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Three-Dimensional Vectors

1 (2 marks)
v| = \/22 +(—3)%+ 6% =49
=7

Answer: 7

2 (2 marks)
AB=b—a
=2i +3j — 5k
Answer: 2i + 3] — 5k

3 (2 marks)
wl=y2%+(-2?+12=3
: 1. . 2. 2. 1
Unit vector = §(2I - 2] + k) = §| — §J + §k
L 2. 2. 1
Answer: zi — 3j + 3k

4 (2 marks)
Midpoint = %(a+ b)

=5, -22
Answer: (5, =2, 2)

5 (3 marks)
6

-3
12
p=-3

gq=12

Answer: p=-3,q=12

=3x2i — | + 4Kk, so the scale factor is 3

6 (2 marks)
PQ=1(4 — 1)+ (-2 — 22+ (15 — 3)?

=y9+ 16 + 144 =169 = 13

Answer: 13

7 (3 marks)

lu| = \/22 +(=1)%+2%=3
Unit vector = 5(2i — j + 2K)

10. . 20

Required vector = 2 (2i — j + 2k) = i —

Answer: %i - %j + 2—??k
8 (4 marks)

AB?=22+(=3)?+22=17,BC*=32+22+0*=13, AC*=5%+ (—1)?+22=30

AB?+BC?=30=AC?

By the converse of Pythagoras the triangle is right-angled at B

Answer: Right angle at B

stemup.co.uk | page 1

M1
Al
2 marks

M1
Al
2 marks

M1

Al

2 marks

M1

Al
2 marks

M1

Al
Al
3 marks

M1
Al

2 marks

M1

Al

Al

3 marks

M1 A1l
M1

Al

4 marks



StemUp | Further Mathematics | Further Pure Mathematics: Further Vectors and 3D Geometry | Model Answers

9 (4 marks)
p:a+§(b—a) M1 Al
=5 — 2] +2k M1
Pis(5 —2,2) Al
Answer: (5, =2, 2) 4 marks
10 (4 marks)
AB =3i + 3] + 6k, BC =3i + 3] + 6k M1 A1
BC = AB, so AB is parallel to BC with the common point B, so A, B, C are collinear E1l
AB:BC=1:1 Al
Answer: Collinear; AB: BC=1:1 4 marks
11 (3 marks)
AD =BC M1
d=a+c—b=3i+5 +3k M1
Dis(3,5 3) Al
Answer: (3,5, 3) 3 marks
12 (4 marks)
Ir|=y12+22+22=3 B1
_ X-component _ 1
COSa=—7 —— =3 M1 A1
o =70.5° Al
Answer: cosa = 1/3, ac = 70.5° 4 marks
13 (3 marks)
lal* = p? + 2% + (=1)*=9 M1
p2 =4 Al
p=2orp=-2 Al
Answer: p =2 3 marks
14 (6 marks)

(@ AB=y22+2°+1>=3 M1 AL
BC= \/22 +(—2)%+1%°=3,s0AB=BC Al

Answer: AB=BC =3 3 marks
(b) AC =42 + 02 + 22 =20 = 22 M1 A1
Perimeter =3+ 3+ 22 =6+ 22 Al
Answer: 6 + 2\/§ 3 marks
15 (6 marks)
(@m=5(b+0) M1
=2i +j +3k Al
Answer: 2i +] + 3k 2 marks
(b) g= 361 +3 +3k=2i +] +k M1 AL
AM =6k, AG =4k M1
AG:%AM,soGisonAMandAG:GM:2:1 Al
Answer:g=2i+j+k;AG:GM =2:1 4 marks
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16 (6 marks)
Let Pbe (0, p, 0)
PA?=3%+(p — 1)*+ 2, PB® = (—1)* + (p — 5)* + 6°
PA%2=PB?% p? — 2p+14=p? — 10p + 62
8p=48,s0p=6
Pis (0, 6, 0)
Answer: (0, 6, 0)

17 (8 marks)
@QAB=(2t+1—-t—1,t+1—64—t)=(,t—54—1)
AB?=t?+ (t — 5)% + (4 — 1)?
=3t> — 18t + 41
Answer: AB? = 3t% — 18t + 41
(b) AB%=3(t — 3)* + 14
Least whent =3
Least AB =14
Answer: t = 3, least AB =14

18 (5 marks)
iip+2g=-1j:2p—qg=8 k —p+3g=-9
Solve the first two: from2p — q=8,9=2p—8,s0p+4p— 16=-1
p=3,9g=-2
Check k: =3 + 3(—2) = —9 and —9 = —9, so consistent
Answer: p=3,9g=-2
19 (6 marks)
(a) PQ = 180i + 150j + 45k
PQ = \/ 1807 + 1507 + 452 = {56925 = 239 m
Answer: 239 m
2
(b)r=p+5PQ
= 192i +100j + 33k

Height =33 m
Answer: 192i + 100j + 33k; height 33 m

20 (5 marks)
(a) OABC paralelogram so AB = OC
b=a+c
Answer: b=a+c

(b) Midpoint of OB: 3b = S(a+¢)

Midpoint of AC: %(a +C)
The midpoints coincide, so the diagonals bisect each other

Answer: Both midpointsare %(a +0)

21 (9 marks)
(8) BC= 5AB, 0 AC = SAB

c=a+3(b—a)=5+2 — 2

Answer: 5i + 2] — 2k

(b)d=b+3(@—h)

= —=2i — 5] + 12k

Answer: =2i — 5] + 12k

(c) AD=—4i — 4j +8k,DC=7i +7j — 14k
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D, A, B, Carecodllinear; |JAD|: IDC|=2:35=4:7 M1 Al
Answer: AD:DC=4:7 3 marks
22 (8 marks)
(@d=a+c—Dhb M1
= —i+]j+5k Al
Answer: D(—1, 1, 5) 2 marks
(b) AB2=3%+22+22=17 M1 Al
BC? = (—2)? + 3% + 2% = 17, s0 AB = BC and adjacent sides are equal Al
Answer: AB = BC =17 3 marks

(©) AC =412+ 52 + 42 = |42 M1 AL
BD = \/(—5)2 +12+0% =426 Al

Answer: AC =42, BD =26 3 marks
23 (8 marks)
2A+1
p=a+)&(b—a)= 2— 2\ M1 A1l
3—4A
OP? = (1+2A)?+ (2 — 20)? + (3 — 4))? M1
= 24)\% — 28\ + 14 Al
Complete the square: 24(A — 1—72)2 + 3_6? M1 A1l
. |35 7
Least value of OP |s\/; =242, when A = E M1 A1
Answer: Least distance 2.42 when A = % 8 marks
24 (8 marks)
(a)cosoczi cosB:l cosy == M1
i i Y =
2 2 2
Sum of squares = % M1
= 1since|r]? = x* + y? + 7 Al
Answer: Proved: cos’a + cos’p + cos’y = 1 3 marks
_ 1 4 4
(b)cos’y=1-g—g=3 M1 AL
2
Y obtuse so cos y = -3 Al
4
r=12(cos «, cos P, cosy) =| 8 M1 AL
-8
Answer: 4i + 8 — 8k 5 marks
25 (8 marks)
(a) Collinear needs BC to be a scalar multiple of AB E1l
That needs k — 6 = 3, so the third components must match, not just two of them El
Answer: Parallel vectors must be scalar multiplesin every component 2 marks
(b) BC = AAB requires A = 1 from the first component M1
k—6=3,s0k=9 Al
Answer: k=9 2 marks
(c) AB2=27,BC?*=3%2+3%+ (k — 6)? M1
(k—6)2=9 M1
k = 9 (collinear, rejected) or k =3 A1Al
Answer: k =3 4 marks
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26 (6 marks)
(8 g=3(@+b+0) B1
Answer: g=(a+b+c)/3 1 mark
(b) OP= 306G M1
p:%X%(a+b+c):%(a+b+c) Al
Answer: Shown: p = %(a +b+c) 2 marks
©p=i+2 +3k M1
OP=+41+4+9 =414 =374 (3sf.) M1 AL
Answer: P=(1, 2, 3), OP = \/ﬁ 3 marks
27 (10 marks)
() PQ=3(b+0) — 5(a+b)=5(c— a) M1 AL
SR=3(c+d) — 5(d+a)=5(c—a) M1 AL
Answer: SR = (1/2)AC 4 marks
(b) PQ =SR M1
so PQ and SR are equal and parallel, so PQRS is a parallelogram (and it is planar) Al
Answer: Proved: PQRS s a parallelogram 2 marks
(C) P(31 11 O)l Q(71 51 2)! R(Sl 71 7)1 S(ly 31 5) Ml Al
4 4
PQ=|4|,SR=|4| equd M1 Al
2 2
Answer: P(3, 1, 0), Q(7,5, 2), R(5, 7, 7), (1, 3, 5) 4 marks
28 (10 marks)
(@ AB=2 —2j +k,|AB|=3 B1
AC=4i +4j — 2k, |AC|=6 B1
Answer: |AB| =3, |AC|=6 2 marks
2. 2. 1 2. 2. 1
(b)e=3i—3i+3k e=3i+3] — 3k M1
4.
el + e2 = §| Al
e, and e, have equal length, so e, e, and their sum are the sides and diagonal of arhombus; the E1
diagonal bisects the angle
4.
Answer: e, +e, = 3l 3 marks
1
(c) Bisector: r =i +2j + 3k + 5|0 M1
0
BC:r=3i +4k + m2i + 6j — 3k M1
y:2=6msom=% M1 A1l
D=(5.239 A1
11
Answer: (§, 2,3) 5 marks
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29 (10 marks)
(@ PA?=(x+1)2+(y—2°+2°, PB*=(x — 5)°+(y — 2*+2°
PAZ=4PB% (x + 1)? + (y — 2)* + 2* = 4[(x — 5)* + (y — 2)* + Z°]
Expand: x? + 2x + 1 + (y — 2)? + 22 = 4x® — 40x + 100 + 4(y — 2)? + 4z7°
0=3x2—42x+99+3(y — 2)>+322, s0x> — 14x + 33+ (y — 2)°+2?=0
(X — 7)2 = 49+ 33+ (y — 2)2 + z% = 0, giving the result
Answer: Shown: P lieson the surface (x — 7)2+ (y — 22+ z° = 16
(b) A sphere
with centre (7, 2, 0) and radius 4
Answer: Sphere, centre (7, 2, 0), radius 4
() OnAB,y=2andz=0,s0(x — 7)>=16
x=11or x = 3, giving (11, 2, 0) and (3, 2, 0)
Answer: (3, 2, 0) and (11, 2, 0)

30 (9 marks)
(@ AB=2AC=y1+3=2;BC=1(1—2?%+3=2
Answer: AB=AC=BC=2
(b) DA2=DB% p*+*+h?’=(p— 2*+q*+h% sop=1
DA2=DC% 1+q®+h?>=0+(q—3)?+h?

