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Hyperbolic Sine, Cosine and Tangent

1 (3 marks)
. _e—e _e+e”
smhx—T,coshX— 5
sinh0=%=OandcoshO= 1;l=1
_snh0 _
tanh 0 = coshO_O

Answer: ssnh0=0,cosh0=1,tanh 0=0

2 (2 marks)
2 -2
sinh2= S 28 =363
2 —2
cosh2=E +2e =376

Answer: sinh 2 = 3.63, cosh 2 = 3.76

3 (2 marks)
1
) _elns_e—ln3_3—§
sinh (In 3) = 5 =
8
_3_4
273

Answer: sinh (In 3) = %
4 (2 marks)
Range of cosh x: f(x) = 1
Range of tanh x: —1<g(x) <1
Answer: f(x) = 1; —1<g(x) <1

5 (2 marks)
tanh x = exx — e__:
e +e
Multiply numerator and denominator by e*: %
Answer: tanh x = #
e’ +1
6 (3 marks)
sech1= > =0.648
coseth 1= orr = 0.851
coth 1= 7 = 131

Answer: 0.648, 0.851, 1.31

7 (3 marks)
1
cosh (I 2) = 2+2§ =5
1
sinh (In2) = 2_25 -3
h(n2=>+>=3
Answer: cosh (In 2) = 3, tanh (In 2) = 3
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8 (3 marks)
. e —¢
sinh (—x) = 5 M1
-
=== —sinh x Al
cosh (—x) = e 2+ € = coshx B1
Answer: sinh (—x) = —sinh x and cosh (—x) = cosh x 3 marks
9 (3 marks)
snhx=0:e=e*, s0e*=1 M1
x=0 Al
coshx = 1: e+ e =2, 50 (e — 1)? = 0 (after multiplying by €"), giving x = 0 B1
Answer: x = 0in both cases 3 marks
10 (3 marks)
a2
tanhx=1l+e_2X—>135x—>oo,socothx—>1 M1 A1l
Asymptotes of y = tanh x: y = 1 and (by symmetry) y = —1; y = coth x has the vertical asymptote B1
X =0 becausetanh0=0
Answer: tanhx = 1, cothx = 1,y =+1; x =0 3 marks
11 (4 marks)
eg—-e* _3 x_ 3
7 S 0e-ev=3 M
Multiply by 2e*: 2e* — 3¢ — 2=0 M1
(2e"+1)(e* —2)=0,ande*>0,s0€ =2 Al
x=In2 Al
Answer: x =1n 2 4 marks
12 (3 marks)
The graph is the cosh curve trandlated up by 2: U-shaped and symmetrical about the y-axis B1
Crosses the y-axis at (0, 3) B1
Minimum point (0, 3); the curve does not meet the x-axis B1
Answer: Minimum and y-intercept both at (0, 3) 3 marks
VoA
12 4
10 4
-3 -2 -10° 1 2 3x
13 (4 marks)
Lowest pointatx =0: h=5cosh0=5m B1
At the supports x = +£10: h=5 cosh 2 M1
e’ +e?
cosh 2 = 5 — =376 Al
= 18.8 m at each support Al
Answer: Lowest: 5m; supports: 18.8 m 4 marks
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14 (4 marks)
sinh (Ink) = — M1
k-1
= 5 Al
. 24 12
smh(ln5)=E=? B1
1
5+ ¢
_°7"5 13
coslw(InS)—T-? B1
Answer: sinh (In 5):%,cosh (In 5):% 4 marks
15 (4 marks)
g+e*=4,0e*—-4"+1=0 M1
exzuiZ@:Zi\E M1 A1
x=In@2+43)orx=1In(2—3)=—In(2+43) AL
Answer: x =% In (2 +43) 4 marks
16 (5 marks)
1 13
COShW—m—? B1
sinh? w = cosh®> w — 1:% - 1:%,andsinhw>03incew>0,sosinhw:% M1 A1l
tanh w = snhw _ 12
aNW=coshw ~ 13 B1
eW=coshw+sinhw=l—53+%=5,sow=|n5 Al
AnSNer:coshW:%,sinhW:%,tanhW:%,wzlnS 5 marks
17 (4 marks)
(exlz _ e—x/2)2 —eX—2+eX M1
12 a—XxI2\2 X —X
So(ex 2e ) :e+2e —1=coshx—1 Al
A sgquare is non-negative, socoshx — 1 =0 B1
Equality holds when €2 = e™2, that isx = 0 B1
Answer: cosh x = 1, equality at x =0 4 marks
18 (4 marks)
x=0givesy=2x 0 — 1= -1, sothey-intercept is (0, —1) B1
Horizontal asymptotesy =2(1) —1=1andy=2(—1) — 1= -3 B1B1
x-intercept where tanh x = %: X = % In 3 = 0.549, so0 (0.549, 0); the curve isincreasing B1
Answer: Asymptotesy =1 and y = —3; intercepts (0, —1) and (% In 3, 0) 4 marks
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19 (5 marks)
coshx+sinhx:ex+ze_ +e"—2e‘ M1
=X Al
(cosh x + sinh x)" = ()" = e™ M1 AL
By the same result with x replaced by nx, €™ = cosh nx + sinh nx Al
Answer: cosh X + sinh x = " 5 marks
20 (5 marks)
At ground level 25 — 5 cosh (1%) =0, so cosh (l%) =5 M1
Letex’m:u:u+%:10,sou2—10u+1:0 M1
X .
U=5%124; 50 15 =+ In (5+1424) (using In (5 — 24) = —In (5 + {24)) AL
Width =2 x 10In (5 ++/24) = 20 In (5 + 2/6) AL
=45.8m Al
Answer: 20 In (5+ 2/6) = 45.8 m 5 marks
21 (6 marks)
eX+e‘x:g,902e2X—5eX+2:0 M1
(26"~ (€ — 2) =0, 0 € =201 &= 5 AL
“=2: sinh Bt tanh x = o
€ =28nhx=——=7 tanhx =g M1 A1
R | -_3
e—E.snhx— 4,tanhx— S Al
2+% 5
Check: cosh x = =7 for both values B1
Answer: e =2or %; sinhx:i%; tanhx:ig 6 marks
22 (6 marks)
e -1
(@ tanhx—m M1
_(*+n=-2_ 2
=T er1 1T & Al
Answer: tanh x =1 — &L 2 marks
e”+1
2
2X
(b) € +1>1,soO<—e2X+1<2 M1 A1
So —1<tanhx<1 Al
As X increases, e* + 1 increases, s0 e2X2+ I decreases and tanh x increases E1
Answer: —1 <tanh x < 1for all x, and that tanh x increases as x increases 4 marks
23 (6 marks)
(a) Lowest pointat x =0: y=15cosh0=15m B1
Answer: 15m 1 mark
X X 5
(b) 15 cosh (E) = 25, so cosh (E) =3 M1
el + e = %0, giving 3u? — 10u+ 3=0withu=€""%,s0(3u— )(u—3)=0 M1
_ 1 X _ _
u-30r§,sol—5—tln3,X—115In3 Al
Answer: thepolesareat x =+15In 3 3 marks
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(c) Distance=301In3 M1
=33.0m (3sf.) Al
Answer: 33.0m 2 marks
24 (6 marks)
The agebrais correct, but € > 0 for al real x, so e* = —3 has no solution; In (—3) is undefined El
So tanh x = 2 has no real solution (consistent with —1 < tanh x < 1) El
2X
tmhx:k:eTl:k,we”—lzke”+k M1
e”+1
(1 -K=1+ks0e¥= 1ok AL
A solution requir&:.ll%i >0, whichgives—1<k<1 M1
1 1+k
Thenxziln(m) Al
Answer: No real solution; valid for —1<k <1 6 marks
25 (6 marks)
(@ coshx = 1,s03coshx = 3 M1
fx) = -1 Al
Answer: f(x) = =1 2 marks
(b) 3coshx =9, socoshx =3 B1
e*—6e*+1=0 M1
€=3+22 Al
x=2In(3+22) AL
Answer: x =% In (3 + 2/2) 4 marks
26 (7 marks)
sink) KT %
cosh (In K
(a) coth (Ink) = Sh ((Ink)) = 1 M1 A1
K
. . kZ+1
Multiply numerator and denominator by k: e Al
2
Answer: coth (In k) = :2 :11 3 marks
_ 10 _5
(b) coth (In 3) = 3°7 B1
k?+1 _ 13 2  aoL2
m—ﬁ,wle + 12 =13k — 13 M1
k?=25 Al
k=5(k>1) Al
Answer: %; k=5 4 marks
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27 (8 marks)

cosh? x — sinh? x = (ex+e )2 — (ex—ze‘ )2 M1
2X —2X\ __ (@2X __ —2X

:(e +2+e )4(e 2+e ):1 AL
tan® =sinhx, sosec?© = 1 +tan” O = 1 + sinh? x M1
= cosh? x (using the result above) Al
0 is acute so sec © > 0 and cosh x > 0, giving sec 6 = cosh x M1
Socosﬁzm Al
sin6 =tan O cosO =sinhx x M1
= tanh x Al
Answer: cosG=Fjﬂ(,sin0=tanhx 8 marks

