StemUp | Further Mathematics | Further Pure Mathematics: Interpolation and Approximating Functions | Question Pack

Linear and Quadratic I nterpolation

10

11

Given that f(2) = 5 and f(3) = 9, use linear interpolation to estimate f(2.4).

Given that In 2 = 0.6931 and In 3 = 1.0986 (to 4 decimal places), use linear interpolation to
estimate In 2.5, giving your answer to 4 decimal places.

The temperature of a metal bar is 23.5 °C after 10 minutes and 31.2 °C after 20 minutes.
Use linear interpolation to estimate its temperature after 14 minutes.

Two values of afunction are f(4) = 10 and f(6) = 16.
Use linear extrapolation to estimate f(7).

The true value of a quantity is 4.8 and an estimate of it is 4.92.
Find the percentage error of the estimate.

A function is known at x = 10, 20, 30, 40, 50.

(a) State whether an estimate of f(35) is found by interpolation or by extrapolation.

(b) State whether an estimate of f(60) is found by interpolation or by extrapolation, and say
which of the two estimatesis likely to be less reliable.

The table shows values of afunction f.
Use inverse linear interpolation to estimate the value of x for which f(x) = 9.5. Give your
answer to 3 significant figures.

X 3 4
fx) 7.8 10.2

Given that cos 40° = 0.7660 and cos 50° = 0.6428 (to 4 decimal places):

(@ uselinear interpolation to estimate cos 44°, giving your answer to 4 decimal places.

(b) Given that the true value of cos 44° is 0.7193 (4 d.p.), find the percentage error in your
estimate, to 2 significant figures.

The population of atown was 5.2 thousand in the year 2000 and 6.1 thousand in the year 2010.

(@ Uselinear interpolation to estimate the population in 2004.
(b) Uselinear extrapolation to estimate the population in 2018, and explain why this
estimate is less reliable than the one in part (a).

A continuous function g satisfies g(1) = —2.3 and g(2) = 1.9.
(@ Explain why the equation g(x) = 0 has aroot between x = 1 and x = 2.
(b) Uselinear interpolation to estimate this root, giving your answer to 3 significant figures.

A quadratic p(x) = ax? + bx + ¢ passes through the points (1, 3), (2, 3) and (4, 9).
(@ Findthevaluesof a, b and c.
(b) Hence estimate the value of f(3), assuming that f is approximated by p.
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The cumulative frequency table shows the lengths | (in mm) of 60 leaves.
! (mm) =20/ =30 =40 =50
Cumulative frequency 4 15 38 60

(@ Uselinear interpolation to estimate the median length, giving your answer to 3

significant figures. [3]
(b) Estimate the percentage of |eaves shorter than 35 mm, giving your answer to 3
significant figures. [2]

The table shows some values of afunction f.
X 0 1 2 3 4
fixy 1.0 1.8 3.1 5.0 8.2

(@ Uselinear interpolation between the two most suitable values to estimate f(2.7). [2]
(b) Uselinear extrapolation to estimate f(5), and comment on its reliability. [3]

Values of f(x) = x® areknown at x = 2 and x = 3.
(@ Useinverse linear interpolation to estimate the solution of x® = 20, giving your answer

to 4 significant figures. [3]
(b) Find the percentage error in this estimate, given that the true solution is 3\/% ,t02
significant figures. [3]

The quadratic p(x) = ax? + bx passes through the three points on the curvey = sin x withx =0, x = % and x

II

? .
(@ Find the exact values of aand b. [3]

(b) Useptoestimatesin E, and find the percentage error given that sin % = % [4

The speed v m s~ of acyclistisrecorded as4att=0s, 14 att=5sand 20 a t = 10s. A model v = at® +
bt + cisfitted through these three points.

(@ Finda bandc. [4]
(b) Estimatethespeedatt=7s. [1
(©) Find the time between t = 0 and t = 10 at which the model gives a speed of 16 ms™2, to

3 significant figures. [2]

A function f has f(a) < 0 < f(b), where f is continuous on [a, b].
af(b) — bf(a)

(@  Show that the root of f(x) = 0 estimated by linear interpolation isx = o) =@ [3]
(b) Usethisresult with f(x) = x> — 5, a= 1, b = 2 to estimate the root, giving your answer
as an exact fraction. [2]

Values of yx are known at x = 9, 16 and 25.
(8 Uselinear interpolation between x = 16 and x = 25 to estimate 20, and find the

percentage error given that {220 = 4.4721 (to 4 d.p.). [4]
(b) The quadratic through (9, 3), (16, 4) and (25, 5) is p(x) = — 7 y+ 10

1.2, 9 10
504% * 502Xt 7

Use p to estimate 120 and find the percentage error. [3]
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19  The graph shows the height of a plant measured at the end of each of the first six weeks: 4, 9, 15, 20, 24 and
27 cm.
height (cm) N

30 A

25 1 °

20 A ]

15 A [ ]

10 A °

51 e

»

O 1 2 3 4 5 week

(@ Uselinear interpolation to estimate the height after 3.5 weeks. [2]
(b) Uselinear extrapolation from the last two readings to estimate the height after 8 weeks. [2]
(c) Explain, using the pattern in the data, why the estimate in part (b) is likely to be too

large. [1]

20 Ravi estimates f(3.5) using f(3) = 10 and f(5) = 18. Hisworking is:
f(35) = 10+ & x (18 — 10) = 15.6

(&8 Identify the error in his working. 2]
(b) Find the correct estimate and say whether Ravi's value could have been sensible. [3]

2L Thefunction f(x) = = hasvaluesf(1) = 1, f(2) = 5 and f(4) = 5.