1+q2=q2—2v§q+3,soq=i=3§

w0

Answer: p=1,q=13/3
(ODA*=4: 1+ 3 +h =4

8. _ 26
=g.n=22
pis(1, 2, 20

Answer: D(1, \/§/3, 2\/6/3)

Scalar Product

1 (2 marks)
ab=2x4 + 3x0 + (—1)x5
=3
Answer: 3

2 (2 marks)
Scalar product = 3x1 + (—2)x2 + 1x1 =0
The scalar product is zero, so the vectors are perpendicular
Answer: Scalar product =0

3 (3 marks)
ab=1and |a = |b| =42

_ 1 1 — a°
COSG_—\/Ex\/E_Z’SOG 60

Answer: 60°

4 (2 marks)
p+2p—6=0
p=1
Answer: p=1

stemup.co.uk | page 6

M1
M1
Al
M1
Al

5 marks
B1
B1
2 marks

M1
M1 Al
3 marks

M1 Al
2 marks

M1 A1l
M1

Al

4 marks

M1

Al

Al

3 marks

M1
Al
2 marks

M1
Al
2 marks

Bl

M1 Al

3 marks

M1
Al
2 marks



StemUp | Further Mathematics | Further Pure Mathematics: Further Vectors and 3D Geometry | Model Answers

5 (2 marks)

a-b = |a||b| cos 60° M1

=3x4x % =6 Al

Answer: 6 2 marks
6 (2 marks)

ab=1x2+2x1 + (—3)x4 = -8 M1

The scalar product is negative, so the angle is obtuse Al

Answer: Obtuse 2 marks
7 (4 marks)

ab=3—-4—-2=-3andbb=1+16+1=18 M1 A1

(a+2Ab)b=0,s0-3+18A =0 M1

1

A= s Al

Answer: A = % 4 marks
8 (4 marks)

BA=—-i+2 —2k,BC=2i+]j — k M1

BABC =2, |BA|=3, [BC|=16 M1 AL

cos ABC = %, 0 ABC = 74.2° AL

Answer: 74.2° 4 marks
9 (4 marks)

(@ ab=6and|b|=3 M1

Scalar projection = %tl) =2 Al

Answer: 2 2 marks

ab 6, . .

(b)Wb—§(2I+j+2k) M1

420 4k

= §| §] § Al

Answer: %i + %j + %k 2 marks
10 (4 marks)

Letn=xi+yj+zk. Thenx+2y =0andy +3z=0 M1 Al

Takez=1,soy=—3andx=6 M1

n==6i — 3j +k (or any non-zero multiple) Al

Answer: 61 — 3j +k 4 marks
11 (4 marks)

la+bl?=la>+2ab+p?=4—-2+9=11 M1 AL

la—b>=a° — 2ab+b?=4+2+9=15 M1

la+ bl =y11 and J]a— b| =15 AL

Answer: /11 and /15 4 marks
12 (4 marks)

Displacement = 3i + 2 — 2k B1

Work done = F-d = 3x3 + (—2)x2 + 5x(—2) = =5 M1 Al

Negative: the force has a component against the motion, so the force removes energy from the E1

particle

Answer: =57J 4 marks
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13 (4 marks)

ab=2—-2+2p=6,s0p=3 M1 Al
|b|-\/1+4+ \/_and|aj 3 M1
cosO = i s0 0 =57.7° Al
\/_
Answer: p=3,0=57.7° 4 marks
14 (6 marks)
L L __2 _2
(a)OF—I+j+k,OB—I+],COSG——\/§\/§ 7 M1 A1
0 =35.3° Al
Answer: 35.3° 3 marks
L _F1+1+1]
(b) AG=—i+]j +Kk,|cos | = \/_\/_ —3 M1 A1
@ =70.5° Al
Answer: 70.5° 3 marks
15 (7 marks)
AB=2i+j—2k,AC=i+4+k,BC=—=i+3] +3k B1
__4 - o
COSA_\/§\/1_8’SOA_71'7 M1 Al
Co0SB = —=—,s0B =67.5° M1 Al
H_
cosc=m,soc=40.8 M1
A + B+ C=180.0° =180° Al
Answer: A =71.7°,B = 67.5° C =40.8° 7 marks
16 (5 marks)
Letn=xi+yj+zkix+2y+3z=0and2x —y+z=0 M1 Al
Eliminatey: 5x +52=0,s0x = —zandy = —z M1
nisparallel to —i —j +k and |n| =43 AL
Vectors: i%(—i —j k) =£2/3( — | +K) AL
Answer: +2y/3(-i — j +k) 5 marks
17 (6 marks)
VU = 4x1 + (—3)x2 + 12x2 = 22 and Juf® = M1 AL
Parallel component-W u= (|+2 +2k) = = I+4;j +%k M1 Al
Perpendicular component = v — 2—92i + %j + %k M1
_1 64k
= gl - ?J ? Al
Answer: Parallel %ZI + %j + %k, perpendicular %l - %j + %k 6 marks
18 (6 marks)
(a) Parallelogram: b=a+c B1
Rhombus: all sides are equal, so |a] = |c| B1
Answer: b=a+c, |al =|c| 2 marks
(b)OB=a+candAC=c—a M1
OB-AC = [c]> — |a? M1 Al
Thisis 0 because |a| = |c|, so the diagonals are perpendicular Al
Answer: Proved: the diagonals OB and AC are perpendicular 4 marks
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19 (6 marks)
AB =6i +4j +pk
Work done=F-AB =36 — 8+ 3p=40
p=4

IAB| =+/36 + 16 + 16 = 2/17

Component = =2 485N

_40

207 17
Answer: p = 4, component 4.85N

20 (6 marks)
d=a+BC=4i — 3 +3k,s0Dis(4, =3, 3)
AD =BC, so ABCD is a parallelogram
AB-BC = 2x2 + 2x(—3) + 1x2 =0, so angle ABC = 90° and it is arectangle
Area= |AB| x |BC| = 3 x 17 = 317
Answer: D(4, —3, 3), rectangle, area 317

21 (8 marks)
(@ ab=2p+land|d®=|b?=p*+2
o_2p+1 _ 1
cos 60 a2 2
A4p+2=p*+2,50p°—4p=0
p=0orp=4

Answer: p=0orp=4

(b) a+b=5i +5) + 2k; |[a = |b| =18

(a+b)a=18+9=27and (a+ b)-b=27

Equal scalar products and equal magnitudes, so the cosines are equal
Answer: Shown: a + b makes equal angles with a and with b

22 (8 marks)
(@ ab=2
Tryc=i+2j+2kiac=2+2—-2=2=ab,butc#b
Answer: c =i+ 2] + 2k works
(bya(b—c)=0
so b — cisperpendicular to a, or is the zero vector
Answer: b — cisperpendicular to a (or zero)
(¢) b — c=Aafor some A
a(b—c)=Alg?=0and|a # 0,s0A =0
Answer: Proved: if ab=a-c,a# 0and b — cisparallel toa, thenb=c

23 (9 marks)
(@) la+ bf* = |a* + 2ab + |pf?
la— bf? =g — 2ab + |b|?
Adding gives the result
Answer: Proved: |Ja+ b|? + Ja — b|? = 2Ja]® + 2|b]?
(b) 2x 25+ 2 x 49 = 64 + d?
d*=84,s0d =221
Answer: 221
(c)64=25+49 — 2ab,soab=5

5 1
COSG—W—7

0 =818°
Answer: 81.8°
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24 (9 marks)
(a) u = (cos 60°, cos 60°, w) and Ju| =1
1.1 2
zrgzrwosl
1
2 _
wr=3

N| -~

1. 1.
Answer: Shown: u = 5+ 3] +wk, wherew? = 5

(b) cosy = 1%

y = 45° or 135°
Answer: 45° or 135°

1 1 1
(C)Ul-U2=Z+Z —§=0
The angle is 90°
Answer: 90°

25 (9 marks)

(2 BD=tBCsod=(2t+2)i+ (2)) + (t + 1k
AD = (2t — 1)i + (2t — 1)j + (t — 2)k

ADBC=0:2(2t — 1) + 22t — ) +(t = 2) = 0,509t = 6 and t = 5
. 10 4 5
Dis(3. 3 3)
10 4 5

Answer: (?, 3 §)
(b) AD?=2=2,0AD =42

~f%

Area= 5 x [BC| X |AD| = 5 x 3 %2 =

Answer: 5@

2

26 (12 marks)
(3) OA-OB = 2t(t + 2) + 3(—t — 1) + 3(t — 1)
=22+ 4t — 6=2(t — 1)(t + 3)
t=1lort=-3
Answer:t=1ort=-3
(b) OA = 4i + 3j +k, OB = 4i — 3j + 3k
OA-OB =16 — 9+ 3 =10, |OA| =26, |OB| = 34

10
cosAOB = ——=—, so AOB = 70.3°
V26434
Answer: 70.3°

(c) OA =2i + 3] and OB = 3i — 2} + 3k are perpendicular by (a)
1

Area= 5 x /13 x |22

_ 4286

)

Answer: 3@

27 (10 marks)

(a) |a+ AbJ* = [b]*A? + 2(a-b)A + |aj* = O for al A

Ib]? > 0 so this quadratic in A has no distinct real roots

Discriminant < 0: 4(ab)> — 4Ja)?|b]* < 0

so (ab)® = [af’|bl?