28 (10 marks)
(a)SCoshx+33inhx=5(e+e_);3(e_e_) M1
:%%:4ex+e_x Al
Answer: 5cosh X + 3sinh x =4€* + ™ 2 marks
(b)Letu:eX>O:4u+%:k,so4u2—ku+1:0 M1 A1
Realurequiresk2—16>0 sok>4ork<—4 M1
The roots have product = >0and sum ; for positive rootsk > 0 M1
So solutions exist if and only if k = 4 Al
Answer: k = 4 5 marks
(©4u?>—5u+1=0,0(4u—1)u—1)=0 M1

-1 _1

u=loru=yz Al
x=0orx=—=In4=-21In2 Al
Answer: x=0o0r x==2In2 3 marks

29 (9 marks)

1 1

Lett=x+yx*+1.Then T = ——— M1
Uox+x®+1

Rationalise: = LX t1ox > =YX+ 1 —x M1 AL

t (x +1) —

1
t_z (x+\/x +1) — (\/x +1—X) Vi

sinh (Int) =

=X Al

1
Now let s= x+\/x -1; then—: \/x - M1 A1l
x+\/x—
1
S+ — 2 _ _ w2 _
cosh (Ing) = = = EPC DX D) M1

=X Al
Answer: sinh (In (x +\/x2 + 1)) =xfor all real x 9 marks
30 (8 marks)
e?—1 -
(@ tanha= - —+ = 2,8026 —2=¢e"+1,gvinge?=3 M1 A1
tanhb:%:3e2b—3:e2b+1,soe2b:2 Al
Answer: € =3and e® =2 3 marks
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(b) @D =R x ® =g M1
g2ah) _ 1
tanh (a+ b) = W M1
-2
=3 Al
5
Answer: = 3 marks
(c) From part (a), e =3and e =2, 0 e** = 6 M1
1
2(a+b):ln6,soa+b:§In6 Al
1
Answer:a+b=§In6 2 marks

Hyperbolic I dentities

1 (2 marks)
2 _ Lo 9 25
cosh®x =1+ sinh X_1+E_E M1
coshx>0,socoshx=% Al
Answer: % 2 marks
2 (2 marks)
cosh®’x  snh®x _ 1 "
cosh?x  cosh®x  cosh® x
1 — tanh? x = sech? x Al
Answer: 1 — tanh? x = sech? x 2 marks
3 (2 marks)
(a) sinh 2A =2 sinh A cosh A with A = 3x gives sinh 6x B1
Answer: sinh 6x 1 mark
(b) cosh 2A = cosh? A + sinh? A with A = 4x gives cosh 8x B1
Answer: cosh 8x 1 mark
4 (2 marks)
2y =1 —tanhx=1— 2 =16
sech®x=1—tanh“x =1 55 = o5 M1
> _ 25 _5
cosh X—E,SOCOShX—Z Al
Answer : g 2 marks
5 (2 marks)
cosh2x=2x3*—1 M1
=17 Al
Answer: 17 2 marks
6 (3 marks)
6 L
. _ 5 _ 35
LHS—smh(InG)—T—E B1
. _3 _5 _ _4 _5
sinh (In2) = a cosh (In2) = a sinh (In3) = 3 cosh (In3) = 3 B1
35,5 4_5 5_35
RHS=2x3+2*373%3° 12 o
Answer: Both sides equal % 3 marks
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7 (3 marks)
2x —2x 2 _ —2x
coshzx:%andsinhzx:$ M1 AL
Subtracting: % =1 Al
Answer: cosh? x — sinh? x =1 3 marks
8 (3 marks)
A X —X
Zsinhxcoshx:2><ex 2e xe"+2e M1
X _ A—X\(aX —X
_ (e —e)(e+e™) Al
2
2X _ a2
= % =sinh 2x Al
Answer: sinh 2x = 2 sinh x cosh x 3 marks
9 (4 marks)
_ coshx — sinh x
l—tanhX—W M1
coshx—sinhx=ex+ze —ex_ze =e™X M1 AL
—X
S0 —In (1 — tanh X) = —In (c) = —(—x — In (cosh X)) = x + In (cosh x) AL
Answer: —In (1 — tanh x) = x + In (cosh x) 4 marks
10 (5 marks)
1 1
U=y U*g 3
Letu=€:5x 5 —T—l,SOZU—U—l M1 A1l
20>—u—3=0,0(2u—3)(u+1) =0 M1
u=ex>0,soe=% Al
9
tanhx—ﬁ—z_l—5 AL
T+l 9 =13
771
5
Answer: tanh x = 13 5 marks
11 (4 marks)
_ sinh2x _  2sinhx cosh x
18N 2= Cosh 2x = cos x + snhe x M1AL
Divide numerator and denominator by cosh? x M1
_ 2tanhx AL
T 1+tanh?®x
Answer: tanh 2x = ZJ[Lh;( 4 marks
1+ tanh” x
12 (4 marks)
(cosh x + sinh x)(cosh x — sinh x) = cosh? x — sinh? x = 1 M1
Socoshx—sinhx:% Al
Adding:2coshx=3+%,socoshx=§ M1
Subtracting:Zsinhx:B—%,sosinhx:% Al
Answer: coshx:%,sinhx:% 4 marks
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13 (4 marks)

2cosh?x — 1=3,s0cosh® x = 2 M1

cosh x =42 (cosh x = 1) AL

e —22e+1=0,0€ =21 M1

x=+In(@{2+1) AL

Answer: x =% In (1 +42) 4 marks
14 (4 marks)

_ a—A\(/aB -B —A\(aB _ o B
sinh A cosh B + cosh A sinh B = (& =€+ eT) + (& reT)(E — e ML AL
Numerator = eA*B + @A™B — @A*B _ g=A-B | A*B _ (A-B | o~AB _ o-A-B V1
+B _ A—(A+B)

= 2eMB — 2e7A'B) o the expression = 2e =sinh (A + B) Al

Answer: sinh (A + B) =sinh A cosh B + cosh A sinh B 4 marks
15 (7 marks)

—A\/B 1+ ~—B _ —A\/aB _ B
(8) cosh A cosh B + sinh A sinh B = &+ E e )+4(eA eE" —e) M1
Numerator = 2e**® + 26728 &fter cancelling Al
. +B 4 o~ (A+B)

So the expression = 5 =cosh (A + B) Al

Answer: cosh (A + B) = cosh A cosh B + sinh A sinh B using the definitions in terms of exponentials3 marks

(b) cosh (x + I 2) = cosh x cosh (In 2) + sich x sinh (I 2) = > cosh x + & sinh X M1 AL

%coshx+%sinhx:BSinhx,so5005hx:9sinhx M1

5 L, 1+5 _7 1. .7

tth—§,$ex—m—§,X—§|n(§) Al

Answer: X = % In (%) 4 marks
16 (6 marks)

cosh 2x = 2cosh? x — 1, s0 2cosh? x + 2 = 5 cosh X M1

2cosh? x — 5cosh x +2=10, s0 (2 coshx — 1)(coshx — 2) =0 M1 AL

coshx=%isimp0$iblesincecoshx2 1 El

coshx =2:e=2+43 M1

x=+In(2+43) AL

Answer: x =% In (2 +43) 6 marks
17 (5 marks)

sech?x =1 — tanh®x, 02 — 2 tanh? x + 3tanh x = 3 M1

2tanh?x — 3tanhx +1=0,s0 (2tanh x — )(tanhx — 1) =0 M1 AL

tanhx<1fora||x,sotanhx=% E1

_1

X=3 In3 Al

Answer: x:%In3 5 marks
18 (5 marks)