(8 Find the quadratic p(x) passing through (1, 1), (2, 3) and (4, 3). 2]
(b) Usep to estimate f(3) and find the percentage error. [3]
() Uselinear interpolation between x = 2 and x = 4 to estimate f(3), and find the

percentage error. [3]
(d) Comment on the relative accuracy of the two methods here. [1

22 A manufacturer records the cost £C (in thousands) of making x hundred units as 2 when x = 0, 3when x = 2
and 8 when x = 4.

(@ Fitaquadratic C = ax? + bx + ¢ through the three values and find a, b and c. 4
(b) Usethe model to estimate the number of units that can be made for a cost of £4000,
justifying which root you use, giving your answer to the nearest unit. [5]

23 ThelinelL joinsthe points (a a2 and (b, b?) on the curvey = x?, wherea< b.

(@ Show that the equation of L isy = (a+ b)x — ab. [3]
(b)  Hence show that linear interpolation overestimates x> for a< x < b by (x — a)(b — x),
a2
and that the greatest overestimate is m. [4]

(©) Usethisto find the maximum possible error when x? is estimated by linear interpolation
between x = 3 and x = 3.2. [1]

24 Letf(x)=x>+x— 3.
(@ Show that f(x) = 0 has aroot between 1 and 2 and use linear interpolation to find a first

estimate X;. (3]
(b) Evaluate f(x,), and use linear interpolation between x; and 2 to find a second estimate
X5, t0 3 decimal places. [3]

(c) Therootis1.213 to 3 d.p. Find the percentage error of x, and x,, and explain why
linear interpolation converges slowly here. [3]
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25 Takeg=9.8ms2 A bal isthrown upwards and its height h metresisrecorded as15.1att=1s, 20.4 at t

=2sand15.9 at t = 3s. A quadratic h = at? + bt + c is fitted through these three readings.
(@ Finda bandc.

(b) Usethe model to estimate the greatest height reached and the time at which it occurs, to

3 significant figures.
(c) Estimate when the ball returns to its starting height, and explain why a quadratic model
is exact for this motion.

26 The table gives four values of afunction f, which are believed to follow a smooth curve.
X 0 1 3 4
fix) 2 3 11 18.6

(@ Uselinear interpolation between x = 1 and x = 3 to estimate f(2).

(b) Find the quadratic through (0, 2), (1, 3) and (3, 11) and use it to estimate f(2).

(c) Usepto predict f(4), and find the percentage difference between this and the tabulated
value.

(d) State, with areason, which estimate of f(2) you would trust more.

27 A quadratic p(x) passes through (—h, yg), (0, y;) and (h, y,), where h > 0.

Y2 = Yo YO_ZYN'szz

(@ Show that p(x) =y, + o Xt o

(b) Henceshow that 7 p(x) dx = H(yo + 4y, + o).

(c) Usethisresult to estimate Jl‘z % d x using the values of % ax=1 15and 2, giving
your answer to 4 decimal places.
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28 A quadratic p(x) isto approximate f(x) = \/Y on [4, 9]. Itisrequired that p(4) = (4), p'(4) = f'(4) and p(9) =

f(9).
(@ Show that p(x) =2 + %(x — 4) + k(x — 4)? for some constant k, and find k.

(b) Usep to estimate \/E and find the percentage error to 2 significant figures.
(c) Show that p(x) — \/Y has a double root at x = 4, and explain what this means for the

graphs of y = p(x) and y = y/x at x = 4.

(5]
(4]

(2]

29  Thefunction f(x) = x> — x — 1 has aroot between 1 and 2. Values are f(1) = —1, f(1.5) = 0.875 and f(2) =

5.

(@ Uselinear interpolation between x = 1 and x = 1.5 to estimate the root.

(b) Inverse quadratic interpolation fits x as a quadratic iny = f(x), x = Ay? + By + C,
through the three points. Find A, B and C as exact fractions.

(c) Hence estimate the root as the value of x when y = 0, and compare with the true root
1.3247 by finding the percentage error.

30 Linear interpolation between x = 1 and x = 2 is used to estimate values of f(x) = %
3—X
2

(b)  Show that the line lies above the curve for 1 < x < 2. [Hint: consider x(3 — x) — 2]

(@ Show that theinterpolating lineisy =

() Find the exact value of x at which the overestimate E(x) = S;ZX - % is greatest, and
the exact greatest overestimate.
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L agrange and Newton | nterpolation
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Write down the Lagrange basis polynomials L o(x) and L,(x) for the nodes x, = 1 and x; = 3. [2]

The nodes are X, = 0, X; = 1 and x, = 2. Find the Lagrange basis polynomial L,(x) and
evauate L ,(0.5). [2]

Find the divided difference f[x,, x,] for the data (1, 4) and (3, 10), and write down the linear
Newton interpolating polynomial p(x). [2]

Thevaluesof fatx =0, 1, 2, 3are 2, 5, 10, 17. Construct the forward difference table up to
the third differences and state the degree of the interpolating polynomial. [3]

Calculate the second divided difference f[x,, X4, X,] for the data (1, 3), (2, 5), (4, 11). [3]

(a) State how many different polynomials of degree at most n pass through n + 1 data points
with distinct x-values.

(b) State the greatest possible degree of the polynomial through six such points. [2]
A quadratic passes through (0, 1), (1, 3) and (3, 13).

(@ Write down the three Lagrange basis polynomials for the nodes 0, 1, 3. [2]
(b) Hence find the quadratic in the form ax? + bx + c. [3]

A function f hasf(—1) = —2,f(1) =2 and f(2) = 7.
(@ Construct a divided difference table. [2]
(b)  Write the interpolating polynomial in Newton form and use it to estimate f(0). [3]

The quadratic through (0, 1), (1, 2) and (2, 5) isp,(X) =1 + x + x(x — 1) in Newton form. A fourth data
point (3, 14) is then added.