Answer: Proved: (a-b)? = |a]’|b]?

(b) Equality holds when the discriminant is 0, so [a+ Ab| = 0 for some A, so a= —Ab: aand b are

parallel
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Answer: When aand b are parallel 1 mark
(c) Takeb =i+ 2] +3k: (X + 2y + 32)? = 14(x* + y? + 7°) M1
784 < 14(x* +y? + 7%), so x> + y? + 72 = 56 Al
Equality needs (x,y, z) =A(1, 2,3): 14A =28, S0 A =2 M1
X=2,y=4,z=6(check: 2+ 8+ 18 =28 and 4 + 16 + 36 = 56) Al
Answer: x=2,y=4,2z=6 4 marks
28 (9 marks)
@APBP=XX—1DX—=5+(y—-2(y+2+(z—3)(z—7)=0 M1 A1l
x> —6x+5+y*—4+7°—10z2+21=0 M1
(X—3)2—9+y?’+(z—52?—-25+22=0,0(x — 3)>+y?’+(z—5)?*=12 Al
Answer: Shown: P lies on a sphere with equation (x — 3) +y? + (z — 5)? = 12 4 marks
(b) Centre (3, 0, 5) = 5(A +B) B1
Radius12 = 2(3 and AB =16 + 16 + 16 = 43 = 2 x radius M1 A1
Answer: Centre (3,0, 5); AB =2 x radius 3 marks
(c) QA = —4i and QB = —4j + 4k M1
QA-QB =0, so angle AQB = 90° Al
Answer: Angle AQB = 90° 2 marks
29 (9 marks)
(a) The six edge vectorsare —2j — 2k, —=2i — 2k, —2i — 2j, —=2i + 2j, —=2i + 2k, —2] + 2k M1 Al
Each has two non-zero components of size 2, so each has length /8 = 2,2 Al
Answer: All edges 22 3 marks
(b) OP-OP,=1—1—1=—1and |OP,| = |OP,| =3 M1
cos 0 = —%,3092109.5° Al
Answer: 109.5° 2 marks
(C) P1P,PP3=0+0+4=4 "
coscp=%=%,socp=60° Al
Answer: 60° 2 marks
(d) Sum of components; x: 1+1—-1—-1=0,y:1—-1+1-1=0,z1—-1-1+1=0 M1
O isthe centroid of the tetrahedron E1
Answer: O isthe centroid 2 marks

30 (10 marks)

@la=|c=3 M1 A1
ac=2+2-4=0 Al
Answer: Both have magnitude 3; a.c=0 3 marks
(b) Equal angles and |a| = |c|: b-a=b-c M1
p+20=2p+q,s0p=q Al
bl =y2p = 15 M1

_ _ 15

P=a= 5=

Answer: p = q = 15/2/2 4 marks
b-a 3p _p_1

(C)COSOZWZW_E_E M1 Al
0 = 45°, which is half of the 90° between a and c, so b bisects the angle between them Al
Answer: 45° 3 marks
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Vector Product

1 (2 marks)
i ]k
axb=1(2 1 O M1
1 -1 3
=3i—6 —3k Al
Answer: 3i — 6 — 3k 2 marks
2 (2 marks)
ixj=k, jxk=ikxi=] M1
Sum=i+j+Kk Al
Answer:i+j +Kk 2 marks
3 (3 marks)
(Ra+b)yx(a—2b)=2axa—4daxb+bxa—2bxb M1
axa=bxb=0andbxa=—(axb) M1
= —4(axb) — (axb)=—5@axb) Al
Answer: —5(a x b) 3 marks
4 (2 marks)
axb=-2i +j+6k M1
Area=[ax b =y(—=2)% + 1% + 6% = {41 AL
Answer : \/H 2 marks
5 (2 marks)
|ax b| = [g]|b| sin 30° M1
:4x5x%:10 Al
Answer: 10 2 marks
6 (2 marks)
OA x OB = —-3i — 2] +6k M1
1 1 7
Area= 5|OA x OB| = {(—3)* + (-2)* + 62 = Al
AnSNer:% 2 marks
7 (4 marks)
axb=4i —5 — 6k M1 Al
jax b| = 4> + (=5)* + (—6)> =477 M1
- N S
Unltvector—i\/ﬁ(m 5 — 6k) A1
1, . .
R TR~
Answer: _\/ﬁ(m 5 — 6k) 4 marks
8 (5 marks)
bxc=(1-—3p)i+11 +(2p+ 3)k M1 Al
a(bxc)=(1—3p)+22+(2p+3)=26—p M1 Al
Volume=126 — p|=14,sop=120or p=40 Al
Answer: p=12o0r p=40 5 marks
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9 (4 marks)
axb=—i—j+ksolaxbl=43 M1 AL
_ bl = ing=13
lal = o] =2, sosin 6 = 5 M1
0 = 60° Al
Answer: 60° 4 marks

10 (4 marks)

AB=i+2 +k,AC=—i+j+3k B1
AB x AC is perpendicular to both M1
=5 —4j +3k A1 Al
Answer: 51 — 4j + 3k 4 marks
11 (4 marks)
bxc=7+8 — 2k M1 A1l
a:(b x ¢) = 1x7 + 2x8 + 3x(—2) = 17 Al
Volume = |a:(b x ¢)| = 17 Al
Answer: a:(b x c) = 17; volume 17 4 marks
12 (6 marks)
(a) Coplanar means p-(q xr) =0 M1
gxr=(—A—4)i+((2—17)j+3k M1 A1
p(gxrnN=2(-A—4)+(2—-2A)+9=3-3A=0,0A =1 Al
Answer: A=1 4 marks
(b)p=oagq+Prii:a+p=2j:—ax+2p=1 M1
B=1,a=1(k: 2+ 1=3checks) Al
Answer: p=q+r 2 marks
13 (4 marks)
bxc=i—2 +6k M1
ax(bxc)=4i —4 — 2k M1 A1l
ac=2andab=2:22i +j) — 23 +k) =4i — 4 — 2k Al
Answer: 4i — 4j — 2k 4 marks
14 (5 marks)
Volume = %|a-(b x C)| B1
bxc=11i + 2] — 6k M1 Al
a:(b x ¢) = 1x11 + 2x2 + 0x(—6) = 15 Al
Volume = Lo Al
6 2
Answer: g 5 marks
15 (7 marks)
(@AB=i+j+2k,AC=—i+2] +k, AD =3i + 3k B1
AC x AD = 6i + 6] — 6k M1 Al
AB-(AC x AD) = 0 = 0, so the points are coplanar Al
Answer: Scalar triple product =0 4 marks
(b) Equatei and j components: « — B =3and o+ 23 =0 M1 A1
a=2,p=-1(k:4— 1= 3checks) Al
Answer: a=2,8=-1 3 marks
16 (6 marks)
(@) lax bf? = |a*b|* sin*0 M1
= |al?b|*(1 — cos®0) M1
= [a’lbl” — (lallb| cos ©)* = [a*[bl* — (ab)® Al
Answer: Proved: |Ja x b|? = |aJ?|b|> — (a-b)? 3 marks
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(b)axb=5i +5 — 5k sojaxbj?=75
la?b]> — (ab)?=14%x6 — 3?=75
Answer: Both sides equal 75

17 (5 marks)
OA x OB =4i — 2j + (1 — 2k)k

Area= 3|0A x OB| = 3, 0 [OA x OBJ? = 36

16+ 4+ (1 — 2k)?> =36, s0 (1 — 2k)* = 16
- __3 _5

1—-—2k=%4,s0k = 2ork—2

Answer: k = =3/20or k =5/2

18 (5 marks)
i k
rxF=(1 2 -1
2 -3 4

=5 — 6 — 7k Nm

Magnitude = /5% + (—6)? + (=7)> =110 = 10.5 N m
Answer: 5i — 6 — 7k N m, magnitude 10.5N m

19 (5 marks)
(a) Expand: axa+axb—bxa—bxb
axa=bxb=0andbxa=—(axb)
So the result is 2(a x b)
Answer: Proved: (a—b) x (a+b)=2(axhb)
(b) a— b and a+ b are the two diagonals of the parallelogram with sides aand b
The parallelogram whose sides are these diagonals has area 2|a x b), twice that of the origina
Answer: Area doubles

20 (5 marks)
@ixj=kbutjxi=-=k
Answer:ixj=Kk,jxi=-=k
(b)ix(ixj)=ixk=—]
(ixi)xj=0=—]j
Answer: —j and O differ

21 (9 marks)
() ax v isperpendicular to a, so b must be perpendicular to a,i.e. ab=0
ab=0—-2+2=0
Answer: a-b = 0 holds
2z+y
—X—=2z
y — 2X
22+y=0,—X—z=-1y—2Xx=-2
y=—2zand x =1 — z (third equation is then satisfied)
v=i+t-i — 2 +k)withz=t
Answer: v =i+t(—=i — 2] +k)
©NMP=@1—-t)2+4t>+t°=6t2— 2t +1