sinh 3x = sinh (2x + x) = sinh 2x cosh x + cosh 2x sinh x M1

=2 sinh x cosh? x + (1 + 2 sinh? x) sinh x M1 AL

cosh? x = 1+ sinh? x, so = 2sinh x + 2 sinh® x + sinh x + 2 sinh® x M1

=3sinh x + 4 sinh® x Al

Answer: sinh 3x = 3sinh x + 4sinh®x 5 marks
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19 (4 marks)
LeeX =P+QandY =P-QoP=27"adQ="3" M1
cosh (P + Q) + cosh (P — Q) = (cosh P cosh Q + sinh P sinh Q) + (cosh P cosh Q — sinh P sinh M1 Al
Q) = 2 cosh P cosh Q
With X =5x and Y = x: cosh 5x + cosh x = 2 cosh 3x cosh 2x Al
Answer: 2 cosh 3x cosh 2x 4 marks
20 (5 marks)
(8) cosh 2t =1+ 2sinh? t = 1+ 2(3)? M1
2
y=1+ X? Al
X2
Answer:y =1+ > 2 marks
(b) cosht = 5 and sinht = 3 B1
2 i A2 x? y?
Usecosht—smhtzlzg—jzl M1 A1
2 2
Answer: % - yz =1 3 marks
21 (8 marks)
(a) cosh 3x = cosh (2x + X) = cosh 2x cosh X + sinh 2x sinh X M1
= (2cosh? x — 1) cosh x + 2 sinh? x cosh x M1 AL
= 2cosh® x — cosh x + 2(cosh? x — 1)cosh x = 4cosh® x — 3 cosh x Al
Answer: cosh 3x = 4cosh® x — 3 cosh x 4 marks
(b) 4cosh® x — 3 cosh x = 13 cosh X, S0 4 cosh x (cosh® x — 4) =0 M1 AL
cosh x = 1, so cosh? x = 4 and cosh X = 2 Al
x=xIn(2+43) AL
Answer: x =% In (2 +43) 4 marks
22 (6 marks)
cosh 2x = 2cosh? x — 1, so cosh? x = %(cosh 2x + 1) M1 Al
cosh® x = 7 (cosh 2x + 1)2 = 7 (cosh? 2x + 2 cosh 2x + 1) M1
cosh? 2x = %(cosh 4x + 1) M1
cosh“x:%[%cosh4x+%+2costh+1] Al
=%cosh4x+%costh+§,soa=%,b=%,c=% Al
AnaNer:a:%,b:%,czg 6 marks
23 (9 marks)
(a) sinhx = 2 sinh () cosh (5) = 2 tanh (%) cosh? (%) M1
cosh? (%) = 1+t2 since 1 — tanh? = sech? M1
. _x
sinh x = 1_¢ Al
X . X X 1+t
cosh x = cosh? (3) + sinh? () = cosh? (5)(1 + 1) = - Al
2
Answer: sinh x = 1itt2 and cosh x = llittz 4 marks
(b) 5(1 +t?) — 8t =3(1 — t?) M1 AL
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82— 8 +2=0,50 (2~ 1)?=0,t= 5
tanh(%):%giv&e%:%In3,sox:In3

Answer: x=1In 3

24 (6 marks)

At x = 0: cosh 0 = 1 but 2cosh? 0 + 1 = 3, so the identity is wrong
The correct identity is cosh 2x = 2cosh? x — 1

2cosh? x — 1 =7, so cosh? x = 4 and cosh X = 2

€=21£43

x=+In(2+43)

Answer: Correct identity cosh 2x = 2cosh? x — 1; x = £ In (2 +y/3)

25 (7 marks)

sinh 3x + sinh x = sinh (2x + X) + sinh (2x — x)

= (sinh 2x cosh x + cosh 2x sinh x) + (sinh 2x cosh x — cosh 2x sinh x)
= 2 sinh 2x cosh x

2 sinh 2x cosh x = 4 sinh 2%, so sinh 2x (coshx — 2) =0

sinh 2x = 0 givesx =0

coshx =2 givesx =% In (2 +3)

Answer: x =0, % In (2 +4/3)

26 (7 marks)

sinh3x _ 3sinhx +4sinh®x

cosh 3x ~ 4 cosh® x — 3 cosh x
Divide numerator and denominator by cosh® x
Numerator: 3 tanh x sech? x + 4 tanh® x
Denominator: 4 — 3 sech? x

tanh 3x =

With sech? x = 1 — tanh? x; numerator = 3 tanh x — 3tanh® x + 4 tanh® x =

and denominator = 1 + 3 tanh? x
3tanh x + tanh® x

An : h3x =
swer: tanh 3 1+ 3tanh?x

27 (8 marks)

Use cosh 5x + cosh x = 2 cosh 3x cosh 2x (sum to product)

Let ¢ = cosh x. cosh 3x = 4c® — 3c and cosh 2x = 2¢® — 1

cosh 5x = 2(4¢® — 3c)(2c? — 1) — ¢

(4c® — 3c)(2c® — 1) = 8¢® — 4c® — 6¢% + 3c = 8¢® — 10c® + 3¢
cosh 5x = 16¢® — 20c® + 6¢ — ¢

= 16¢° — 20c® + 5¢

Answer: cosh 5x = 16cosh® x — 20cosh® x + 5 cosh x

28 (9 marks)

(a) cosh (A + B) — cosh (A — B) = 2 sinh A sinh B using the addition formulae

WithA=rxandB = % this gives the result

Answer: 2 sinh (%) sinh (rx) = cosh ((r + %)x) — cosh ((r — %)x)
(b) Sum the result of (a) for r = 1 to n: the sum telescopes

2sinh (3) E sinh (rx) = cosh ((n + %)x) — cosh (3)

cosh P — cosh Q = 2 sinh (—5-2) sinh (* %)

stemup.co.uk | page 11
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. _ 1 _x. P+Q _ (n+1)x P—Q _ nx
WlthP—(n+§)xandQ—§. 5 =5 and 5 =5

Divide by 2 sinh (%) to obtain the result

n sinh (" sinh (020X,
Answer: > sinh (rx) = 2 2

= sinh ()

29 (8 marks)
Treat as ssimultaneous equations in cosh t and sinh t
Subtract: 2y — x =(2cosht+4sinht) — (2cosht + 3 sinht)
Sosinht=2y — x
cosht=y —2snht=y — 22y — x) =2x — 3y
cosh®t —sinh?t=1: (2x — 3y)> — (2y — x)*=1
4x% — 12xy + 9y? — 4y? + 4xy — x? =1, that is3x® — 8xy + 5y* =1
3x% — 8xy + 5y? = (3x — 5y)(x — y), checked by expanding: 3x*> — 3xy — 5xy + 5y?
Answer: 3x? — 8xy + 5y?=1=(3x — 5y)(x — y)

30 (9 marks)
sinh 5x + sinh x = 2 sinh 3x cosh 2x (sum to product, from sinh (3x + 2x) + sinh (3x — 2x))
So the sum = sinh 3x + 2 sinh 3x cosh 2x = sinh 3x (1 + 2 cosh 2x)
Equation: sinh 3x (1 + 2 cosh 2x) =4 sinh 3x, so sinh 3x (2cosh2x — 3) =0
sinh3x =0 givesx =0
n_ 3%15

_ 3. x_
costh—5.e ==
Note%:(%)z
2x:i|n(3$25):12|n(1$25),sox:¢|n(1$2@)

Answer: x=0,+In (1%5)

I nver se Hyperbolic Functions

1 (3 marks)
arsinh 2 =144
arcosh 3=1.76

artanh % =0.549
Answer: 1.44, 1.76, 0.549

2 (3 marks)
arsinh x: al real x
arcoshx: x =1
atanhx: —1<x<1
Answer: all real numbers, x = 1; —1<x<1

3 (3 marks)
sinh0=0,so0arsinh0=0
cosh0O=1,s0acoshl1=0
tanh0=0,s0artanh0=0
Answer: 0,0,0
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4 (3 marks)
sinhy:%,socoshzy:1+%6:2—95 M1
coshy>0,socoshy:g Al
_ sinhy _4
tanhy_coshy_s B1
Answer: coshy=%,tanhy=% 3 marks
5 (2 marks)
142
3 1 5 1
artanh(g):§ln(1 3):§In4 M1
-5
=In2 Al
Answer: artanh (%):InZ 2 marks
6 (2 marks)
9, .[B_5
6717 \V16 "7 M1
. 3 3 5
arsinh (Z)=|”(2+Z)=In2 Al
Answer: arsinh (%) =In2 2 marks
7 (4 marks)
— a7y
x=sinhy=eyTe,soe2y—2er—l=0 M1 A1
2
eyzzxﬁ@:xiw/x2+l M1
@ >0andyx*+1>x,s0€ =x+x*+1,givingy =In(x + x> + 1) Al
Answer: arsinh x =In (x + x> + 1) 4 marks
8 (4 marks)
—y
x:coshy:eyze ,s0e¥ —2x¢ +1=0 M1 A1
@=xt{x?—1 M1
y = 0means €’ = 1, so the larger root istaken: & = x ++x* — 1, givingy = In (x + yx* — 1) Al
Answer: arcosh x = In (X +yx* — 1) 4 marks
9 (4 marks)
-1 "
Y+l
xe¥+x=e¥ —1,s0e¥1—x)=1+x M1 AL
1+x 1 1+X
2y == =2
eV =1 0y=3In(7==) Al
Answer: artanhx=%|n(%) 4 marks
10 (3 marks)
x =sinh (In 3) M1
1
_3-3
=— Al
4
3 Al
4
Answer : X=3 3 marks
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11 (3 marks)
Lety =arsinh 3, sosinhy = 3and cosh? y = 1 + 9 = 10, cosh y =10
sinh 2y =2 sinhy coshy = 2 x 3 x+/10 = 610