(@& Find py(3). [4
(b)  Show that the cubic through all four pointsis ps(x) = p(x) + %x(x - 1)(x — 2),
explaining why only one new term is needed. [4]

For equally spaced data with step h, the Newton forward difference formulais p(x) = f, + sAf, +

S(SZ_! 1)A2f0 + ..., Wheres= X —hXo_

A function takesthevalues 1, 4, 11, 22at x =0, 1, 2, 3.

(@ Find the first, second and third forward differences at x,,. [2]
(b) Find p(x) and use it to estimate f(1.5). [3]

Neville's algorithm builds an estimate from two earlier ones. For nodes x; and x; with estimates P;(x) and
(x = %)P,(¥) = (x = X)P(x)
Xj = X; )

The dataare f(1) = 3, f(2) = 7 and f(4) = 21.
(@ Use Neville's agorithm to estimate f(3), first combining the nodes 1 and 2, then the

nodes 2 and 4, and finally combining these two results. [4]
(b) Check your answer by finding the quadratic through the three points and evaluating it at

X =3. [1]

P;(x), the combined estimate is
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The table gives four values of afunction f.
x 0 1 2 4
fx)y 1|0 5 |57
(@ Construct the divided difference table and write down the Newton interpolating cubic. [3]
(b) Hence estimate f(3). [2]

GiventhatIn1=0,In2=0.6931 and In 4 = 1.3863 (4 d.p.), aquadratic p is fitted through the points (1, In
1), (2,In2) and (4, In 4).

(@ Use Newton's divided differences to estimate In 3 as p(3). [3]
(b) Given that In 3 =1.0986, find the percentage error. [2]

Let Xq, X4, X, be distinct. Suppose p and q are polynomials of degree at most 2 with p(x;) = q(x;) =y, fori =
0,12

(@ Provethat p(x) = q(x) for all x. [3]
(b)  Show by example that the result fails if only two points are given, for polynomials of

degree at most 2. Use the points (0, 1) and (1, 2). [2]
Thevalues of afunctionf at x =0, 1, 2, 3, 4 are 3, 4, 15, 48, 115.
(@ Construct aforward difference table and explain why the data come from a cubic. [3]
(b) Extend the table to predict (5). 2]
() Find f(x) in the form ax® + bx? + cx + d. [2]

The table shows values of a function that should be exactly quadratic. One of the values has been recorded
wrongly.

x 0 1 2 3 4 5 6 7
fx) 1 3 7 13 21 33|43 57

(@ Construct the first and second difference columns and use them to locate the wrong
value. [3]
(b) Find the error in f(5) and the correct value. [2]

A cubic isto pass through (—1, 3), (0, 1), (1, —1) and (2, 7).
(& Write down the Lagrange basis polynomial L,(x) associated with the node x, = 1. [2]
(b)  Find the cubic in expanded form. [5]

A function f is tabulated: f(1) = 1, f(2) = 3, f(3) = 7. Use Lagrange interpolation, treating x as a function of
y = f(x), to estimate the value of x for which f(x) = 5. The function is f(x) = x> — x + 1, whose positive
solution of f(x) =5isx = 2.562 (4 s.f.).

(@ Estimate x when f(x) = 5. [4
(b) Find the percentage error. [2]

The Newton form of an interpolating polynomial for afunction f at the nodes 1, 3, 4isp(x) =2 + 3(x — 1)
+4(x — 1)(x — 3).

(@ Findf(1), f(3) and f(4). (2
(b) Verify that f[3, 4] = 15 and hence confirm that f[1, 3, 4] = 4. [3]
(©)  Write p(x) in the form ax? + bx + c. [2]

Equally spaced nodes x, X, + h, X, + 2h have function valuesf, f,, f,.
A%, 4
2h? " (4]

(b) Usethisto find f[X,, X4, X5] when h = 0.5 and the values are 1.2, 1.9, 3.0. [2]

(& Show that f[Xq, X1, X5] =
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(n+1)
The interpolation error for a polynomial p, through n + 1 nodesis f(x) — p,(X) = In +(lE)? (X = Xg)---(X = Xxp)

for some € in the interval. A quadratic p is fitted to f(x) = sin x at the nodes 0, 0.2, 0.4.

(@ Show that |[sin x — p(x)| = 0.0005 at x = 0.1. [4
(b) Givensin0.2=0.19867 and sin 0.4 = 0.38942, use Newton's divided differences to find
p(0.1) and the actual error. Give p(0.1) to 5 decimal places. [5]

For linear interpolation of f between x =aand x = b =a+ h the error isf(x) — p,(x) = @(x —a(x —b)

for some € in (a, b).

(@ Show that if |f"] = M on [a, b] then [f(X) — p,(X)| = MThz [3]

(b) Atableof Inxfor 1 = x = 2 uses equally spaced values with step h and linear
interpolation. Find the largest h for which the error is guaranteed to be below 5 x 1075,

Give h to 3 sf. (4]
(c) A tablewith step 0.005 is used. State how many entries it contains (including x = 1 and

X =2). [1]
Consider the data (1, 3), (2, 5), (4, 13).
(@ Construct the divided difference table taking the nodes in the order 1, 2, 4. [3]
(b) Repeat with the nodes in the order 4, 2, 1. [3]
(c)  Write both Newton polynomials and explain why they are equal. [3]

Let Ly, L,, L, bethe Lagrange basis polynomials for distinct nodes X, X5, X,.

(8 Explainwhy Ly(x) + L,(X) + L,(x) =1 for al x. [2]
(b) Explain why XL g(X) + X;L1(X) + X,L,(X) = x for al x. 2]
(c) ForthenodesO, 1, 3find Ly(2), L,(2), L,(2) and verify that the two identities hold at x

=2, and that %L (2) + X;%L1(2) + X,°L,(2) = 4. [5]

Values of f(x) = sin x are 0.8415, 0.8912 and 0.9320 at x = 1.0, 1.1 and 1.2. The quadratic p through these
points is used to estimate derivatives.

