StemUp | Further Mathematics | Further Pure Mathematics: Matrices | Model Answers

Matrix Notation and Oper ations

1 (2 marks)
A has 2 rows and 3 columns, so itsorder is2 x 3 B1
The element in row 2, column 3is6 B1
Answer: 2x 3; 6 2 marks
2 (2 marks)
5 4
A+B—(1 3) M1 Al
5 4
Answer: (1 3) 2 marks
3 (2 marks)
30
3l = 0 3) M1
2 =2
A—3I—(1 1) Al
2 =2
Answer: (1 1 ) 2 marks
4 (2 marks)
6 -3 12
3A—(0 9 _15) M1 A1
A (6 -3 12
nswer . 0 9 —15 2 marks
5 (2 marks)
P + Q is defined because P and Q have the same order B1
P + R is not defined because the orders 2 x 3 and 3 x 2 differ Bl
Answer: P + Q isdefined; P + R isnot 2 marks
6 (2 marks)
1 -2 5
T —
A‘(4 0 3) Bl
AT hasorder 2 x 3 B1
1 -2 5
AnaNer:AT:(4 0 3),order2><3 2 marks
7 (3 marks)
4 =2 3 9
2A—(O 8)and3B—(_6 15) M1
1 -11
2A—3B—(6 _7) M1 Al
An (1 -11 )
swer: 6 -7 3 marks
8 (3 marks)
a+B=(P3 3 ) qua ding element
=lac1 c+1 ; equate corresponding elements M1
3+b=0givesb=—3and —2+5=dgivesd=3 Al
a—l=4givesa=5and1l+c=—-2givesc=—3 Al
Answer: a=5,b=-3,c=-3,d=3 3 marks
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9 (3 marks)
2 =2
3X—A—ZB—(12 6) M1 Al
2 _2
X=13 3 Al
4 2
2 2
Answer: X = | 3 3 3 marks
4 2
10 (3 marks)
2k —1 6
A 1= ( 4 k- 1) 1
2k —1=9,s0k=5 M1
The other elements, 6 and 4, agree, sok =5 Al
Answer: k =5 3 marks
11 (3 marks)
X+y=7andx —y=1 M1
Adding: 2x=8,sox =4 Al
y=3 Al
Answer: x=4,y=3 3 marks
12 (4 marks)
2 4 1
AT=|-1 0 7 B1
3 5 =2
4 3 4
A+AT=(3 0 12 M1 Al
4 12 -4
A + AT is symmetric (it equals its own transpose) El
4 3 4
Answer: A+AT=|3 0 12|, whichissymmetric 4 marks
4 12 -4
13 (3 marks)
2 3 4
A= (5 6 7) Al
6 9 12
A= (15 18 21) ot
2 3 4 6 9 12
AI’]SNer.A—(5 6 7),3A—(15 18 21) 3 marks
14 (5 marks)
p+29 2p- q)
A + 0B = M1
AT ( q p+3q
Bottom left: g = —2. Top left: p+2q=—1 M1 Al
So p = 3; check top right: 2p — g = 8 (correct) and bottom right: p + 3q = —3 (correct) M1 A1l
Answer: p=3,9=-2 5 marks
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15 (5 marks)
Multiply the first equation by 3 and add: 7X = 3A + B
16 6
=% )
6 6
7 7
*Tls 1w
7 7
3 _5
7 7
Y=A—-2X= 2 8
7 7
EL 3 5
7 7 7 7
Answer: X = 6 10 Y = 2 8
77 7 7
16 (4 marks)
Teke S= 2(A+AT)andK = 3(A — A")
7
3 5 -1
S=| 7
5 4 1
-1 1 2
5
0 5 -1
K=|_5
-5 0 4
1 -4 0
S+K=A,S"'=SandK" = —K, asrequired
7 5
3 5 -1 0 > -1
Answer: S=| 7 ,K=|_5
> 4 1 > 0
-1 1 2 1 -4
17 (4 marks)

Let A have elements a; and B have elements b;;. A + B has element a; + b;; in row i, column |
(A +B)" hasa; + by inrow i, column
AT has a; and BT has b, inrow i, column j, so AT + BT has element g; + b
The two matrices have identical elements, so (A + B)" = AT + BT
Answer: (A +B)" = AT +BT
18 (4 marks)
2200 1770 910
Told sles=P+Q= (1850 2100 1120)
. 2420 1947 1001
0 " o
10% increase: 1.1(P + Q) (2035 2310 1232)
2200 1770 910 2420 1947 1001

Answer: P+Q = (1850 2100 1120); LUP+Q)= (2035 2310 1232
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19 (5 marks)

_|a b T_
LetA—(C d),5;0A+2A =lop+c 34

3a b+ ZC)

3a=5and3d=4,soa=§andd=%

b+2c=7andc+2b=—1,; solving givesbh=—-3andc=5

> -3
Answer: A =
5 4
3
20 (6 marks)
g (1 4
y X
2x+1 8
T —
2A+B _( 3y x+6)

Topleft: 2x +1=5,s0x =2
Bottom left: 3y = —3, soy = —1; the other two elements (8 and 6 + x = 8) are then consistent
Answer: x=2,y=-1

21 (7 marks)
KT = —K means kji = —k;; for every pair of elements
x ==2(fromky =2),y =5 (from k3, = =5), z= =3 (from k5 = 3)
0o -2 3
K=1| 2 0 5
-3 =5 0
0 -4 6
KT+3K=—K+3K=2K=| 4 0 10
-6 —-10 O
0 -4 6
Answer: x=—2,y=52z==3;K"+3K =| 4 0 10
-6 =10 O
22 (6 marks)
+ 2 2p +
PA + B = ;{)Jrfq 4pp+:?q

Toprow:p+2q:land2p+q:0,givingp:—%andq:%
Bottomrow: 3p +4q=—1+ % = % but the required element is 0

Thisis a contradiction, so no such p and g exist

Two matrices give only a 2-parameter family of combinations, whereas four conditions have to be
met

Answer: No such p, g exist
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23 (6 marks)
Transpose the first equation: XT +Y = AT
Add to the second equation: 2X" = AT + B

3 -2 s 1
XT=|1 4 ,S0X = 2
2 -2 4
-1 1
Y=AT-XT=|1
5 -1
3 1 -1 1
Answer: X = 21,Y=|1 1
-2 4 2 -
24 (6 marks)

AT=—-AandB"=-B
(A+B)'=AT+B"=—A —-B=—(A+B)

S0 A + B is skew-symmetric, and it is symmetric only if it is the zero matrix

-1 0 -2 0 -3 0

1 2
Example: A = ( 0 ) B= ( 0 ),A +B= ( 0 3),WhiCh is skew-symmetric and not

zero
Answer: A + B is skew-symmetric; claim false

25 (6 marks)

01 2
A=|1 0 1
2 1 0
2 3 4
B=(3 4 5
4 5 6

2 1 0

X=B—-2A=|1 4 3

0 3 6

X" =X becauseB" =B and A" = A (g; = g; and b;; = by), S0 X is symmetric

26 (6 marks)

p+r q-—r

2p+tq ptq+2r

Top left: p+r=1. Topright: q — r = 4. Bottom left: 2p+q=7

pPA +gB +rC =

Solving:r=1—p,q=4+r=5—p,s02p+5—p=7,p=2,q=3,r=-1

Bottomright: p+ q+ 2r=2+ 3 — 2 = 3, which equals 3 (correct)
Answer: p=2,q=3,r=-1
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27 (10 marks)
A+ANT=AT+( A" =AT+A=A+AT, 0A + AT issymmetric M1 AL
(A—ANT=AT—A=—(A—-AT),s0A — AT is skew-symmetric M1 A1
A= %(A +AT) + %(A — AT), asymmetric plus a skew-symmetric matrix M1 AL
Suppose A =S, + K; =S, + K, with S symmetric and K skew-symmetric. ThenD =S, — S, = M1
K, = Ky
D' = D (adifference of symmetric matrices) and DT = —D (a difference of skew-symmetric M1
matrices)
SoD=-D,henceD=0and S; =S,, K; =K, AlE1
Answer: A + AT issymmetric, A — AT is skew-symmetric, and the decomposition A = S + K is uniguemarks
28 (8 marks)
_(a b +_[ 2a b+c
Let X = d,sz+X— b+c Zd) M1
2a=4,2d=6andb+c=2,s0a=2,d=3andb=1+t,c=1— tfor aconstant t M1 Al
Sum of squares: 4+ 9+ (L+1)?+ (1 — 1) =23 M1
15+ 2t° =23, 0t° =4 M1 A1
t=2ort=-2 Al
2 3 2 -1
X—(_1 3)orX—(3 3) Al
2 3 2 -1
Answer: X = (_1 3) or (3 3 ) 8 marks
29 (8 marks)
Let P have diagonal elements p,, p, with p, + p, =0, and Q have q,, g, withq, + g, =0 B1
P+ Q has diagona sum (p; + q;) + (p, + 0,) = 0 and kP has diagonal sum k(p, + p,) = 0, so both M1 A1
belongto T
. [s u
A genera member of T is (v _ ) B1
aE+bF+cG=(a b M1
c -—a
Equating elements givesa=s, b = u, ¢ = v, and these are the only possible values M1 E1
For the given matrix: a=3,b=—-2,c=5 Al
Answer: a=3,b=-2,c=5 8 marks
30 (9 marks)
Take the transpose of the given equation: A = 3AT — | M1
Substitute AT=3A — I: A=3(3A — |) — | = 9A — 4 M1 Al
808A24IandA:%I Al
Check: AT = %I and3A — | = %I, so the condition holds El
B+B"=2l,sowithB = (? 2) the diagonal elements satisfy 2p=2and2s=2,andq+r=0 M1 Al
1 t
p:s:]_andr:—q,soB:(_t 1) M1 Al
1 t
Answer:A=%I;B=(_t 1) 9 marks
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Matrix Multiplication

1 (2 marks)
7 2
AB = (23 8) M1 A1l
A (7 2
nswer . 23 8 2 marks
2 (2 marks)
AB is defined (columns of A = rows of B) and has order 2 x 4 B1
BA is not defined, since B has 4 columns but A has only 2 rows B1
Answer: AB: 2 x 4; BA not defined 2 marks
3 (2 marks)
7 -8
2
A‘= (16 23) M1 Al
A (7 -8
nswer . 16 23 2 marks
4 (2 marks)
—4
0 M1 A1l
-4
Answer : (_2) 2 marks
5 (2 marks)
Row timescolumn: 4 — 2+ 6 =8, a1l x 1 matrix M1 A1
Answer: (8), order 1 x 1 2 marks
6 (3 marks)
| = 1 0
“lo 1 B1
3 -1 3 -1
AI—(2 5)andIA—(2 5) M1
Al = 1A = A: multiplying by the identity matrix leaves A unchanged Al
1
Answer: | = 0 A=A =A 3 marks
0 1
7 (4 marks)
4 -1
AB = (2 > ) M1 Al
3 1
BA = (—l 3) Al
AB # BA B1
A ag=(? THea=(3 1 aB=BaA
nswer : = 2 2 | = -1 3/ 4 marks
8 (4 marks)
1 -6
2
A= (18 13) M1 Al
-3 -3
2 _ =
A 3A +2I ( 9 3 ) M1 Al
-3 =3
Answer: ( 9 3 ) 4 marks
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9 (3 marks)
-1
-2 M1 A1 Al
-
-1
Answer: | =2 3 marks
7
10 (3 marks)
k 4—-k
AB = 1 5 ) M1 A1l
k=4 Al
Answer: k=4 3 marks
11 (4 marks)
1 2
2
A —(0 1) M1 Al
1 3
3 -
A —(0 1) Al
1 n
n —
A —(0 1) Al
1
AnSWGI‘ZAn:(O 2) 4 marks
12 (3 marks)
2 9
AB = 8 _7) M1 Al
BA exists and has order 3 x 3 Bl
2
AnaNer:AB:(8 _97);BAhasorder 3x3 3 marks
13 (4 marks)
xy+3\ [5
y+6/ |9 M1
3+xy=5and6+3y=9 M1
y =1andthenx =2 ALAL
Answer: x=2,y=1 4 marks
14 (6 marks)
3 2
2
Ac= P —l) M1 A1l
2a+b
aA+bl=|""" ) s02arb=3anda=2 M1
a=2andb=-1 Al
AS=AA?=2A2—A=22A —1)—A=3A -2 M1 AL
Answer: a=2,b=—-1; A3=3A = 2| 6 marks
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15 (5 marks)
(3 2 , [11 14
A+B—(1 4),SO(A+B)—(7 18) M1 A1
1 4 4 6 4 0
2 _ — 2 _
A_(O 1),AB_(1 3),5_(5 9) e
13 1
A2+ 2AB +B?= ( 73 12) which differs from (A + B)? Al
(A + B)>= A+ AB + BA + B2, since AB # BA in general B1
11 14 13 16
. 2 _ . 2 2 _
Answer: (A+B)- = ( 7 18)’ A°+2AB +B- = ( - 16) 5 marks
16 (4 marks)
AB = 8 +bxaq +by M1
cp+dx cq+dy
+_[ap+bx cp+dx
(A8 = (aq+by cq+dy) A
A1_ [P Xx\fa c| _ [ap+bx cp+dx
BA_(q y/\b d _(aq+by cq + dy "
This equals (AB), as required E1
Answer: (AB)" =B'AT 4 marks
17 (5 marks)
atc b+d a a+b
AB = d )andBA— c c+d M1 A1l
Equating elements. a+c=a, b+d=a+b,c=c,d=c+d M1
Soc=0andd=a Al
B= g Z where aand b are arbitrary constants Al
Answer: B = (a b 5 marks
0 a
18 (4 marks)
7 3
10 20
P2 = 3 11 M1 AL
10 20
1000 925
PZ( 500) - (575) M
After two weeks 925 use bus A and 575 use bus B Al
Answer: A: 925, B: 575 4 marks
19 (5 marks)
4
p= 7 B1
9
605
Np = | 685 M1 Al
590
Each element is the total takings of one shop, in pounds El
Total takings = 605 + 685 + 590 = £1880 B1
605
Answer: Np = | 685 |; total £1880 5 marks
590
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20 (5 marks)
5 1 2
N’=[1 5 2 M1 AL A1l
2 2 2
Element (1, 3) of N2 is the number of routes from A to C using exactly two roads (a road from A El
to avillage, then aroad from that village to C)
There are 2 such routes Al
5 1 2
Answer: N>= |1 5 2|: 2routes 5 marks
2 2 2
21 (7 marks)
(A +B)(A — B) =A? — AB + BA — B? M1
So the condition is AB = BA Al
_[4*q 5Sp+l _[(a+2 pg+3
AB‘(2q+12 17 )a”dBA‘( 14  4p+15 MEAL
Bottom left: 2g=2s0qg=1 M1
Topleft: 4p=2sop= %; the remaining elements are then equal M1 Al
Answer: p:%,qzl 7 marks
22 (6 marks)
1 1_
n=1: 20 2 1 l):A,sothereﬂ,lltistrueforn:1 B1
W [2% 2k —1 o
Assume A* = 0 1 for some positive integer k M1
2 2k—1)(2 1
k+l — Akp —
A —AA—(0 1 )(0 1) M1
2k+1 2k + 2k -1 2k+1 2k+1 -1
_(0 3 )(0 ; )
Truefor n =1 and, if true for n =k, true for n =k + 1, so true for al positive integers n El
Answer: A" = 2t 2 -1 6 marks
' 0 1
23 (7 marks)
-1 0
2 - - _
A= 0 _1) I M1 Al
A*=(A?)2=]| Al
-1 0
2026 = 4 x 506 + 2, s0 A%% = (A%)%PA2 = A2 = ( 0 _1) M1 AL
0 1
2027 — p 20267 — _ A —
AT = ATPA = —A (_1 O) M1 Al
-1 0 0 1
Answer: A% = ( 0 _1), A7 = (—l 0) 7 marks
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24 (7 marks)
0 0
2 _ —
A _(0 0)_0
_ -1 nN—1) n-2,2
(I+A)"=1"+n" A+TIn AT+ ...
Every term with AZ or a higher power is zero, so (I + A)" =1 + nA
21 —-40
10 — —
(H+A)=1+10A =] _19)
21 -40
. 10 —
Answer: (I + A) —(10 _19)
25 (7 marks)
at2c b+2d a+3b 2a+4b
AB=|3a+4c 3b+4d) andBA =1 3g Zc+4d)
Equattingelements:2c:3b,b+2d:2a+4band3a+4c:c+3d,:t;oc:%bandd:a+3—2b
a b
B={3 _, 3
2 ar3

p+q 2q
3 p+4q
These values reproduce all four elements, so B = pl + gA

WritingB:pI+quives( ),soq:gandp:a—g

a b
Answer: B=| 3b 3b | =pl +gA
— a+ —
2 2
26 (7 marks)
5 3
— 2 _
AB = 1 1),90(AB) —(3 2)
1 2 10 5 2
2 _ 2 _ 2p2 —
w=p )et=z ) oat=(s 3