Answer: 6/10

12 (3 marks)

5_ 1

x =tanh (In5) =
5+g
_A_L
T 26 13
Sy =12
Answer: x = 3

13 (3 marks)

169

arcosh (%S)zln(%3 %5 — 1)

4 _ 12
25 ~ 5
13 12,
In(?+?)—ln5
13
Answer: arcosh (?) =In5

14 (4 marks)
arsinh (3) = In 2

asnhx=2Iln2=1n4

1
x =sinh (In4) = —
_15
-8

15
Answer: X = 3

15 (4 marks)
Domanx = 1
Rangey = 0
Intercept (1, 0) only, with a vertical tangent there
Shape: the reflection of the right-hand branch of y = cosh x in the liney = x, increasing and
concave
Answer: Domain x = 1, rangey = O, intercept (1, 0)

y A

-1

16 (5 marks)
(8 Domain R, range R
Answer: Domain all real numbers, range all real numbers
(b) Domainx = 1
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Rangeg(x) = 1 B1

Answer: x =1, gx) =1 2 marks

(C)—l<%<1,sodomajn—2<x<2 B1

Range R B1

Answer: —2 <x < 2; range all real numbers 2 marks
17 (4 marks)

_1 1+y, .. x*—1
artanhy—2In(1_y)W|thy—X2+1 M1
22 2
l+y—X2+1and1—y—X2+l M1 A1
2100 =Inx (x> 0) AL
x*=1

Answer: for x > 0, artanh(x2+1):lnx 4 marks
18 (4 marks)

2x — 3 =1, sothedomainisx = 2 B1

2x — 3 =cosh (In (2 +3)) M1

cosh(ln(2+\/§)):M:2 AL

2x—3:2,sox:g Al

Answer: Domain X = 2; x = g 4 marks
19 (5 marks)

Leta=artanhx and b =artanhy, sotanha=x andtanhb =y B1

tanha+tanh b "

tanh (a+ b) ={+tanhatahb (addition formula) M1 Al

_ Xty

T 1+xy Al

30a+b:artanh(1xj)3;) (the argument liesin (—1, 1) since ftanh (a+ b)| < 1) AL

Answer: for =1<x<land —1<y<1, artanh x + artanh y = artanh (le)z;) 5 marks
20 (4 marks)

1 _eé-1

(a) tanh (E In k)—m M1

k-1

T k+1 Al

Answer: tanh (% Ink) = X =L for k > 0

nswer: tan (7 n )—m or 2 marks

(b) x = tanh (3 In 7) M1

_7-1_3

=7+1°3 A

Answer: x:% 2 marks
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21 (6 marks)
y:ZSinh3x—1,sx)sinh3x:y;1 M1
3x = asinh (Y30 M1

2 2
arsinh (L35) = In (y;1+,/(y+41) +1)=lp (AU D 44, M1 AL
2
f_l(X)=%In(X+1+‘/X +2x+5) a

2
Domain R and range R B1
2

Answer: f71(x) = % In (X2 1+ “XZ taxr 5); domain and range all real numbers 6 marks
22 (7 marks)

() arsinh x = In (x + yx? + 1) with x = tan 6 M1

Jtan? @ + 1 = ysec? B = sec B, since sec H > 0 on thisinterval M1 AL

Answer: arsinh (tan @) = In (sec O + tan 0) for —%<9<% 3 marks

(b) sec O +tan 6 =3 M1

secO=3—tan O; square: 1 +tan’0 =9 — 6tan O + tan’ O M1

tan 0 = =

anb =3 Al

0 =0.927 Al

Answer: 0 = 0.927 4 marks
23 (6 marks)

X _ (1+x)7?
Lety= 1 . TrxZ M1 AL
o =x?

1-y=4¢ Al

1+ 1+x

1—y (l—x)2 M1

artanhy = In(1+y) 21n (%) M1

=2x 1 (1 )—2artanhx Al

Answer: for =1 <x <1, artanh (1iXX2) =2 artanh x 6 marks
24 (6 marks)

x:coshy:cosh(zxx) B1

cosh 2A = 1+25|nh2AW|thA— X = 1+25|nh2( %) M1 AL

sin? (%) =252 A1

y = 0sosnh (%) =0, glvmgsmh(%)= X;l M1

%:arsinh X;Zl,soy:Zarsinh X;zl Al

. x=1

Answer:y =2 arsinh —5 6 marks
25 (6 marks)

(a) arcosh (cosh 1) =In(cosh 1 +sinh1) =Ine=1, not —1 M1 Al

arcosh is defined as the non-negative inverse of cosh on x = 1, so its values are never negative: El

cosh (—1) = cosh 1 does not mean arcosh (cosh 1) = —1

Answer: arcosh x = —1 has no solution 3 marks
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(b) arcoshx = 0,s0k = 0 B1
x = cosh k M1
k —k
=25 validfork = 0 AL
Answer: k = 0; x = cosh k 3 marks
26 (7 marks)
arsinh (3) =In (5 + 2) =In3 M1 AL
arsinh (%):In(%+%):ln4 M1 Al
asichx=In4 - In3=1n(3) M1
4 3
. 4 377
X =sinh (In(§))=T M1
7
= > Al
Answer: x = -
nswer: X = 24 7 marks
27 (9 marks)
l+i
1 1 2r
(a) artanh (j) =5 In(—7) M1
1=
-
1 2r+1 . .
=5 In (2r — 1) (multiply numerator and denominator by 2r) Al
Answer: artanh (2—lr) = % In (%) for everyinteger r = 1 2 marks
n
(b) Sum: 5 > [in (2r + 1) — In (2r — 1)] M1
r=1
Thetermstelescope: IN3 —Inl1,In5—=1In3,...,In(2n+1) —In(2n — 1) M1 Al
1 1 1
=§In(2n+1)—ilnlzgln(2n+l) Al
. 1,_1
Answer ; artanh () = 5 In (2n + 1) 4 marks
(c)%In(2n+1)>2,502n+1>e4z54.6 M1 AL
2n+1>54.6 meansn > 26.8, son =27 Al
Answer: n =27 3 marks
28 (9 marks)
(@ x=sinhy, socosh?y =1+sinh?y =1+ x? M1 AL
coshy =41+ x? (positive), andy > 0, S0y = arcosh /1 + x? Al
Answer: y = arcosh 1 + x2 3 marks
_snhy _ X
(b) tanhy = oy - m M1 Al
X
= artanh (—= Al
Y g
Answer: y = artanh ( X ) 3 marks
y1+x2
(c) Apply (a) and (b) with x = 2: arsinh 2 = arcosh \/5 = artanh (%) M1
arsinh 2 =1n (2 ++5) AL
Common value = In (2 ++/5) AL
Answer: In (2 +45) 3 marks
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29 (8 marks)
Adding: 2 arcosh x = In6 +In (3) = In 9
arcoshx =1n3

1
3+

x=cosh(In3)=—5> =2

Subtracting: 2 arcoshy = In 6 — In (3) = In 4
arcoshy =1In2

2+
2 _5
y=cosh(In2) = 5 =7

.. _5 5
AnSNer.x—g,y—Z

30 (9 marks)
In (x +yx% — ) In(x+{x2+1) = —In2
xepP—1 _1
X+ +1 2
2x+2\/x2—1:x+\/m,sox+2\/x2—1:\/x2+1
Square: X2 + 4xy(x? — 1 + 4x? — 4=x2+ 1, SO 4x(x? — 1 =5 — 4x°
Square again: 16x%(x?> — 1) = 25 — 40x? + 16x*
—16x2 = 25 — 40x?, sox’= 2

24
i x=1

"%

Check: 5 — 4x? = % > 0, so squaring introduced no falseroot, and x = 1.02 = 1

=56
Answer: X = 12

Hyper bolic Differentiation

1 (2 marks)
(8) = (sinh 5x) = 5 cosh 5x
AnSNer' 5 cosh 5x
(b) 5 (Cosh (2)) = th ( )
Answer: 7 sinh (E)
2 (2 marks)
9 (tanh k) = k sech? kx
dy _ 2 o
ax = 2 sech” 2x