(& Find the Newton divided differences f[1.0, 1.1], f[1.1, 1.2] and f[1.0, 1.1, 1.2]. [3]
(b)  Write p(x) in Newton form and differentiate to show that p'(x) = f[1.0, 1.1] + f[1.0, 1.1,

1.2](2x — 2.1). Hence estimate f'(1.1). [3]
(c) Compare with cos 1.1 = 0.4536 and use p" to estimate f"(1.1). [3]

A function f takes the values 2, 3and 8 at x = 0, 1 and 3.
(@ Find the quadratic Newton interpolating polynomial p(x) and write it in the form ax? +

bx + C. (4]
(b) Estimate [* f(x) dx by integrating p. 2]
(c) Find the trapezium rule estimate using the same three points and explain why it is larger

than your answer to (b). [3]

X1, Xa] = f[Xos X4]

f,—f
Let f[Xo, X,] = ﬁ and f[Xo, Xy, X,] = , where f, = (x,).

X2 = Xo
_ fo fy f)
(@ Show that flxo, X, X;] = (Xo = X1)(Xo — Xp) * (X1 = Xo)(Xy = Xp) * (X2 = X)(Xz = Xp) [7
(b) Hence explain why the value of f[X,, X3, X,] does not depend on the order of the nodes. [2]

(c) Usetheformulato evauate f[x,, X4, X,] for the data (0, 3), (2, 1), (5, 13). [2]
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Let p be the linear polynomial interpolating f at x = aand x = b, and let x be fixed with a< x < b. Define
w(t) = (t — a)(t — b) and g(t) = f(t) — p(t) — Kw(t), where K is chosen so that g(x) = 0.
(@ Show that g(a) = g(b) = 0 and hence that g" has a zero € in (a, b). Deduce that f(x) —

fll
p0) = &) (x — a)(x - by. 7
(b) Usethe result to bound the error when f(x) = € is linearly interpolated between x = 0
and x = 1, evaluated at x = 0.5. [2]
() Findthe actua error at x = 0.5 and verify it is within the bound. [2]

The cubic f(x) = x® is interpolated by a quadratic p at the nodes x = 0, 1, 2.

(@ Usedivided differencesto find p(x). [4
(b)  Show that x3 — p(x) = x(x — 1)(x — 2). [2]
(c) Show that this agrees with the interpolation error formula, and explain why & does not

need to be known. [3]
(d) Find the actual error when x = 1.5 is estimated by p, and the percentage error. [3]

A function f hasf(0) = 1, f(1) = 2, f(2) = 5, f(3) = 10 and f(4) =y, where y is unknown. The polynomia p
of degree at most 4 interpolating these five values has x* coefficient equal to 1—12

A
(@  Show that the x* coefficient equals T‘fo and hence find y. [5]
(b)  Write down p(x) in Newton form. [3]
(c) Hence estimate f(2.5), and f(5) by extrapolation. [3]

Cubic Splines and Piecewise | nter polation

A piecewise linear interpolant S passes through (0, 1), (2, 5) and (5, 2). Find $(1) and S(3). [3]

A cubic spline is to pass through 5 data points, with a separate cubic on each interval between

neighbouring points.

(a) State the number of cubic pieces and the total number of coefficients.

(b) Explain how these are determined by the conditions: values at the ends of each piece,

continuity of S and S" at interior knots, and natural end conditions. [3]

The first piece of a natural cubic splineon 0 < x < 1isS;(x) = 2x* + bx®> + x + 1. Find b. [2]

A splinehas S;(x) = x3+ 2xfor0 < x < 1and Sy(x) =3+ 5(x — 1) + 3(x — 1) + (x — 1)®
for 1 = x = 2. Show that the values, first derivatives and second derivatives of the two pieces
agreeat x = 1. [3]

A piecewise linear interpolant passes through (0, 2), (1, 5) and (3, 4).
(a) State the gradient on each piece.
(b) State whether S'is continuous at x = 1 and what this means for the graph. [3]

A function is defined by S(x) =x*for0 = x = 2and S(x) =4+ 4(x — 2) — (x — 2)*for2 <
X < 4. Find S(1.5) and S(3). 2]

A natural cubic spline through (0, 0), (1, 1) and (2, 0) is claimed to be S(x) = 9x — 3x*for 0= x = 1 and

S =1-o(x— D2+ 3(x— DPforl=x=2

(@ Verify that S passes through the three points and that S is continuous. [2]
(b) Verify that S and S" are continuous at x = 1. [2]
(o) Verify that the natural end conditions hold. [1
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Thefunction S(x) =x3 — xfor0sx <1, andS(x) =a(x — 1)*+b(x — 1)2+2(x — 1) forl < x < 2, is
to be a cubic spline passing through (2, 4).

(@ Show that Sand S are continuous at x = 1. [2]
(b) Findbsothat S"iscontinuous at x = 1, and then find ausing S(2) = 4. [3]

A natural cubic spline S passes through (0, 1), (1, 3) and (2, 2). On [0, 1] it is Sy(X) = 1 + byx + ¢;x? + dx3,
andon [1, 2] itisSy(X) = 3+ by(x — 1) + Cy(x — 1)% + dy(x — 1)
(@ Write down the conditions that determine the eight unknowns and use the natura end

conditions to show ¢, = 0 and ¢, = —3d.. 2]
(b) Solve for the coefficients and write down S; and S,. [3]

The boiling point of water (°C) at various altitudes is shown in the table. The values are joined by straight
line segments (piecewise linear interpolation).

