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The discrete random variable X takes the value 1 with probability 0.3 and the value 2 with
probability 0.7.
Write down the moment generating function M (t) of X.

Show that M (0) = 1 for any random variable X whose moment generating function exists.

The random variable X takes each of the values 1, 2, 3, 4 with probability %.
Write down M (t).

The random variable X has P(X = 0) = 0.6 and P(X = 1) = 0.4.
(@ Find My(1).
(b) Find the exact value of My(In 3).

(2]

(2]

(2]

(1]
(1]

The moment generating function of the binomial distribution B(n, p) is (1 — p + pe")". The random variable

X ~B(5, 0.2).
(@ Write down M(t).
(b)  Find My(In 4).

The moment generating function of the Poisson distribution Po(2) is €€ ~ V. The random variable X ~
Po(3).

(@  Write down M(t).

(b) Find the exact value of My(In 2).

The random variable X has the probability distribution shown.
x:—1,0,2

P(X =x):0.2,0.5,0.3

Find M (t).

The random variable X has a geometric distribution with P(X =x) = g 'pforx=1,2, 3, ...,
whereq=1—p.
pe'

Show that M(t) = -

and state the range of values of t for which this holds.

—A7)\ X

A forx=0,1,2, ..

The random variable X ~ Po(}), so P(X = x) = = 7

Show from the definition that M (t) = €€ =9, and state the values of t for which this holds.

The random variable X is exponentially distributed with probability density function f(x) =
Ae ™™ for x = 0, where A > 0.

Show that M(t) = % and state the range of values of t for which the integral converges.

The continuous random variable X is uniformly distributed on the interval [0, 2], so its
probability density function is f(x) = % for0=x=2

e -1

Show that M(t) = o

fort # 0.

The random variable X has moment generating function My (t) = 0.1 + 0.3e" + 0.4e* + 0.2e™.
Write down the probability distribution of X and find P(X = 2).

(1]
(1]

(1]
(1]

(3]

(5]

(4]

(4]

(3]

(3]
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The moment generating function of the normal distribution N(j1, 0%) ise™*2° ", The random variable X ~
N(5, 9).

(& Write down M(t). [1
(b) Therandom variable Z = % has the standard normal distribution. Write down

Mz(t). (1]
() Find the exact value of My(3). [4]

The random variable X ~ B(n, p), so P(X =x) = "C,p*q"* forx =0, 1, ..., n, whereq=1 —

p.
Use the definition of the moment generating function and the binomial theorem to show that
Myx(t) = (g + pe’)". [4]

The continuous random variable X has probability density function f(x) = 3x*for0 = x < 1
and f(x) = 0 otherwise.

2X
2

24 w X 2
Youmayusether&sultfxe dx=e*(7 - +t—3)+0.

(2 —2t+2) —6
t3

Show that M(t) = fort = 0. [5]

The continuous random variable X has probability density function f(x) = %e"x' for all real x.
Find M(t), stating the range of values of t for which it exists. [5]

The random variable X has probability distribution P(X = x) = 7(3)* for x=0,1,2, ...
Find M (t), and state the range of values of t for which it exists. [4]

The continuous random variable X has probability density function f(x) = 4xe™> for x = 0
and f(x) = 0 otherwise.

You may use the result ‘Ew xe ¥ dx = % for k > 0.
Find M (t) and state the range of t for which it exists. [4
The discrete random variable X has probability distribution P(X = x) = kx for x =1, 2, 3, 4,

where k is a constant.
Find the value of k and hence find M(t). [4]

The random variable X has a geometric distribution with P(X =x) = g 'pforx=1,2,3, .., whereq=1 —

p.
A student works out the moment generating function as follows.

Me® =3 €0 p=p S (0e) = P
x=1 x=1

1—qge
(@) Explain the error in the student's working. [2]
(b)  Write down the correct moment generating function. [2]

The standard normal random variable Z has probability density function @(z) = ie‘%zz for al real z, and

J2rn
[ e@dz=1

(& Show that M,(t) = e%‘z for al real t, by completing the square in the exponent. [5]
(b) Therandom variable X = 1 + 0Z, where 0 > 0. Use M 4,,(t) = €™M, (at) to find M (t). [2]
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The continuous random variable X has probability density function f(x) = x for 0 = x < 1,
f(x) =2 — xfor 1 <x = 2, and f(x) = 0 otherwise.