The results differ, so the statement is false

(AB)? = ABAB, which equals AABB = A?B? only if BA = AB (cancel A on the left and B on the
right)

Answer: False; (AB)? = ABAB, equal to AB? only when AB = BA

27 (10 marks)
Azz(a2+bc ab+bd)
ac+cd bc+d?
(a+da=|E ™ ab+bf)
ac+tcd ad+d
A2 — (a+ d)A + (ad — bc)l hastop left a® + bc — a®> — ad + ad — bc = 0; the off-diagonal
elements cancel and the bottom right isbc + d> — ad — d* + ad — bc =0
ForT:a+d=3andad —bc=0+2=2,s0T?— 3T+ 2l =0, giving T?= 3T — 2|
T3=3T>—-2T=3@T —2)—2T=7T — 6l
T4=7T>—6T=7(8T — 21) — 6T =15T — 14|, sop=15and q = —14
Answer: p=15,q=-14
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28 (8 marks)
— 1.1 — 1 1 — — — —
n=1F = 1 0,andfz—1,fl—1,f0—0,5;otrueforn—1 B1
s f
AssumeF<=| <t K M1
fo  fiea
fk+1 + fk 1:k+1
k+1l — ke —
F _FF_(fk+fk—1 f M1
f f
= ( 2 Tt using the Fibonacci recurrence Al
fk+1 fk
Truefor n =1 and, if true for n =k, truefor n =k + 1, so true for al positive integers n El
Take determinants: det(F") = (det F)" = (—1)" M1
So fn+lfn—l - 1:n2 = (_l)n M1
Withn=6: f,f; — fs? = 1 (check: 13 x 5 — 64 = 1) Al
Answer: 1 8 marks
29 (9 marks)
2+bc ba+d
»_ (@ +bc ba 2) - M1 AL
c(@a+d) bc+d
Off-diagona: b(a+ d) =0andc(a+ d) =0 M1
Ifatd= Othenb=c=0,s0a’=d’=1anda+d = Oforcesa=d=1ora=d=—-1: X =1 or M1 A1
X =l
Otherwisea+d=0,d=—aanda®+bc=1 Al
Here a= 3, which is neither 1 nor —1, so X isnot +I; henced=p=—-3and9+bc=1 M1 A1l
8
b= —%, x=[3 "¢ Al
c -3
_8
Answer: X =1, —I, or a+d =0with a? + bc = 1; for the second part X = c 9 marks
c -3
30 (10 marks)
0 10
N=A-21=|0 0 1 B1
0 0O
0 0 1
N2=|0 0 O M1 Al
0 0O
N®=N?N=0 Al
A" = (21 +N)" = 21)" + ()N + MO D gyreayz MO Z DO 22 oye-ae M1
Terms containing N* or higher powers vanish Al
So A" = 21 + 2N + 20 Don-ay2 E1
A =10241 + 10 x 512N + 45 x 256N? M1
1024 5120 11520
= 10241 + 5120N + 11520N*=| O 1024 5120 M1 A1

0 0 1024

1024 5120 11520
Answer: A= 0 1024 5120 10 marks
0 0 1024
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Deter minants

1 (2 marks)

det A =(3)4) — (2(5) =2 M1 A1l

Answer: 2 2 marks
2 (2 marks)

cos O x cos O — (—sin 0)(sin B) = cos’0 + sin’0 M1

=1 Al

Answer: 1 2 marks
3 (3 marks)

detA=6—-—6=0anddetB=8—-6=2 M1 Al

A issingular because its determinant is zero B1

Answer: A issingular 3 marks
4 (2 marks)

The determinant is 0 B1

A row of zeros means every term in the expansion is zero El

Answer: 0 2 marks
5 (2 marks)

The matrix is upper triangular, so the determinant is the product of the leading diagonal elements M1

2@R)(—2) =-12 Al

Answer: —12 2 marks
6 (2 marks)

det=6k —6=0 M1

k=1 Al

Answer: k =1 2 marks
7 (3 marks)

Xx—1) — 2B =x>—x—6=0 M1 AL

x=3)(x+2)=0,sox=30rx=-—2 Al

Answer: x=3or x = =2 3 marks
8 (3 marks)

Expanding along the first row: 2(4 — 0) — (—1)(1 + 10) + 3(0 — 20) M1 Al

=8+11—-60=-41 Al

Answer:. —41 3 marks
9 (3 marks)

detA=12-2=10 M1 Al

Areaof image=|det A| x 7 =70 Al

Answer: 70 square units 3 marks
10 (4 marks)

det A=5and det B =10 M1 A1

7 -4

AB = 23 —6)’ so det(AB) = 50 M1

det A x det B =5 x 10 = 50 = det(AB) Al

Answer: det(AB) =50 4 marks
11 (4 marks)

(a) det(AT) = det A = 4 B1

Answer: 4 1 mark

(b) det(A?) = (det A)? = 16 B1
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Answer: 16

() det(3A) = 32 det A
=36

Answer: 36

12 (4 marks)
det A=x(x—1) —3(-2)=x>—x+6
The discriminant of x> — x + 6is(—1)2 — 4x1x6=—-23<0
So det A # O for every real x, and A is non-singular

Answer: det A =x?> — x + 6 hasnoreal roots, 0 A is non-singular for all real x

13 (4 marks)
det A = 1(5k — 48) — 2(4k — 42) + 3(32 — 35)
=5k —48 — 8k +84 —9=27 — 3k
A issingular when 27 — 3k =0,s0k =9
Answer: k=9

14 (5 marks)
Expanding aong the first column: det A = k(k — 0) — 0+ 1(—3 — 2Kk)
=k*—2k -3
A issingular when (k — 3)(k +1) =0
k=3ork=-1
Answer: k=3 or k=-1
15 (4 marks)
Apply R; = R; — R, and R, — R, — R; (this does not change the determinant)
201 202 203
The determinant becomes | 3 3 3
3 3 3

Two identical rows, so the determinant is 0
A matrix with zero determinant is singular

Answer: 0
16 (5 marks)
det A =3k — 2
Areascale factor = |det A| = 2—5? =4

3k—2=40r3k—2=-4

_ _ 2
k—20rk——§
AnSNer:k:ZOrk:—%
17 (4 marks)
3 -1
A+B:(8 4),sode’c(A+B):20

det A =5and det B =10, so det A + det B = 15

They are not equal, so the determinant of a sum is not in general the sum of the determinants

Answer: det(A + B) = 20, det A + det B = 15; not equal

18 (5 marks)
Expanding: x(x? — 1) — 1(x — 1) + 1(1 — X)
=x3—x—x+1+1—x=x>—=3x+2
X—1D’x+2=(*—2x+1Dx+2)=x>—3x+2
Solutions: x = 1 (repeated) and x = —2
Answer: x=1or x = =2
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19 (5 marks)
3 1
The columns of M are the images of (1, 0) and (0, 1), so M = (1 4)
Y A P .
B'=M 1) =15 , that is (4, 5)
Area=|detM|x1=12—-1=11
1
Answer: M = (i 4), B'=(4,5),area 1l
20 (5 marks)
det A=4—4=0,s0A issingular
X\ _ [X+2y
A y|  (2x+4y
Every image point has the form (s, 2s) with s = x + 2y, so every point of the plane is mapped onto
theliney = 2x

Answer: Singular; the plane is mapped onto theliney = 2x

21 (6 marks)

1 a a

R,»R,—R;andR; > R; — R, give |0 b—a b?>-2a

0 c—a c¢*—-4&
Expanding aong the first column: (b — a)(c? — @) — (c — a)(b® — &)
Factorout (b — a)(c —a):=(b — a)(c — a)[(c+a) — (b+ a)]
=(b—a)(c—a(c—Db)
Answer: (b — a)(c — a)(c — b)

22 (8 marks)
() det(AB) = det A x det B = —6
Answer: —6
(b) det(2A) = 2° det A = 16
Answer: 16
T\ — _ —1\ _ 1 _ 1
(c) det(AT) =det A=2and det(B™") = 555 = —3
det(ATB™Y) = _é
.2
Answer: -3
(d) det(A?B®) = (det A)?*(det B)® = 4 x (—27) = —108
Answer: —108
23 (6 marks)

det(A?) = (det A)?, and A% = A, so (det A)? = det A
det A(det A —1)=0,sodet A=0ordetA=1
(1 0 ,_ [1 0
ForexampIeA—(0 0) has A —(0 0
A=lhasA?=AanddetA=1
Answer: det A=0or 1

) = A and det A = 0 (not the identity)
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24 (6 marks)
2—-A 0 1
A—2Al= 0 3—A 0 B1
1 0 2—A
Expanding aong the second row: det(A — Al) = (3 — A)[(2 — A)? — 1] M1 AL
2-2)2—-1=1-2A)@B-2) M1
det(A —AD=(B3-2)%(1—-2)=0 Al
A =3 (repeated) or A =1 Al
Answer: A=1lor A =3 6 marks
25 (7 marks)
AB = 8 +bxaq +by M1 Al
cp+dx cq+dy
det(AB) = (ap + bx)(cq + dy) — (aq + by)(cp + dx) M1
= acpq + adpy + bcgx + bdxy — acpg — adgx — bepy — bdxy M1 Al
= ad(py — ax) — be(py — ax) = (ad — be)(py — ax) M1
=det A x det B E1
Answer: det(AB) = det A x det B = (ad — bc)(py — gx) 7 marks
26 (7 marks)
det(K™) = det K B1
det(—K) = (—1)% det K = —det K M1 AL
KT = —K, so det K = —det K, which gives2 det K = 0 and det K = 0 M1 Al
Expanding along the first row: 0 — &0 + bc) + b(ac — 0) M1
=—abc+abc=0 Al
Answer: det K =0 7 marks
27 (10 marks)
atb+c b c
C,—»C,+C,+Cygives|a+tb+c c a M1 A1
atb+c a b‘
1 b c
Factorout (a+b+c):(a+b+c)|1 c a M1
1 a b
1 b c
R,»R,—R;,R;=R;—R;:(a+b+c¢c)|0 c—b a-—-c M1 A1
0 a—b b-c
=(@a+b+co)(c—hb)(b—c)— (a—c)(a— b)) M1
c—bb—-c—(@a—-c(a—-b=—b-c?—(a®>—ab—ac+bc)=—(a®+b*+c®>—ab— Al
bc — ca)
Singular whena+b+c=0,0ra’+b?+c®> — ab — bc — ca=0 M1
The second factor equals %[(a —b)?+(b—c)?+(c— a2, whichisOonlyifa=b=c M1
So singular if and only if a+b+c=00ora=b=c Al
Answer: Singular iffa+b+c=0ora=b=c 10 marks
28 (8 marks)
Expanding along the first row: (L +@[(1+b)(1+c) — 1] — 1[(1+c) — 1] + 1[1 — (1 + b)] M1 Al
=(1+a(+c+bc)—c—Db M1
=b+c+bc+ab+ac+abc—b—c=abc+ab+bc+ca Al
If & b, c >0 every term is positive, so the determinant is positive and non-zero M1 E1
With a=b = ¢ = t the determinant is t® + 3t? = t(t + 3) M1
Singular whent=0ort= -3 Al
Answer:t=0ort=-3 8 marks
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29 (10 marks)
D=183-7—-26—-2+1(35—-6)=—4—-6+29=19 M1 Al
1 _ 19
Area= 5 X 19= > Al
1 1 1
D=|a a 1 M1
b b* 1
0 0 1
Column operationsC; » C, — C;,C, > C, — Cygive |a—1 a—-1 1 M1 A1
b—1 b?—1 1
D=(@a-10*-1)—-@—-1Db-1=(@—-1b-1[(b+1) — (a+1)] M1 A1
=(a— 1)(b — 1)(b — a), so the areais%|(a— 1)(b — L)(b — a)| Al
For distinct pointsa# 1, b # 1 and a # b, so the area is non-zero and the points are not collinear E1

(collinear points would give area 0)

Answer: Area = 9 area of ABC = %|(a — 1)(b = 1)(b — a)|, which isnever O for distinct points 10 marks

>
30 (9 marks)
1111
The determinant becomes 0 x 00 Al
0 0y O
0 0 0 z
Thisis an upper triangular determinant, equal to 1 X X x y x z = Xyz M1 Al
Withx =2,y =—1,z=3thevaueis —6 B1
Singular whenx =0ory=00rz=0 B1
For the last determinant, subtract row 1 from rows 2, 3 and 4, so that the rows become (3, 1, 1, 1), M1
(—2,2,0,0),(—2,0,2,0),(-2,0,0, 2
Replace C, by C, + C, + C5 + C,: the first column becomes (6, 0O, 0, 0) M1
The determinant is6 x 2 x 2 x 2 = 43 Al
Answer: xyz, —6; 48 9 marks
Inverse Matrices
1 (2 marks)
detA=6-5=1 M1
2 -1
-1 _
A= (_5 3 ) Al
2 -1
Answer : (_5 3 ) 2 marks
2 (2 marks)
detC=6—-6=0 M1
Cissingular, so its inverse does not exist El
Answer: det C =0, so C issingular 2 marks
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3 (2 marks)

o Nk
gl O

Answer:

o NP
gl O

4 (2 marks)
10
o 1

AB=I,s0B=A""

Answer: AB=1,s0B=A""

o

5 (2 marks)
detR=0—-(1)(-1) =1

=l o)

1 0
0 -1
Ans:ver.(l O)
6 (4 marks)
detA=-3+8=5
_1 2
_l_i _1 2 _ 5 5
S R R
5 5
_1 2
5 5
Answer: 4 3
5 5
7 (5 marks)

det A=k(kk+1) —6=k’+k—6
A~ does not exist when (k + 3)(k — 2) =0, so0k=—3ork =2

A_l_ 1 (k+l _2)

IK=D| -3 &
Answer: k = =3 or k:g;/_\—lzm(k:?’l _kz)
8 (4 marks)
ATS (—35 _21)

X = A™!B (premultiply both sides by A™)

<% )

5 =5
Answer: X = ( )

-6 9
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9 (4 marks)
3 =2
-1 _
=5
X = BA™! (postmultiply both sides by A1)

~17 13
(% %

=17 13
AnSNer.X—(_6 4)

10 (3 marks)
B=(B")™"

2 -1
-1y — _ _ _
det(B™) = 2+3—1,soB—(3 —1)

2 -1
AnSNer.B—(S _1)

11 (5 marks)

Al (1 -2

(% 3

-2 3

(7 3 L. [1 -3
AB_(2 1),30(AB) _(_2 7)
1 -3

—1p-1_
B~!A _(_2 B

) , the same matrix

Answer: (AB)™! = ( ! _3)

-2 7
12 (4 marks)
4 0

S

X=A"YB —)withA™t= (_

<[5 o

-4 0
Answer: X = ( )

8 O

13 (8 marks)
PO 11 2 -1
detA=6—1=5sA _5(_1 3)

A‘l(g) = (;) 0 (5, 5) comes from (1, 2)

10 3 10 2

-1 — -1 _ .