Altitude (m) 0 1000 3000 5000
Boiling point (°C) = 100 @ 96.7  90.0 83.6

(@) Estimate the boiling point at an atitude of 2000 m. [2]
(b) Estimate the atitude at which water boils at 86 °C. [2]
(c) Explain why the answers are only estimates. [1]

A natural cubic spline S through (0, 2), (1, 1) and (2, 3) is S(x) = %x3 - %x +2for0=x=1and S(x) =

o= 1P+ g~ 12+ 5k~ D+1lforl=x =2
(@ Find S(05). 2]
(b) Find S(15) and S'(L5). 3

Piecewise quadratic interpolation is used through five points. The first quadratic Q, passes through (0, 1),
(1, 2) and (2, 5), and the second Q, passes through (2, 5), (3, 6) and (4, 5).

(@  Show that Q;(x) = x? + 1 and find Q,(x). [2]
(b)  Show that the piecewise function is not smooth at x = 2 by comparing gradients. [2]
(c) Estimatethevalueat x = 3.5. [1

A natural cubic spline passes through (0, 0), (1, 2) and (3, 1), with S;(x) = b;x + d,x® on [0, 1] (since S'(0)
=0and S(0) = 0) and S,(x) = 2 + by(x — 1) + c,(x — 1)? + d,(x — 1) on[1, 3.
(8 Usethe conditions at x = 1 and the natural condition at x = 3 to show that ¢, = 3d; and

1
d2 = _§d1 [2]
() Hencefindd, and b,. (3]

A natural cubic spline Sis fitted through (0O, 0), (1, 2), (2, 3) and (3, 1). Let m; = S'(X;), somy=m3 = 0.
For unit spacing, continuity of S at x; givesm;_; + 4m, + m;,; = 6(Y;.; — 2y, + Yi.1), and on [x;, X;,,] the
M,y — M 2m; + My

6 6 )
(® Find m; and m.,. (4]
(b) Hencefind S(1.5). [3]

cubicisS=y; + bt+ %t2+ '3 wheret = x — x;and b, =y, — Y —
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20

The function f(x) = ~ is tabulated a x = 1, 2, 3, 4 with values 1, , 5, 3. Three methods are used to

estimate f(2.5): (i) linear interpolation between x = 2 and x = 3, (ii) the quadratic through x = 2, 3, 4, and
(i) the natural cubic spline through al four points, for which m; = % and m, = 0 (where m; = S'(x;)).

. . . I Yi*VYiu m; + M,y
For unit spacing, the spline on [X;, X;,4] has midpoint value - .

2 16
X 1 2 3 4
fo 1 [ 1/2 1/3|1/4
(@ Find the three estimates of f(2.5). [4]
(b) Find the percentage error of each estimate (true value 0.4), to 3 significant figures, and
say which is most accurate. [3]

A natural cubic spline passes through (0, y,), (h, y;) and (2h, y,). Let m; = S'(X;), so mg = m, = 0.

The continuity of S at x = h givesh mg + 4hm, + hm2=6(y2;y1 _ yl;yo).
3(yo— 2y, +
(8 Show that ml:W' 3

(b) Findm;whenh=05andy,,vy,, Yy, ael, 25, 2, and state what the sign of m, tellsyou
about the curve at the middle knot. [3]

A cubic S(x) = 1+ 2x + cx? + dx® on [0, 1] satisfies S(0) = 1, S(0) = 2, S(1) = 4 and S(1) = —1 (a clamped
end condition at both ends).

(@ Findcandd. [4
(b)  Show that this cubic does not satisfy the natural spline condition at x = 0. 1
() Find the x-coordinate of the maximum of S on [0, 1], to 3 significant figures. 2]

The function S(x) = x3 — 2x + 3for 0 = x < lisjoined to S(x) =2 + k(x — 1) + 3(x — 1)? + (x — 1) for
l=x=2
(@ Show that Sis continuous at x = 1 for every k, and find the value of k for which S'is

also continuous. [3]
(b)  Show that, with thisk, S" is also continuous at x = 1. [2]
(c) Describethegraph at x = 1if k = 0 is used instead. [1]

The natural cubic spline S through (0, 2), (1, 0) and (2, 1) has, on [1, 2], SX) = —2(x — 1)° + 3(x — 1)? -

2x— 1),
(@ Find the x-coordinate of the stationary point of Son (1, 2), giving your answer to 3

significant figures. [3]
(b) Findthe value of S at this point, to 3 significant figures, and describe the stationary

point. (3l

A student finds the natural cubic spline through (0, 0), (1, 3) and (2, 0). They obtain S;(x) = %x - %x"3 for

0=x=1adS,() =3+ 90— 1) — a(x — 2+ o(x — D*forl = x = 2

(@ Show that S, does not pass through the point (2, 0). [2]
(b)  Identify which spline condition the student has violated and find the correct S,. [3]
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21 A natura cubic spline Sisfitted to (0, 1), (1, 2), (3, 0) and (4, 3). Let m; = S"(x;), SO0 mg = my = 0.
For knots with spacings h, = x;,; — x; and gradients s, = Yisr =Y

.. m; 2 Miyy — M,
h)m; + himiy = 6( = 5.0). ON [x;, X;u] the cubicis S=y; + bt + t* + —p—
h.(2m. + m.,
b=s — w_
(@ Finds,, s, s, and write down the two eguations for m; and m.,.
(b) Solvefor m, and m,.
() Find S(2).
(d) Compare with the linear interpolation estimate at x = 2.

22

~ 1~ 2(x— 1% — 3(x — 1) +2on[1, 2.

(@ Find the exact value of [ S(x) dx.

(b) Find the trapezium rule estimate using the three data points and the difference between
it and your answer to (a).

(c) Explain why the spline integral is the more reliable estimate if the data come from a
smooth curve.