(b)axv=

. 1 .. 5 1.1
Minimumat t = &, givingv = 5i — 3j + &K

. 5. 1. 1
Answer: gl - §j + Ek
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22 (8 marks)
(@bxc=i+6 —2k
V =la(bxc)|=13=13
Answer: 13
(b)yaxb=6 — 3 +k

Area= 162 + (=3)% + 17 = /46

Answer: 46

(c) Volume = base area x height
_ 13 _

h= a5 - 1.92

Answer: 1.92

23 (8 marks)
@PQ==i+2,PR=—i+3k
PQ x PR = 6i + 3 + 2k
Answer: 61 + 3j + 2k

1l o 1 _ 7
(b)Area—T/G +3F+2=5xT7=53

7

Answer: 5

(0 QR = =2 + 3k, |QR| =13

_1 _ ! _
Area—§><|QR|><h,soh—E—1.94
Answer: 1.94

24 (6 marks)

(&) ax (b x c) =b(ac) — c(ab)

b x (c x @ =c(b-a) — ab-c)

c x (ax b) =a(ch) — b(c-a)

Answer: b(a-c) — c(a-b); c(b-a) — a(b-c); a(c-b) — b(c-a)

(b) Add: termsin a —a(b-c) + a(ch) =0

termsin b: b(a.c) — b(c-a) =0, termsin ¢c. —c(ab) + c(b-a) =0
using a-b = b-aetc. the sumis0

Answer: Proved: ax (bxc)+bx(cxa)+cx(axb)=0

25 (9 marks)
@v=wxr=-3i + 6

Speed=1/9+36 =35 =671 ms™*
Answer: —3i + 6], speed 6.71 m s™*
(b)a=wxv=-—18 — 9
Answer: =18i — 9
(c)a=—9(2i +]) and 2i + ] isthe horizontal position of P, so a points directly towards the axis
Distance from axis d =5, so [a] = %/5 = w?d
Answer: a= —9(2i +j), |Jal = w?d = %5
26 (9 marks)
(a) Area= %|AB x AC| + %|AC x ADJ; the two area vectors point the same way

Vector area= 5(AB x AC + AC x AD) = 2AC x (AD — AB)
AD — AB = BD, giving 5|AC x BD|

Answer: Shown: its areais%|AC x BD|

(b) AC=3i+4j +5k,BD=—i+2] +k
AC x BD = —6i — 8] + 10k
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1
Area= §\f(—6)2 +(—8)%+10? = 5/2 Al
Answer : 5\/§ 4 marks
27 (11 marks)
(@ Letu=axb. Thenu x (ax c) = a(u-c) — c(u-a) M1
ua=(axh)a=0 M1
uc=(axb)c=a(bxc) M1 A1
So(axhb)yx(axc)=[a(bxc)]a Al
Answer: Proved: (ax b) x (axc)=[a(bxc)] a 5 marks
(b)axb=2i —j+kandaxc=4i — 2] — 2k M1 A1l
(axb)x(axc)=4i+§ M1
a(bxc)=4s0d4a=4i +§ Al
Answer: Both sides equal 4i + §j 4 marks
(c) Then(axb)x(axc)=0 M1
A zero vector product means the two vectors are parallel (or oneis zero) Al
Answer: Shown: if a:(b x c) =0 (with a # 0) then ax b and a x c are parallel 2 marks
28 (10 marks)
(@ bxc=6i — 2k M1 AL
V=abxc)=4 Al
Answer: 4 3 marks
b)a = S(6i — 2K) = i — ~k
()a—z(l— )-§|—§ M1 Al
R 1, 1. 1
b'=7(+2 —k)=Zi+5] — 7k Al
C = 3(=2i +2K) = —5i + 2k AL
Answer: a = 3i — 2k, b' = 7i + 5j = 7K, € = —2i + 2k 4 marks
(Qad=3—3=1bb=2x3=1cC=—3+3=1 M1 AL
1 1_ 1 1
a-b—Z—Z—Oanda-C——§+§—O Al
Answer: a-a =b-b'=cc' =1andab' =ac =0 (verified) 3 marks
29 (10 marks)
(@ M =0PxF=-8i+15 — 6k M1 Al
IM| =64 + 225 + 36 =325 = 5/13 Al
Answer: —8i + 15] — 6k, [M| = 5/13 3 marks
(b) M| = |F| x d M1
IF|=5s0d=113=361m Al
Answer: {13 m 2 marks
(c) Moment about axis=M-n M1
= 2(-8+30- 1= 2 Nm M1 AL
Answer: % N m 3 marks
(dOQxF=0PxF+AFxF M1
F x F =0, so the moment is the same Al
Answer: OQ x F = OP x F, so the moment is unchanged 2 marks
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30 (10 marks)
(a) Vector area = %AB x AC = %(b —a)x(c—a) M1
Expand:%(bxc—bxa—axc+axa) M1
:%(bxc+a><b+cxa),asaxa:0,—bxa:aXb,—axc:cxa Al
Answer: Shown: the vector area of triangle ABC is%(ax b+bxc+cxa) 3 marks
(b) axb=6k,bxc=18i,cxa=12 M1 Al
Vector area= 5181 + 12 + 6k = 9i + 6] + 3k M1
Area:x/8l+36+9:x/126 :3\/14 Al
Answer: 3\/14 4 marks
() Aress 3 x6=3,5 x18=9, 5 x12=6 M1 AL
9 + 81 + 36 = 126 = (3/14)? Al
Answer: 3,9 and 6; 126 = 126 3 marks

Vector Equationsof Lines

1 (2 marks)
r=a+2d M1
r=i+2j +3k+A2 —j+4k) Al
Answer:r =i+2j +3k + A2 — | +4k) 2 marks
2 (2 marks)
Direction AB = 2i + 3] — 4k M1
r=3i —j+2k+2A2 +3j —4k) Al
Answer:r =3i — | + 2k + A(2i + 3] — 4k) 2 marks
3 (2 marks)
X=1+2\,y=2—1A,z=3+4A M1
x—1_y—-2_z-3
2 T -1 T 4 Al
AI’]SWeriX;l=y__12=zz3 2 marks
4 (2 marks)
X:1+2A=5givesA =2 M1
y:2—2=0and z: 3+ 8= 11 both agree, so the point lies on the line Al
Answer: Yes, at A =2 2 marks
5 (2 marks)
Point (3, —1, 5) Bl
Rewrite 5;12 asz_;15: direction 2i + 4j — k B1
Answer: (3, —1,5); 2i+4j — k 2 marks
6 (2 marks)
(2,—4,6)=-2(-1,2,-3) M1
The direction vectors are parallel, so the lines are parallel Al
Answer: Direction vectors are multiples 2 marks
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7 (3 marks)

z-coordinate: —3+2A =0 M1
_ 3
}"E Al
. 3 7

Point: (2+§,1+3, 0):(5,4, 0) Al
Answer: (;,4, 0) 3 marks

8 (4 marks)
The vector product is zero, sor — (2i +j — 3k) ispardlel to 3i — 2j +k M1
r=2i+j—3k+A@Bi — 2 +k) Al

.o X—2_y—1_2z+3

Cartesian: 3 -5 -7 M1 A1
Answer: 1 =2+ — 3k +A@ - 2 +k); g2 =Y =228 4 marks

9 (3 marks)
X:1+3A=7,s0A=2 M1 A1
p:—1+4:3,q:2+2:4 Al
Answer: p=3,90=4 3 marks

10 (5 marks)
@r@ =11 +5 +k M1 A1l
Speed = V| =9+ 4+1=y14=374ms™" AL
Answer: 11i + 5] + k; 3.74m st 3 marks
(b)2+3t=17 M1
t=5 Al
Answer:t=5 2 marks

11 (5 marks)
t1+A=5—-21,j:2+A=4pn M1
Subtract: 1=6p — 5, sop=1andA =2 M1 A1l
k:3+2(2) =7and 2+ 5(1) =7, so the lines intersect Al
Point: (3, 4, 7) AL
Answer: (3,4, 7) 5 marks

12 (4 marks)
d;d,=2—-6+12=8,|d,|=3,|dy| =7 M1 A1

_ 8
cos6 = 57 M1
0 =67.6° Al
Answer: 67.6° 4 marks

13 (4 marks)
AB=3I — 3 +3k=3(i —j +k) M1
r=2i+5 —k+2A( —j +k) Al
AtC:2+A=—-1,s0A=-3 M1
p=5+3=8andq=—-1—-3=—-4 Al
Answer:r=2i+5 —k+A(i—j+k);p=89g=-4 4 marks
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14 (6 marks)
Direction vectors are not paralel
i l+)x:211,j22—)x:1+}1

Adding: 3=1+3p,s0p =
13

k:3+2?x=?but5—u= 3

The equations are inconsistent, so the lines do not intersect and are not parallel: they are skew

Answer: Skew

15 (6 marks)
@i:A=4+3p,j:1+2A=2—-n

and}x——

Subgtitute: 1+8+6p=2—p,sop=—landA=1
k:i2—1=1and2+ (—1) =1, consistent. Point (1, 3, 1)

Answer: (1, 3, 1)

() (4,2, -1)(3,—-1,1) =3

—-2-1=0

Answer: Scalar product of directions=0

16 (6 marks)
1+2A=p,p:3—A=1+3u
3-A=1+3+6) A= —>adp=2
. 1 5 _18
ji2+A=p-—p,s0p=2-5+<==

. 2 1 5 13 22
P0|nt:(1——2—7, 7)—(7 =, 7)
18 5 13 22
Answer: p = = (7 7,7)
17 (7 marks)

@2A=10—2pandA=—-1+n,02(1 —1)=10— 2u, givingpn=3and A =2

k: 10 — 2=8and 5 + 3 = §; the crossing point is (4, 2, 8)