Y ou may use the result f xe* dx = etx(% - tlz +C.

{42
Show that M (t) = (et—zl) fort # 0.

e )X

xI(1—e™
2, 3, ..., where A > 0 (a Poisson distribution conditioned on being positive).
e)x(e‘— 1) _ e—)\

BT — and state the range of t for which it exists.

The discrete random variable X has probability distribution P(X = x) = forx =1,

Show that M(t) =

A random variable X is 0 with probability % Otherwise, with probability % X hasan
exponential distribution with rate 2.
The moment generating function of an exponential distribution with rate A is % fort < A.

Find M (t), simplifying your answer into a single fraction, and state the range of t for which it
exists.

The continuous random variable X has probability density function f(x) = % forx = 1landf(x) =0

otherwise.
(Do not attempt to find M(t) in closed form.)

(@ Show that E(e™) isfinitefor al t < 0.
3
(b)  Show that E(e™) does not exist for any t > 0. Y ou may use e" > % foru>0.
(c) E(X) =2 exists. Explain why the moment generating function cannot be used to find
E(X) here.

The gamma distribution with parameters o > 0 and A > 0 has probability density function f(x)
_ }\axu—le—kx
Y CY

Show that My (t) = (%)“ for t < A, by using the substitution u = (A — t)x.

for x>0, where ['(a) = [~ u**e™ du.

(6]

(2]
(3]

(1]

(6]

In a sequence of independent trials, each succeeds with probability p. Let g=1 — p and let X be the number

of trials needed to obtain the r-th success, so P(X = x) = *7!C,_,p'q* "forx=r,r+1,r+2, ...

You may use the series (1 — u) ™" = > ¥~'C,_,u* for Ju| < 1.
k=0

i
(@ Show that M(t) = (l Eeqet)r, and state the range of t for which it exists.

(b) LetY =X — r bethe number of failures before the r-th success. Write down M (t).
LetZ~N(0, 1) and Y = Z2.

Y ou may use the result _[: e 7" d z = 2ms for s> 0.
(&  Show that My(t) = (1 — 20 fort < 3.
(b)  Hence find the exact value of E(e7272).

1

(c) Explainwhy My (t) does not exist for t = 5

(2]

(6]
(1]
(1]
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29 The continuous random variable X has probability density function f(x) = %sin xforO=sx=mandf(x) =
0 otherwise.
X+ _
Y ou may use the result f e*sinx d x = S(LSnX ZCOSX) +cC.
1+t
_ 1+e™
(@ Show that M(t) = 20D
(b) Verify that M, (0) = 1.
(c) Thedistribution is symmetrical about x = % Show that the moment generating function
o cosh(D)
of X — > is BT and explain why this function is even.

30 Therandom variable U is uniformly distributed on (0, 1) and Y = —In U.

(Standard results: the exponentia distribution with rate 1 has distribution function 1 — e™ fory = 0.)
(@ FindP(Y =vy)fory = 0, and hence identify the distribution of Y.

(b) By writing My (t) = E(U™"), show that M (t) = %—t fort< 1.
(©) U, U, U, areindependent copies of U. Find the exact value of E(((U,U,U,))~Y?).

Momentsfrom M GFs

1 The random variable X has moment generating function My(t) = 0.3 + 0.7€".
Find E(X) by differentiating M y(t).

t+t2

2 The random variable X has moment generating function My(t) = e
Find M, '(t) and hence find E(X).

3 The Maclaurin series of the moment generating function of X begins My (t) = 1 + 4t + 9t + ...
Write down the values of E(X) and E(X?).

4 The random variable X has moment generating function My (t) = (0.5 + 0.5¢")*.
Find E(X).

S The random variable X has moment generating function M, (t) = % fort<5.
Find E(X).

6 For arandom variable X, My'(0) = 3 and M "(0) = 13.
Find Var(X).

7 The random variable X has moment generating function M (t) = ﬁ fort<4.
Find E(X) and Var(X).

8 The random variable X has moment generating function My (t) = e’ =D where A > 0.
Use differentiation to show that E(X) = A and Var(X) = A.