23 A cubic spline has unit knot spacing. Let m; = S'(x;). On [x;, X; + 1], S'(X) islinear, so S(x) =y, + bt +

%tz + w& wheret = x — x;.
(@ Show that S'(x;) = m; and S"(X;41) = Mj,y, and use S(X,1) = Y.y to show b; =y;y; — Y,
2m; + myy
-

-+ 2] i+
(b)  Show that S(x;,,) from the left isy,; — y; + o 2t

(c) By eguating this with S(x;,,) from the right, which is b,_;, show that m; + 4m,,; + m;,,
=6(Yi = 2Yis1 * Vis2)-

The natural cubic spline through (0, 1), (1, 2) and (2, 0) is S(x) = —%x3 + %x +10on]0, 1] and S(X) =

p— continuity of S gives hym;; + 2(h; +

t* witht=x — x; and

(3]
(2]
(3]
(1]

(x

(5]

(2]

(1]

(3]
(2]

(4]

24  Thepoints (0, 1), (1, 3), (2,5), (3, 7) dl lieontheliney = 1 + 2x. A natural cubic spline Sis fitted through

them. Let m, = S'(x;), so that m;_; + 4m;, + m;,; = 6(Yy;.; — 2y; + VY;,1) & each interior knot.

(@ Showthat m; =m,=0.

(b) Deducethat S(x) =1+ 2xfor0=x =< 3.

(c) Explain, without calculation, why the same must hold for any number of collinear
points.

(d) Comment on what this shows about the behaviour of a natural cubic spline compared
with a high-degree interpolating polynomial.

(3]
(2]

(2]

(1]

25 A piecewise quadratic function Sis to pass through (0, 1), (1, 3) and (2, 2), with S continuous, S continuous
atx=1and S(0) =0.0n[0, 1] let Q,(x) = 1 + ax? (since Q,(0) = 1 and Q,'(0) = 0) and on [1, 2] let Q,(X)

=3+B(x — 1)+ y(x — 1)

(& Findaand Q.

(b) Findp andy.

(c) Show that S exceeds 3.5 somewhere on [1, 2], and find its greatest value there.
(d) Show that S"isnot continuous at x = 1.

(2]
(3]
(3]
(1]
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A natural cubic spline Sisfitted to the five points shown: (—2, 0), (=1, 0), (0, 1), (1, 0), (2, 0). Let m; =
S'(x;); at each interior knot m;_; + 4m, + m;,; = 6(y;.; — 2y; + VY;,1) and my=m, = 0. On [x;, x; + 1] the
itYia Mptmy,

2 16 -

midpoint valueis S = Y

y

—o — o>
-2 -1 0 1 2 x

(& Write down the three equations for m;, m,, mg, and use the symmetry of the datato find

them. [5]
(b) Find S(—1.5). [2]
(c) Thedatarepresent a quantity that cannot be negative. Comment on the suitability of S,

and name a better aternative. [2]

A natural cubic spline Sisfitted to (0, 0), (1, 1), (2, 3), (3, 2), (4, 4). Let m; = S'(x;), withmy =m, = 0; for

. . m , My — My 5 .
un|t SpaC| ng mi_l + 4mi + mi+l = G(yi—l - 2yi + yi+1)' On [Xil Xi + l], S = yi + blt + ?t + 6 t W|th
2m; + My,
bi=Yim—Yi——5—
(& Show that the equations for m;, m,, m; are 4m; + m, = 6, m; + 4m, + my = —18, m, +
4m; = 18. [3]
(b) Solve these equations. [4]
(6 Find $(2.5). [3]

Let S be the natural cubic spline on the knots 0, 1, 2 through given data, and let f be any twice continuously
differentiable function with f(0) = S(0), f(1) = S(1), f(2) = S(2). Let g=f — S. You are to show that £2

(™?dx= [*(s)?dx.
@ sShowthat [*()?dx=[" (s)?dx+2[ sgrdx+ [ (@)?dx. 2]

(b) Ontheinterval [x;, X,,], integrate by parts to show that l 59" dx =[S'g] % =

[ s"gdx. 2]
(c) Usethefact that S" isaconstant k; on each piece and g(0) = g(1) = g(2) = 0 to show

that [ S'g" d x = [S'g]o2. [4]
(d) Hence complete the proof, stating where the natural end conditions are used. [4]

A cubic spline S through (0, 0), (1, 2) and (2, 1) has the clamped end conditions S(0) = 1 and S(2) = 0. Let
S=x+cx>+dx®on[0,1] and S=2+by(x — 1) + ¢;(x — 1)2 + dy(x — 1)* on [1, 2].
(& Use$(1) =2to find an eguation for ¢, and d,, and use continuity of S and S"at x = 1

to find b, and ¢, in terms of ¢, and d,,. [4
(b) UseS(2) =1and S(2) =0to find c,, dy, d;, and hence give S on each interval. [5]
(c) Find S$(0.5) for this clamped spline and for the natural spline through the same points

(for which S(0.5) = 22).

Comment on the difference. [3]
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Thevauesin1=0,In2=0.6931, In 3 =1.0986 and In 4 = 1.3863 are given to 4 decimal places. The

natural cubic spline S through the four points has m; = S'(x;) satisfying m; = m; =0 and m; ; + 4m; + m;,;

it Y MMy
2 16 '

=6(Yi.; — 2Y; * Yi.); the midpoint value on [x;, X; + 1] is Y
(@ Find m; and m,, to 4 decimal places.
(b) Usethe spline to estimate In 2.5, to 4 decimal places.

() Find the linear interpolation estimate of In 2.5, and compare the percentage errors of the

two estimates given that In 2.5 = 0.9163.