Answer: (4, 2, 8)

(b) Preaches (4, 2, 8) whent = 2 but Q reachesit whent=3
They are never at the crossing point at the same time
Answer: They reach the crossing point at different times

(©) ro(2) =6i +j + 7k, rp(2) = 4i + 2j + 8k

Distance = /4 + 1 + 1 =6 = 2.45 km

Answer: 2.45 km
18 (6 marks)

xy-planez=0: =1+ A =0,A =1, point (3, 1, 0)
yz-planex =0: 2+ A =0, A = =2, point (0, 7, —3)

xz-planey =0: 3 —2A =0, A = % point (%, 0, %)

Answer: (3,1,0), (0,7, =3), (4, 0, 3)

19 (5 marks)

Parametrise: (1+2A, —1+3A,2+A)and (2+ 1, 4

pl1+2A=2+p,sop=2A—-1

—2p,1+2p)

ji—1+3A=4—202A—1)=6—4\,07A=7,A=1landp=1

k:2+1=3and 1+ 2= 3, consistent, so the lines intersect at (3, 2, 3)

Answer: (3, 2, 3)

20 (5 marks)
@ (2

—2,4) =2(1, —1, 2) so the directions are parallel

Different direction vectors can still be parallel

Answer: Thedirectionsare parallel
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(b)I1s(3,0,7)onl,?1+ A =3givesA=2:(3,0,7) M1 A1
Itis, so the lines are the same line Al
Answer: The sameline 3 marks
21 (8 marks)
@i:2+A=1+2pandj:1+A=3—1n M1
Subtract: 1=—-2+3p,sop=1landA=1 M1
k: 2\ =2and 2 + 0p = 2, so the lines intersect at (3, 2, 2) Al
Answer: (3, 2, 2) 3 marks
(b) (1, 1, 2)-(2, —1, 0) = 1, with magnitudes 6 and /5 M1
1 — 0
cose—@,soe—79.5 M1 A1l
Answer: 79.5° 3 marks
(c) Direction=(1,1,2) x (2, —=1,0)=2i + 4 — 3k M1
r=3i+2 +2k +s(2i +4j — 3k) Al
Answer: r =3i +2j + 2k + s(2i + 4] — 3k) 2 marks
22 (8 marks)
(@) Equate: 1 +2t=11 — 3t,sot=2 M1 Al
j;2—2=0and -6+ 6 =0; k: 6 and 6, al three agree M1
Position 5i + 6k Al
Answer: 5i + 6k 4 marks
(b) Val =4+ 1+9 =114 B1
Vgl =y9+9+9=3/3 B1
Answer: {14 ms™ and 3y3 m s™* 2 marks
(C)Vavg=—6—-3+9=0 M1
The paths are perpendicular: 90° Al
Answer: 90° 2 marks
23 (9 marks)
@M=(4,6,2)andN=(2,4,4); AM:r =i+ 2k + A(3i + 6)) M1
BN:r =5i +4j — 2k + p(—=3i + 6k) Al
Answer: AM:r =i+ 2k + A(3i +6j); BN: r =51 +4j — 2k + pu(—3i + 6k) 2 marks
(b)i:1+3A=5—3,j:6A=4 M1
?\:%,u:%;k:zz—2+6}1:2 M1 A1
G=(3,42 Al
Answer: G =(3,4, 2) 4 marks
() CG=—4j — 4k, 0lineCG: r =3i + 8§ + 6k + v(—4 — 4k) M1
Midpoint of AB is (3, 2, 0): b = 3 gives (3, 8 — 6,6 — 6) = (3, 2, 0) M1 AL
Answer: The midpoint of AB, (3, 2, 0), lieson CG 3 marks
24 (9 marks)
@i:1+A=2+21,j:2+A=3+qp M1
Subtract: —1=—-1+pu,sop=0andA =1 M1 AL
p:3+2(1) =p+(—1)(0),s0p=5 Al
Answer: p=5 4 marks
(b) Directions are not parallel and the lines do not meet, so they are skew El
Answer: Skew 1 mark
(c) Point: A = 1 gives (2, 3, 5) B1
(1, 1,22, 1, —1) = 1, magnitudes /6 and 6: cos O = % M1 AL
0 = 80.4° Al
Answer: (2, 3, 5); 80.4° 4 marks
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25 (8 marks)
(@ BC=2i —2j+3kandAB =3i + 3] — 2k B1
r=j+2k+A2 —2j +3k)andr =5 +2j + 3k +11(3i +3j — 2k) B1B1
Answer:r=j+2k +A(2 — 2 +3Kk); r =51 + 2] + 3k + pu(3i + 3] — 2k) 3 marks
(b)i:2A=5+31,j:1—2A=2+3p M1
Add: 1=7+6pu,sop=—landA=1 M1 A1
k:2+3=5and3+2=5D=(2, —1,5) Al
Answer: D(2, =1, 5) 4 marks
(a+c—b=(0+5—-3,1+2—-4,2+3-0=(2,—1,5) B1
Answer: Agrees 1 mark
26 (6 marks)
LeteX=(2,A,A)onl;andY =(3,1+qu,1—p)onl, P, X,Y collinear M1
PX=(1LA—-1A—-1)andPY =21, —1) Al
PY =2PX,sop=2A—2and —p =2\ — 2 M1 A1
Hencep=0,A=1X=(2,11),Y=(31,1) M1
Liner=i+j+k+s Al
Answer:r=i+j+k+sd 6 marks
27 (11 marks)
(a) Missile distance from O at time T is 5T; aircraft distanceis |r o(T)| M1
(6+T)?>+(4—2T)?+ (8 — T)?=25T2 M1 A1
116 — 20T + 6T% = 25T, s0 19T? + 20T — 116 =0 Al
Answer: Shown: T satisfies 19T? + 20T — 116 =0 4 marks
(b) (T—2)(A9T +58) =0, T>0s0T =2 M1 A1
Position 8i + 6k = (8, 0, 6) Al
Answer: T =2; (8,0, 6) 3 marks
(O V=3(8 0, 6)=4i +3k M1
Speed =16 +9 =5 Al
Answer: 4i + 3k 2 marks
@ ten 6= M1
0 =36.9° Al
Answer: 36.9° 2 marks
28 (9 marks)
@PQ=rqg—rp M1
9—3t
=|—6+2t Al
3
Answer: (9 — 3t)i + (=6 + 2t)] + 3k 2 marks
(b) d? = (9 — 3t)2 + (—6 + 2t)2 + 32 M1
=81 — 54t + 9t? + 36 — 24t + 4t + 9 = 13t — 78t + 126 Al
Answer: Shown: the distance d between the boats satisfies d* = 13t? — 78t + 126 2 marks
() d>=13(t —3)?+9 M1 AL
Leastd=3mwhent=3s A1Al
Answer: 3matt=3 4 marks
(d) d®> = 9for al t, so d isnever O El
Answer: d = 3 always 1 mark
29 (12 marks)
@ P=@+A)*+(@2—20)%+ (3+2))? M1
=1+2A+A%+4 — 8\ +4A%+ 9+ 12\ + 4A? = 9A? + 6A + 14 Al
Answer: Shown: |r|? = 9A% + 6A + 14 for a point on | 2 marks
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(b) 972 + 6A + 14 =49, s0 9A\? + 6A — 35=0
(3A—5)@A+7)=0,0A =3 orA=—=1

3
. 8 4 19 4 20 5
Points (3, =3, 3) and (-3, 3 —3)

Chord =3 — (-2)| x |d| = 4 x 3= 12

Answer: (%, —%, %) and (-%, 2—??, —%); chord 12

(c) Repeated root: 36 — 36(14 — R?) =0

R?=13,R=413

1 .2 87
}\ - _§l pOInt (§! §! §)
Answer: R =113; (%, % %)

30 (12 marks)
() At intersection a; + Ad, = a, + pud,, soa, — a; = Ad; — ud,
Take the scalar product with d, x d,, which is perpendicular to both d, and d,: the right sideis 0
Answer: Proved: if I, and |, intersect then (a, — a,)-(d; xd,) =0
(b) The vectorsa, — a;, d,, d, are coplanar, so the lines lie in one plane
Two non-parallel lines in one plane must meet; for parallel linesd, x d, = 0 and the condition is
automatically true
Answer: Coplanar; parallel lines satisfy it trivially
(©dixdy=i—j—k
a,—a;=(—11,p);dotproduct =1 —1—p=0,s0p=-—2
z0=—2+psop=2;y: A=1; point (2, 1, 0)
Answer: p=-=2; (2, 1,0)

Vector Equations of Planes

1 (2 marks)
r-n=an
Ix2+2%x(=1) +3x4=12,502x —y +4z=12
Answer: 2x —y +4z=12

2 (2 marks)
r=xi+yj+zk
X—2y+z=5

Answer: 3x — 2y +z=5

3 (2 marks)
Normal 4i — j + 3k
4(1) — (—3) + 0 =7, so the point lieson IT
Answer: Normal 4i — j + 3k; yes

4 (2 marks)
A:2—-0+2=4,s0A lieson the plane
B:4—1+0=3# 4, soB doesnot
Answer: A only