A ( 5 ) = (1) and A 10 = (4) so the other vertices are (3, 1) and (2, 4)
Areaof T'=|det A| x areaof T, soareaof T = %5 =25

Answer: (1, 2), (3, 1), (2, 4); area 2.5
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14 (6 marks)
detA=22—-0)—1(0—-4)+30—-1)=5 M1 Al
2 4 -1
Matrix of cofactors= |—2 1 1 M1 A1
1 -8 2
. 2 -2 1
Transposeanddividebythedeterminant:A‘1:g 4 1 -8 M1
-1 1 2
2 2 1
5 5 5
1| 4 1 _8
A= 5 5 5 Al
11 2
5 5 5
2 _2 1
5 5 5
Answer: A~l = % % —% 6 marks
_1 012
5 5 5
15 (6 marks)
detA=1(1-0—0+22—-0)=5 M1 A1
1 2 =2
The matrix of cofactors, transposed, givesadj A=|—2 1 4 M1
2 -1 1
1 1 2 =2
At=gl-2 1 4 Al
2 -1 1
7 . 5 1
P=A"14 =z 10(=(2 M1 AL
5 15 3
) 1 2 =2
AnSNer:A‘lzg -2 1 4 1;P=(1,273) 6 marks
2 -1 1
16 (6 marks)
5 5
2 _
A —(5 10) M1 Al
— 5 S) — A2
5A—5I—(5 10)—A Al
Rearranging: A — 5A = —5|, s0 A(A — 5I) = =5I, giving A(5| — A) = 5I M1
Premultiplying by A~ 51 — A=5A"", 0 A™" = £ (51 — A) AL
3 _1
._|5 5
A= 1 5 Al
5 &5
3 _1
5 5
Answer: A™1 = 1 6 marks
"5 5
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17 (6 marks)
Premultiply by P~ and postmultiply by Q™% X = P'RQ™? M1 AL
1 -1 1 -3
-1 _ -1 _
P ‘(—1 z)a”dQ ‘(o 1) BLE
2 2
—1p —
PR = (1 0) M1
2 —4
X = (1 _3) Al
2 -4
Answer: X = (1 _3) 6 marks
18 (5 marks)
A d —-b| [ad—bc —ab+ab
—c a/ (cd—cd —bc+ad MLAL
= (ad — bo)l Al
soAx 2[4 7Py hien he formula for A~
Xad—bc|—c g |=! whic proves the formula for M1
If ad — bc = 0 the formula would need division by zero; indeed det A = 0 means A is singular and E1
no matrix B satisfies AB = |
d -b
Answer: A~! = ﬁ(—c a ); no inverse when ad — bc =0 5 marks
19 (6 marks)
(ABYB'A ) =ABB HAI=AIATI=AATI =] M1 Al
Similarly (B™*A™Y)(AB) =1,s0 (AB) ' =B'A"! E1
ATAHT =(ATIA) T =1T = M1 Al
So (A YT istheinverseof AT, thatis(AT) "= (A™HT E1
Answer: (AB)" =B~ !A"tand (AN) ' =(A7HT 6 marks
20 (5 marks)
1 =2
det = 3 — 2 =1, so the decoding matrixis(_1 3 ) M1A1
1 =2\(97) (19
-1 3 /{397 |20 M
1 -2\[41) (5
-1 3 /{18) 7|13 AL
19, 20, 5, 13 correspond to S, T, E, M, so the word is STEM Al
Answer: STEM 5 marks
21 (9 marks)
detA=1(1-0)—20—-6)+k(0—2) =13 -2k M1 A1
A issingular Whenk:% Al
1 6 -2
For k =5, det A = 3 and the matrix of cofactorsis | —2 -9 4 M1 A1
1 -3 1
1 1 -2 1
Al= 3 6 -9 -3 M1 A1
-2 4 1
X 1 0
yl=A-Y2|=|-7 M1 A1
z 3 3
13
Answer: k = - x,y,2=(,-=7,3 9 marks
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22 (5 marks)
Premultiply AB = ACby A™%: AT*AB =AT?AC M1
IB=I1C,soB=C Al
1 1), . (10 (0 1
TakeA—(l 1) (smgular),B—(0 1) andC—(1 0) B1
11
AB = (1 1) =AC M1
butB = C Al
Answer: B = C when A isinvertible; with A singular, AB = AC does not giveB =C 5 marks
23 (7 marks)
-1 1
2 _
A= 1 0) M1 Al
10
3_ A27 — —
A—AA—(O l)—l Al
-1 1
A2 = “1-p2=
AA“=I1,s0A A (_1 O) M1 A1
— 100 _ anva8n — a0 —1
100=3%x33+1,s0A™ =(A)*A=A= 1 -1 M1 A1
ca-i_ (71 1) ja00
Answer: A7 = ;AT =A 7 marks
-1 0
24 (6 marks)
adj(AB) = det(AB)(AB) ! M1
=det AdetB xB!AT! M1 Al
Scalars commute with matrices, so thisis (det B B~%)(det A A7) M1
= adi(B) adi(A) AL
Remark: the order of the factors reverses, as with inverses and transposes El
Answer: adj(AB) = adj(B) adj(A) 6 marks
25 (7 marks)
Premultiply AB = BA by A™%: B = A71BA M1 AL
Postmultiply by A™*: BA™1 = A"'BAA™' = A7'B M1 AL
SoA™'B=BA"! E1
Take inverses of both sdesof A™'B=BA - (A™'B)'=B'Aand BA™)'=AB*, s0B'A M1
=AB™!
Premultiply by A™* and postmultiply by A~ A™B"*=B7!A™? Al
Answer: AT'B=BA"'and A”'B~'=B7'A"! 7 marks
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26 (6 marks)
2 1
3 2\ . . 5 5
A+B= (1 4), with determinant 10, so (A + B) ™1 = 51 35 M1 AL
~10 10
1
5 0
1 -2 2
-1 _ -1 _
A —(0 1)andB 11 M1
6 3
1 1 % =2 1
AT +B "= 14 #= (A +B) Al
6 3
Simple example: A =B =1, where (A +B) ™t = (21) ' = %I but A~ +B"1=2| B1
In genera the inverse is not additive (the inverse of a sum is not a sum of inverses), just as ﬁ El
1 1
Z32tp for numbers
Answer: Statement false 6 marks
27 (10 marks)
detV=118—-12) —19—-4) +13—-2) =2 M1 A1
6 -5 1
Matrix of cofactors=|—6 8 —2 M1 A1
2 -3 1
3 -3 1
6 -6 2 5 3
V‘lzé -5 8 -3|=|"2 4 3 M1 A1l
1 -2 1 1 1 1
2 2
04 5
The conditions give V|B | =1| 9 M1
Y 15
o 5 3
Bl=vY{9|=[1,s0a=3,B=1y=1 M1 Al
Y 15 1
With two equal x-values, V would have two equal rows, so det V = 0 and V ~ would not exist El
Answer: a=3,B=1,y=1 10 marks
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28 (10 marks)
Rearrange: 4A — A2 =3I, s0 A(4l — A) = 3 M1 AL
Hence A x %(4I — A)=1,0A isinvertiblewith A™! = %(4I - A) Al
A2 = (A7) = 54l — A= (161 — 8A + A?) ML AL
= S(161 — BA +4A — 31) = (131 — 4A) AL
5 4 5 4
2 _ _ 9 = i
A —(4 5) and 4A — 3l (4 5),whlchagree M1 Al
2 _1
4 1. . |3 3
A —3(4I A) = 12 Al
3 3
2 _4
S N 9
A7°= 9(13I 4A) = 4 s Al
9 9
2 _1 > _4
Answer: A~ = _31 23 LA™ = _94 59 10 marks
3 3 9 9
29 (10 marks)
1 d -b
detA=1s0A "= M1 Al
—-Cc a
r_[a ¢
A = b d B1
EquatingA™*=AT:d=a —b=c,soc=—b M1 A1
det A=a’+b’=1(sincedet A =ad — bc=a’+ b? M1 AL
A point (a, b) with a> + b? = 1 can be written a= cos 0, b = —sin 0 for some 0 M1
cos® —sinH
SOA=\6n0  cosH Al
Thisis arotation about the origin through angle 6 anticlockwise E1
Answer: A isarotation about O through @ anticlockwise 10 marks
30 (12 marks)
Let N = (I — AB)~* and form the product (I — BA)(l + BNA) M1
=1+ BNA — BA — BABNA M1 A1
=1 — BA + B(N — ABN)A M1
=1 — BA + B(l — AB)NA AL
=1 — BA +BIA (since (I — AB)N =1) M1
=1 Al
A similar calculation of (I + BNA)(I — BA) gives| aswell (or note that a one-sided inverse of a El
square matrix is two-sided)
1 1
-2 -1 , |4 T4
I—AB—(_6 _1) hasinverse N = 3 1 B1
2 2
1 1
B 4 " a|(1\ [ s
BNA=(3 1) 3 1 (2)—(—2) M1 AL
2 2
(I—BA)_1:I+BNA:(—%) AL
Answer: (I — BA)™! = (—%) 12 marks
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Solving Simultaneous Equations Using M atrices

1 (2 marks)
3 -2 X 5
A= 1 4)’X_(y)’b_(1l) B1B1
A (3 =2\(x\ _[5
nswer: 1 4 y =11 2 marks
2 (2 marks)
X\ _ 4[5 _[2
o) =2(s]= 3
Answer: x=2,y=1 2 marks
3 (3 marks)
1 1
1 1)/(x 5 . .13 3
(2 _1)(y)—(1),det——3andthe|nverse|s 2 1 M1 A1
3 3
X\ (2
e Al
Answer: x=2,y=3 3 marks
4 (3 marks)
1 2 -=1\(x 4
2 =1 3 |ly|=|-1 B1B1B1
3 1 1]/\z 7
1 2 -=1\(x 4
Answer: |2 =1 3 ||y|=|—-1 3 marks
3 1 1]/\z 7
5 (2 marks)
2 3 . . .
(a) det 4 6 =12 — 12 =0, so there is no unigque solution B1
Answer: No unique solution (determinant 0) 1 mark
2 3 . . .
(b) det (4 5) =10 — 12= -2 = 0, so there is a unique solution B1
Answer: Unique solution (determinant —2) 1 mark
6 (2 marks)
. . [—-1 3
det:5—6:—1,sothe|nvers;e|s(2 _5) M1
x\ (-1
v/ 713 Al
Answer: x=-=1,y=3 2 marks
7 (5 marks)
1 1\/m 5
5—m+cand11—3m+c,so(3 1) c —(11) M1 Al
_ _ . .11 -1
det=1- 3=-2 sotheinverseis 2(_3 l) M1
my_ 1[1 =1)/5|_|(3
c/]”"2\-3 1/{11] 7|2 MLAL
Answer: m=3,c=2 5 marks
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8 (3 marks)
X 4
y :A—l 7 Ml
z 1
2 1
1
= > 4 | =| 2 M1 Al
-2 -1
Answer: x=1y=2,z=-1 3 marks
9 (5 marks)
det A=k(kk+1) —6=k’+k—6 M1 AL
No unique solution when (k + 3)(k — 2) =0,sok = =3 ork =2 Al
. 1 2\(x}_ (3
For k = 1, det A = —4 and the equations are (3 2) (y) = (2) M1
1
x\_ 12 =2\(3)\_|"2
y| - 74\-3 1)l2)7| 7 Al
4
1 7
Ansmer:k=—3ork=2;x=—§,y=z 5 marks
10 (6 marks)
2 3
(a)det(4 6)—12—12—0 B1
Thelin%2x+3y:5and2x+3y:%areparallel and distinct M1
There is no solution Al
Answer: Parallel distinct lines, no solution 3 marks
2 3
(b)det(4 6)—12—12—0 B1
The second equation is twice the first, so the lines coincide M1
There are infinitely many solutions Al
Answer: Coincident lines, infinitely many solutions 3 marks
11 (4 marks)
Let an adult ticket cost £aand achild ticket £¢; (> 2| (2] = (47 M1 AL
2 5/\c 68
_ _ . . 1[5 =2
det—15—4—11andthe|nverse|sﬁ(_2 3) M1
al_ 1[99} _[9
c/ 11110/ " |10 Al
Answer: Adult £9, child £10 4 marks
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12 (6 marks)
1 2 3 13