Answer: 2 sech? 2x

3 (2 marks)
Product rule: dx = 2x cosh X + x? sinh x

Answer: 2x cosh x + x? sinh x
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4 (2 marks)

d . _ 1 du . _

d—x(arsmh u) = 1 —XW|thu—3x M1

dx Y2 +1

3
Answer: ——— 2 marks
\/9x2 +1

5 (2 marks)

d e —e™* _ & —(—e™)

Tz )= 2 M1

—X

- € +2e = cosh X Al

Answer: %(sinh X) = cosh x 2 marks
6 (2 marks)

dy _ .

ax = sinh x M1

. 3-3 4

Atx=In3:sinh (In3) = 5 =3 Al

Answer: % 2 marks
7 (3 marks)

tanh _ sinhx tient I_coshxcoshx—sinhxsinhx

anh x = -~ quotient rule: o x M1 A1

_ 1 2 : 20 cnh? v —

—Coshzx—sech X, using cosh” x — sinh“x =1 Al

Answer %(tanh x) = sech? x 3 marks
8 (3 marks)

sech x = (cosh x) 7%, so d—dx($ch X) = —(cosh x) "2 sinh x M1 A1

_ 1 snhx _

——mxm— sech x tanh x Al

Answer: %(sech X) = —sech x tanh x 3 marks
9 (3 marks)

Product rule with u = € and v = sinh 2x M1

%=e"sinh2x+2excosth M1 A1

Answer: €*(sinh 2x + 2 cosh 2x) 3 marks
10 (3 marks)

sinhx _
(@) oy = tanhx B1
Answer: tanh x 1 mark
3 cosh 3x

(b) ~grrax M1

= 3 coth 3x Al

Answer: 3 coth 3x 2 marks

stemup.co.uk | page 19



StemUp | Further Mathematics | Further Pure Mathematics: Hyperbolic Functions | Model Answers

11 (3 marks)
%:Zcoshxxsinhx(chajnrule) M1 Al
= ginh 2x, using sinh 2x = 2 sinh x cosh x Al
Answer: %:sinh 2X 3 marks
12 (4 marks)
1
) ———— %2 M1
(@) @ -1
=2 Al
\/4x2—l
2
Answer: ——— 2 marks
yax? =1
(b) —5— x5 M1
1-(3)?
_1 x*._ 2
_57(1—7)_4_)(2 Al
Answer : 4_2X2 2 marks
13 (4 marks)
%:cosh X, S0 the gradient at X = In 2 is cosh (In 2):% M1 A1
y=snh(n2) =2 B1
y—%:%(x—an),thatisy:%x+%—%Inz Al
AnSNer:y:%x+%—%In2 4 marks
14 (4 marks)
x=sinhy,sog—§=coshy M1 Al
dy __1
dx ~ coshy M1
_ - _ dy _ 1
coshy—\/1+smh2y—\/1+x2(coshy>0),soﬁ— e Al
Answer: g—y:; 4 marks
X X2+1
15 (4 marks)
x:tanhy,sog—;:sechzy M1 Al
dy _ 1
dx ~ sech?y M1
2., _ 2. _ 2 Ldy _ 1
sech“y =1 — tanh y—1—x,soﬁ—1_x2 Al
Answer: dy ! 4 marks

ﬁ::]_—)(2
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16 (6 marks)
dy _ _ .
d—X—55|nhx—4coshx M1
Stationary when 5 sinh x = 4 cosh X, so tanh x = % M1
_1 1+4 _1 _
x-iln(m)—ilng—lnS Al
y=5xg—4><%=3,sothepointis(|n3,3) Al
2
%:5coshx—4sinhx:y:3>0,soitisaminimum Al AL
Answer: (In 3, 3), minimum 6 marks
17 (5 marks)

Product rule: dix(x arsinh x) = arsinh X + —= M1 Al

X“+1

d 7.+ X
H(X2+1):—m B1

ﬂ—arsinhx+ X - X M1
dx P+l P+l
= arsinh x Al
Answer : %=arsinhx 5 marks
18 (5 marks)

dy _ 2 1

ﬁ—sech (Inx)xy M1 A1
X+ = 2
_ X _Xx°+1
cosh (Inx) = 5 = o M1
2 _ 4X2
sech” (In X)_—(X2+l)2 Al
dy & 1__ & AL
dx = (+1)7 T x T (x*+1)?
cdy _ 4x
Answer: ax - —(X2+ 1)2 5 marks
19 (5 marks)

%zl—sechztztanhzt M1 A1
%=—sechttanht B1
dy _ —sechttanht _  secht

X~ tanh?t ~ tanht M1
__ 1 ><cosht__ ht
= TCosht (sinht _ COSEC Al
Answer : % = —cosech t 5 marks
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20 (7 marks)
dy _
ax - —sech x tanh x M1 Al
2
% = —(—sech x tanh x) tanh x — sech x x sech? x = sech x (tanh? x — sech? x) M1 Al
Points of inflection; tanh? x = sech? x = 1 — tanh? x, so tanh? x = % M1
1 1 1+1 1 312 +1
=+ —)=x = —_—) =% = =+
X _artanh(ﬁ) _2|n(@1_w§) _2|n(ﬁ_1) +In(1+42) AL
y = sechx = % (cosh (In (1 +12)) =2); points (& In (L ++2), %) A1
1
. 1
Answer: (x In (1+42), \/5) 7 marks
21 (9 marks)
%=7—sinhx—5coshx M1 A1
In exponentials; 7 — 3e* — 2e7* =0, s0 3u?> — 7u + 2 = O with u = €* M1 A1
(Bu — 1)(u—2):O,sou:%or2,givingx:—ln30rx:In2 M1 Al
x:In2:y:7In2—%—$:7ln2—5 Al
x=—|n3:y=—7|n3—g+2—3?=5—7ln3 Al
2
% = —coshx — 5sinh x:itis—5at x =In 2 (maximum) and 5 at X = —In 3 (Minimum) Al
Answer: (In 2, 7In 2 = 5) maximum; (=In 3,5 = 7 In 3) minimum 9 marks
22 (7 marks)
d . X
€)) d—i =sinh (%) M1
x = 15: gradient = sinh 0.75 = 0.822 Al
Angle = arctan (0.822) = 39.4° Al
Answer: 0.822; 39.4° 3 marks
(b) sinh (55) = 1,50 55 = arsinh 1= In (1 +42) M1 AL
x=201n (1++2) AL
cosh?=1+snh?=2,s0y = 2042 Al
Answer: x =201n (1 ++2),y = 20y2 4 marks
23 (9 marks)
4 farctan u] = —2— Y with u=sinh
(@ dx[arcanu]— 172 dx Wi u=sinh x M1
cosh x Al
"~ 1+sinh?x
- coshx =sech x Al
" cosh®x
Answer: %[arctan (sinh x)] = sech x 3 marks
2¢*
b) T = M1 A1
_ 2 _ 1 h
T e X+ coshx | enX AL
Answer: %[2 arctan (€*)] = sech x 3 marks
(c) The two functions have equal derivatives, so they differ by a constant M1
x:O:arctanO:OandZarctanlzg M1
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c==7
cc=-1
Answer: c = 5
24 (7 marks)
dy . 1
<> =2asinh x x
dX ’1+X2
So41+x? d—-2arsmhx
Differentiate both sides with respect to x (product rule on the | eft)
x dy dy 2

+41+x?

Y1+ x? ax dx?
Multiply by y1 + x? x

dy dy
dx_2

“iee

+(1+ 2) dy =2

Answer: (1 +Xx

25 (6 marks)
(i) The chain rule has been omitted: the derivative is 3 sinh 3x

(ii) The derivative of tanh x is sech? x, not sech x
(iii) The product rule has been omitted: the derivative is sinh x + x cosh x

Answer: 3 sinh 3x; sech? x; sinh x + x cosh x

26 (7 marks)
f'(x) = tanh x and f*(x) = sech? x
f"(x) = —2 sech? x tanh x
"(x) = 4 sech? x tanh? x — 2 sech* x
f(0) = 0, (0) = 0, "(0) = 1, f'(0) = O, f""(0) =

Madlaurin: f(x) = 1(0) + F(O)x + "y + - (f’)x3+ POy s ..
x> x* N
- 7 E wes

Answer: f'(x) = tanh x, f"'(x) = sech?