5 (2 marks)
y=z=0:x=6,x=z=0y=4
x=y=0:z=2; points (6, 0, 0), (0, 4, 0), (0, 0, 2)
Answer: (6, 0, 0), (0, 4, 0), (0, 0, 2)
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6 (2 marks)
Normals (1, 2, —1) and (2, 4, —2) = 2(1, 2, —1) M1
The normals are parallel, so the planes are parallel Al
Answer: Normals are parallel 2 marks
7 (5 marks)
AB=2i+j—k,AC=i+3 — 2k B1
Normal = AB x AC =i + 3] + 5k M1 Al
na=11,sox+3y+5z=11 M1 Al
Answer: x+3y +5z=11 5 marks
8 (4 marks)
Normal =i + 2] x| + 3k M1
=6l — 3 +k Al
na=8s06x—3y+z=8 M1 Al
Answer: 6x — 3y +z=8 4 marks
9 (4 marks)
Three points on IT: (4, 0, 0), (O, 2, 0), (0, 0, —4) M1 A1
Direction vectors (—4, 2, 0) and (—4, 0, —4), simplified to (—2, 1, 0) and (1, 0, 1) M1
r=4i +A(—=2i +j) +nu( +k) Al
Answer: r =4i + A(=2i +j) + (i +Kk) 4 marks
10 (7 marks)
@AB=2i —j+2kandAC=i+2 —k B1
X=2+2AN+1,y=1—A+21,z=1+2\—1 M1 A1
Answer: Xx=2+2A+W,y=1—A+21n,z=1+2A— 1 3 marks
(b)x+z=3+4Aandy + 2z = 3+ 3\ (1 eiminated) M1 A1
3x+2) —4y+22)=9—12 M1
X —4y —5z2=-3 Al
Answer: 3Xx — 4y — 5z = -3 4 marks
11 (4 marks)
Normal = AB = 4i — 2] — 4k, pardlel to 2i — ] — 2k M1
Midpoint M = (3, 1, 1) lies on the plane B1
28)—1-2(1)=3 M1
2X—y—22=3 Al
Answer: 2x —y —2z2=3 4 marks
12 (2 marks)
2k —2-3=7 M1
k=6 Al
Answer: k =6 2 marks
13 (6 marks)
it1+2A=3+pandj:2—A=1+p,s0A=1,p=0 M1 A1
ki1+1=2=2-—0,sothelinesmeet at (3, 1, 2) Al
Normal =d; xd, =i + 5 + 3k M1 A1
X+by+32=1+10+3=14 Al
Answer: Intersect at (3,1, 2); x+5y+3z=14 6 marks
14 (5 marks)
AP=—i —2 +3k B1
Normal =i +j +k x —i — 2] + 3k M1
=5 —4) -k Al
na=—3 M1
5x — 4y — z=—3; check P. =3 Al
Answer: 5Xx — 4y — z= -3 5 marks
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15 (5 marks)
Same direction vector, so the lines are parallel
A vector joining thelines: 2i +j + 3k —i =i+ + 3k
Normal =i+2j +kxi+j+3k=5 —2 —k
5x—2y—z=5

Answer: 5x — 2y —z=5

16 (5 marks)
n;:n,=2—1—1=0, so the planes are perpendicular
Normal to the required plane =n; x n, = 3j + 3k
y+3z=6,s0y+z=2
Answer:y+z=2

17 (7 marks)
(a) Check: A: 12, B: 12, C: 12
Answer: Shown: the plane has equation 2x + 3y + 4z = 12
(b) AB x AC = 12i + 18] + 24k

1
Area= 5\/122 + 182+ 24% = 329
Answer : 3\/29
(c) Volume = %la-(b xC)| = % xX6x4x3=12

Answer: 12

18 (7 marks)
(@ Norma =i +2k x —i+j+k==2 — 3 +k
—2(1) —3(1) +0=-5,s02x+3y —z=5
Answer: 2x +3y —z=5
B)j:l+p=—1so0p=-2
ii1+A—1=3,s0A=0;checkk: 2\ +1=-2
Answer: A=0,p=-2

19 (5 marks)
AB = —i+]
Normal =AB xi+j+k=i+j —2k
na=1sox+y—2z=1
Answer: x+y —2z=1

20 (6 marks)
@AB=(1,1,2adAC=(-1 -1, —2)=—AB
The vectors are pardlel, so A, B, C are collinear and do not define a unique plane
Answer: A, B, C are collinear
(b) AD=-2] — 3k
Normal = AB x AD =i + 3] — 2k
X+3y—2z=1
Answer: x+3y —2z=1

21 (7 marks)
IT, contains the direction of |, so its normal n is perpendicular to (1, —1, 2)
IT, is perpendicular to IT;, so nis perpendicular to (1, 2, —1)
n=(1,-1,2) % (1,2, —1) = -3 + 3] + 3k, paralel to (—1, 1, 1)
Point (2,0,1): —2+0+1=-1
X—y—z=1
Check witht=1: (3, -1,3):3+1—-3=1
Answer: x —y—2z=1
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22 (9 marks)
(@ A (12,0, 0), B (0, 6, 0), C (0, 0, 6) B1
Answer: (12, 0, 0), (O, 6, 0), (0, 0, 6) 1 mark
(b) ABx AC=36i + 72 + 72k M1 Al
Area= 3[36i + 72j + 72k| = 5 x 108 = 54 M1 AL
Answer: 54 4 marks
(0) Volume = gla(b x 0| = g x 12% 6 x 6= 72 M1 AL
Answer: 72 2 marks
(d) Unit normal = 5(1, 2, 2); distance = 12i-5(1, 2, 2) = 4 A1
%X54><4:72,asin(c) M1
Answer: 4 2 marks
23 (8 marks)
(@ PA2=(x — 1)2+(y — 22+ 2% PB? =(x — 32+ (y+2* + (z — 4)? M1
Equate and expand: —2x — 4y + 5= —6x + 4y — 8z + 29 M1 Al
4k — 8y +8z2=24,50X — 2y +22=6 Al
Answer: Shown: P lieson theplanex — 2y + 22=6 4 marks
(b) Normal (1, —2, 2) isparallel to AB = (2, —4, 4) M1
Midpoint (2,0, 2): 2 — 0+ 4 =6, so it lies on the plane Al
Answer: Shown: this planeisthe perpendicular bisector of AB 2 marks
(c) Thefoot of the perpendicular from A is the midpoint, so the distance is %AB = %\/4 +16 + 16 M1 Al
=3
Answer: 3 2 marks
24 (7 marks)
@M=(L 3,0 1
Norma = OC x OM = —6i + 4j + %k, parallel to (—12, 8, 1) M1 A1
Plane through O: 12x — 8y — z=0 Al
Answer: 12x — 8y —z=0 4 marks
(b) Line: (2+s,5,49); 12(2+S) — 85— 4s=24 M1 Al
24 = 0 for every s, so there is no intersection; the line is parallel to aline in the plane (OC) but El
does not lie in the plane
Answer: No intersection (24 # 0) 3 marks
25 (7 marks)
(@CP=2 —2 +k M1
Radius=y4+4+1=3 Al
Answer: 3 2 marks
(b) Normal 2i — 2j +k B1
2(3) —2(0)+4=10 M1
2x—2y+z=10 Al
Answer: 2x — 2y +z=10 3 marks
(©y=z=0:2x=10 M1
(5,0,0) Al
Answer: (5, 0, 0) 2 marks
26 (9 marks)
(@AB=i+(p—1j+2kandAC=—i+j+(p—Dk;i:(p—1)>—-2=p>’—2p—1 M1 A1
j2-)—-(p-D=—(p+Dandp:1+(p—-1)=p Al
Answer: Shown: anormal to II, is(p?—=2p — 1)i — (p + 1)j + pk 3 marks
(b) The originison IT, if n-a =0 (the plane has d = n-a) M1
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pPP—2p—1—p—1+p=p’—2p—2=0 Al
p=1%+3 M1 AL
Answer: p=1i\/§ 4 marks
©n=(-1,-1,0,d=-1—-1=-2 M1
X+y=2 Al
Answer: x +y =2 2 marks
27 (12 marks)
(@ nispaaled to ABxAC=(b —a) x(c— a) M1
=hbxc—bxa—axc+axa=bxc+axb+cxa M1 A1
Answer: Shown: n=ax b +b x c+cxaisperpendicular to the plane ABC 3 marks
(b) Plane: r-n = a:n M1
a(axb)=0anda(cxa)=0,soan =a(b xc) M1 A1
Answer: Proved: the plane ABC has equation r-n = a:(b x c) 3 marks
(c0axb=2i—2+k,bxc=i+6/ —3k,cxa=—i+j+3k M1 Al
n=2i+5 +kanda(bxc)=7 Al
2X+5y+z=7 Al
Answer: 2x +5y +z=7 4 marks
(d) O lieson the planeif 0 = a(b x ) M1
i.e. a(b x ¢) = 0: the paints O, A, B, C are coplanar Al
Answer: a(bxc)=0 2 marks
28 (9 marks)
@ ((1,1,0x01,)=i—j+k M1 A1
Answer: i —j+k 2 marks
(b) Normaln=i —j +k B1
Through (1,0,1): 1 —0+1=2 M1
Mix—y+z=2 Al
Answer: x —y+z=2 3 marks
(c) Through (0,2,0):0—2+0=-2 M1
[Myx—y+z=-=-2 Al
Answer: X —y+z=-2 2 marks
(d) IT, and I'T, are parallel distinct planes, so I, and |, cannot meet El
Thedirections (1, 1, 0) and (0, 1, 1) are not parallel, so the lines are skew E1l
Answer: Skew 2 marks
29 (10 marks)
@r=a+A(b—a)+ulc—a) M1
=(1—A—np)a+ib+ypc M1 AL
The coefficients sumto 1 Al
Answer: Shown: every point of IT can bewritten asaa+ b + ycwitha+pB +y=1 4 marks
(b) A: 6, B: 6, C: 6 satisfy the equation M1 Al
Answer: Shown: IT has equation 6x + 3y + 2z =6 2 marks
(©g=3@+b+0)= (3, 2,1) v
6(3) +3(5) +2(1) = 6 AL
Answer: (%, % 1) 2 marks
(d) Coefficients sumto 3 + = + & = 1,50 D lieson T1 M1
1 21
b=(2.32) AL
Answer: (%, % %) 2 marks
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30 (10 marks)
XY Lz
(a)H.a+b+C—1 M1
. 1.2 3_
PllesonH.5+B+E_1 Al
Answer:Shown:%+%+§:1 2 marks
(b) V = gabc B1
Answer: V = abc/6 1 mark
1 2 3 6 .1
(C)Takeu=§,v=5,w=3 123(—0)3 M1
1 6
ﬁzﬁ,soabczlw M1 Al
v:%zm Al
. 1_2_3_1
Equalltywhena *p~c"~3 M1
a=3,b=6,c=9 Al
Answer:V =27;,a=3,b=6,c=9 6 marks
(d)%+%+%:l,306x+3y+22:18 Al
Answer: 6x + 3y + 2z =18 1 mark