9 The random variable X has moment generating function My (t) = (1 — t) "2 for t < 1.

Expand M (t) as a series in ascending powers of t up to and including the term in t3, and
hence find E(X), E(X?) and E(X?), and Var(X).

(3]
(2]
(3]

(2]

(2]

(2]

(2]

(2]

(4]

(5]

(4]
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The random variable X ~ B(n, p) has moment generating function My (t) = (g + pe")", where g
=1—-p.
Use this to show that E(X) = np and Var(X) = npg.

The random variable X has moment generating function My (t) = 0.2e™" + 0.5 + 0.3¢?.
Find E(X) and Var(X).

1.
The random variable X has moment generating function My (t) = e'* 2",
By expanding M (t) as a series up to the term in t3, find E(X3).

The random variable X has moment generating function M (t) = %(et + e+ e,
Find E(X) and Var(X) by differentiating M(t), and state the distribution of X.

The random variable X has a geometric distribution with moment generating function My (t) =
t

pe
1—qe"’

whereq=1—p.

t

Given that M/'(t) = ﬁ, show that Var(X) = %_

e —

= for t = 0, with My(0)

The random variable X has moment generating function M (t) =
=1

Use the series expansion of €' to find E(X), E(X?) and E(X?), and deduce Var(X).

The random variable X has moment generating function My (t) = (1 — 2t) 3 fort < %

Use the binomial series (1 + u) ™3 =1 — 3u+ 6u® — 10u® + ... to find E(X), Var(X) and
E(X3).

(5]

(4]

(4]

(5]

(6]

For a random variable X with moment generating function My (t), the function K(t) = In My(t) is called the

cumulant generating function.

(@ Show that E(X) = K'(0) and Var(X) = K"(0).

(b) Therandom variable Y ~ B(10, 0.4) has M (t) = (0.6 + 0.4e")*°. Use K(t) to find E(Y)
and Var(Y).

The random variable X has moment generating function M (t) = ( k fort <2, wherek is

2—1)2
a constant.
Find the value of k, and hence find E(X) and Var(X).

The random variable X ~ Po(2) has moment generating function M (t) = e2€ ~ 9.
A student states: "M "(0) = 6, so Var(X) = 6."

(@ Explain the error and state the correct value of Var(X).

(b) Find E(X3).

The random variable X has moment generating function My (t) = ﬁ for |t| < 1.

Use the expansion of My(t) to find E(X), E(X?), E(X®) and E(X*). Write down the value of
E(X%) in terms of k.

(3]

(3]

(5]

(3]
(2]

(5]
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The random variable X ~ N(i1, 0?) has moment generating function M (t) = e"* %"ztz.
(@  Show, by differentiation, that E(X) = p and Var(X) = 0. [4
(b) Find E(X3) in terms of p and o. [3]

The random variable X has an exponentia distribution with moment generating function My (t) = % for t
<A.

|
(@ Expand M(t) as a power seriesin t and hence show that E(X") = % forn=1,23, .. [4]

2

(b) Hence show that the third central moment E[(X — 1)®] equals 2

where 11 = E(X). (3]

For arandom variable X, the factorial moment E[X(X — 1)] is defined where X takes non-negative integer
values.

The random variable X ~ B(n, p) has moment generating function My (t) = (1 — p + pe")".

(@ Show that E[X(X — 1)] = My"(0) — M,(0) for any random variable with a moment

generating function. [2]
(b) Use differentiation of My(t) to show that E[X(X — 1)] = n(n — 1)p% [3]
(c) Hence show that Var(X) = np(1 — p). [2]

1o
The standard normal random variable Z has moment generating function M,(t) = ez".