27 (11 marks)
(@ dy 4 sech X — 4x sech x tanh x
=4 sech x (1 — x tanh x)

sech x # 0, sogx Owhenxtanhx =1

Answer: C has a stationary point wherex tanh x = 1

(b) f(x) =xtanhx — 1: f(1) =tanh 1 — 1=-0.238<0

f(1.5) = 1.5tanh 1.5 — 1 = 0.358 > 0; a sign change, so aroot exists
Answer: the equation x tanh x =1 hasaroot between 1 and 1.5
f

(c) f'(x) = tanh X + X sech? X; Xy = X, — %
X, = 1.1997, x, = 1.1997, x5 = 1.1997

Root = 1.200

y =4 x 1.1997 x sech 1.1997 = 2.65

Answer: x = 1.200; y = 2.65
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28 (10 marks)
3cosht _ 3
()dX m—icotht M1 Al
. 3 cosh
TangentamP:y—3smhp:TnhS(x—2coshp) M1
2y sinh p — 6 sinh? p = 3x cosh p — 6 cosh? p; using cosh? p — sinh? p = 1 this gives 3x cosh p Al
—2ysinhp=6
Answer: thetangent toH at P hasequation 3x coshp — 2y shhp=6 4 marks
(b) Ony = —x 3xcoshp — 3xsinhp= GS(DX_WESimpZZep M1 Al
= (2€”, 3e”) Al
Ony = —%x: 3xcoshp+3xsinhp=6,sox=2eP, andB = (267", —3e7P) Al
Answer: A = (2€°, 3¢P), B = (2e7P, —3e7P) 4 marks
P —P P _ —P
(0) Midpoint = (25526, 3 — % M1
=(2coshp,3sinhp)=P Al
Answer: P isthe midpoint of AB 2 marks
29 (8 marks)
d X d? 1 X
(8) g = sinh (3) and d—;’z = < cosh (5) M1 AL
d? X . X
ad—)zlz=cosh (—)=\/1+smh2(5) J1+(dy)2 AL
2
3 1’1 (dy)2 3 marks
: B 13
(b) 5 cosh (—) =13, so cosh (—) == M1
169 144 12
5|nh2( 5 =% —1= 25,sosmh( )=+% M1 Al
Gradient = sinh (§) = 2 AL
Answer : +1?2 4 marks
(c) arctan (?) =67.4° B1
Answer: 67.4° 1 mark
30 (11 marks)
(@) g'(x) = (sinh x sin x + cosh x cos x) + (cosh x cosx — sinh X sin X) M1 A1
= 2 cosh X cos X Al
Answer: g'(x) = 2 cosh x cos x 3 marks
(b) g"(X) = 2(sinh x cos x — cosh X sin X) M1 A1
g"(x) = 2(cosh x cosx — sinh x sin X — sinh x sin X — cosh x cos X) = —4 sinh X sin X M1 A1
g"'(X) = —4(cosh x sin x + sinh x cos x) = —4g(x) Al
Answer: g'"'(x) = —4g(x) 5 marks
(¢) 9(0) =0, g(0) = 2,¢"(0) = 0,g"(0) = 0, g"'(0) =0, g°(0) = —4g'(0) = -8 M1 A1
5
g(x)—2x+?gx 2x—%+... Al
X5
Answer: 2x — s 3 marks
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Hyperbolic Integration

1 (2 marks)
(@ % cosh 3x + ¢

1
Answer : 3 cosh 3x + ¢

(b) 3 sinh (2x+1) +¢
Answer: %sinh (2x+1)+c

2 (2 marks)
(@ tanhx + ¢
Answer: tanh x + ¢

(b) 4% 5 tanh 2x + ¢ = 2 tanh 2x + ¢
Answer: 2 tanh 2x + ¢

3 (2 marks)
[sinhx],* =sinh 1 — sinh 0
=1.18
Answer: 1.18

4 (2 marks)

r sinh x

cosh x

= In (cosh x) + ¢, with no modulus needed since cosh x > 0
Answer: [ tanh x d x =In (cosh x) + ¢

d x, which has the form [ % d x with f(x) = cosh x

5 (2 marks)
(a) assinh x + ¢
Answer: arsinh x + ¢

(b) arsinh (5) + ¢
Answer: arsinh (%) +cC

6 (2 marks)
[cosh x],"2 = cosh (In 2) — cosh 0

_5 _1
=213

Answer : _[:Inz sinhxdx=%

7 (3 marks)
[5 sinh 2x],"3
1
-3
2

sinh (In9) = 2 x

40 _20
9 7 9

N N~

20

Answer : £In3 cosh 2x d x = 5
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8 (3 marks)
cosh 2x = 2cosh? X — 1, so cosh? x = %(cosh 2x + 1) M1 A1
_ sinh 2x + X4
== 5 +C Al
X sinh2x
Answer : > + 2 3 marks
9 (3 marks)
costh:1+25inh2x,sosinh2x:%(cosh 2x — 1) M1
sinh 2x X
[=15%2 = 31 AL
snh2 1
T4 2 Al
A . sinh 2 1
nswer 2 T3 3 marks
10 (3 marks)
1 . X
———=—=dx=arsinh ( M1
T @
. X\1 3 _ 3
[arsinh (Z)]O = arsinh (Z) -0 Al
asich (3)=In(3 +2)=In2 AL
AnSNer:J;3 ;dlenz 3 marks
\/x2+16
11 (4 marks)

1

f\/z—dx:arcosh(%):ln(xM/xz—9)+c M1 A1l
Xc=9

[In(x+\/x2—9)]515=In(15+\/m)—In(5+4) M1
=|n(@@)=|n(%@) AL

Answer: In (%E) 4 marks
12 (3 marks)
fl_xzdx=artanhx M1
[artanh x]," = artanh (3) AL
1
1+5
1 2 1
=§In(1—1)=§ln3 Al
2
21 _1
AnaNer.J; de—EIn3 3 marks
13 (4 marks)
Area= £In2 sinh2x dx = [% cosh 2x],"2 M1 A1
1
_ R Y
cosh (2In2) =cosh (In4) = 5— =g M1
1,17 9
Area= E(? -1= 16 Al
Answer . % 4 marks
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14 (4 marks)
_ o dv _ . ~du _ _
u—x,ﬁ—snhx,ﬁ—l,v—coshx M1
J xsinhx dx=xcoshx — [ coshxdx M1 A1
=xcoshx —sinhx +c¢ Al
Answer: x cosh x — sinh x + ¢ 4 marks
15 (4 marks)
x=sinhugiv&%=coshu,and\/x2+1=\/1+sinh2u=coshu M1 AL
cosh u _ _
fcoshudU—fldU—u+c M1
u = arsinh x, so the integral isarsinh x + ¢ Al
Answer:f;dx:arsinhXH: 4 marks
X2+ 1
16 (5 marks)
Separate the variables: [ % dy=fcoshxdx M1
ty
arsinhy =sinhx + ¢ M1 Al
y=0whenx=0:arsinh0=sinh0+c,s0oc=0 M1
y = sinh (sinh x) Al
Answer: y = sinh (sinh x) 5 marks
17 (5 marks)
By parts:u:x,%:coshx M1
Jxcoshxdx=xsinhx — [ sinhx dx =xsinhx — cosh x M1 A1
[xsinhx—coshx]o'“:lnzxg—%—(0—1) M1
_3 1
_ZInZ_Z Al
Answer: %an—% 5 marks
18 (5 marks)
1 1 _1,1
x2—1_(X—1)(x+1)‘§(x—1 x+1) M1 A1
1 x—1
f=§|n|m| Al
1 x—1 1 2 1 1
[5Gl =5 () —5In(3) M1
1 1 1 3
:Eln(§X3):§|n(§) Al
3 1 1 3
AnsNer:jZ‘ x2—1dX=§|n(§) 5 marks
19 (5 marks)
sech X = ———; M1
e +e
, . 2€*
Multiply numerator and denominator by €*: Fr1 Al
_ du _ . 2
Letu-ex,soﬁ—e.fuerldu M1
=2arctanu+c Al
=2 arctan (") + ¢ Al
Answer: 2 arctan (e") + ¢ 5 marks

stemup.co.uk | page 27



StemUp | Further Mathematics | Further Pure Mathematics: Hyperbolic Functions | Model Answers