I nter sections of Lines and Planes

1 (2 marks)

QL+AN)+(2+N)+B3+2\)=12,506+4A =12 M1

3 . 57
A= 2 point (E’ x 6) Al
.5 7

Answer: (5, > 6) 2 marks
2 (2 marks)

(14, —2,1)(2,1,0) =0, sothelineis parallel to the plane M1

Thepoint (1, 0, 2) gives1 + 2 =3 # 5, so thelineis not in the plane Al

Answer: Parallel, not in the plane 2 marks
3 (2 marks)

(2+A)+(1+2A) —3A=3foral A M1 A1

Answer: 3= 3for every A 2 marks
4 (2 marks)

z=2andx=y,s02x+2=6 M1

x =y =2:thepointis (2, 2, 2) Al

Answer: (2, 2, 2) 2 marks
5 (2 marks)

1+2t)+(—1+3t)—2t=3t=6 M1

t=2, point (5, 5, 2) Al

Answer: (5, 5, 2) 2 marks
6 (3 marks)

Pointonline (1 +t, 1+ 2t, 1+ 3t) B1

31+t)—(L+2)+2(1+3t)=4+7t=18,s0t=2; point (3, 5, 7) M1 Al

Answer: (3,5,7) 3 marks
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7 (4 marks)
Direction=(1,1,1) x (1, —-1,2)=3i —j — 2k M1 Al
Putz=0:x+y=3,x—y=1s0x=2,y=1 M1
r=2i+j+2A@B —j — 2k) Al
Answer:r =2 +j + A3 =) — 2Kk) 4 marks
8 (4 marks)
AtA=2r=2i —j+2(i+2 — 2k) M1
OP=4i +3j — 4k Al
cC=OP-(i+3 —k)=4+9+14 M1
c=17 Al
Answer: OP=4i + 3) — 4k, c =17 4 marks
9 (5 marks)
Add the first and second: 3x + 2z = 9. Add the first and third: 2x + 3z = 11 M1 A1
Solve: Ox + 6z=27and 4x + 62 =22,s05x =5, x=1andz=3 M1
y =6 — 1 — 3=2; the three planes meet at the single point (1, 2, 3) A1 A1
Answer: (1, 2, 3): the planes meet at one point 5 marks
10 (4 marks)
The perpendicular isin the direction of the normal: r =i + 2j + 3k + A(i + 2] + 2k) M1
(L1+A)+22+2\)+2(3+2\)=11+9A=2 M1 AL
A=-1,foot (0,0, 1) Al
Answer: (0, 0, 1) 4 marks
11 (4 marks)
Direction = (2, —1, 1) x (1, 1, —1) = 3j + 3k, parallel to (0, 1, 1) M1 Al
Adding the equations: 3x =6, sox =2 onl M1
Theny — z=0; thelineisx=2,y=z Al
Answer: x=2,y=z 4 marks
12 (4 marks)
@p—2+2=0 M1
p=0 Al
Answer: p=0 2 marks
(b) (4,0,2):1—-0+2=3,s0apoint of | liesinIT; | isparalel toIT, sol liesinI1 M1 A1
Answer: Liesin II 2 marks
13 (6 marks)
(a) The second is twice the first M1
They are the same plane (coincident) Al
Answer: Coincident 2 marks
(b) Normals are parallel but 4x — 2y + 2z = 6 on the first plane, not 7 M1
Parallel distinct planes Al
Answer: Paralldl, distinct 2 marks
(¢) Normals (2, —1, 1) and (1, 1, —1) are not paralel M1
The planesintersect in aline Al
Answer: Intersect in aline 2 marks
14 (6 marks)
@ (1,2 —-1)(1,1,3)=1+2—3=0, so paralel M1
Point (2,1,0): 2+2 — 0=4,0onIl, sothelineliesinI1 Al
Answer: Liesin IT 2 marks
(b) Same direction, so parallel to I1 M1
Point (0,0,1): 0+ 0 — 1=—1 # 4, so paralel but not in I'T Al
Answer: Parallel to IT, not in it 2 marks
(01,2 -1)(1,1,1)=2=0,soit meetsII once M1
A+ 2\ — A=4,50A=2andthe pointis (2, 2, 2) Al
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Answer: Meetsat (2, 2, 2) 2 marks
15 (6 marks)
(a) Direction= (2,1, —1) x (1, —2,3) =i — 7] — 5k M1 Al
Puty=0:2x —z=5andx+3z=—-1,s0x=2,z=-1 M1 Al
r=2i —k+2A® — 7 — 5k) Al
Answer:r=2i —k + A(l — 7] — 5k) 5 marks
(L)I1:6—-—7+6=511,3+14—-18=-1 B1
Answer: On both planes 1 mark
16 (7 marks)
() Adding IT, and IT,: 3x +y +2z=5 M1 A1
This conflicts with IT; unlessk =5 Al
Answer: Common pointsonly if k =5 3 marks
(b) Each pair of planes meetsin aline and the three lines are parallel El
(atriangular prism arrangement) El
Answer: Triangular prism: no common point 2 marks
(c) Direction (1,2, 1) x (2, —1,1)=3i +j — 5k M1
Point (0,1, 2): r =j + 2k + A(3i +] — 5k) Al
Answer:r =j + 2k + A(3i +j — 5k) 2 marks
17 (6 marks)
Line through P perpendicular to the plane: r =i + 2} + 3k + A(2i +] — 2k) M1
20+2N) +(2+A) —2(83—20)=9A—2=7,0A =1 M1 Al
Foot F=(3,3,1) Al
ImageP =2f — p M1
=5,4, -1 Al
Answer: (5, 4, —=1) 6 marks
18 (6 marks)
i2+A=sji1—A=tk3A=1+s—t M1 A1
Substitute: A =1+ (2+2A) — (L —2A)=2+2A M1
A=2 Al
r=4i —j+6k M1 Al
Answer: 4i — | + 6k 6 marks
19 (4 marks)
(@) Theterm —2(2 + A) = —4 — 2\, not —4 + 2\ M1 AL
Answer: —2 x A was given the wrong sign 2 marks
(b)3+6A —4—-—2A+3—-—A=2+3A=5ss0A=1 M1
Point (3, 3, 2); check 9 —6+2=5 Al
Answer: (3, 3, 2) 2 marks
20 (6 marks)
(@ Beam: (2+ A, 1+ 2\, 8—4A);z=0givesA =2 M1 A1
P=(4,50 Al
Answer: (4, 5, 0) 3 marks
(b) Reflected beam: (4 + p, 5 + 21, 411) M1
pu=12,so0p=3 M1
Paint (7, 11, 12) Al
Answer: (7, 11, 12) 3 marks
21 (10 marks)
(@) 2(first) — (second): 3y —z=1 M1
(first) — (third): 3y + (1 — k)z = 1; subtract: (2 — k)z=0,s0z=0when k # 2 M1 A1l
1 2 _10
y:§,x:4—§:§ M1 Al
Answer: (10/3, 1/3, 0) 5 marks
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(b) For k = 2 the third equation is (second) — (first), so the equations are dependent M1 Al
Direction (1,2,1) x(2,1,3) =5 —j — 3k M1
Point (0, 1, 2) satisfiesal three: r =) + 2k + A(Gi — j — 3k) Al
Answer:r =j + 2k + A(51 — | — 3k) 4 marks
(c) k = 2: the planes meet at one point; k = 2: they share a common line (a sheaf) B1
Answer: Point; common line 1 mark
22 (8 marks)
(@ A (6,0,0),B(0,30),C(0,0,2 B1
Answer: (6, 0, 0), (0, 3, 0), (0, 0, 2) 1 mark
(b) LineOF: r =A(1, 2, 3) M1
}\+42\+9)x=6,802x=% M1 A1
3 6 9
F= (7, 7 7) Al
Answer: (%, g ;) 4 marks
(c) OF = ;\/ﬁ M1
1 314 _3x14 _
3 x 314 x 7 === 6 M1
Vqume=%><6><3><2=6asweII Al
Answer: OF = 3vV14/7; both give 6 3 marks
23 (7 marks)
(@ Ray: (1+A, —2+4\,0); (1+A)+2(—2+4)\) =6 M1
OA—3=6,s0A=1andP=(2, 2, 0) Al
Answer: Shown: theray hitsthe mirror at P(2, 2, 0) 2 marks
(b)dn=1+8=9and |nf*=9 M1
d=(1,40 —21,2 2 =—i — 4k M1 A1
Answer: —i — 4k 3 marks
(c) Reflected ray: (2 — p, 2, —4p) M1
x =0gives|1 = 2, so the point is (0, 2, —8) Al
Answer: (0, 2, —8) 2 marks
24 (9 marks)
(a) Direction= (1, —2,1) x (2, 1, —=1) =i + 3j + 5k M1 Al
Pointonl: putx=1. =2y +z=2andy —z=2,s0y=—4,2=—6 M1
r=i—4j —6k+2A( +3j +5k) Al
Answer: r =i — 4j — 6k + A(i + 3j + 5Kk) 4 marks
(b) A+2A)+(—4+3A)+(—6+57)=9,s09A =18 M1
A =2, paoint (3,2, 4) Al
Answer: (3, 2, 4) 2 marks
(c) Points on | make both brackets 0, so they satisfy the equation for every k M1
At(1,1,1):(1—-2+1-3)+k(2+1—-1—-4)=-3-2k=0 M1
k:—g;theplaneis4x+7y—52:6 Al
Answer: k = =3/2; 4x+ 7y —52=6 3 marks
25 (6 marks)
(@) (3t) + 2(4t) — 2(50 — 5t) = —16, so 21t — 100 = —16 M1 Al
t = 4, position (12, 16, 30) Al
Answer: t = 4; (12, 16, 30) 3 marks
(b) Speed =9+ 16 + 25 =5/2 =7.07ms™* M1 A1
Distance = 4 x 52 = 20y2 = 28.3 m Al
Answer: 707 ms™t; 283 m 3 marks
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26 (7 marks)
(@ Norma =(1,1,0)x(0,1,1) =i —j +k M1 Al
X—y+z=1 Al
Answer: x —y+z=1 3 marks
(b) Direction=(1, —1,1) x (1, 1, —1) = 2j + 2k, pardlel to (0, 1, 1) M1 Al
Adding the equations. 2x = 4, so x = 2; point (2, 1, 0) M1
r=2i+j+2A( +k) Al
Answer:r =2 +j +A( +Kk) 4 marks
27 (12 marks)
(a) Foot of perpendicular: f =p + An M1
fn=d p-n+}\|n|2:d,so}\:—p'r|]n|_2d M1 Al
p'=2f — p =p + 2An, giving the result Al
Answer: Proved: p' =p — Z%n 4 marks
(bypn=2-2+12=12|n*=9 M1
P=(216 - 2% ol ~22) M1
=(0,5, 2 Al
Answer: (0, 5, 2) 3 marks
(©(2+A)—2(1+A)+2(6+5A\)=12+9A=3,s0A=—-1 M1 A1
Intersection (1, 0, 1) Al
The reflected line passes through (1, 0, 1) and through P = (0, 5, 2), so has direction (—1, 5, 1) M1
r=i+k+mn(-i+5 +k) Al
Answer: r =i+ k + p(-i + 5 +K) 5 marks
28 (12 marks)
(a) Direction=1(1,1,1) x(1,2,3) =i — 2 +k M1 Al
z=0:X+y=6,x+2y=14,50y=8,x=-2 M1
r=—=2i+8 +A(l — 2j +k) Al
Answer:r = =2 +8 +A(l — 2] +Kk) 4 marks
(b) Line | meetsTT; where2(—2+A) +3(8 — 2A) +aA =b M1
(@a—4A+20=hb Al
(i) a # 4: one value of A, asingle point Al
(i) a=4 and b = 20: every A works, so the planes share the line | Al
(iii)a=4and b # 20: no A; | isparalel to IT; and not in it, atriangular prism A1 AL
Answer: (iya=# 4; (ila=4,b=20; (ii)a=4,b =20 6 marks
(c) —4A+20=12,s0A =2 M1
Point (0, 4, 2) Al
Answer: (0, 4, 2) 2 marks
29 (11 marks)
@F=A(1,22:9\=9,s0A=1 M1 AL
F=(1,22),0F=3 Al
Answer: F=(1,2,2); OF=3 3 marks
(b) A point X of the circle satisfies OX? = OF? + FX? (OF is perpendicular to the plane) M1
FX? =25 — 9= 16, so FX = 4 for every such point M1 A1l
Circle of centre F(1, 2, 2) and radius 4 Al
Answer: Circle, centre (1, 2, 2), radius 4 4 marks
(c) Check (2,1, —2)-(1, 2,2) =0sothelineliesinII B1
Pointsare F + 4 x %(2, 1, -2 M1 A1
11 10 2 5 2 14
(?’ ?1 _§) and (-§l §’ ?) Al
11 10 2 5 2 14
Answer: (?, 3 —§) and (-§, 3 ?) 4 marks