(@ Expand M,(t) in ascending powers of t as far as the term in t8, [2]
(b) Hencefind E(z%) and E(Z°). (2]
(¢ Find Var(Z?). (2]
(d) Find E((Z2? — 1)3). [2]
The random variable X takes the values 0, 1 and 2 only. Its moment generating function is
My (t) = a+ be' + ce®, where a, b and ¢ are constants.
Given that E(X) = 1.2 and E(X?) = 2, find a, b and ¢, and hence find Var(X). [7]
The random variable X ~ N(0, 1) has moment generating function My(t) = e%tz. The random
variable Y = €* has alog-normal distribution.
Use the fact that E(Y") = E(€™) = My(n) to find E(Y) and Var(Y), giving exact answers. (6]
The random variable X, the number of trials needed to obtain the r-th success where each tria
t

succeeds with probability p, has moment generating function My (t) = ( 1 Eeqet)’, whereq=1
— p'
Use the cumulant generating function K(t) = In My (t) to show that E(X) = % and Var(X) =
%. (You may use E(X) = K'(0) and Var(X) = K"(0).) 8]
The random variable Y has moment generating function My (t) = (1 — 2t) Y2 for t < %
(@ Usethe binomia expansion of (1 + u)~"2 to expand M (t) in ascending powers of t up

to and including the term in t2. [3]
(b) Hencefind E(Y), Var(Y) and E(Y?3). [3]

(¢ Verify E(Y) and E(Y?) by differentiating M. (t) twice. [2]
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29  Therandom variable X is uniformly distributed on [—1, 1], so its moment generating function is My (t) =

Sntht fort = 0.
t3 5
Youmayusesinht:t+§+§+...
(8  Show that E(X®) = 57 fork =0, 1, 2, ... and that E(X**%) = 0. [4]
(b) Hencefind Var(X) and E(X*), and show that E[(X? — 2)7] = zc. [4]

30 Therandom variable X ~ Po(}) has moment generating function My (t) = €*€ =9 Let p = E(X) = A.
(@ Write down the moment generating function of X — A, and show that it can be written

asexp[A(e' — 1 — 1)]. (2
(b) Expand A(e' — 1 — t) up to the term in t*, and hence show that E[(X — A)%] = A. [3]
(©)  Show that E[(X — A)*] =3A% + A. [3]

Sums, Transformations and Uniqueness

1 The random variable X has moment generating function My(t) = 0.5 + 0.5€".

Write down the moment generating function of 2X. [2]
2 The random variable X has moment generating function M (t) = %—t fort< 1.

Write down the moment generating function of X + 3. [2]
3 X and Y are independent random variables with moment generating functions My(t) = (0.5 +

0.5e"? and M (t) = (0.5 + 0.5¢")3.

Find the moment generating function of X + Y and state the distribution of X + Y. [2]
4 The random variable X has moment generating function M (t) = eX¢ ~ 9.

Identify the distribution of X and find P(X = 2), giving your answer to 3 significant figures. [2]

5 The random variable X has moment generating function My (t) = (0.7 + 0.3e")°.

Identify the distribution of X and find P(X = 2). [2]
6 The random variable X has moment generating function M (t) = e***.

Identify the distribution of X, giving its parameters. [2]
7 X is arandom variable with moment generating function M «(t), and aand b are constants.

Show that M y,(t) = €™My (at). [3]
8 The random variable X has an exponential distribution with moment generating function

Mx(t) = % fort< 3.

Find the moment generating function of Y = 2X + 1, and state the range of t for which it

exists. (3l
9 X and Y are independent random variables with X ~ Po(2) and Y ~ Po(5). The moment

generating function of Po(2) is e*® ~ V.
Find the moment generating function of X + Y and hence state its distribution. [3]
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X and Y are independent, X ~ N(1, 4) and Y ~ N(2, 9). The moment generating function of
N(L, 0.2) iseht+ 02t2/2_
Use moment generating functions to find the distribution of X + Y.

0.4€'
1-06e"

The random variable X has moment generating function M (t) =

Identify the distribution of X and find P(X = 3).

The random variable X has moment generating function My (t) = 0.1e™" + 0.4 + 0.5¢?.
Write down the probability distribution of X and find E(X).

The random variable X ~ N(11, 6%) has moment generating function et * ot72,
Letz = X =2 show that M (t) = € and state the distribution of Z.

X ~B(n, p) and Y ~ B(m, p) are independent. The moment generating function of B(n, p) is (q + pe")",
whereq=1—p.

(@ Use moment generating functionsto provethat X + Y ~B(n+ m, p).