Approximating Functions

10

Write down the Maclaurin polynomial of degree 2 for € and use it to estimate %2,

3
Use the approximation sin x = X — % to estimate sin 0.1, giving your answer to 5 significant

figures.

Find the Taylor polynomial of degree 2 for In x about x = 1, and use it to estimate In 1.1.

Find the linear Taylor approximation to \/Y about x = 4 and use it to estimate /4.2.

2
Use the approximation {1 + x = 1 + % - % with x = 0.04 to estimate y/1.04, giving your
answer to 5 significant figures.

2
The approximation cosx = 1 — X7 isused a x = 0.5, where the true value of cos 0.5 is

0.87758 (5 s.f.). Find the estimate and its percentage error, to 2 significant figures.

Let f(x) = cos x.
(@ Find the Taylor polynomial of degree 3 for f about x = %
(b) UseP;to estimate cos 1 and compare with cos 1 = 0.540302 (to 6 sf.).

. . . x2  x* X
The Maclaurin series for In(1 + x) isx — Stz gt for—1<x =1
1+x, x3 x5
1_X)—2(X+§+?+...).
(b) By choosing a suitable value of x, use the first three terms of this series to estimate In 3

to 4 decimal places.

(@ By writing down the series for In(1 — x), show that In(

Use the standard Maclaurin series for € and cos x.
(@ Find the Maclaurin series for € cos x up to and including the term in x2.
(b) Useit to estimate €>? cos 0.1 to 5 sf.

. . 2 . . 0.5 2
Use the Maclaurin series for e up to the term in x* to estimate £ e dx.

(@  Write down the first three terms of the Maclaurin series of e,
(b) Hence estimate the integral to 5 decimal places.

(4]
(2]

(4]

(2]

(2]

(3]

(2]

(2]

(3]

(3]

(2]

(3]

(4]
(1]

(2]
(3]
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The equation cos x = x has aroot near x = 0.7. Use the approximation cosx = 1 — - to estimate the root.

2

(@ Solvel-— X7 = x to find an estimate for the positive root, in exact form and then to 4

decimal places.
(b) Given that theroot is 0.7391 to 4 d.p., find the percentage error.

(3]
(2]

12 The Macl auri n polynomial of degree 3 for € is used to estimate e®°. The Lagrange form of the remainder is

Rs(x) = (E) x* for some € between 0 and x. You may use e®® < 1.7.

(@ Fi nd the estimate of €°°. [2]
(b)  Find an upper bound for |[R4(0.5)]. [2]
() Verify the bound using the actual value e®° = 1.64872 (6 s.f.). [1]
2
13 For small x, sinx = x and cosx = 1 — %
(@) Usethese approximations to show that % =~ 2 when x issmall. [3]
(b) Evaluate % exactly (calculator) at x = 0.1, and find the percentage error of the
approximation 2, to 2 significant figures. [2]
14 3
The Maclaurin polynomial of degree n for e* is used to estimate e = e*. The remainder is R, (1) = [GES]]
for some € in (0, 1).
(@ Show that |R,(D)| < @ +31), and find the smallest n for which the error is guaranteed to
be less than 10™%. [4]
(b) Calculate this estimate of e and the actual error, to 3 significant figures. [3]
15 Letf(x)=Inx.
(@) Find the Taylor polynomial of degree 3 for f about x = 2. [2]
(b) EstimateIn 2.2 to 6 decimal places. [2]
() Usef@(x)= —% to show that the error is less than 3 x 107, [3]
16 A quadratic is to interpolate a function on [0, 2]. The error is (E) —-W(X) where w(x) = (X — Xg)(X — X)(X —
X,). The Chebyshev polynomial T,(t) = 4t® — 3t satisfies |T3(t)| =lon[-1,1].
(@ Thethree nodes are the equally spaced values 0, 1, 2. Show that w(x) = t(t> — 1) where
t = x — 1, and find the greatest value of |w| on [0, 2]. [2]
(b) The Chebyshev nodes are the zeros of T,. Find them for [—1, 1] and then fort =x — 1,
and show that w(x) = 3 T5(t). [
(c) Compare the greatest values of |w| for the two choices of nodes. [2]
2
17 Use the Maclaurin series for sin x to show that ﬂ =1- )25 120, and henceestlmate£ ° ﬂ dxto
6 decimal places.
(@  Show the series. [2]
(b) Estimate the integral. [3]
7
(c) Explain why the error is smaller than 05 [1

(7 x5040) -
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18 A rational approximation ¢* = 1:—2;(( is to agree with the Maclaurin series of € up to and including the x?
term.
(@ Showthatl+ax=(1+bx)(1+x+ X;) up to x?, and hence find aand b. [3]
(b) Evaluate the rational approximation at x = 0.5 and compare its percentage error with
that of the quadratic Maclaurin polynomial. (e*° = 1.64872) [4]
19

the straight line gq(x) joining (0, 1) to (1, €).

ylk

3 y =e*
quadratic

2 -

1 4

0 0.5 1.0 x

(@ Write down q(x) and calculate the values of €, p(x) and q(x) at x =0, 0.5and 1, to 4
significant figures.

(b) Hence state which approximation is better near x = 0, which is better near x = 1, and
which has the smaller error in the middle of the interval.

20  Theequation € + x = 3 has aroot near x = 0.8. Its value is 0.7921 to 4 decimal places.
2
(@ Usee'=1+x+ X7 to form a quadratic equation and solve it exactly for the positive

root.

(b) Find the percentage error of this root, and explain why a better estimate would use more

terms.
3 2
()  With the cubic Maclaurin polynomial the equation becomes % + X7 +2x—2=0.

Show that the root now lies between 0.78 and 0.8.

2 3
21 The Maclaurin series for In(1 + x) isx — X7 + % — ... A rational approximation In(1 + X) =

match the first two terms, x and x?, of this series.