Augmented matrix (2 -1 1 6 B1
3 1 -2 1

1 2 3 13

R, —2R;andR; —3R;: [0 -5 -5 =20 M1 A1
0 -5 -11 -38
1 2 3 13
~ LR, thenRy+5R, [0 1 1 4 M1
0 0 -6 -18
1 0 15
— 2Ry thenR, — 2R, [0 1 1 4 i
0 01 3
1 0 0 2
R, —R;andR,— Rz |0 1 0 1|,sox=2,y=12z=3 Al
0 01 3
Answer: x=2,y=1,z2=3 6 marks
13 (5 marks)
6 0 O
AB=|0 6 O|=al M1 A1
0 0 6)
3 -3 -3
SoAl=iB=i[1 1 3 AL
6 6
1 1 =3
X 6 3 -3 -=-3}/6
yl=A3|=¢[1 1 3|3 M1
z -1 1 1 -=3/\-1
l12 2
=35 6|=|1,so0x=2,y=1,2=2 Al
12 2
AnSNer:AB=6I;A‘1=%B;x=2,y=1,z=2 5 marks
14 (7 marks)
1 2 -=1\(x -3
2 =1 3 |ly|l=14 B1
3 1 1/\z 8
detA=1(-1—-3)—22—-9 —12+3)=5 M1 Al
-4 7 5
Matrix of cofactors=|—3 4 5 M1
5 -5 -5
-4 -3 5
A‘lzé 7 4 -5 Al
5 5 -5
X 10 2
y =% —5):(—1 M1 Al
z 15 3
Answer: x=2,y=-=1,z=3 7 marks
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15 (6 marks)
det A=k(k —0)+1(0—3)+20—k)=k*— 2k — 3 M1 AL
(k—3)(k+1)=0,s0k=30ork=-1 Al
Whenk=3:3x —y+2z=1,3y+3z=2,x+z=3 B1
From the third equation x = 3 — z, and the first then gives9 — 3z —y+2z2=1,so0y=8— 2 M1
Substituting into the second equation: 3(8 — z) + 3z = 24 = 2, which is a contradiction, so the Al
equations are inconsistent
Answer: k=3 or k=-1 6 marks
16 (6 marks)
R, R, —2R;andR; - R; — R; M1
1 1 1) (x 6
0 -3 -—-1|jy|=|-9 Al
0 1 -=2/\z -4
R; = 3R3+ R, —72=-21,502=3 M1 A1l
FromR,: =3y —3=-9,s0y =2 Al
FromR;:x=6—-2—-3=1 Al
Answer: x=1,y=2,z=3 6 marks
17 (5 marks)
1 2 3
Coefficient matrix |2 4 6| hastwo proportional rows, so det = 0 and there is no unique M1 A1
1 0 1
solution
Doubling the first equation gives 2x + 4y + 6z = 8, which contradicts 2x + 4y + 62 = 9 M1 Al
The first two planes are parallel and distinct, and the third plane cuts both in parallel lines E1
Answer: No solution; two parallel planes cut by a third 5 marks
18 (6 marks)
Eliminatex: R, — 2R;: =3y +3z=0and R; — R;: =3y +3z=0 M1 Al
These are identical, so there are only two independent equations and infinitely many solutions E1
Letz=t:theny=tandx=2—-2y+z=2—1t M1 Al
2 -1
r={0|+t| 1 Al
0 1
2 -1
Answer: x=2—-t,y=t,z=t;r=|0|+t| 1 6 marks
0 1
19 (5 marks)
x+y+z=100 B1
Copper: 0.6x + 0.4y + 0.2z = 40 and zinc: 0.3x + 0.4y + 0.6z = 43, that is 6x + 4y + 2z = 400 and B1
3X +4y + 6z=430
6 4 2\(x 400
3 4 6||y|=1430 M1
1 1 1/\z 100
X 400 30
Using acalculator, det A = —2and |y | = A7 430| = |40 M1 A1
z 100 30
Answer: x =30,y =40,z=30 5 marks
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20 (5 marks)
l,—1,—15=0,2I,+3,=12and 3l, — 61;=0 M1
1 -1 -1\(h 0
2 3 0 (|l,|=1]12 Al
0 3 —6/|lI, 0
det = —36 # 0 so a unique solution exists B1
Iy 0 3
| =A"12| =2 M1 A1
I 0 1
Answer: 1, =3A,1,=2A,1;=1A 5 marks
21 (8 marks)
detA=11—-k) —k(2—k) +1(2—-1) M1 A1
=1—k—2k+k?®+1=k*—3k+2=(k — 1)k —2) Al
No unique solution whenk =1 or k = 2 B1
-1 -1 4
1 1
Fork=3,dstA=2andA™t=| 2 0 -3 M1 A1l
i, _5
2 2
X 1 9
yl=A"Y2|=|-1 M1 AL
z 3 -5
Answer: k=1ork=2;x=9,y==1,z=-5 8 marks
22 (8 marks)
det A=12k+1)—24—-1) —1L(—-2—-K) M1 A1
=2k+1—-6+2+k=3k—3 Al
If det A = 0, A~! exists and the only solution isx =y = z = 0; non-trivial solutions need det A = El
0, thatisk =1
Fork=1:x +2y — z=0and 2x + y + z = 0 (the third equation is then redundant) M1
Adding them: 3x + 3y =0,s0y = —X; thenz=x + 2y = —X M1 Al
General solution: (X, y, z) = A(1, —1, —1) for any real A Al
Answer: k =1; (X,y,2) =A(1, =1, =1) 8 marks
23 (6 marks)
a b)(x e X 1 d —b\(e
o o)==l S0
X\ _ 1 de — bf
o) =l g
ox= By = 98 .
Herea=4,b=-3,c=5,d=2,e=10,f=1.ad —bc=8+15=23 M1
x:%:landy:%:—z Al
Answer: x=1,y=-=2 6 marks
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24 (9 marks)
detA=1(10—9 —-156-3)+18—2)=1—-2+1=0 M1 Al
Row 3 =2 x row 2 — row 1 on the left, so the equations are consistent only if c=2(2) — 1=3 M1 Al
Withc=3:y +2z=1 (fromequations2 — 1),soy=1—2zandx=1—-y —z=2 M1 Al
0 1
r={1|+t|—2 Al
0 1
If ¢ # 3 the equations are inconsistent: the planes meet in pairs in three parallel lines, forming a E1E1
triangular prism
0 1
Answer: c=3,r = |1| +t| —2|; otherwise a triangular prism 9 marks
0 1
25 (7 marks)
detA=26-1)—-122-0=8 M1 A1
5 -2 1
A‘lzé -2 4 =2 M1 Al
1 -2 5
10
X=A"1B=(2 1 M1 Al
0 3
The columns of X give the two solutions: (X, Y, z) = (1, 2, 0) and (X, y, 2) = (0, 1, 3) Al
10
Answer: X =(2 1};(1,2,0) and (0, 1, 3) 7 marks
0 3
26 (8 marks)
(a) The coefficient matrix is (i 1'001) with determinant 1.001 — 1 = 0.001 M1 Al
The inverse i L(l.OOl —1) _ ( 1001 —1000) "
0001{ —1 1 —1000 1000
X 1001  —1000) (2 2
(y):(—looo 1000)(2):(0)'50":2’3’:0 A
Answer: x=2,y=0 4 marks
. . . 1001  —1000
(b) The same coefficient matrix has inverse (_1000 1000 ) M1
1001  —1000 2 1
(—1000 1000 )(2.001) - (1)’90":1’3’:1 Al
Answer: x=1,y=1 2 marks
(c) A change of 0.001 in one constant changes the solution from (2, 0) to (1, 1), avery large El
change
The determinant is very close to O (the lines are nearly parallel), so the system is very sensitive to El
small changes
Answer: Large change in the solution; determinant closeto O 2 marks
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27 (12 marks)
111
Coefficient matrix =1 2 3|, det=1(2a—9) — 1(a— 3) + 1(3 — 2) = a— 5, s0 the matrix M1 Al
1 3 a
issingular whena=>5
R,—Ryy+2z=1andR; — Ri:2y+(a—1z=b-1 M1
R; —2R,;(a—5z=b—-3 M1 A1
If a= 5thenz=%,soauniquesolution exists Al
y:1—22:%b;1andx:1—y—z:z:g:§ M1 AL
If a= 5 thelast equation reads 0 = b — 3: consistent only if b=3 M1 A1
Witha=5b=3:z=t,y=1—-2t,x=t Al
Three planes meeting in aline (r = (0, 1, 0) + t(1, —2, 1)); if b # 3 the planes form atriangular El
prism with no common point
. . b—-3 a—2b+1 .
Answer: a=>5; unique solution x =z = A=t Y= —3-5 > as 5 b=3gives(t,1— 2t 1) 12 marks
28 (11 marks)
1 11
R, — R, R;—R;gives|0 a O M1 Al
0 0 c
Thisistriangular, so the determinantis1 x ax c=ac Al
The reduced equationsareay =k — 1l and cz= 2 M1
k—1 2
y=—3 andz = < Al
x:1—y—z:l—k;1—% M1 AL
With a = 0 the second reduced equation is0 x y = k — 1, which is consistent only if k =1 M1 Al
c=2givesz=1landthenx +y =0; yisfree M1
Lety=t: (X,y,2) =(—t,t, 1) Al
Answer:y = k;1,2=%,x=l— k;1 - %; k=1land(x,y,2)=(-t,t,1 11 marks
29 (10 marks)
A(P+A(Q —P)=AP+AAQ — AP) M1
=B+ A(B — B) =B, so every such X isasolution Al
P = Q, so Q — P = 0and the vectors P + A(Q — P) are different for different A, giving infinitely M1 E1
many solutions
AQ—-P =AQ—-AP=B—-B=0withQ—P=0 M1
If A were invertible, premultiplying by A~* would give Q — P = 0, a contradiction M1 Al
So A issingular El
Three equations in three unknowns have a sgquare coefficient matrix. If there are two solutions, the E1E1

first part shows that there are infinitely many, so exactly two isimpossible
Answer: Two different solutions give infinitely many solutions and A is singular, so exactly two solutiemsis impossible
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30 (8 marks)
Cx isthe output used up by the industries themselves, and d is the demand from outside, so the El
total output x must equal Cx +d
Rearranging: x — Cx=d,so (| — C)x=d M1
4 1 1
5 10 5
| —C= —1—10 g —1—10 M1 AL
N
5 10 10
710 110 170
(I1—C) "= 25| 110 680 100 1AL
170 100 630
100
x= (I —C)~'d=|150 M1
200
The outputs are 100, 150 and 200 units for industries 1, 2 and 3 Al
100
Answer: x = | 150 8 marks
200
Matrix Transformations
1 (2 marks)
The images of (1, 0) and (0, 1) are (0, 1) and (—1, 0), which form the columns M1
. 0 -1
Matrix = (1 0 ) Al
0 -1
Answer: (1 0 ) 2 marks
2 (2 marks)
(1,0) = (0,1) and (0, 1) = (1, 0) M1
. 0 1
Matrix = (1 O) Al
Answer: (2 é) 2 marks
3 (2 marks)
Matrix = (g g) B1
Image of (2, —1) is (6, —3) B1
Answer: (g g), (6, =3) 2 marks
4 (2 marks)
2 1\[ 2 3
o 3fl5)=1%
Answer: (3, =3) 2 marks
5 (2 marks)
Every point (X, y) mapsto (—x, —Yy) M1
A rotation of 180° about the origin (equivaently an enlargement with scale factor —1, centre O) Al
Answer: Rotation of 180° about the origin 2 marks
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6 (2 marks)
(1,0 - (2,0 and (0,1) — (0, 1) M1
Matrix = 2 0
ix=1ly 4 Al
A (2 0
nswer: 0 1 2 marks
7 (3 marks)
2 0|1 3 1)\ (2 6 2
1 1/l1 1 2/7\2 4 3 MEAL
A'(2, 2), B'(6, 4), C'(2, 3) Al
Answer: A'(2, 2), B'(6, 4), C'(2, 3) 3 marks
8 (6 marks)
(@ (x,¥) = (=X, y), areflection in the y-axis B1B1
Answer: Reflection in the y-axis 2 marks
(b) (x,y) = (=Y, —x), areflection in theliney = —x B1B1
Answer: Reflection in theliney = —x 2 marks
(c) An enlargement with scale factor 5 and centre the origin B1B1
Answer: Enlargement, scale factor 5, centre O 2 marks
9 (4 marks)
13
Matrix = 2 2 M1 A1
= & )
2 2
1 3
2 2 2\ [—2
B 1 |l (2 "
2 2
Image is (—2, 2,/3) AL
1 3
2 T2
Answer: = 4| (=2, 2y3) 4 marks
2 2
10 (4 marks)
(1,00 - (0, =) and (0, 1) = (—1,0) M1
Matrix = 0o -1
ix=1_4, o Al
0 -1\/3 2 . .
(—l 0 )(_2)—(_3),sothe|mage|s(2, -3) M1 Al
-1
Answer: (_01 0 ); (2, -3 4 marks
11 (4 marks)
2
The images of (1, 0) and (0, 1) form the columns: _31 4) M1 Al
3 2\(2 12
(—1 4) 3 —(10),90(2, 3) — (12, 10) M1
det=12+2=14 Al
Answer : (_1 i), (12, 10); det =14 4 marks
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12 (4 marks)

0 1
A shear, with the x-axis invariant (shear factor 1 parallel to the x-axis)

o 3=

(1, O) isinvariant and (0, 1) mapsto (1, 1), SO A = (1 1)

,90(2,3) = (53

11
Answer: (0 1), shear; (5, 3)
13 (5 marks)

xy) = (X, Y)=(2x+y,x+y)
Solving: x=X —Y andy =2Y — X

Substituting intox + 2y =6: (X — Y) +2(2Y — X)=6,50—X +3Y =6

Theimageistheliney = %x +2

Answer: y:%x+2

14 (5 marks)

X
y

. C X\ _ (1 2
A point (X, y) mapsto (X', y') where y —(0 1)
X'=x+2yandy'=y,sox=x"—2y'andy =y
Substituteintoy =2x+ L1 y' =2(x' — 2y") + 1
1

5y'=2x'+ 1, sotheimageisy = %x +g
1

5

2
Answer:y = X+

15 (5 marks)
a+t2b=8andc+2d=3
3a+b=9and3c+d=-1
Solving the first pair of equationsforaand b: a=2,b=3
Solving the second pair forcandd: c=—1,d=2
Answer:a=2,b=3,c=-1,d=2

16 (4 marks)
X
y

X
y

3 -2
Aninvariantpointsatisfies(l 0) =

X —2y=xandx=y
Both equations give y = x, so every point on the liney = x isinvariant
Answer:y =X

17 (5 marks)
9 16 _
detA—%‘f'E—l

cpse —sin® Withcosezgandsinez
sn® cosO

The matrix has the form £

0 =53.1°
A rotation of 53.1° anticlockwise about the origin
Answer: Rotation of 53.1° anticlockwise about O
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18 (4 marks)
Points on the mirror line are invariant: B(§ = ;(/ M1
—%x+3§y:x,so§y:§x M1 A1
y =y3x Al
Answer: y =1/3x 4 marks
19 (5 marks)
Reading from the diagram, A'= (2, 1) and C' = (—1, 2) B1
. 2 -1
The columns of M are the images of (1, 0) and (0, 1): M = (1 5 ) M1 A1
1 1 ) . .
Check: B'=M l) =13 , which agrees with the diagram M1
Area=|detM|x1=4+1=5 Al
Answer: M = 2 1 ;areas 5 marks
1 2
20 (5 marks)
Theimage of (1, 0) is _Ol) =(0, -1 M1 A1l
(1, 0) movesto (O, —1), which is arotation of 90° clockwise Al
. . . [0 -1
For 90° anticlockwise, (1, 0) — (0, 1) and (O, 1) — (—1, 0), so the matrix is (1 0 ) M1 Al
. . . (0 -1
Answer: Rotation 90° clockwise; correct matrix (1 0 ) 5 marks
21 (7 marks)
. . 3 =2\ x| _[(B—2m)x
A point (x, mx) on the line maps to (1 0 ) mx| = « M1 Al
Theimage lieson'y = mx when x = m(3 — 2m)x M1
Som(3—2m)=1,thatis2m? —3m+1=0 Al
@2m — 1)(m — 1)=0,som=%orm=1, givingy=%xandy=x M1 Al
For y = x the point (x, X) maps to (X, X), so every point of y = x isinvariant (thisis not true of y = El
1
29
Answer: y = X (invariant points) and y = %x 7 marks
22 (5 marks)
A point (x, y) on C mapsto (x', y") = (2x, 3y) M1
_X dv = y
X=5ady== Al
TR 2 2 x? y?
Substituting into X° +y =L +5=1 M1 Al
C'isanellipse enclosing an areatr x 2 x 3 = 611, which equals |det| x 11 Al
2 2
Answer: XT + % =1; area 6 5 marks
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»
—»

3 X

23 (7 marks)

The reflection preserves lengths and the line OP makes angle 6 with the mirror, so the image P' of

P makes angle 6 on the other side, that is an angle 20 with the x-axis

OP =1, so P =(cos 20, sin 20)

OQ isat angle 90° — 0 to the mirror, so Q' lies at angle © — (90° — 0) = 20 — 90° from the

X-axis

Q' = (cos(206 — 90°), sin(26 — 90°)) = (sin 20, —cos 20)
The columns of R are the images P and Q', giving the stated matrix

cos20 sin 20

Answer: R = sn20 —cos?20
Q‘P'
"Q'
24 (6 marks)
: 1 1) (3 1
erteN(1 _1)—(5 _3)

ot 2 )
HER

w3 o =fi 4

4 10
N 2) (12) so the image is (10, 12)
2 1
Answer: N = (1 4), (10, 12)

25 (7 marks)
1

detl\/l:2—1:1ano||v|—1:(_1

|

A point (X, y) of the circle mapsto (X, Y) withx =X — Y andy = =X +2Y

(X —Y)>+ (@Y — X)?’=1

2X? — 6XY +5Y? =1, s0 C has equation 2x*> — 6xy + 5y* =1

Areaenclosed = |[det M| x 1 = 11

Answer: 2x? — 6xy + 5y2 = 1; aream
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26 (8 marks)
cosO® —sinB) . _ cosO —sinB)(3 5
R= $nB  cosH with cos 0 and sin 0 to be found: (sin 0  cos6 )(4) = (0) M1
3cosO — 4sin® =5and 3sin O + 4cos O =0 M1
From the second, tan 6 = —%; the length of (3, 4) is5, so cos O = % andsin 9 = —% (these M1 A1
satisfy the first equation)
3 4
5 5
R= 4 3 Al
5 5
-1 1 . .
R( 5 ) = (2) so theimageis (1, 2) M1 Al
0 = —53.1°, that is a clockwise rotation of 53.1° Al
3 4
5 5 .
Answer: R = 4 3 (1, 2); 53.1° clockwise 8 marks
"5 5
27 (10 marks)
. a b\l x| _[(a+bm)x
The point (x, mx) maps to (c d) mx| = | (c + dm)x M1 Al
Since M is non-singular the image of the line is aline through O, and it isy = mx exactly when El
the image point lieson y = mx
(c + dm)x = m(a+ bm)x, so ¢ + dm = am + bm? M1
bm?+(@a—dm—-c=0 Al
ForA:a=1b=k c=2d=3 givingkm?—2m—2=0 M1 A1
Exactly one line: repeated root, so the discriminant is zero: 4 + 8k =0, so k = —% M1 Al
Then —%mz —2m—2=0,thatis(m+2)?=0,so m= —2 and thelineisy = —2x Al
Answer: k = —%; y = —=2X 10 marks
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28 (11 marks)
1 43
. . 2 2
Each element isa multiple of 2: N = 2 E M1 Al
2 2
. . N : - o_ 1 L o B
The second matrix is arotation of 60° anticlockwise about the origin (cos 60° = 5, 8N 60° = 5 ) Al
N is arotation of 60° followed by an enlargement with scale factor 2, both about the origin (in E1l
either order)
N® = 25Q°, and Q° is arotation of 360°, whichis| M1
64 O
6 — —
N° =64l = ( 0 64) Al
2025 = 6 x 337 + 3, so N = (N6 ¥¥'N?3 = 64%'N?3 M1
N?® = 23Q3, arotation of 180° scaled by 8, so N = —8l M1
N2025 = —-8x 22022| - _22025| Al
N~t= %Q‘l, the inverse of an enlargement of scale factor 2 and a rotation of 60° clockwise: N~* M1 AL
ER ]
_ 4 4
_B 1
4 4
ER ]
Answer: N = 2R(60°); N°® = 64; N?°%° = —220%5 . N1 = 43 ‘1‘ 11 marks
T4 4
29 (11 marks)
1 p+q
Ml il . must be parallel to (1, 1), sop+g=r+s M1 A1
1)\_[p—q _ M (=
M_1 il . must be parallel to (1, —1),sop—q=—(r—9S) =s—r M1
Adding: 2p = 2s and subtracting: 2q=2r,sos=pandr=q Al
1) _[p _ 42
M(O —(r),sop—4andq—2.M—(2 4) M1 A1
detM =16 —-4=12 B1
t . . . .
M(:) = (gt) = 6(:) S0 points of y = x are mapped to points of y = x with the distance from O M1 Al
multiplied by 6
t 2t t .
Ml =1 o] =2 ¢ , S0 the scale factor dlongy = —x is 2 Al
The transformation stretches by 6 along y = x and by 2 along y = —x, which are perpendicular El
directions, so areas are multiplied by 6 x 2 =12 = det M
4 2
Answer: M = (2 4); scale factors 6 and 2 11 marks
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30 (11 marks)

gl

2 -1

—A_1= -1_
detM=6—1=5andM (_1 3)
If (X, Y)isapoint of C', then (x,y) = M~}(X, Y) lieson C, where x = 5
(2X = Y)2+ (8Y — X)? _