(b) Explain why the result does not hold if Y ~ B(m, p’) with p' = p.

X ~N(2, 1) and Y ~ N(—1, 4) are independent. The moment generating function of N(j1, o)
iseht+ 02t2/2.

Find the distribution of W = 3X — 2Y + 5 using moment generating functions.

X1, X5, X3, X, are independent random variables, each distributed N(i1, 02). Let X = %(X1 +
X, + X5+ X,).

2
Use moment generating functions to show that X ~ N(j, %).

The random variable Z has moment generating function M,(t) = e7%(0.3 + 0.7e")*,
(@ By considering M,,(t), identify the distribution of Y = Z + 2.

(b) Find E2).

(©) Find P(Z = 0).

A random variable X is distributed Po(2) with probability % and Po(5) with probability %

Show that M(t) = %eZ@‘-l) + % 5€-1) and hence find E(X) and Var(X).

X ~Po(3) and Y ~ Po(2) areindependent,and D = X — Y.
Find the moment generating function of D, and use it to find E(D) and Var(D). Explain why D
does not have a Poisson distribution.

X ~B(2,05) andY ~ B(1, 0.2) are independent. The moment generating function of B(n, p) is(1 — p +
pe)".

(8 Write down My, (t) and find P(X + Y = 3) by considering its expansion.

(b) Show that X +Y does not have abinomial distribution.

A gift box contains three jars and one bottle. The masses, in grams, of the jars are independent
and each distributed N(200, 25); the mass of the bottle is independent of the jars and
distributed N(50, 9). The moment generating function of N(j1, 0'2) is e™* %2,

Use moment generating functions to find the distribution of the total mass T of the contents,
and hence find P(T > 660), giving your answer to 3 significant figures.

(4]

(3]

(3]

(4]

(3]
(1]

(5]

(5]

(2]
(2]
(2]

(6]

(5]

(4]
(2]

(6]
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X, and X, are independent geometric random variables, each with P(X; = x) = 0.6 x04 forx =1, 2, 3, ...

t

and moment generating function = 06 - Let S= X, + X,.
(& Write down M(t). [2]
(b) Using (1 — u)™2=1+2u+ 3u®+4u° + ..., expand M(t) in powers of €' and hence find

P(S=4). [3]
(o) Verify your value of P(S = 4) by adirect calculation using the distribution of X; and X,. [2]

a2t

The moment generating function of arandom variable X is M(t) = % for t # 0. The moment
generating function of the uniform distribution on [a, b] is ﬁ
(& Identify the distribution of X and find P(X > 1). [3]
(b) Lety =252 Find My (t) and hence identify the distribution of Y. 3

X4, X, X3, X, are independent exponential random variables, each with rate 2 and moment generating
functlon LetX = 4(X1+X2+X3+X4)

The gamma distribution with parameters ac and A has moment generating function (?\ A t)°‘ mean - < and
variance F'
(@ Show that Mx(t) = (%)4 and identify the distribution of X. [4

(b)  Write down E(X) and Var(X), and check these against the val ues obtained from the
mean and variance of asingle X;. [2]

X and Y are independent exponential random variables, each with rate 1 (moment generating function =t
fort<1).LeeD=X-Y.

The continuous random variable W with probability density function f(w) = %e"w' has moment generating

function —— 1 > for |t < 1.

(& Show that Mp(t) = —— for |t| < 1. [3]
(b) Hence state the probablllty density function of D and find P(D > 2). [4]

The random variable X is distributed N(O, 1) with probability % and N(0, 4) with probability % The

moment generating function of N(0, 0?) ise” 2.
(8 Show that My () = 3™ + 2€%. 2
(b) Expand My(t) up to the term in t*, and hence find Var(X) and E(X?). [4
(© A normal distribution with variance 0 has E(X*) = 30*. Hence show that X is not

normally distributed. [2]

X ~Po(a) and Y ~ Po(b) are independent, and D = X — Y. The cumulant generating function of a random
variable is K(t) = In M(t), and E(D) = K'(0), Var(D) = K"(0). The third central moment E[(D — E(D))?]
equals K"(0).