20 (5 marks)
Byparts:u:x,%:sechzx,v:tanhx M1
[ xsech?xd x =x tanh x — [ tanh x d x M1 A1l
=X tanh X — In (cosh x) Al
[1o* =tanh 1 — In (cosh 1) Al
Answer: tanh 1 — In (cosh 1) 5 marks
21 (6 marks)
Complete the square: x* + 4x + 13 = (x + 2)2+ 9 M1 AL
1 . X+2
—————=dx=arsinh M1 A1
f\/(x+2)2+9 3
[]-,t=arsinh1— arsinh 0 M1
arsinh 1 =1n (1 ++/2), arsinh 0= 0, giving In (1 +y2) AL
1 1
Answer: —dx=In(1+42 6 marks
‘£2 X2+ 4x + 13 ( \/_)
22 (7 marks)
x=sinhu,%=coshu,\/x2+1=coshu B1
fcosh?udu M1
:f%(cosh2u+l)du:%sinh2u+% M1 A1
sinh 2u = 2 sinh u cosh u = 2xyx? + 1 M1
%sinh2u=%x\/x2+l Al
u = arsinh x, so the integral is%x\/x2+1+%arsinhx+c Al
Answer: [ x2+1dx:%x\/x2+1+%arsinhx+c 7 marks
23 (6 marks)
V:H£lcoshzxdx M1
=1'[£1 %(costh+l)dx M1 Al
sinh2x | X
=nf 4 "'E]O1 Al
__,snh2 1
= 1( y s 7) Al
=442 Al
Answer: w32 + 1) = 4.42 6 marks
24 (6 marks)
% =snhx B1
1+(%)2:1+sinh2x:coshzx M1 A1
ycosh? x = cosh x since cosh X > 0 Al
s=[sinh x],"? M1
=snh(in2) =3 AL

3
Answer: s=

Z 6 marks
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25 (6 marks)

Takeu = arsinh ddv_l_du_ 1 _
eu=arsinn X an ax ~ 1t ax " X2+1,V—X

[asnhxdx=xasinhx — [ —— dx

N
:xarsinhx—\/x2+1+c

3
[1*= z asinh (7 ) -(0-1
:%InZ—%
Answer: farsinhxdx=xarsinhx—\/x2+1+c,and_];3/4 arsnhxdx=-
26 (6 marks)
1 cosh x cosh x
sech x = = =

coshx = cosh?x ~ 1+sinh?x

Letu=sinhx,%-

= arctan (sinh x) + ¢

sinh (In (L +42)) = (+y2) - (V— - _

Value = arctan 1 — arctan 0 = Z
Answer: [ sech xd x = arctan (sinh x) + ¢
27 (10 marks)
(@) 1,,= [ cosh™* x cosh x d x; by parts u = cosh"™* x, gx
= [cosh"* x sinh x] — f (n — 1)cosh™ 2 x sinh? x d x

sinh? x = cosh? x — 1, so theintegral = (n — 1)(I,, — 1,,_,)

= cosh X

=[cosh™txsinhx] — (n— 1)l + (= Dl,_, sonl, =[cosh" ! xsinhx],"%+ (n— DI,

Answer: nl, = [cosh“‘lxsinh x]oInz +(n—=1l,_,forn=2

(b) Atx=1In2: cosh— ,Sinh=— ;atx:OthebracketisO

lpb=In2
_5_3 _15 1
2|2—_XZ+IO,$|2—§+§I|’]2
3 375 , 45 _73% .3 _ 7% 3
4|4_(4)(4)+3|2 =t Tt |n2 55 t5IN2,501,= 357 +gn
., _ 7% 3
AnSNer.I4—m+§In2
28 (9 marks)
2 _ 2
(@ coshx +3= 1+t2+3=4 2t2
t 1—t
2
¥ =
d 1—t2dt
11—t 2 1
Integrand4 e 1—t2dt_2—t2dt
L . . 1 3—-1_1
lelts:x:Oglvast:O;x:In3g|vest:tanh(§In3):m=§
Answer: J = _£ thdt
1 1 1
(b) =

Tﬁ'r(ﬁ*m>
in (2
"3 " -
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[]ﬂ2zi|n(—\/§+% 22+
B il i L =
Answer: J_TI 22+

29 (11 marks)

(@) coshx =3 — sinh x, socosh x + sinhx =3
coshx+sinhx—eX soe=3andx=In3

y—cosh(ln3)— ,S0A =(In 3, 3)

Answer: A =(In 3, §)

(b) Area:j;In3 (3—sinhx — coshx)dx:£InB (3—-€9dx

=[3x —€],"*=3In3-3+1=3In3 -2

Answer: 3In3 =2

©V=m["[(3 - sinhx)? - cosh®x] dx

(3 — sinh x)? — cosh? x =9 — 6 sinh x + sinh? X — cosh? X = 8 — 6 sinh x
V = n[8x — 6 cosh x],"3

=1(8INn3—10+6)=0(8In3 — 4)
Answer: 1I(8In 3 — 4)

30 (8 marks)
sinhx+2coshx=e_2e_ +e+eX= %x%
2 o
Ir]tegramd_BX+e‘x_3e2X+1
letu=€" [ —2—du= 2 arctan (3 u)

W+l 43
Limits u=1to 2: T[arctan (23) — arctan (y/3)]
‘/zgarctan (%) = ‘/_

In2 1
sinh X + 2 cosh x

arctan (£)

dx= 2 arctan (g)

BB

Answer : £

Solving Hyperbolic Equations

1(2 marks)
1+§
x = artanh (3) = 5 In (——3)
1-3
_1 _
Eln4—ln2

Answer: x=1n 2

2 (2 marks)
ezx—gex+1=0,so(2ex—1)(ex—2)=0
=2o0r ;,sox:ilnz

Answer: Xx=+1n2
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3 (2 marks)
sinhx =15 B1
x=arsinh 1.5=1.19 B1
Answer: 1.19 2 marks
4 (2 marks)
cosh x = eX+2e‘ and € + e = 2foral x (or cosh x = 1, minimum value 1 at x = 0) El
% < 1, so thereis no real solution E1
Answer: cosh x = 1 for all real x 2 marks
5 (2 marks)
sinh x + cosh x = ¢ M1
e =4,0x=In4 Al
Answer: x=1In4 2 marks
6 (3 marks)
Sechx:%givescoshx:Z B1
e —4g°+1=0,0€ =2+43 M1
x=+In(2+43)=%132 AL
Answer: x =% In (2 ++3) = £1.32 3 marks
7 (4 marks)
(2sinhx + 1)(sinhx — 1) =0, s0sinh x = Lor sith x = —3 M1 AL
sinhx =1 x=In(1+42) AL
sinhx:—%:x:ln(—%+§)=|n(@) AL
AnSNer:x:In(1+«/§),x:In(\/§2_ 1) 4 marks
8 (4 marks)
(3tanhx — 1)(tanhx + 1) =0 M1 Al
tanhx = —lisimpossibleas —1 <tanhx <1 El
1
1+%
tanhx:%:x:%In( i):%lnz Al
1=-3
Answer: x=%|n2 4 marks
9 (3 marks)
Divide by cosh x: 1 = 2 tanh X, so tanh x = % M1
1
1 | 1+5
X = 2 n(l—l) M1
T2
_1
=5 In3 Al
Answer: x:%In3 3 marks
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10 (4 marks)

3(e*+e™) — 5(e" —
2

Multiply by €: —2u? — 6u+8=0,s0 u? + 3u — 4 = O withu = €*

uU+t+dHu—-21)=0,u>0sou=1landx=0

Answer: x=0

In exponentials: e - 3, thatis—2e*+8e7*=6

11 (4 marks)
cosh 2x = 2cosh® x — 1, so 2cosh? x — 3coshx +1=0
(2coshx — D)(coshx — 1) =0

cosh X = % isimpossible, socoshx=1andx=0

Answer: x=0

12 (4 marks)
2sinhx coshx — 3sinhx=0,sosinhx (2coshx — 3)=0
sinhx =0givesx =0

. + +
coshx:%glvese":%ﬁ,sox:iln(%ﬁ)

Answer: x =0, In (3%@)

13 (3 marks)
(a) Two solutions (x = + arcosh 3)
Answer: 2
(b) One solution (x = 0)
Answer: 1
(c) No solutions since cosh x = 1
Answer: 0

14 (5 marks)
tanh?x =1 — sech?x, s03 — 3sech’? x + 2sech x = 2
3sech?x —2sechx —1=0
(3sechx +1)(sechx — 1) =0
sech x = —% isimpossible since sech x > 0

sechx =1givescoshx=1,s0x=0
Answer: x=0

15 (6 marks)
coth? x = 1 + cosech? X, s0 2 + 2 cosech® x — 5 cosechx + 1 =0
2 cosech? x — 5 cosech x + 3= 0, so (2 cosech x — 3)(cosech x — 1) =0
cosechx = L sinhx =1, x = In (1 ++/2)

3. . 2 2 {4 2+4/13
cosechxzﬁ:snhng,len(§+ §+l):ln(J3E)
Ansmer:x:ln(lh/i),x:ln(bg@)

16 (7 marks)
(@ Rcosh (x + o) =R cosh a coshx + Rsinha sinhx, soRcosha =13and Rsinha =5
R?(cosh? ac — sinh? ) = 169 — 25 =144, so R =12

1+5 3

_ 5 _1 _1 9, _
tanh o = S()(X—iln(m)—§|n(z)—ln(§)