25 -

5X2 — 10XY + 10Y? = 25,50 X2 — 2XY +2Y%=5
(1,00~ (3,1):9-6+2=5and(0,1) —> (1, 2):1—4+8=5

x-axis (y = 0): x*> = 5, 50 (5, 0)

y-axis(x =0): 2y>=5,0y = i\/g
Area = |det M| x 1 = 511

Answer: x? — 2xy + 2y? = 5; (5, 0), (0, J_r\/g); area 51

1

Combinations of Transformations

1 (2 marks)
The matrix for A followed by B is BA
0 —1)

BA=(_1 0

anaver: | 0 ~1
nswer: -1 0

2 (3 marks)

o allo )[04

A rotation of 180° about the origin

Answer : (_0 _01); rotation of 180° about O
3 (3 marks)
-1 0
2
w=[g 4

A rotation of 180° about the origin

0 _01); rotation of 180° about O

Answer : (

4 (3 marks)

10
2 _ —
B’=1, 1)_|

Reflecting twice in the same line returns every point to its original position
Answer: B2 = |

5 (2 marks)
Theinverseis arotation of 90° clockwise about the origin

0 1
-1_
w28 g

0 1
AnsNer.(_1 0)
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6 (4 marks)
. . (0 1 ) (=1 O
The reflection has matrix (1 0) and the rotation has matrix ( 0 _1)
) . _[-1 o0}/0 11 [0 -1
Combined matrix = ( 0 _1)(1 0) = (_1 0 )

A reflection intheliney = —x

Answer: (_01 _0 ); reflection in theliney = —x
7 (4 marks)
. . [0 1\/2 O
Combmedmzar[rlx-(_1 0)(0 2)
[0 2
-2 0
0 2)(3| (2 . .
(_2 0)(1)—(_6),sothe|mage|s(2, —6)
0 2
Answer: (_2 0),(2, —6)
8 (3 marks)
. . _[3 0}/1 2
Combmedmzar[rlx-(0 1)(0 1)
_[3 6
— 10 1
3 6\(1) _[9 . .
(0 1)(1)—(1),sothe|mage|s(9,1)
3 6
Answer: (0 1),(9, 1)
9 (5 marks)
0 -1
BA = (—l 0 ) (rotate, then reflect), areflection in theliney = —x
0 1 . .
AB = (1 0) (reflect, then rotate), areflection in the liney = x

BA # AB, so the order of the transformations matters
Answer: BA: reflection iny = —x; AB: reflection iny = x

10 (5 marks)
: [0 -1\(3 0\ _ [0 -3
wansa (0 )3 -3
0 3
T =
_1
3

T~ isarotation of 90° clockwise followed by an enlargement with scale factor %

0
Answer: T~ 1= 1
-3

o Wk
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11 (4 marks)
Matrices: reflection | - tation [0 L), stretch [ -
rices: reflection |, _, |, rotation |, |, stretch {5, B1
.. _[1 0}/0 -1}/1 O .
Combined = (0 2)(1 0 )(0 _1) (last transformation on the left) M1
[0 1
=15 o Al
0 1\(2 1 . .
(2 O)(l)—(4),sothe|mage|s(1,4) Al
1
Answer: (g 0); 1,4 4 marks
12 (4 marks)
. [1 0 _ . [0 -1
The stretch has matrix 0 3 and the reflection has matrix 1 0 B1
. . (0 -—=1)(1 0y [0 -3
Combined matrix = (—l 0 )(0 3) = (_1 0 ) M1A1l
0 -3}/2) (-3 . .
(—l O)(1)—(_2),sothe|mage|s(—3, -2) Al
Answer: (_01 _03);(—3, -2) 4 marks
13 (5 marks)
R Bo_1
A= 2 2 and B = 2 2 B1B1
31 1 48
2 2 2 2
13_B1 11 @38
272 22 22 272
AB = M1
B33 ,11 431 143
272 " 22 22722
(0 -1
=11 o Al
Rotating through 30° and then 60° is the same as rotating through 90°, and this is the matrix of a El
90° anticlockwise rotation
0 -1
Answer: (1 0 ) 5 marks
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14 (4 marks)
1 43
. 2 2
Reflectionin| (6 = 30°): & L B1
2 2
1B
Combined matrix = 2 20 M1
V3 1 0 -1
2 2
1B
2 2
= Al
3 1
2 2
A rotation of 60° anticlockwise about the origin (twice the angle between the mirror lines) Al
1_B
Answer: 125 2 ; rotation of 60° anticlockwise about O 4 marks
2 2
15 (5 marks)
U=TS s0S=T'U M1 A1
1 -2
-1 _
T —(0 1) M1 Al
5= 1 -2\(4 3\ (2 1
“lo 1/l1 1)7 1 1 Al
2 1
Answer: S= (l l) 5 marks
16 (6 marks)
Matrix = 2 00 1 [0 2
ix=1y oll-1 ol=l22 o M1 A1
Y X
X, y) = (X,Y) =(2y, —2x),sox:—7 andy:7 M1 A1l
Substitutingintoy=2x+1:%=—Y+1,sox+2Y=2 M1
Theimageistheliney = —%x+ 1 Al
Answer:y = —%x +1 6 marks
17 (5 marks)
. . 1 2\(k O k 2
Combmedmzar[rlx-(0 1)(0 1)—(0 1) M1 A1
det=k,so k| x 3=12 M1
k=4ork=-4 Al
-4 2\[1 -2 . .
For k = —4: ( 0 1)(1) —( 1 ),sothelmagels(—Z, 1) Al
Answer: k = 14; (=2, 1) 5 marks
18 (4 marks)
0 3 _3 0 1
3 0°°1 0 M
A reflection in y = x followed by an enlargement with scale factor 3 (centre the origin) Al
det =0 — 9= —9, so areas are multiplied by 9 (and orientation is reversed) M1 Al
Answer: Reflection in'y = x with enlargement sf 3; area x 9 4 marks
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19 (5 marks)
_ (3 0\(2 1\ _[6 3
Combmedmatnx-(l 2)(1 1)—(4 3) M1 A1
det=6x3—3%x4=6 M1
Area of image = 6 x 6 = 36 square units Al
Check: det T, xdet T,=1x6=6 B1
Answer: (2 g);area% 5 marks
20 (6 marks)
The reflection gives (y, xX) and the trandation then givesx' =y + 3, y'=x — 1 M1
X' 0 1 3}\/[x 0 1 3
y'f=(1 0 -—-1||ly|,soN=|1 0 -1 Al
1 0 0 1/\|1 0 0 1
0 1 31\/2 8
10 1 5 1,0(2,5) — (8,1) M1 A1
00 1 1
0 1
Nt=[|1 0 —3 M1
0 0 1
0 1 4 7
10 3 6 1|, so (7, 1) is mapped onto (4, 6) Al
00 1 1
0 1
Answer:N=(1 O 1(;(8,1); (7,1 6 marks
0 0 1
21 (6 marks)
_[cos® —sinB)\(cosp -—sng
R(e)R((p)_(sine cosO /\singp cos@ Mt
cosOcosp —sinBsing —cosOsing —sinB cos
= . . : M1 A1
sinBcos@ +cosOsing —sinBsing +cosO cos @
_ [cos(® + @) —sin(6 + @)
R(e“‘”‘(sn(eﬂp) cos(® + ) =
Equating the elements in the first column: cos(6 + @) = cos 0 cos@ — sin O sin @ Al
sin(® + @) =sinB cos @ + cosO sin @ Al
Answer: cos(@ + @) =cos 0 cos@ — sin O sin @; sin(O@ + ) =sin O cos @ + cosO sin @ 6 marks
22 (7 marks)
31
ﬁ 2 2
0 = 15° cos 30° = 5|n30°— , S0 the first matrix is M1 AL
ER ]
2 2
_1 B
.. o1 o_@ . 2 2
0 = 60°: cos 120 —E,smlzo , S0 the second matrix is 3 . M1 A1l
2 2
1 E|E 2
Combined = 2 22 2 —(0 _l) M1 A1
3 1|1 _B| 10
2 2 2 2
A rotation of 90° anticlockwise about the origin Al
- 7 marks

0 ); rotation of 90° anticlockwise about O

0
Answer : (1
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23 (6 marks)
2 0\/1 k 2 2k
Shear then stretch: (O 3)(0 1) = (O 3) M1 A1
Comparing withM: 2k =1, so k = % Al
1 c\(2 O 2 3c
Stretch then shear: (0 1)(0 3) = (0 3) M1 A1
3c=1,s0c= % Al
Answer: k:%; c:% 6 marks
24 (6 marks)
: _ 1 O0)\({cos® -—sinB
Combined matrix = (0 _1) (sin 0  cosH ) M1
_[cos® —sinB 1AL
~|—sin® —cos0
. Cos 2 sin 2 . . .
This hasthe form | . “ ¢ with 2o = —8, since cos(—6) = cos 6 and sin(—0) = M1 A1
sin 2 —cos 2a
—sin®
So it is areflection in the line through the origin at angle o = —% to the x-axis Al
Answer: Reflection in theline at angle —% to the x-axis 6 marks
25 (6 marks)
. . 2 0|0 1 0 2
Combined matrix = (0 1)(1 0) = (1 0) M1 A1
(x,y)—>(X,Y):(2y,x),sox:Yandy:§ M1 Al
Substituting intoy = 3x — 1. é =3y -1 M1
X:6Y—2,sotheimageistheliney:%x+% Al
A R SO |
nswer:y = EX 3 6 marks
26 (6 marks)
Reflection iny = x takes (1, 0) to (0, 1), and the stretch then leaves (0, 1) unchanged, so the M1 Al
correct image of (1, 0) is (0, 1)
The student's matrix gi O11—0—02
euensmrlxglveszoo—z—(,) M1 Al
The images differ, so the matrix is wrong: when combining transformations the first El
transformation is written on the right, so the product should be (stretch)(reflection)
c t matrix = 2 0\/0 1) (0 2
orrect matrix =1, 11|, o/ =l1 o Al
Answer: Correct matrix 1 O) 6 marks
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27 (8 marks)
Combined matrix = F(B)F(x) M1
(1, 1) element: cos 2B cos 2a + sin 2P sin 2o = cos(2p — 2a) M1 A1
(1, 2) element: cos 2 sin 2ac — sin 2B cos 2o = —sin(2B — 2a) Al
(2, 1) element: sin 2B cos 2ac — cos 23 sin 2 = sin(2p — 2a), and the (2, 2) element equals Al
cos(2B — 2a)
.. [cos2p —a) —sin2(pP — «) . . .
The matrix is $n2B —a) cos2B — ) )’ arotation anticlockwise through 2(p — o) Al
The first mirror is the x-axis, so & = 0, and we need 2p = 100° M1
B = 50°, so the second mirror lineisy = x tan 50° Al
Answer: Rotation through 2(B — «); mirror linesy = 0 then y = x tan 50° 8 marks
28 (11 marks)
NR = N(N? =N3*and RN = N°N = N® so NR=RN M1 Al
NR = b —a and RN = —¢ - M1 AL
d —c a b
Equating: b= —cand —a= —d,sod=aandc=—b M1
Writingp=aand q=cgivesN = (g _pq) Al
pPP-a* -2pq)|_[0 -1
N2 = , L= ( ) M1
2pg  p*-q 10
p2:q2and2pq:l,sop:qand2p2:1,p:q:i% M1 AL
2 _i2
N—+i(l —1)_+ 2 2 L
b 1T
2 2
N is arotation through 45° anticlockwise (with matrix +) or through 225° anticlockwise (with Al
matrix —)
11 -1 _ . .

Answer: N = i_z(l 1 ): rotations of 45° or 225° anticlockwise 11 marks
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|
[N N|<|
w N| =

2

VE}
2

det T = 2 (the stretch has determinant 2 and the rotation has determinant 1)

29 (10 marks)
B
2 0 ) 2
Stretch and rotation
0 1 1
2
3 1
|5 -2 (2 o)_ 3
E GV
2
B2
4 4
T 1=
I El
2 2

A point (X, Y) of the image comes from (x, y) = T"X(X, Y), sox =

L (=2X+ 2(3Y)? _ 1

X2+y2

(3X? + 2(3XY + Y?) + (4X? — 8/3XY + 12Y?) = 16, so theimage is 7x> — 6/3xy + 13y = 16

_ ({BX YY)
- 16

16

Areaenclosed = |det T| x 11 = 211

\/§

Answer: T =

1

30 (10 marks)

. 1 . 2
tana:29|ve£cosa:—andsm(x:—
J5 A

1

2
E ;area2m
2

5

The matrix is Rot(a) x Refl, x Rot(—«)

1 2
5 5
Rot(—«) = 5 1
5 5
1 2
RefIXRot(—oc):\/zg °
5B
. 1(—-3 4
Rot(a)Xth|S—§(4 3)
3 4
|75 5
14 3
5 5
_3 4 9
5 51} _|5
4 3|37 |1
5 5 5

9 13

,50(1,3) = (5, %)

Y3X +Y _ =X +43Y
g ady=——5—

With 0 = o cos 2 = cos’ac — sin’ac = —% and sin 20c = 2 sin o cos o = g, which match the

matrix

Answer:

3

4
5

glw ol
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B1

M1 Al

Bl

M1 A1l

M1

M1

Al
Al

10 marks

B1B1

M1

Al

M1

M1

Al

M1 A1l

B1

10 marks
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Three-Dimensional Matrix Transfor mations

