2) = 1), so by A1

uniqueness S has pdf λ2se−λs

P(S > 1) = ∫∞

1
2.25se−1.5s d s M1

= 2.25[− s
1.5 e−1.5s − 1

2.25 e−1.5s]1
∞ = (1.5 + 1)e−1.5 A1

= 0.558 A1

Answer: S has pdf λ2se−λs; P(S > 1) = 0.558 5 marks

15 (6 marks)
ln of bound: h(t) = 20 ln(0.5 + 0.5et) − 15t M1

h'(t) =
10et

0.5 + 0.5et − 15 =
20et

1 + et − 15 = 0 M1 A1

20et = 15 + 15et, so et = 3 A1

Bound = (0.5 + 1.5)20×3−15 =
220

315 = 0.0731 M1

Exact P(X ≥ 15) = 0.0207, so the bound holds A1

Answer: et = 3; bound 0.0731; exact 0.0207 6 marks

16 (6 marks)
Given N = n, Y ~ B(n, p), so E(etY | N = n) = (q + pet)n M1 A1

MY(t) = Σ P(N = n)(q + pet)n = E((q + pet)N) = GN(q + pet) M1

= exp[λ(q + pet − 1)] A1

Since q − 1 = −p this is exp[λp(et − 1)] A1

This is the moment generating function of Po(λp), so Y ~ Po(λp) A1

Answer: Shown 6 marks

17 (5 marks)
Bound = exp[3(et − 1) − ta] M1

Derivative of exponent: 3et − a = 0, giving et =
a
3 M1

Bound = exp[a − 3 − a ln(
a
3 )] = ea−3(

3
a )a A1

a = 9: e6×(
1
3 )9 = 0.0205 A1

Exact: P(X ≥ 9) = 0.0038 B1

Answer: ea−3(
3
a )a; a = 9 gives 0.0205; exact 0.0038 5 marks
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18 (5 marks)
(a) X ≤ a if and only if e−tX ≥ e−ta M1

Applying the inequality P(Y ≥ k) ≤ E(Y)/k with Y = e−tX, k = e−ta: P(X ≤ a) ≤ etaE(e−tX) = A1

etaMX(−t)

Answer: Shown 2 marks

(b) Bound = exp[ta + 10(e−t − 1)]; derivative a − 10e−t = 0 gives e−t =
a

10 M1 A1

a = 4: bound = (2.5)4e−6 = 0.0968, while the exact P(X ≤ 4) = 0.0293 A1

Answer: 0.0968 (exact 0.0293) 3 marks

19 (5 marks)
(a) The bracket tends to 1 but the power n tends to infinity at the same time, so the limit is of the E1

form 1∞, which is not necessarily 1

The correct result is (1 +
x
n )n → ex E1

Answer: Indeterminate form 1∞ 2 marks

(b) Use (1 +
x
n )n → ex with x = λ(et − 1) M1

Limit = eλ(et − 1) A1

This is the moment generating function of Po(λ) A1

Answer: eλ(et−1), so Po(λ) 3 marks

20 (6 marks)
(a) By independence MY(t) = [(1 − 2t)−1/2]4 M1

= (1 − 2t)−2 A1

Answer: Shown 2 marks

(b) With λ =
1
2 : (

1
2 /

1
2 − t)2 = (1 − 2t)−2 M1

By uniqueness the pdf is (
1
2 )2ye−y/2 =

y
4 e−y/2 A1

Answer: Shown 2 marks

(c) P(Y > 6) = ∫∞

6

y
4 e−y/2 d y = [− y

2 e−y/2 − e−y/2]6
∞ M1

= 3e−3 + e−3 = 4e−3 ≈ 0.1991 A1

Answer: 4e−3 ≈ 0.1991 2 marks

21 (7 marks)
(a) By independence MZn

(t) = Π MYi/√n(t) M1

= [MY(
t

n
)]n A1

Answer: Shown 2 marks

(b) ln MZn
(t) = n ln(1 +

t2

2n + o(
1
n )) M1

= n(
t2

2n + o(
1
n ) + O(

1
n2 )) → 1

2 t2 M1 A1

Answer: Shown 3 marks

(c) MZn
(t) → et2/2, the moment generating function of N(0, 1) B1

By the continuity theorem for moment generating functions, Zn tends in distribution to N(0, 1): E1

this is the central limit theorem
Answer: N(0, 1) 2 marks
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22 (7 marks)
(a) MSn

(t) = (1 − t)−n M1

Zn =
1

n
Sn − n, so MZn

(t) = e− ntMSn
(

t

n
) M1

= e−t n(1 − t

n
)−n A1

Answer: Shown 3 marks

(b) ln MZn
(t) = −t n − n ln(1 − t

n
) M1

= −t n + n(
t

n
+

t2

2n +
t3

3n n
+ ...) M1

=
1
2 t2 +

t3

3 n
+ ... A1

Answer: Shown 3 marks

(c) MZn
(t) → et2/2, so Zn tends in distribution to N(0, 1) E1

Answer: et2/2; N(0, 1) 1 mark

23 (6 marks)

qr =
μ

r + μ , so
pr

1 − qre
t =

r
r + μ − μet M1 A1

=
1

1 +
μ(1 − et)

r

= (1 − μ(et − 1)
r )−1 A1

So MYr
(t) = (1 − μ(et − 1)

r )−r A1

(1 − μ(et − 1)
r )r → e−μ(et−1) M1

Taking the reciprocal, MYr
(t) → eμ(et − 1), the moment generating function of Po(μ) A1