(@  Show that Mp(t) = exp[a(e' — 1) + b(e™" — 1)]. [2]
(b) Show that E(D) =a— band Var(D) =a+ h. [3]
() Find the third central moment of D and state, with areason, whether D is positively or

negatively skewed when a> b. [2]

(d) Show that when a= b the distribution of D is symmetrical about 0. [2]
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28 X andY areindependent random variables, each uniformly distributed on [0, 1].
The continuous random variable W with probability density function f(w) =wfor0=w =< 1,f(w)=2—w
(¢ -1

for 1 <w = 2 and f(w) = 0 otherwise has moment generating function —z fort = 0.

e—1
(& Show that My(t) = T fort = 0. [2]
(b)  Find My, (1). (2]
(c) Hence state the probability density function of X + Y. [2]
(d FndP(X+Y >15). [2]

29 7,7, ... areindependent standard normal random variables. The moment generating function of Z;? is (1

— ) fort< 5. Let Y, 22,2+ . + 22

(@ Writedown My (t). 2]
(b) Usedifferentiation to find E(Y 5) and Var(Y ). [3]
(c) W isindependent of Y 5 and has the same distribution as Y 5. Show that Y ; + W has the
same distribution as Y g. [2]
(d)  Show that My (t) = ﬁ and use the exponentia distribution with rate% (distribution
function 1 — e7?) to find P(Y, > 4). [2]
30 The discrete random variable X has moment generating function M (t) = 5 _1 o

X1, X, and X5 are independent copiesof X, andY = X; + X, + Xj.

You may use the series (1 — u) =3 = ¥2C,u*.
k=0

(@ Show that X has a geometric distribution on 0, 1, 2, ... with P(X = x) = (%)X”, by

expanding My (t) as a seriesin €'. [3]

t
(b)  Show that My(t) = 5(1 — 5)™° 2]
(¢) Findaformulafor P(Y = k), and evaluate P(Y = 2). [2]
(d) Find E(Y) and Var(Y) by first differentiating My (t) twice. [3]

Applicationsand Limits

1 X, ~B(n, %). The moment generating function of B(n, p) is (1 — p + pe)".

Write down My (t) in the form (1 + %)”, where cisto be found in terms of t, and state the

limit of M (t) asn — o, using (1 + 3)" - € 2]

2 X ~ Po(2), with moment generating function M, (t) = e¥® 9. Fort >0, P(X = a) <
e~ M (1).
Uset = 1 to show that P(X = 6) < e~ 8 and evaluate this bound to 3 significant figures. [2]

3 X and Y are independent exponential random variables, each with rate 2 and moment

generating function ZL—t

Write down the moment generating function of X + Y. [2]



StemUp | Further Mathematics | Further Statistics: Moment Generating Functions | Question Pack

4

10

11

12

13

The independent random variables X ;, X5, ..., X140 €ach have mean 3 and variance 4. Let S=
Xq+ X5+ o+ Xy

Write down E(S) and Var(S), and use the central limit theorem to state an approximate
distribution for S.

The random variable S = X + ... + X\, where the X; are independent and each exponential
with rate 2, and N is independent of the X; with P(N = 0) = 0.3 and P(N = 1) = 0.7. For such a

random sum M(t) = Gy (M (1)), where Gy (s) = E(s").
Find M «(t).

Explain why e = e?whenever X = aandt > 0, and say what happens to the inequality
whent < 0.

X, ~ B(n, %), where A > 0 is fixed. The moment generating function of B(n, p) is(1 — p +
pe)".

Prove that as n — o the moment generating function of X, tends to that of Po(2). Y ou may
use (1 + %)” - €.

X is exponentialy distributed with rate 1, so My(t) = % fort<1.ForO<t<1, P(X = a)

—t
< e My (1).
For a= 5, find the value of t in (0, 1) which gives the smallest bound, and show that the best
bound is 5e*. Compare it with the exact value of P(X = 5).

The number of claims N received by an insurer in a day has a Poisson distribution with mean

4. Each clam isfor 1 unit with probability % and for 2 units with probability %
independently. Sisthe total claimed in a day.

Given that M4(t) = exp[A(M«(t) — 1)] where N ~ Po(A) and X is the size of one claim, find
E(S) and Var(S) using the cumulant generating function K(t) = In M(t).