1 (2 marks)
x Yy, 2= XYy -2 M1
1 0 O
Matrix={0 1 O Al
0 0 -1
1 0 O
Answer: |0 1 O 2 marks
0 0 -1
2 (2 marks)
4 0 O
Matrix={0 4 O B1
0 0 4
Image of (1, —2, 3) is (4, —8, 12) B1
4 0 O
Answer: |0 4 O0f; (4,-8,12) 2 marks
0O 0 4
3 (2 marks)
1 0 2\/1 7
0 3 1(|2|=19 M1 Al
2 1 0) 3 4
Answer: (7,9, 4) 2 marks
4 (2 marks)
i—=j,j—o—-iandk -k M1
0O -1 0
Matrix={1 0 O Al
0O 0 1
0O -1 0
Answer: |1 0 O 2 marks
0O 0 1
5 (2 marks)
i—=i,j—jandk— 3k M1
1 00
Matrix={0 1 O Al
0 0 3
1 00
Answer: (O 1 O 2 marks
0 0 3
6 (3 marks)
i = i, sothe x-axisisinvariant B1
j—=kandk - —j M1
A rotation of 90° anticlockwise about the x-axis (viewed from the positive x-axis) Al
Answer: Rotation of 90° anticlockwise about the x-axis 3 marks
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7 (3 marks)
A reflection in x =y swaps the x and y coordinates and leaves z unchanged
0 10
Matrix={1 0 O
0 0 1
Image of (3, —1,5)is(—1, 3,5)
010
Answer: |1 0 Of; (—=1,3,5)
0 0 1
8 (4 marks)
i— =k j—ojandk—i
0 0 1
Matrix=| 0 1 O
-1 0 0
0 0 1\/1 3
0 1 0f|2|=]| 2 |,sotheimageis(3, 2, —1)
-1 0 0/|3 -1
0 0 1
Answer: | 0 1 0f; (3,2 -1)
-1 0 0
9 (4 marks)

detA=2(12—-0)—0+0=24
VVolume scale factor = |det A| = 24, so the image has volume 24 x 5 = 120 cubic units
Answer: det A = 24; volume 120

10 (4 marks)
1 0 0}/0 -1 O
Combined matrix={0 1 0 {1 O O
0 0 —-1/{0 0 1
0 -1 0
=1 0 O
0O 0 -1
0 -1 0}\/1 -2
1 0 0 ||2|=| 1 |, sotheimageis(—2, 1, —3)
0O 0 -1/|3 -3
0 -1 0
Answer: |1 O 01;(-2,1, -3
0O 0 -1
11 (4 marks)
2 01
Theimages of i, j and k formthecolumns; |1 3 O
0 1 1
2 0 11 3
1 3 0||1|=(4]|,s0(1,1,1)—~ (3,42
0 1 1/|1 2
det=2(3—-0—-0+11—-0)=7
2 01
Answer: |1 3 0}; (3,4,2);det =7
0 1 1
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M1

Al

B1

3 marks

M1

Al

M1 Al

4 marks

M1 Al
M1 A1l
4 marks

M1

Al

M1 Al

4 marks

M1 Al

M1

Al

4 marks
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12 (4 marks)
(a) Reflecting twice in the same plane gives the identity, so the inverse is the same reflection:
1 0 O
0O -1 0
0O 0 1
1 0 O
Answer: ([0 =1 O
0 0 1
(b) Theinverseis arotation of 90° clockwise about the z-axis
0 1 0
Matrix=|—1 0 O
0 0 1
0 1 0
Answer: |—=1 0 O
0 0 1
13 (3 marks)
-1 0 O
The matrixis2x| 0 1 O
0 0 1
-1 0 0
0 1 O] isareflectioninthe plane x = 0 (the yz-plane)
0 0 1

The factor 2 is an enlargement with scale factor 2 and centre the origin
Answer: A reflection in the plane x = 0 combined with an enlargement of scale factor 2, centre O

14 (6 marks)
A point of | mapsto A(p + td) = Ap + tAd
1 2 0\[1 1
0 1 1}|0|=]|2
1 0 1/\2 3
1 2 0|1 3
0 1 1||1|=]1
1 0 1/\0 1

1 3
The image has vector equationr = | 2| +t[1
3 1
1 3
Answer: r = (2| +t|1
3 1

15 (5 marks)
A point (X, Y, z) mapsto (X, Y, Z) = (X, x +V, 2)
Sox=X,y=Y —Xandz=Z
Subgtitutinginto2x —y +z=4:2X — (Y = X)+Z =4
Theimageistheplane3x —y+z=4
Answer: 3x —y+z=4
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B1B1

2 marks

M1

Al

2 marks

M1

Al

Al
3 marks

M1

M1 Al

M1 Al

Al

6 marks

M1

M1 A1l
M1

Al

5 marks
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16 (5 marks)
A?=1and det A = —1, asfor areflection
X X
Invariant points satisfy Ay | =|Y|:y=z,z=yand x =X
z z

So every point with y = z isinvariant, which isthe planey = z
A reflection in the planey =z
Answer: Reflection in the planey =z

17 (4 marks)
1 3
2 —g 0
Matrix = | {3 1
2 3 0
0 0 1
1 3
3 ‘g Oliay (1
o1 o|0=|iB
2 2 5 5
0 0 1
Imageis(l,\/§,5)
1 3
2 ‘g 0
Answer: [{3 1 ; (1,13, 5)
2 7 0
0 0 1

18 (5 marks)
detA=2k—-0—-120—-1)+0=2k+1
|det A| x 5 =155, s0 [2k + 1] = 11
2k+1=11or2k+1=-11
k=5ork=—-6
Answer: k =50r k = —6

19 (5 marks)
1 0 O 0 -1 0 1 00
The matricesare(0 1 0 |,(1 O Ojand|O 1 O
0 0 -1 (0 0 1 0 0 2
1 0 0l/0 -1 0\/1 0 O
Combined=(0 1 0|1 0O 0|0 1 O
0 0 2/\l0 O 1(0 0 -1
0 -1 O
=1 0 0)
0O 0 -2
0 -1 0\[1 -2
1 0 0 ||2|=| 1 |, sotheimageis(—2, 1, —6)
0O 0 -2/|3 —6
0O -1 O
Answer: (1 O 0|;(—=21,—6)
O 0 =2
20 (4 marks)

@ (x,y, 2) = (=X, =Y, z) and the z-axis is invariant
A rotation of 180° about the z-axis
Answer: Rotation of 180° about the z-axis
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M1 Al

M1

Al
Al
5 marks

M1 A1l

M1

Al

4 marks

M1 A1l
M1

M1

Al

5 marks

B1

M1

Al

M1 Al

5 marks

M1
Al
2 marks
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(b) (X, ¥, 2) = (Y, X, 2) and every point with x =y isinvariant
A reflection in the planex =y
Answer: Reflection in the planex =y

21 (6 marks)
0 0
2 2
g =z 91 (o
2 2 ||L= V2
2 2 1 1
0 0 1

Image is (0, 2, 1)
R® isarotation of 8 x 45° = 360° about the z-axis
A rotation through a full turn leaves every point whereit is, so R® = |

2 2
Answer: g g ol @121
0 0 1
22 (8 marks)
0 10 1 00
Thereflections have matrices[1 0 Ojand (O O 1
0 0 l) 0 10
1 0 0|/0 1 0O 0 10
c=(0 0 1||1 0 0O|=|0 O 1
0 1 0) 0 01 (1 00
0 01 1 00
C’=|1 0 O|andC®=|0 1 O0O|=I
0 10 0 01
t t
Cit| =|t], sothelinex =y = z consists of invariant points
t t

C3 =1, so theangleis 120° or 240°; C sendsi — k — j — i, the opposite sense to an anticlockwise
rotation (which would sendi = j — k — i)

0 10
Answer: C=[0 0 1]; rotation of 120° clockwise (240° anticlockwise)

1 00

23 (6 marks)
A point (X, y, z) mapsto (X, Y, Z) =(z, ¥, —X)
Sox=—-Z,y=Yandz=X
Substituting: —Z +2Y — X =3
Theimage planeisx — 2y +z= -3
Answer: x — 2y +z=-3
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M1
Al
2 marks

M1 A1l

M1

Al
M1
El

6 marks

B1B1

M1 Al

M1 A1l

M1

Al

8 marks

M1 A1l
M1 A1l
M1

Al

6 marks
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24 (7 marks)
X X + kz
Sly|= y M1 Al
z z
Invariant points need kz = 0, so z = 0: every point of the plane z = O isinvariant M1 A1
1 0 2 1 0 nk
§?=|0 1 0| ,andingenerd S"=(0 1 O M1 A1
0 0 1 0 0 1
det S=1, so the unit cube maps to a solid of volume 1 Al
Answer: z=0invariant; S" hasnk in the top right 7 marks
25 (5 marks)
111
Origina volume=|det ([0 2 1||=1x2x3=6 M1 Al
0 0 3
detA=1(1-0—-120—-1)+0=2 M1 A1
Volume after =2 x 6 =12 Al
Answer: Before 6, after 12 5 marks
26 (7 marks)
0 01
A%2=|1 0 O M1 AL
0 10
A3=AAZ=| Al
0 01
Al=A%2={1 0 O Al
010
1 2 1 3
Al2|=|3|andA?|2| =1 M1 Al
3 1 3 2
A sendsi — k, j — i and k — | (the coordinates are cycled) Al
0 01
Answer: A™'=|1 0 O 7 marks
010
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27 (8 marks)
7
9
. S . . 2 4
Theimageof i isi — 2(i-n)n=1i — 3N=|—g M1 Al
_ 4
9
. S : .4 . . 4
Theimageof jisj — 2(j-n)n=j — 3N theimage of k isk — 3N M1 Al
o4 4
9 9 9
. . 4 1 8
Placing these as columns gives N = "3 9§ "9 Al
_4 _8 1
9 9 9
1 00
N2={0 1 0= M1
0 01
det N = —1, asfor areflection M1
3 1
N{O| =|—4|, sotheimageis (1, —4, —1) Al
3 -1
7 _4 _4
9 9 9
Answer: N = —% % —g ; image (1, =4, —1) 8 marks
_4 8 1
9 9 9
28 (9 marks)
Row 1 -rowl=—>+=+2=landrowl-row2=~++ — = =0; the other pairs of
owl-rowl=z+z+5=1androwl-row2= 7+ 7 — 5 =0; the other pairs of rows M1 A1
work in the same way, so QQ' = |
Expanding along the third column: det Q = g(@ + g) + g@g + g) =1 M1 Al
1,1
1 e 7 1
Qll=| 5+*3 |=]|1| soevery multipleof (1,1, 0) isinvariant M1 Al
0 0
_2 2
2 2
2
0 2
Q|0 = 2 M1
1 |2
0
(0, 0, 1) is perpendicular to the axis, and so is its image; their dot product is 0, so cos 8 = 0 and AL1Al
the angle of rotation is 90°
Answer: Axis (1, 1, 0); rotation of 90° 9 marks
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29 (9 marks)
detM=3(4—1)=9
2 1
s -3 0
|8 =30 31 23
-1 — - | —= =
M =3 3 6 0|= 3 3 0
0o 0 3 1
0 0 3

The point (x, y, zZ) mapsto (X, Y, Z), where (x, y, 2) = M~}X, Y, Z2): x =

_Z
=3
Substituting in 2x — y + 3z = 6: 2(2X3_ Y _ (_XJZY) +72=6
X 3 Y iz=6 so the image plane is 5x — 4y + 3z = 18
Volume scale factor 9,soV:%5:5

Answer: det M =9;5x —4y +3z=18;V =5

30 (10 marks)
0 20
N=(0 0 3
0 0O
0 0 6
N2=(0 0 O|andN®=N3N=0
0 0O
(1+N)"=1+nN+ MNZ + (terms containing N* = 0)
1 2n 3n(n—-1)
B"=|0 1 3n
0 O 1
1 -2 6
n=—1:B'=I-N+N?=(0 1 -3
0 O 1
Check: B B~ = | (the product of the matrices equals the identity)
1 20 270
BY={0 1 30
0 0 1
1 -2 6 1 20 270
Answer: B"asabove;, B™'=|{0 1 =3|:B®=|(0 1 30
0 O 1 0 0 1

Eigenvalues and Eigenvectors

1 (3 marks)
1 3 1 . .
A(l =13 —3(1),30|t|sane|genvector

The eigenvalue is 3
Answer: Eigenvalue 3

2 (2 marks)

2X

-Y

M1 Al

M1 Al

The matrix is upper triangular, so the eigenvalues are the diagonal elements

4 and 2
Answer: 4 and 2
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X +2Y

M1

M1

Al

M1 Al

9 marks

Bl

M1 Al

M1 A1l

Al

M1

Al
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10 marks

M1 Al

B1
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Al
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3 (3 marks)
B—MN2—-2A)—-2=A2—-5)A+4=0 M1 AL
A=lorA=4 Al
Answer: A=14 3 marks
4 (2 marks)
(A—4I)§):Ogives—x+y:0 M1
An eigenvector is 1 Al
1 .
Answer: 1 (or any multiple) 2 marks
5 (2 marks)
1 5
A(Z =13 M1
5] . . 1 - .
3 is not a multiple of > , SO it is not an eigenvector Al
Answer: No 2 marks
6 (2 marks)
The matrix is diagonal; the eigenvalues are 2, —1 and 5 B1
1) |0 0
with eigenvectors [ O], [ 1| and | O| respectively B1
o/ |0 1
Answer: 2, =1, 5with i, j, k 2 marks
7 (6 marks)
det(A —A)=(4—2A)B—-2A)—2=22—-7A+10=0 M1 Al
A=2orA=5 Al
A =2: 2x + 2y = 0, eigenvector _11) M1 A1
A =5: —x + 2y = 0, eigenvector 1 Al
-1 L [2
Answer: A =2 with 1 ;A =5with 1 6 marks
8 (6 marks)
A’+A—6=0,s0A=20rA=-3 M1 A1
A =2. —x + 2y =0, eigenvector 1 M1 A1l
. -1
A = —3:4x + 2y = 0, eigenvector 5 ) Al
1(2 1(-1
Unit eigenvectors: ) ( ) Al
1 T 2
ca oo 12 1
Answer: A = 2: \/E(l) A=-=3 \/—( ) 6 marks
9 (4 marks)
2\ [2k+6
A(3 = 9 M1
This equals A ;),5032x:9and2}\:2k+6 M1
A=3andk=0 A1 A1
Answer: k =0, eigenvalue 3 4 marks
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10 (5 marks)
If Av = Av then A%V = A%y
Eigenvalues of A% 1 and 36
Eigenvalues of A™%: 1 and %
Eigenvalues of 3A + 2I: 3A + 2 =5 and 20

Answer: A% 1,36, A7 1, %; 3A +2:5,20
11 (4 marks)
A is upper triangular, so the eigenvalues are 3, 3 and 2
X
(A—-2D|y|=0:x+y=0andy+z=0
z
1
An eigenvector is| —1
1
1
Answer: 3,3,2; |—1
1
12 (4 marks)

A2 — 4N +4=(A—2)?2=0,s0A = 2isrepeated
(A—2D)

; =0givesx+y=0

Eigenvectors are multiples of (only one independent eigenvector)

1
4
13 (4 marks)
det(A — AN =(2—2A)2+1=A%2—4A+5
Discriminant = 16 — 20 = —4 < 0, so there are no real roots (the eigenvalues are 2 + i)
Answer: No real eigenvalues; 2 + i

-1

Answer: A = 2 (repeated); eigenvector

14 (7 marks)
Expanding along the second row: det(A — Al) = (3 — A)[(1 — A)(2 — A) — O]
Eigenvalues: A =3, 1 and 2