Answer: Shown 6 marks

24 (7 marks)

(a) MS(t) =
p MX

1 − qMX
with MX =

λ
λ − t M1

Multiplying numerator and denominator by λ − t: MS(t) =
pλ

(λ − t) − qλ M1 A1

=
pλ

pλ − t A1

This is the moment generating function of an exponential distribution with rate pλ A1

Answer: S ~ Exp(pλ) 5 marks

(b) S has rate 0.6, so P(S > 5) = e−0.6×5 M1

= e−3 ≈ 0.0498 A1

Answer: e−3 ≈ 0.0498 2 marks

25 (6 marks)

MZλ
(t) = e−t λMXλ

(
t

λ
) M1 A1

= exp[λ(et/√λ − 1) − t λ] A1

es − 1 = s +
s2

2 +
s3

6 + ... with s =
t

λ
M1

λ(es − 1) = t λ +
t2

2 +
t3

6 λ
+ ... A1

So the exponent is
t2

2 +
t3

6 λ
+ ... → t2

2 , and MZλ
(t) → et2/2 A1

Answer: Shown 6 marks
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26 (6 marks)

MXn
(t) = [M(

t
n )]n M1 A1

ln MXn
(t) = n ln(1 +

μt
n + o(

1
n )) M1

= n(
μt
n + o(

1
n )) → μt A1

So MXn
(t) → eμt A1

eμt is the moment generating function of the constant μ, so Xn tends in distribution to μ (weak E1

law of large numbers)
Answer: Shown 6 marks

27 (8 marks)

(a) MXi
(t) =

1
2 et +

1
2 e−t = cosh t B1

Answer: Shown 1 mark

(b) cosh t = Σ t2k

(2k)! and et2/2 = Σ t2k

2kk!
M1 A1

(2k)! = 2k(2k − 1)...(k + 1)×k! ≥ 2kk! because each of the k factors 2k, ..., k + 1 is at least 2; so E1

each term of the cosh series is at most the matching term of the exponential series
Answer: Shown 3 marks

(c) For t > 0, P(Sn ≥ a) ≤ e−ta(cosh t)n ≤ e−ta + nt2/2 M1 A1

Choose t =
a
n to minimise the exponent: − a2

n +
a2

2n = − a2

2n A1

Answer: Shown 3 marks

(d) e−900/200 = e−4.5 = 0.0111 B1

Answer: 0.0111 1 mark

28 (9 marks)

(a) MIk
(t) = 1 + pk(e

t − 1) ≤ epk(e
t − 1) M1 A1

MX(t) = Π MIk
(t) ≤ eΣ pk(e

t−1) = eμ(et − 1) A1

Answer: Shown 3 marks

(b) For t > 0, P(X ≥ (1 + δ)μ) ≤ e−t(1+δ)μMX(t) M1

≤ exp[μ(et − 1) − t(1 + δ)μ] A1

Choose t = ln(1 + δ) > 0: exponent = μ(δ − (1 + δ) ln(1 + δ)) M1

So the bound is (
eδ

(1 + δ)1+δ )μ A1

Answer: Shown 4 marks

(c) δ = 1: bound = (
e
4 )10 M1

= 0.0210 A1

Answer: (
e
4 )10 = 0.0210 2 marks

29 (9 marks)
(a) KS(t) = ln MS(t) = ln MN(KX(t)) M1

= KN(KX(t)) A1

Answer: Shown 2 marks

(b) KS'(t) = KN'(KX(t))KX'(t) M1

At t = 0, KX(0) = 0, so E(S) = KN'(0)KX'(0) = E(N)E(X) A1

Answer: Shown 2 marks

(c) KS''(t) = KN''(KX(t))(KX'(t))2 + KN'(KX(t))KX''(t) M1 A1

At t = 0: Var(S) = Var(N)(E(X))2 + E(N)Var(X) M1 A1

Answer: Shown 4 marks
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(d) Var(N) = E(N) = λ, so Var(S) = λ(Var(X) + (E(X))2) = λE(X2) B1

Answer: Shown 1 mark

30 (9 marks)

(a) MX(t) =
1

1 − t , so MS(t) = exp[3(
1

1 − t − 1)] M1

= exp[3×
t

1 − t ] = exp[
3t

1 − t ] A1

Answer: Shown 2 marks

(b) K(t) =
3t

1 − t = 3(−1 +
1

1 − t ), so K'(t) =
3

(1 − t)2 M1 A1

K''(t) =
6

(1 − t)3 , so E(S) = 3 and Var(S) = 6 A1

Answer: E(S) = 3, Var(S) = 6 3 marks

(c) ln bound g(t) =
3t

1 − t − 12t, so g'(t) =
3

(1 − t)2 − 12 M1

g'(t) = 0 gives (1 − t)2 =
1
4 , t =

1
2 (t =

3
2 is outside the range) A1

g''(t) =
6

(1 − t)3 > 0, so this is a minimum E1

Bound = exp[3 − 6] = e−3 ≈ 0.0498 A1

Answer: t =
1
2 ; P(S ≥ 12) ≤ e−3 ≈ 0.0498 4 marks