X1, -y X, @re independent exponential random variables, each with rate A and moment

generating function )\L_t LetS=X,+..+X,.

Show that M «(t) = (%)“, and use K (t) = In M(t) to show that E(S) = 3 and Var(S) = %

The random variable X has mean 1 and variance 0%, and Y = X~ ¢

E(Y?) .,
Tt + ...

. The moment generating
function of Y has a Maclaurin seriesM . (t) = 1 + E(Y)t +
Show that M (t) = 1 + %tz + (termsin t and higher powers), and write down the

corresponding expression for MY(%) in terms of n.

Z ~N(0, 1) has moment generating function €72 For t >0, P(Z = &) < €™M (t).

Show that the choicet = agivesP(Z = @) = e~¥”2 and evaluate this bound for a= 2.
Compare it with the exact value 0.02275.

X is arandom variable with moment generating function M (t). Prove that for t > 0, P(X = a)
< e ™M (). (You may assume that E(Y) = k P(Y = k) for a non-negative random variable
Y and k > 0.)

(2]

(2]

(2]

(5]

(5]

(4]

(4]

(4]

(4]
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X, and X, are independent exponential random variables, each with rate A = 1.5. A gamma

oy, 00—1—2AX
distribution with parameters a and A has pdf Aert)e for x > 0 and moment generating

function (}\}: t)"‘.

Let S= X, + X,. Show that S has pdf A%se™* for s> 0, and find P(S > 1), giving your answer
to 3 significant figures. [5]

X ~ B(20, 0.5), with moment generating function My (t) = (0.5 + 0.5¢")®. For t > 0, P(X =
15) < e P'M ().

20
Find the value of €' which minimises this bound, and hence show that P(X = 15) < %

Evaluate the bound and compare it with the exact probability. [6]

The number of eggs N laid by an insect is Po(2). Each egg independently hatches with
probability p. Let Y be the number of eggs which hatch. The moment generating function of

B(n, p) is (q + pe')", where q = 1 — p, and the probability generating function of Po(2) is
Gy(s) = e*~ D,
By conditioning on N, show that M. (t) = G\(q + pe'), and hence prove that Y ~ Po(Ap). [6]

X ~ Po(3), with moment generating function € ~ 9. For t > 0, P(X = &) < €™M (t).

Show that choosing €' = g givesP(X = a) = e®~ 3(%)a, and find the value of this bound for a

= 9. Compare it with the exact value of P(X = 9). [5]
X ~ Po(10), with moment generating function M (t) = e!®€ ~ 9.
(@ Show that for t >0, P(X < &) < €®My(—1). [2]
(b)  Show that the best choice has e = 5, and evaluate the resuiting bound on P(X < 4).

Compare it with the exact value. [3]

X, ~ B(n, %), where A > Oisfixed and nislarge. A student writes:

t_ t

"My () =(1+ M)“. Asn— o, Men SRR 0, so the bracket tends to 1 and the limitis 1" = 1. So
X, tends to the constant 1."

(@ Identify the error in the student's argument. [2]
(b)  Statethe correct limit of My (t), and identify the limiting distribution. [3]

Z,,Z,, Z3, Z, are independent standard normal random variables, and Y = Z,2 + Z,2 + Z,2 + Z,°. The
moment generating function of Z,2is (1 — 2t) Y2 for t < % The gamma distribution with shape 2 and rate A
has pdf A%ye™ for y > 0 and moment generating function ( 2\}: t)2.

(@ Show that My (t) = (1 — 2t) 72 [2]

(b) Show that Y has pdf 3e™fory > 0. 2]
(¢) Find P(Y > 6). [2]
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X1, X5, ... are independent identically distributed random variables with mean 11, variance 0% > 0 and a

moment generating function M which existsnear t =0. Let Y; = Xif;u andZ, = % Near 0,
My(s) =1+ %32 + 0(s?), where o(s?)/s*> > 0 ass — O.