-1
A=1:2y =0and 2x — 4y + z= 0, giving the eigenvector | 0
2
0
A=2.—x+2y=0,y=0and 2x — 4y =0, giving | 0
1
-1
A=3 —2x+2y=0and2x — 4y — z=0, giving | —1
2
-1 0 -1
Answer: A=1:| 0 |;A=2.|0|;A=3:|—1
2 1 2
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15 (5 marks)
(1—2N%+4=0 M1 AL
A=1%2i Al
For A=1+2i: =2ix —2y=0,s0y = —iX M1
An eigenvector is | A1
Answer: A =1+ 2i; eigenvector _j|for1+2i 5 marks
16 (5 marks)
Invariant lines have direction vectors that are eigenvectors M1
A2—7M+10=0givesA=2andA =5 Al
A = 2: eigenvector _l ,liney = —x M1 A1
. 2\ . 1
A = 5: eigenvector 1] liney = 5x Al
Answer:y=—=xandy = %x 5 marks
17 (4 marks)
Sum of theeigenvalues=trace:a+1=3+(—1)=2,s0a=1 M1 A1
Product of the eigenvalues = determinant: a — 2b = —3 M1
1-—2b=-3,s0b=2 Al
Answer:a=1,b=2 4 marks
18 (5 marks)
(a—A)?—-b*=0 M1 AL
A=aztbh Al
2\=a+b:—bx+by=0,so(1) M1
1
}\:a—b:bx+by:0,so(_1) Al
(1 . 1
Answer: a+bwith |, |; a—bwnh(_l) 5 marks
19 (5 marks)
det(A — Al)=(a— A)(d—2A) — bc M1 A1
AT — Al = a; A q f 2\), with determinant (a — A)(d — A) — cb M1 A1
The characteristic equations are identical, so the eigenvalues are the same El
Answer: Same characteristic equation 5 marks
20 (5 marks)
det(P — 1) = (== )(=2) — (2)(=) = 0, 50 1 is an eigenval
et(P—1) = (_E)(_E) - (3)(E) =0, so 1lisan eigenvalue M1 A1
x\ 1 2 B . .
(P—I)y =0 —Ex+gy—O,SOX—4yandane|genvector|s 1 M1 A1
In the long run the proportions form an eigenvector witha+ b =1, soa= g and b= % Al
Answer: g inregion A 5 marks
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21 (8 marks)
det(A —A)=2—-M[2—-A*—1—-[2—-2) —1+[1—- (22— 1) M1 A1
=2-MN1-M)B-N)-21-M)=1-N[C-MDB-AN-21=1—-2NQA*—-51+4) = M1 A1
(1—2)%4-2)
1
A=4 —2x+y+z=0andx — 2y + z=0givex =y = z, eigenvector |1 M1 A1
1
A = 1: the three equations all reducetox +y +z=0 M1
-1 -1
Two independent solutionsare | 1 | and | O | (neither isamultiple of the other) Al
0 1
1 -1 -1
Answer: A=4: [1|;A=1| 1 |and| O 8 marks
1 0 1
22 (8 marks)
Expanding aong the first row: det(A — A= (2= A)[B3—-A)? =1 =2 - A2 - A4 - D) M1 AL
Eigenvalues: 2 (repeated) and 4 Al
A=2:x+y+z=0and —x+y+z=0(fromrows2and 3),sox=0andy = -z M1 A1l
0
Only one independent eigenvector: | —1 Al
1
0
A=4 —2x=0,x—y+z=0,—x+y—2z=0,giving |1 M1 A1
1
0 0
Answer: A =2: [—1]| (only one); A =4: |1 8 marks
1 1
23 (7 marks)
1 a+1 1
A(l)— b+3 —}x(l),soa+1—b+3 M1 A1
1 a+2 1
A(Z “lp+6 -u(z),sob+6-2(a+2) M1 A1l
Solving:b=2a—2anda+1=2a+1,soa=0andb=-2 M1 A1
A=a+l=landp=a+2=2 Al
Answer: a=0, b = —2; eigenvalues 1 and 2 7 marks
24 (6 marks)
A and B are triangular with eigenvalues 1, 1 in each case; the claim predicts eigenvalues 1 and 1 B1
for AB
2 1
AB = (1 1) M1 Al
det(AB—A)=(2—-A)1—-2A) —1=2A?—-3A+1 M1 Al
A= %E,Which arenot 1 and 1, so the claim isfalse Al
Answer: Claim false: eigenvalues of AB are 3i2 ° 6 marks
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25 (7 marks)
det(F — Al) = —(cos 20 — A)(cos 20 + A) — sin®20 = A2 — cos?20 — sin20 =A% — 1 M1 AL
SoA=l1lorA=-1 Al
I:COSG _[cos20 cos® +sn20snB)| [cosO) . the doubl lof |
sinB] ~ |sin20 cos® — cos20 sin @ ~ | sin @ | YS9 the doubie angie formulae MLAL
. —-sinB| _ [—sinH
Similarly F cosO | = | cos® Al
Points on the mirror line are unchanged (eigenvalue 1); vectors perpendicular to it are reversed El
(eigenvalue —1)
Answer: A =1and -1 7 marks
26 (8 marks)
n =1 isthe given result B1
Assume Av = Akv. Then A¥ly = A(AKv) = A*Av = ARy M1 AL
Truefor n =1 and, if true for k, true for k + 1, so true for all n El
(;: _11 + 1since—oc+2[3:1anda+B:2givea:B:1 M1A1
. 51 . 4—1 52
The eigenvaluesare 2 and 5, so A 5 =2 1 +5 1 M1
_[—8 N 250\ (242
~| 87125 T |133 Al
A (242
nswer: 133 8 marks
27 (8 marks)
The characteristic equation isA? — (a+ d)A + (ad — bc) =0 M1 A1
SinceA; and A, areitsroots, (A — A)(A — A,) =A% — (A; + M)A + A, M1
Comparing coefficients: A; + A, =a+dand A;A, =ad — bc Al
For A: thetraceisk+6 — k=6,s0 A + 2A =6 and A = 2, the eigenvalues being 2 and 4 M1 A1l
The determinant isk(6 — k) + 3=38 M1
k?—6k+5=0,sok=1ork=5 Al
Answer: k =1 or 5; eigenvalues 2 and 4 8 marks
28 (11 marks)
(A —3)(A*—15A+54)=0 M1 A1
(A — 6)(A — 9) =0, so the other eigenvalues are 6 and 9 M1 A1
-2
A=32x—2y=0and —2x+3y +2z=0give | —2 M1 A1
1
2
A=6.—x—2y=0and2y +z=0give|—1 Al
2
-1
A=9 —4x —2y=0and —2x — 3y +2z=0give| 2 Al
2
Dot products: (—2)(2) + (—=2)(—=1) + (1)(2) =0, (—2)(—=1) + (—=2)(2) + (1)(2) =0 and (2)(—1) + M1 A1
(—=1)(2) + (2)(2) = 0, so they are mutually perpendicular
-1
Unit eigenvector for A = 9: % 2 Al
2
1 -1
Answer: A = 3, 6, 9; unit eigenvector for 9: 3 2 11 marks
2
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29 (10 marks)
Suppose av; + Bv, =0 (1) B1
Multiply by A: aA,v, + BA,v, =0(2) M1 A1
Multiply (1) by A, and subtract from (2): B(A, — A,)v, =0 M1 A1
v, # 0 (an eigenvector) and A, # A, so B = 0; then (1) givesav, =0,s0x =0 M1 A1
Two linearly independent vectors in the plane span the plane, so every w is av, + Bv, El
A"w = A"V, + BA"V, = ad,"v, + BA,"V, M1 AL
Answer: v, and v, arelinearly independent; A"w = a,"v, + BA,"v, 10 marks
30 (10 marks)
2-—2)*—k=0 M1 AL
A=2+qk Al
Two distinct real eigenvalues when k > 0 Al
k=4:A=40rA=0QA=2%2) B1
A =4 —2x + 4y = 0, eigenvector 1 ,Iiney:%x M1 A1l
A =0: 2x + 4y = 0, eigenvector _1 ,Iiney:—%x Al
k = O: repeated eigenvalue 2 with a single independent eigenvector (l) ; k < 0: complex A1Al
eigenvalues 2 + iy—k, so there are no real invariant lines through the origin
Answer:)x=21\/F;k>O 10 marks
Diagonalisation of Matrices
1 (2 marks)
. , 4. _[16 0
Raise each diagonal element to the power 4: D* = 0 8l M1 Al
A (16 0O
nswer . 0 81 2 marks
2 (2 marks)
detP=2-1=1 M1
2 -1
-1 _
P~ = (_1 1 ) Al
2 -1
Answer : (_1 1 ) 2 marks
3 (2 marks)
1 1
The columns of P are the eigenvectors. P = (1 _1) B1
: . 3 0
D has the eigenvalues in the same order: D = 0 1 B1
1 1
Answer: P:(l _1),D:(g 2) 2 marks
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4 (2 marks)
8 0 O
D:=[(0 -1 O M1 AL
0o 0 27
8 0 O
Answer: |0 =1 O 2 marks
o o0 27
5 (2 marks)
The three eigenvalues are distinct, so there are three linearly independent eigenvectors M1
so the matrix P of eigenvectors is invertible and the matrix can be diagonalised El
Answer: Threedistinct eigenvalues 2 marks
6 (2 marks)
3 1
AP = (3 _1) M1
PD = 301 = AP
=l3 _1]° Al
3 1
Answer: AP=PD = 2 marks
3 -1
74 marks)
and 0 B1B1
5
det P = 1 2= M1
_1 2
4_ |73 3
P 1 1 Al
3 3
1 2
1 2 (2 0 _, |73 3
Answer: P ( 1 l),D (0 5),P = 1 1 4 marks
3 3
8 (5 marks)
A*=pPDPL Mt
81 0 1/1 1
4 _ -1_ L
D _(0 1) and P 2(1 _1) B1B1
41 40
4 _
A" = (40 41) M1 Al
A (41 40
nswer 40 41 5 marks
9 (4 marks)
1 2 4 0
— —1 \asi — —
A = PDP WIthP—(l 3) andD—(O —l) M1
3 -2
-1 _
P~ = (_1 1 ) Al
4 =2
PD = (4 _3) M1
14 -10
A= (15 —11) A
14 =10
Answer: A (15 _11) 4 marks
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10 (5 marks)
A =9 —4x + 4y = 0, eigenvector i;)\:lz4x+4y:0,eigenvector _11)
.11 1(-1
Normalise: \/5(1) and\/i( 1
_1(1 -1
P‘ﬁ(l N
9 0
=[5 3}
11 -1 (9 O
AnSNer.P—ﬁ(l 1),D—(0 1)
11 (3 marks)
The matrix is upper triangular, so the eigenvalues are 2, 3 and 5
1 11
P=(0 1 1
0 0 2
2 00
D=|0 3 0
0 0 5
1 11 2 00
Answer: P=({0 1 1|,D=|{0 3 O
0 0 2 0 0 5
12 (5 marks)

-2 1
2\:2:x+2y:0,(1);}x:5:—2x+2y:0,(1)
(=2 1 (2 0 a1 -1
S ERRLE i El s B

47 78
3 _ 3p—1 —
A° =PD°P —(39 86)
47 78
. 3
Answer: A —(39 86)
13 (4 marks)

Eigenvalues 2 and 3 (upper triangular)

. 1
A = 2: eigenvector 0

[y Y- 3

;A =3 —x +y =0, eigenvector 1

0 1 0 3

0 1

1 1 2 0
AnSNer.P—( ),D—(O 3)

14 (6 marks)

. 2" 0 -1 2
A" = PD"P~! with D" = andpPt=2
0 5" 3|1

PD" = (_Zn 2% 5n)

2" 5"

Multiplying by P~*: top left %(2n + 2 x 5"), top right %(—2 x 2"+ 2 x 5"), and so on
which gives the stated matrix

12" +2x5" —2><2”+2x5")

Answer: A" = %
3| —2"+5" 2x2"+5"
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15 (7 marks)
5 -6
A= (1 0 ) B1
Eigenvalues: A\> — 50 +6=0,s0A=2and A =3 M1 AL
So x, = a2" + b3" M1
Xo=la+b=1x,=52a+3b=5s0b=3anda=-2 M1 A1
X. = 3n+1 _ 2n+1 Al
n
Answer: x,, = 3™ — 21 7 marks
16 (5 marks)
B=MNA1—-2N+1=A2—4r+4=( —2)? soA=2only M1 AL
. . . . 1
(A — 2I)(§) =0givesx +y =0, so every eigenvector is a multiple of —l) M1 Al
Diagonalisation needs two linearly independent eigenvectors to form P, so A cannot be El
diagonalised
Answer: Only one independent eigenvector 5 marks
17 (5 marks)
1 2 8 0 3 -2
— =1 i - = —
A = PDP WIthP—(l 3),D— 0 1)andP _(—1 1) M1 Al
. 2 .
Take C = PEP ' withE = (0 1 ,sinceE3=D M1
4 =2
C= (3 —l) M1 Al
4 =2
Answer: C = (3 —l) 5 marks
18 (4 marks)
1 -1 -1
P={1 1 0 M1 A1
1 0 1
4 0 O
D=(0 1 O Al
0 01
The repeated eigenvalue 1 has two independent eigenvectors, so there are three independent El
eigenvectorsin total and P isinvertible
1 -1 -1 4 0 O
Answer: P=(1 1 0|,D=|0 1 O 4 marks
1 0 1 0 01
19 (6 marks)
Xn 0
=Tn M1
b=l
.. |0 -1 1 . .
Write 3512 |11 (solving —ac+pB=0and 20 + B =3 givesax = = 1) M1 A1
0 -1 1
n — 1N n
T(3 —1(2)+4(1) M1
X,=4"—landy,=4"+2 AL1Al
Answer: x,=4" =1y, =4"+2 6 marks
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20 (6 marks)
Eigenvalues 2 and 1 (lower triangular) B1
A =2:3x — y =0, eigenvector é ; A =1: x =0, eigenvector 2 M1 AL
P:(; 2),0:(5 g)andP‘lz(_l?’ 2) Al
n
A"=PD"P1= ( 2 0) M1 Al
32"-1) 1
n
Answer: A" = ( 2 O) 6 marks
32"-1) 1
21 (8 marks)
1 -1 0
A=2:x—y=0,eigenvector |1|; A =4 x+y =0, eigenvector | 1 |; A =5: eigenvector |0 M1A1Al
0 0 1
The eigenvectors are mutually perpendicular; normalise them M1
1 1
— ——= 0
Z
P=|1 1 AL
2 "
0 0 1
2 00
D=|0 4 O B1
0 0 5
8 0 O
A®=pPDP", withD®=|0 64 O M1
0 0 125
36 —-28 O
A=|-28 36 O Al
0 0 125)
2 00 36 =28 O
Answer: P=...,D=(0 4 O0|;A%=|-28 36 0 8 marks
0 0 5 0 0 125
22 (8 marks)
n = 1isthe given result B1
Assume A¥ = PD¥P™%; then A¥** = AA = PD*P~*PDP* = PD*"1P ! M1 A1
Truefor n =1 and, if true for k, true for k + 1, so true for al n El
det A = det P det D det P~* = det D (since det P~ = 1/det P), the product of the diagonal M1 AL
elements
D" has diagonal elements d,", which tend to O when [d;| < 1, soD"—» 0and A"=PD"P1 - 0 M1 A1

Answer: A" = PD"P~%; det A isthe product of the diagonal elements of D; A" = 0 when every |d;| < & marks
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23 (8 marks)
5 1 1 0
M:PDP‘lwithP:( )andD: 7
1 1 0 ==
10
2 11 1
P ‘3(—1 2
1 0
M"=P 7. |P7t
0 ()"
7 7
oo L 2+ ()" 2= 2Ag)"
-3

7 \n 7 \n

Asn—»oo,(l—70)“—>0andM”—>

Wk Wi
Wl Wi

Starting from (c, s) withc + s=1, thelimit is %(c +9) = % in the city

2 2
o 3 3| . .2
Answer: M" - 1 1 ; long-term city proportion =
3 3
24 (7 marks)
. 1 1 0 1{—2 -1
— -1 — — -1_-_=
A = PDP Wlthp—(l _Z)andD—(o _3),andP = 3( 1 1)
1 5
3 3
A% o _a
3 3
20
A"t=PD P twithD™*= 1
0 -3
2 3
_._|9 18
AT=1s 1
9 18
The eigenvalues of A~ are % and —%, the reciprocals of those of A, with the same eigenvectors
i 5 2 S
|3 3| .., |9 18
Answer: A = 10 _E’A “ls 1
3 3 9 18
25 (7 marks)
A?= but the student's formula giv: L1
=|g g4/ butthestudentsformulagives |, ,
These differ, so the student is wrong
The el al 1d2'th'ect1d1 P—llD—10
eeigenvalues are 1 and 2 with eigenvectors |yl and | | |, oP=1, ;D=5
n__
ar=pprpi= [t 21
0 2"
(1 2"=1
Answer: A" =
0 2"
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26 (8 marks)
(@a—A)?—b*=0,s0A=azxbh

l); A=a-—b: _11)