(@ Expand % asaseriesin x up to x3 and hence find aand b.

(b)  Show that the approximation is % and compare its x* coefficient with the true value
1
§.

2
(c) Evaluate the rational approximation and the two-term Maclaurin polynomia x — X? at

x = 1, and find the percentage error of each given In 2 = 0.69315 (5 sf.).

2
The graph shows y = € on [0, 1] with two approximations. the Maclaurin polynomial p(x) =1 + x + X7 and

(3]

(4]

(2]
(3]

(2]

(3]

(3]

(3]

22  The Maclaurin polynomial of odd degree n for sin x isused for —1 < x < 1. The error is no larger than the

n+2
modulus of the first neglected term, that is %
(@ Find the smallest odd n for which the error is lessthan 5 x 107° for al x in [—1, 1].
(b)  Write down this polynomial and use it to estimate sin 1 to 6 decimal places.
(c) Thetruevaueissin1=0.841471 (6 d.p.). Verify that the actual error satisfies the

bound.

(4]
(3]

(1]
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24

25

26

The Chebyshev polynomials satisfy T,(cos 0) = cosn6, so [T,(t)] = 1 on[—1, 1] and T,, takes the values +1
dternately n + 1 timeson [—1, 1]. It is known that, among all polynomials of degree at most n — 1, the one
that approximates t" with the smallest greatest error on [—1, 1] ist” — 2¥"T(t), with greatest error 2.

(@ Show that T(t) = 4t — 3t. [2]
(b) Hence find the quadratic (in fact linear) polynomial that best approximates t® on [—1,

1], and its greatest error. [2]
(©)  Show that the error t° — %t reaches i% a the pointst = —1, —%, % 1 with alternating

signs. [2]
(d) Compare the greatest error with that of the best approximation t* =~ 0 given by the zero

polynomial, and with the linear approximation t* = t. [3]

8
% — ... isintegrated term by term from O to 1.

4 6
The seriese™ =1 — x2+X7 - % +
1 1 1 1

1 _,2 _
(@ Showthat [ e dx=1—3+15— 25+ 555 — - 2]
(b) Usethe first four terms to estimate the integral to 5 decimal places and give a bound for
the error. [4
() Find the least number of terms guaranteeing an error less than 0.001, given that the next
1 . 1
term afterm IS—m. [3]

The function f(x) =1 + X isto be approximated on the interval [0, 3] by a quadratic polynomial. The

X2

Maclaurin polynomial isM(x) = 1 + % -5

yll

O 1 2 3 x
(@ Find the Taylor polynomial of degree 2 about x = 1, in the form T(X) = \/5 +p(x —1)+

q(x — 1)?, with exact values of p and q. [3]
(b) Completeatableof f, M and T at x =0, 1.5 and 3 (4 decimal places) and the percentage

error of each approximation. [3]
(c) Which isthe better approximation on the whole interval [0, 3]? Explain why. [3]

A straight liney = a+ bx is chosen to approximate y = x2 on [0, 1] by minimising the integral
I :_£1 (x> —a—bx)?dx.

. b _1 a b_1
(a Showthataandbsatlsfya+§:§and§+§:z. [3]
(b) Solve these equations to find aand b. [3]

(©) Find the greatest value of [x*> — a — bx| on [0, 1] for this line, and compare it with the
greatest error of theliney = x joining (0, 0) and (1, 1). [3]
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A rational approximation to €* is R(x) = i izz .
1-—- E + E
2 4

NG

2
(& By multiplying out (1 — % + %)(1 tX+ S5+t %), show that the product equals

2
1+ % + % up to and including the term in x*,

(b) Hence explain why R(x) agrees with €* up to the x* term.
(c) Evaluate R(1) as an exact fraction and compare its percentage error with that of the
Maclaurin polynomial of degree4 at x = 1 (e = 2.71828).

Two cubic approximations to f(x) = € on [—1, 1] are compared: the Maclaurin cubic, and the cubic

interpolating €* at the four Chebyshev nodes (the zeros of T,(x) = 8x* — 8x? + 1). Use that [f)(€)] < e on

[—1, 1].
(@ Find the Lagrange bound for the error of the Maclaurin cubic on [—1, 1].
(b)  Show that for the Chebyshev nodes, w(X) = (X — Xg)(X — X)X — X,)(X — X3) =

%T4(x), and deduce that the interpolation error is at most ﬁez.

(c) Thegreatest actual error of the Maclaurin cubicon[—1, 1] ise— (1 + 1+ % + %) =

0.0516 (at x = 1), and that of the Chebyshev interpolant is found numericaly to be
0.0067. Compare these with the bounds in (a) and (b), and say what the comparison
suggests about the choice of approximation on an interval.

e 2
The period of a simple pendulum swinging through amplitude 6, radiansis T = T,(1 + 1—% +
where T, is the period given by the small angle approximation.
(@ Find the percentage by which T exceeds T, when 6, = 0.2 and when 6, = 0.5, using the
first three terms. Give your answers to 2 significant figures.
(b) Using only the first two terms, find the amplitude for which the small angle
approximation underestimates the period by exactly 1% of T,.
(©) Using all three terms, show that this amplitude satisfies 11u? + 192u — 30.72 = 0,
where u = 0,2, and solve for 0, to 3 significant figures.

A function y(x) satisfies % = x + y? with y(0) = 1.

(@ Findy'(0), y"(0), y"(0) and y®(0).

(b) Hence write down the Maclaurin polynomial of degree 4 fory.

(c) Edtimate y(0.2) to 5 significant figures, and compare it with the numerical value 1.2736.
(d) Explain why the polynomial of part (b) would be unreliable for estimating y(1).

(3]

(5]

(4]

3072 + )

(4]
(2]

(6]
(2]
(3]
(1]