ﬁl
Answer: R=12, a=1In (%)

(b) 12 cosh (x + I 3) = 15, 50 cosh (x + In 3) = » = cosh (In 2)
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x+|ng:iln2 Al

_ 3 _mlorx=—in2—In3=_

x—In2—In§—In§orx— In2 In2— In3 Al
Answer: x =1In (%) orx=-=In3 3 marks
17 (4 marks)

(@) coshx=2a x=+1In(2++3) M1
cosh x > 2 for x < —In (2 +3) or x> In (2 +y3) AL
Answer: x < =In (2++3) or x> 1n (2 +3) 2 marks
(b)sinhxisincreasingandsinh(In2)=% M1
Sox=1In2 Al
Answer: X =1In 2 2 marks
18 (5 marks)

tanh 2x = Ztanh;( , SO 2t2=3twheret=tanhx M1 A1

1 + tanh” x 1+t
t(2—3—-3t)=0,0t(1l+3t?)=0 M1
1+3t>>0forrealt,sot=0 Al
tanhx =0givesx =0 Al
Answer: x=0 5 marks
19 (5 marks)
cosh 5x + cosh x = 2 cosh 3x cosh 2x M1 Al
2 cosh 3x cosh 2x = 6 cosh 3x, so cosh 3x (cosh2x — 3) =0 M1
cosh 3x = 1socosh 2x =3 Al
1
2x=%In(3+22),0x=% 75 In(3+2/2) =+ In(1+42) AL
Answer: x =% In (1 +42) 5 marks
20 (6 marks)
. 3 +e™ 2 . X

2coshx+smhx=T,so3u —2ku+1=0withu=¢€e*>0 M1 Al
Real roots need 4k®> — 12 = 0, sok = {3 or k = —3 M1
Positive roots need k > 0 (sum of roots %k >0),s0k = \/§ Al
k=2:3u>—4u+1=0,50Bu—1)(u—1=0 M1
u=1or%,sox=00rx=—|n3 Al
Answer: k =3; x=00r —=In 3 6 marks
21 (6 marks)

In exponentials: @ —3=¢e"—¢e* M1
3u+ % —6=2u— % so u? — 6u + 5 = 0 after multiplying by u and simplifying M1 Al
(u—DHu-5-=0 Al
u=1givesx=0 Al
u=5givesx=1In5 Al
Answer: x=0o0r x=1In5 6 marks
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22 (6 marks)
cosh2x=1+2snh?x,s01+2snh?x+3sinhx =3 M1
2snh?x+3sinhx —2=0,50 (2sinhx — 1)(sinhx +2) =0 M1 Al
sinhx:%:len(%+3§):ln(l$2@) M1 A1
sinhx = —2: x = In (=2 ++/5) AL
AnaNer:x:In(sz),x:In(\/g—Z) 6 marks
23 (7 marks)
Multiply the second equation by 2: 6 Sinhx — 4sinhy =5 M1
Add to the first equation:?sinhx:%+5:Z—E,f3 M1 A1
. _4
smhx—§ Al
. 13 4 . 3
Then4smhy:?—§:3,sosmhyzz Al
x:arsinh(%):ln(%+%):ln3 Al
y=asm () =inG+2)=1n2 AL
Answer: x=In3,y=1In2 7 marks
24 (6 marks)
Dividing by sinh x is not allowed unless sinh x = 0: it loses the solutions with sinh x =0 El
Check: x =0 givessinh 0 =0 =4 sinh 0, so x = 0 satisfies the equation but is missing from the B1
student's answer
Correct: 2sinh x cosh x — 4sinhx =0, s02sinhx (coshx — 2) =0 M1 Al
sinhx =0givesx =0 Al
cosh x = 2 givesx = % In (2 ++/3), so the solutions are x = 0, £ In (2 +y/3) AL
Answer: x =0, % In (2 +4/3) 6 marks
25 (7 marks)
(@ 1+2sinh?x=4sinhx +k, 025> — 4s+ 1 — k=0 withs=sinh x M1 AL
sisreal, so the discriminant 16 — 8(1 — k) = 0 M1
8+8k=0,s0k=-1 Al
Answer: if the equation has a solution, k = =1 4 marks
(b) 2> — 4s=0,s0s=00rs=2 M1
sinhx =0givesx =0 Al
sinh x = 2 givesx = In (2 ++5) Al
Answer: x =0o0r x =In (2 ++/5) 3 marks
26 (6 marks)
(@ x=0y=12cosh0=12m B1
Answer: 12m 1 mark
X X 13
(b) 12 cosh (E) =13, so cosh (E) =5 M1
. X 169 25 . X 5
sinh? (13) = 127 — 1= a7 0 Snh (13) =5 M1 AL
12 .13 . 5 .3 2
e —cosh+smh—ﬁiﬁ,that|s§or§ M1
X =+ 121n (3); distance = 24 In (3) = 9.73m AL
Answer: 24 In (%) =9.73m 5 marks
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27 (9 marks)
(a) With ¢ = cosh x, cosh 2x = 2¢®> — 1, s02¢> — 10c — 1= —1, that is 2c(c — 5) = 0 M1
coshx = 1,s0c=5(c=0isreected) Al
x =t arcosh 5=+ In (5 +424) = £ In (5 + 2/6) AL
Answer: x = % In (5 + 2/6) 3 marks
(b) f(x) = k becomes 2¢? — 10c — (1 + k) = 0, with ¢ = cosh x = 1; each root ¢ > 1 gives two M1 Al
values of X, and ¢ = 1 gives one (x = 0)
(i) k = —14: discriminant 100 + 8(1 + k) = —4 < 0, so no solutions B1
(i) k= —2—27: discriminant 0, ¢ = g > 1, so two solutions B1
(i) k=-10:c= 5%@ both greater than 1 (about 3.82 and 1.18), so four solutions B1
(iv) k=—=9:c=1o0rc=4,giving x = 0 and two more, so three solutions; (v) k=0: c = @E B1
only ¢ = 5.10 > 1 isvalid, so two solutions
Answer: (i) O, (ii) 2, (iii) 4, (iv) 3, (v) 2 6 marks
28 (9 marks)
(@ sinh (x +In 2) = sinh x cosh (In 2) + cosh x sinh (In 2) M1
cosh (In2) = » and sih (In2) = & AL
Therefore4sinh(x+|n2)=4><%coshx+4x%sinhx=55inhx+3coshx Al
Answer: 5sinh x + 3 cosh x = 4 sinh (x +1n 2) 3 marks
(b) snh(x +In2) = 3,50 x +In 2= arsinh 3= In (3 ++/10) M1 AL
x:|n(3+\/ﬁ)—|n2:|n(‘°’$z@) AL
Answer: x =1In (%@) 3 marks
(cgsnh(x+In2)=-2 B1
X +In2=arsinh (—2) = In (=2 +5) M1
5-2
x:In(\/E—Z)—InZ:In(%) AL
Answer: x = In (@) 3 marks
29 (9 marks)
(a)?coshx:5+53inhx,so@:5+@ M1
7u+%=10+5u—%,302u2—10u+12=0Withu=eX M1 AL
u?—5u+6=0sou=2o0r3 Al
5_35 5_35 . 35 35
x:In2:y:7><Z:T;X:InS:y:7x§:?. Points (In 2, T)and(InB, ?) Al
Answer: (In 2, %) and (In 3, %) 5 marks
In3 )
(b)Area:J:12 (5+5sinhx — 7 cosh x) d x M1
=[5x + 5 cosh x — 7 sinh x];,,"3 Al
— 5 4 5 3
—5In3+5x§—7x§—5ln2—5xz+7xz M1
3 25—-28 —-25+21 3 3
:5In(§)+ 3t 7 :5In(§)—1—1:5ln(§)—2 Al
Answer: 51n (%) -2 4 marks
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30 (11 marks)
(a)vzﬁzlosinth—Gcosth M1 Al
v:O:tanth:% M1
3 1

2t:artanh(§):ln2,sot:§In2 Al
ey D 3 _

s-5xz—3xz—4m Al

AnSNer:t:%In 2,s=4m 5 marks

2

(b)$=20coshzt— 12 sinh 2t = 4s > 0 when s = 4 M1

So the stationary point isaminimum, s=4 Al

Answer: Minimum 2 marks

(c)Letu:eZ‘:Scosth—3sinh2t:u+% M1

u+é=7,sou2—7u+4=0 M1
_ 7433, _ . o

u=-— ; u<1for the smaller root (u = 0.63), which givest < 0 and is rejected Al

tz%ln(bz@) ~0926's A1

Answer:t=%|n(b+2@)=o.926s 4 marks
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