1
a+b 0
0 a—b

A=a+b:

1 1
P:(l —1)’D:
_ 1/1 1
Plzi(l —1)
1({(@+b)" (@a-=-hb"\|/1 1
4m+m“—@—th —J
Multiplying out gives the stated result
a+hb 0
0 a—»b

G"=PD"Pt =

(@+b)"+(@=h)" (a+b)"—(a=b)"

Answer:P:(l 1),D:
@+b) = (@=b" (@+b)"+(@=b)

1 -1

n_1
),andG =32

27 (10 marks)
det(F— A) =1 —2A)(—-A) —1=A*—-A—-1=0
?\zlﬁzE,thaIiscpand\p

(F—(pl)(({)):(1—(p)(p+1:0and(p—(p:O,using(pZ:(p+l,so(({J

similarly for y

-] [1)(

iS an eigenvector;

_1 @ 1
n - = n _ n
"lo]= o) 12)
The second component gives f, = @ \/_gw
(plo _ 123 +25515 and \Vlo _ 123 —25515, S0 fy = 5‘/_@5{5 _ 55
AP el
Answer: f, = %
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28 (11 marks)
1 1 1 2 1 1 3 1
Al0|=|0,A|l|=|2|=2[1|andA|2|=|6|=3|2 M1 Al
0 0 0 0 0 2 6 2
Eigenvalues 1, 2 and 3 B1
111 1 00
P=|0 1 2|andD=|0 2 O B1B1
0 0 2 0 0 3
1
1 -1 3
pP1i=l0 1 -1 M1 A1l
1
0 0 3
An — PDnP—l M1
1 2" 3"
PD"=10 2" 2x3" M1
0 0 2x3"
1 21 Lo
n—
A=lo 2 oo AL
0 0 3"
110
n=1gves|0 2 1|=A B1
0 0 3
n
1 20-1 2o
Answer: A" = 0 on 3N — on 11 marks
0 0 3"
29 (8 marks)
u-(Av) = u-(A,v) = A,(uv) M1 AL
(Au)v = (Au)-v = A,(uv) M1 A1
These are equal, so (A; — A,)(uv) =0 M1
A #Ay,s0uv=0 Al
Normalising u and v gives two perpendicular unit vectors; these are the columns of P M1
ThenP'P=1,s0P™*=P" and A = PDP~* = PDP' E1
Answer: uv =0, so A = PDP" with P orthogonal 8 marks
30 (9 marks)
Suppose BZ = S. Then B commutes with S, so B maps each eigenvector of S onto a multiple of M1 E1
itself, and B has the same eigenvectors
So B = PEP! with E = diag(e,, &,) M1
B2 =Srequirese,’=9ande,® =1 M1 AL
So e; =+3 and e, = +1, giving exactly four matrices Al
Lo (11 411 1 . 2 1\ (1 2\ [-1 -2
With P = (1 _1) and P —5(1 —1) the four matnc&s.are(1 2), (2 1), (_2 —l) M1A1
-2 -1
and (_1 _2)
L (2 1y i .
The matrix withe; =3 ande, = 1is 1 2 with eigenvalues 3 and 1 > 0, and it is symmetric Al
A F i _+21 d+1 2'th " (2 1
nswer: Four matrices: £, ,and £|, ,|; thepostiveoneis|, 9 marks
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Cayley-Hamilton Theorem

1 (3 marks)
AM2—(1+4A+(4—-6)=0,thatisA>—5A—2=0 M1 AL
The matrix satisfies its own characteristic equation: A> — 5A — 2| =0 B1
Answer: A>—5A —2=0; A>—5A -2 =0 3 marks
2 (3 marks)
4 5 10 5
2 _ —
A _(O 9) and5A—(0 15) M1 A1
0 0
2 _ = =
A 5A + 6l (0 0) 0 Al
Answer: A>—5A +6l =0 3 marks
3 (2 marks)
The characteristic equation isA> — 7A +12=10 B1
By the Cayley-Hamilton theorem A? — 7A + 12| =0, so A = 7A — 12| B1
Answer: A% — 7A +12=0; A2=7A — 12| 2 marks
4 (3 marks)
A2 =4A - 3| B1
Rearrange: 31 =4A — A= A4l — A),so A™! = %(4| - A) M1 AL
Answer: A?=4A — 31, A1 = S(4l - A) 3 marks
5 (2 marks)
The characteristic equation isA? — 8\ + 13=0 M1
By Cayley-Hamilton A =8A — 13l,sop=8and q= —13 Al
Answer: p=8,q=-13 2 marks
6 (2 marks)
A3 =A-A?=4A% — 5A M1
= 4(4A — 51) — 5A = 11A — 20 Al
Answer: 11A — 20l 2 marks
7 (5 marks)
2—MNB—-AN+1=A>=-51+7=0 M1 AL
3 5
2 _
A= (_5 8) M1
3 5 10 5 70
2 _ - — -
A B5A + 71 (_5 8) (_5 15)+(0 7) 0 M1 Al
Answer: A —5A+7=0and A>=5A+71 =0 5 marks
8 (4 marks)
A2—5M+1=0,50A?=5A+1=0 M1 A1
A?2—=BA=—|,s0AGI —A)=landA™t=5 — A M1
2 -1
-1 _
A= (_5 3 ) Al
2 -1
Answer: A~ = (_5 3 ) 4 marks
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9 (4 marks)
A?=5A+2|
A% =5A2+ 2A =5(5A + 2I) + 2A = 27A + 10l

37 54
3 -
A ‘(81 118)
37 54
Answer: A% =27A + 10l = ( )

81 118

10 (4 marks)
The eigenvalues are 1, 2 and 3, so the characteristic equation is (A — 1)(A — 2)(A — 3) =0, that
iSA®—6A%+11A —6=0
0 ol/[-1 0 0\/-2 0 O
0 ojflo 0 O0|jfl0 -1 0
0 0 2/\0 0 1/\0 0 O
Each diagonal element of the product contains a zero factor, so the product is the zero matrix
Answer: A% — 6A%+ 11A — 6=0and D® — 6D?+ 11D — 61 =0

0
OD-NHD-2)D-3)=|0 1

11 (5 marks)
Trace=6
Sum of principal 2 x 2minors; (6 —0)+(2—0)+((3—0)=11
detA=2383-0)—10—1)+0=7,givingA®>—6A>+11A —7=0
A®—6A%2+11A —71=0
Answer: A® —6A%+11A — 71 =0

12 (6 marks)
Characteristic equation A> — 3\ +2=0, s0 A2=3A — 2|
A®=3A2—2A =7A — 6l
A*=7A% — 6A = 7(3A — 2I) — 6A = 15A — 14l

o[

Answer: A% = 15A — 14| = (:;g éi)
13 (4 marks)

A-2= (_11 _11)

(A —21)?%= (8 8) =0

Expanding: A% — 4A + 41 =0, s0 A2 = 4A — 4
Answer: A% =4A — 4

14 (5 marks)
a’+bc b(a+d)
cla+d) d*+hbc

2 -

2
a+da= |2 A ab+b‘3
ac+cd ad+d
bc — ad 0
2 _ _
A —(a+dA = 0 bc—ad)

Adding (ad — bc)l gives the zero matrix
Answer: A? — (a+d)A + (ad — bc)l =0
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15 (6 marks)
A®—B6A2+11A - 71=0
71 = A% — 6A% + 11A = A(A? — BA + 111)
1

So A™h= (A% — 6A + 11I)
4 5 1
A%?=[1 9 4
311
3 _1 1
(3 7t I 27 72
-1 _ — — = = N —
AT=73 1 2 2| = 7 7 7
-3 1 6 3 1 6
7 7 7
3 _1 1
7 7 7
oa-1_| 1 2 2
Answer: A7 = = = -
_3 1 8
7 7 7
16 (6 marks)

The characteristic equation of A isA? — (k+3)A +(3k — 2) =0
Comparing with A2 = 7A +10=0: k+3=7and3k — 2=10,s0k = 4

3 _1
4_ 1, | 10 5
A —10(7I A) = 1 5
110 5
3 _1
10 5
. —_ A -1
Answer: k =4; A7 = 12
10 5

17 (5 marks)
A®=5A% — 7A =5(5A — 7I) — 7A = 18A — 35
A*=18A% — 35A = 18(5A — 7I) — 35A = 55A — 126l

—-16 55
4 _
w= T )
-16 55
- - -
Answer: A® = 55A — 126] (_55 39)

18 (5 marks)
Trace = 1 and determinant= —2+2=0,s0A> — A =0
A2—A=0,50A%=A
By induction A"=Aforaln=1(A™ =AA"=A-A=A)

2 -1
100 - A —
aw=a=(5 7]

2 -1
. A 100 —
Answer: A7 = (2 _1)
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19 (6 marks)
Trace = 0 and determinant= —4+4=0,s0A%=0 M1 A1
By the Cayley-Hamilton theorem N2 = 0 Al
I+N)( =N)=1=N?=I,0(1+N)"'=1—=N M1 A1
-1 4
I —N= (—l 3) Al
-1 4
Answer: (I +N)™t= (_1 3) 6 marks
20 (6 marks)
A>—6A+5=0,s0A%?=6A — 5| M1 Al
2 _1
_ > _ 1_1 _| 5 5
5l=6A —A®=A(6l — A), 0AT =56l —A)=| ", M1 A1
"5 5
A®=6A2 — 5A = 31A — 30l and A% = 31A2 — 30A = 156A — 155I M1
A5 =156A2 — 155A = 781A — 780l Al
2 _1
ca-1_| 5 Bl as_
Answer: A" = 3 4 | A> =781A — 780l 6 marks
5 5
21 (8 marks)
A3=6A2 - 11A + 7l M1 A1
A*=6A%— 11A% + 7A M1
= 6(6A% — 11A + 7I) — 11A% + 7A M1
= 25A% — 50A + 42 Al
4 5 1
A?2=|1 9 4 B1
311
24 66 25
A4=|25 90 41 M1 Al
16 25 8
24 66 25
Answer: A*=25A% — 50A +42| = |25 90 41 8 marks
16 25 8
22 (7 marks)
(A — I)(A — 41) = A% — BA + 4 M1 AL
=(A>—=5A+7])—31=-3 M1
S0 (A — [—3(A — 40)] =1, hence A — | isinvertible with inverse — 2 (A — 41) £1
-2 1
A—4I—(_1 _1) B1
2 _1
ho1_ |3 3
A-DN"= 1 1 M1 Al
3 3
2 _1
3 3
Answer: (A =)'z —3(A—d)=|; 7 marks
3 3

stemup.co.uk | page 71



StemUp | Further Mathematics | Further Pure Mathematics: Matrices | Model Answers

23 (8 marks)
By Cayley-Hamilton: A® + pA2+gA +rl =0
Rearranging: A(A% + pA +ql) = —rl

Sincer # 0, A - [—%(A2 +pA + )] =1, so A~ exists and equals —%(A2 +pA +ql)

Herep=—3,q=3,r=—13 0 A~ = 7o(A% — 3A + 3)
1 4 6
A?2=|6 1 6
4 4 1
1l _2 6
13 13 13
4_| 6 1 3
A=l T "1
2 4 1
13 13 13
1 2 6
13 13 13
o _1_| 6 1 3
Answer: A7 = 3 LK) 3
2 4 1
13 13 13
24 (6 marks)

det(A — Al) isapolynomial in A with scalar coefficients; substituting A = A means replacing
each power of A by the same power of the matrix A

For A, det(A — Al) = A% — 5\ — 2, so the substitution gives A2 — 5A — 21, amatrix

The student's det(A — A) = det(0) = O isascalar zero, not the zero matrix, and it was obtained by

subgtituting into the matrix A — Al before taking the determinant, which is not the same operation

The theorem claims the matrix A2 — 5A — 2l isthe zero matrix, which has to be checked:
7 10 5 10 2 0\ _

(15 22) B (15 20) B (0 2) =0

Answer: The argument confuses a scalar with a matrix

25 (8 marks)
Characteristic equation: A2 — (—1)A + 1 =0, thatisA>+A+1=0
So A? + A + | = 0 by the Cayley-Hamilton theorem
(A—DA2+A+1)=A3—1=0,0A%=]
0 -1
100=3x33+1,50AP =(A)FA=A = (1 —1)
-1 1
—1_ a2 _
AT zAZ= (_1 O)

Answer: A =A: A7 = (

-1 1
-1 0
26 (7 marks)
Trace=0and det B = —1 + 6 = 5, so the characteristic equation isA>+5=0
By the Cayley-Hamilton theorem B? + 5| = 0, so B = —5|
B¥ = (B%° = (-5)°l = —3125|
—3125 —6250
1 - _ -
BT = —3125B ( 9375 3125 )
—3125

9375

—6250
. p10— _ . pll_
Answer: B™ = —3125I; B ( 3125 )
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27 (12 marks)
Trace=2+1+1=4 B1
Principal 2 x 2 minors: 2 —0=2,2—0=2and 1 — 0=1, withsum5 M1 Al
det A=2(1—-0) — 0+ 1(2 — 0) =4, sotheequation isA® — 4A> + 5A — 4=0 M1 A1
A% =4A% — BA + 4 B1
A*=4A% — 5A? + 4A = 4(4A% — 5A + 41) — 5A% + 4A = 11A? — 16A + 16l M1 A1
4 2 3 28 22 17
A?2=|3 1 1|, s0A*=(17 11 11 M1 Al
2 4 1 22 12 11
4 = A% — 4A% + 5A = A(A® — 4A +51),s0 A" = %(AZ — 4A +5l) M1
i 1 _1
4 2 4
1|1 11
AT=\"2 2 3 Al
1 1
z 1 3
L
28 22 17 41 i 14
Answer: A*=11A% = 16A + 16l = |17 11 11);A™'=|-72 5 7 12 marks
22 12 11 1 1
= _l =
2 2
28 (9 marks)
Trace A =29 and det A = 198 — 98 =100, S0 A> — 29A +100=(A — 49)(A — 25) =0 M1 Al
The eigenvalues of X? are the squares of the eigenvalues of X, so the squares of the eigenvalues M1
of X are 4 and 25
X has positive eigenvalues, so they are 2 and 5 Al
The characteristic equation of X is(A — 2)(A —5)=A2—7A+10=0 B1
By Cayley-Hamilton X2 — 7X + 101 =0, so A = 7X — 10l M1
X = 2(A +101) AL
21 7 3 1
A+1OI—(14 28)’30)(_(2 4) M1 A1l
31
Answer: X = (A +101) = (2 4) 9 marks
29 (11 marks)
If A =kl then A? = k?l = —I would need k? = —1, which has no real solution M1 E1
By Cayley-Hamilton A2 — (tr A)A + (det A)l = 0; with A2 = —| this gives (tir A)A = (det A — 1) M1 A1
If tr A # 0 then A would be a scalar multiple of I, which isimpossible; so tr A = 0 and then det A M1 A1
=1
TraceOmeansd = —a, anddet A = —a®> —bc=1,s0a’+bc= -1 M1 AL
1 0 2
Witha:Oandb:Z:Zc:—l,soc:—iandA: 1 0 M1 A1
2
-1 0
2 _ - _
A= 0 _1) =—I Al
0 2
Answer: A = 1 11 marks
-5 0
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30 (11 marks)
Trace 4 and determinant 4, s0A> — 4A +4=(A — 2)>=0
A?=4A — 4
n=11xA—-0=A
Assume AX = k2*7IA — (k — 1)2XI; then AK*? = k2K71A2 — (k — 1)2¢A
= k2"14A — 41) — (k — 1)2A = [k2"! — (k — 1)24A — k2"
= (k + 1)2A — k2**1|, theformulawithn=k + 1
64 192
0 64 )
If A were diagonalisable, with the only eigenvalue 2, then A = P(21)P™* = 2I, which it is not; so A
cannot be diagonalised
64 192
0 64 )

A6:6><32A—5><64I:(

Answer: A% = (

stemup.co.uk | page 74

M1 Al

B1
B1

M1
M1 Al
Al

M1 Al

El

11 marks