@ Showthat M (9 = [M (1" 2
(b)  Show that In M (t) = %tz asn— . Youmay useln(l + u) = u+ O(u?) for small u. [3]

(c) Hence state the limiting distribution of Z,,, naming the theorem and the result about
moment generating functions that you use. [2]

X1, X5, ... are independent exponential random variables, each with rate 1 and moment generating function

1 S,—n u? u?
—t LetSn=X1+...+XnandZn=T.Youmayuseln(l— u=-u- > 3~ . foru <1
(@ Show that M, (f) = e™¥(1 — -L)~". 3]

: {n
3
(b)  Show that In M (t) = 5t2 + % + (terms which tend to O faster asn — w). 3]
(©) Hence state the limit of M (t) asn — o and interpret it 1

Y, isthe number of failures before the r-th success in independent trials, each with success
probability p, = ﬁ where p > 0 isfixed. Y, has moment generating function (1 —
q.€)"p,", whereq, =1 — p,.

Show that My (t) = (1 — M)‘r, and prove that asr — oo it tends to the moment

generating function of Po(11). You may use (1 + é)r - e~ (6]

A random number N of independent exponential random variables X; (rate A) are added, where N has a
geometric distribution with P(N =n) =q" 'pforn=1,2,3,..andq=1—p. Let S= X, + ... + X. For a

random sum Mg(t) = Gy(My(t)), where Gy (s) = E(sY) = 1 Esqs, and M (t) = Al—t

(@ Show that Mg(t) = p}\p—)it and hence identify the distribution of S. [5]

(b) Forp=0.2and A =3find P(S>5). [2]
; ; A(e' — 1) _Xa— A

X, ~ Po(A) has moment generating function e .LetZ, = T

Show that M, (t) = exp[A(e”'* — 1) — ty/A], and by expanding the exponential show that

Mg, (t) — "2 as A — oo (6]

X1, X5, ... are independent identically distributed random variables with mean 11 and moment

generating function M, which exists near t = 0, with M(s) =1+ ps+ o(s) ass— 0. Let X, =

1

ﬁ(xl + + Xn)

Show that Mx (t) — e" asn — o, and explain what this tells you about X,,. You may use In(1

+U) = u+ O(U?). [6]
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X4, -y X, @eindependent, each taking the values +1 and —1 with probability % LetS,=X;+ ...+ X,.

(@  Show that My (t) = cosht. [1
(b) By comparing the series for cosh t and €2, show that cosh t < €2 for all real t. (Hint:

compare terms in t%, using (2k)! = 2*k!.) [3]
(c) Hence provethat for a> 0, P(S, = a) < e &, [3]
(d) Find the bound for n = 100 and a= 30. [1

X =1, +..+1,wherethe |, are independent and |, takes the value 1 with probability p, and O otherwise.
Letp =EXX) =2 p,. Youmay use 1 + x < €* for al rea x.
(@ Show that My(t) < e"® ~ 9. [3]

(9]
(b) Hence show that for 6 > 0, P(X = (1 + 6)p) < ((lfw)u. [4]

(c) A fair-coin game has n = 20 independent trials, so 1 = 10. Use the bound with 6 = 1 to
bound P(X = 20), and give the value of the bound to 3 significant figures. [2]

S=X,; + ... + Xy, where X, X,, ... are independent identically distributed with moment generating function
My (t), and N is independent of the X; with moment generating function M (t). For arandom sum M(t) =
My(In My (1)). Let Ky (t) = In My(t) and K(t) = In M (1), with K'(0) = mean and K"(0) = variance.

(@ Show that Kg(t) = K (K(t)). [2]
(b) Differentiate to show that E(S) = E(N)E(X). [2]
(©)  Show that Var(S) = E(N)Var(X) + Var(N)(E(X))?. [4]
(d) N ~Po(d). Show that Var(S) = AE(X?). [1]

The number of claims N an insurer receivesin ayear is Po(3). Each claim (in thousands of pounds) is
independent and exponentially distributed with rate 1. Sisthe total claimed in ayear. For a Poisson random

sum, M(t) = exp[A(My(t) — 1)]. Fort >0, P(S = a) < e ®M(t).
(8  Show that Mg(t) = expl ] for t < 1. 2
(b) UseK(®) = In M(t) to find E(S) and Var(S). [3

(c) Findthevalue of tin (0, 1) which gives the best bound on P(S = 12), show that itisa
minimum, and give the bound. (4]