stemup.co.uk | page 31



StemUp | Further Mathematics | Further Pure Mathematics: Further Vectors and 3D Geometry | Model Answers

30 (11 marks)
(a) Each point of | satisfies both brackets = 0, so satisfies the combined equation
The combined equation is that of a plane, asits norma An, + jin, is non-zero (n,, N, are not
parallel)
Such planes contain |; a plane containing | has normal perpendicular to the direction of |, which is
spanned by n, and n,, so no others exist
Answer: Proved: A(n,;r —d;) +p(n,r —d,) =0
(b) Normal An; + pun, = QA + 11, —A + 11, A — 2p)
Perpendicularto (1, 2,1): QA +p) +2(-A+p)+ (A —2p)=A+p=0
TakeA=1lL,p=-1L(xX—-y+z—3)—(x+y—2z—1)=0
X—2y+3z=2
Check: (1, —2,3)(1,2,1) =0
Answer: x — 2y +3z2=2

Angles Between Lines and Planes

1 (3 marks)
Normals (1, 1, 1) and (1, O, 0)

1
cosO=—=,s00=547°
0 \/5,
Answer: 54.7°

2 (3 marks)
_ldnl _ 1
o ldiinf 3
0 =195°
Answer: 19.5°

sin6

3 (2 marks)
d,d,=2+2—-4=0
The lines are perpendicular: 90°
Answer: 90°

4 (3 marks)
nn,=2—2+4=4and|n;| =|n,|=3

cos 0 = g, s0 0 = 63.6°
Answer: 63.6°

5 (3 marks)
Direction (2, 1, 2), normal (0, O, 1)
sin6=%,soe=41.8°
Answer: 41.8°

6 (2 marks)
Normals (2, 1, —1) and (1, —2, 0)
Scalar product 2 — 2 + 0 = 0, so the planes are perpendicular
Answer: n;:n, =0

7 (4 marks)
dn=2—-2+4=4,|d=3,|n|]=3

a4

S|n9—§

0 =26.4°

Answer: 26.4°
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8 (4 marks)

n:n,=2—6-—12=-16, |ny =3, |n,| =7 M1 A1

cosO = ;—? (taking the acute angle) M1

0 = 40.4° Al

Answer: 40.4° 4 marks
9 (4 marks)

d;d,=3—-8+0=-5,]d,|=3,]d,|] =5 M1 A1

0= 5 1

COS U = 1B ~3 M1

0 =705° Al

Answer: 70.5° 4 marks
10 (4 marks)

d =3 B1

2 2 1,

cosa = =, cosB—g, cosy =3 (taking acute angles) M1 Al

x=p=482°vy=705° Al

Answer: 48.2°, 48.2°, 70.5° 4 marks
11 (2 marks)

nl'n2:3k_2_2:0 M1

_4

k=5 Al

Answer: k = 4/3 2 marks
12 (4 marks)

Normal (1, 2, 2), |n| = 3; coordinate plane normals (1, 0, 0), (0, 1, 0), (0, 0, 1) B1

1 2 2

cos6,, = 3, cos6,, = 3,c080,, =3 M1 A1

0,,=705°6,,=0,, =482° Al

Answer: 70.5°, 48.2°, 48.2° 4 marks
13 (4 marks)

AB=2 —2j +k, |AB|=3 B1

dn=12—-4—-3=5and|n|=7 M1 Al

. _ 5 _ 5

sme—ﬁ,e—lS.S Al

Answer: 13.8° 4 marks
14 (7 marks)

. . . 2
=4+ 3 + : ==

(a) OF = 4i + 3j + 2k, normal to the base (0, 0, 1): sin 6 75 M1

0=218° Al

Answer: 21.8° 2 marks

(b) Normal = BG x DG = —4i + 2k x 3}, pardlel to (1, 0, 2) M1 Al

X+2z2=4 Al

Answer: x +2z=4 3 marks

(c) Normals (1, 0, 2) and (O, O, 1) M1

-2 a_oap0
cose—\/g,e—26.6 Al
Answer: 26.6° 2 marks
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15 (5 marks)

Normal toz:Oisk:sin30°:; M1 Al

y1+p®+4

1 2 >

5= ——, %0 +5=4 M1

2 p?+5 P

p’+5=16,p*=11 M1

p=+11 Al

Answer: p =411 5 marks
16 (5 marks)

@A (1,0,0),B(0,20),C(0,0,3) B1

Answer: (1,0, 0), (0, 2, 0), (0, 0, 3) 1 mark

(b) Normals (6, 3, 2) and (0, 0, 1), n| =7 M1

cosO = % 0 =734° Al

Answer: 73.4° 2 marks

(c) cos B = g M1

0 =310° Al

Answer: 31.0° 2 marks
17 (6 marks)

Directionof 1 =(1,2,1) x (2,—-1,1)=3i +j — 5k M1 Al

dn=3+1—-5=—1]d =435, |n|=43 M1 AL

a1

sin@ = _\/ﬁ M1

0 =5.6° Al

Answer: 5.6° 6 marks
18 (6 marks)

(@dn=2-1+8=9,|d=3/2,|n=3 M1 AL

oz 9 =1 oo

sne_%ﬁ_ﬁ,e 45 Al

Answer: 45° 3 marks

b)d=(1,1,4) —22,-1,2)=-3 + 3 M1 Al

dd=-3+3+0=0 Al

Answer: =3i + 3j 3 marks
19 (4 marks)

(a) The scalar product formula with cos gives the angle between the line and the normal to the M1 E1

plane, not the plane itself

Answer: 15.8° isthe angle with the normal 2 marks

ino=_ > =

(b) sSnB = e =0.9623 M1

0 =74.2° (=90° — 15.8°) Al

Answer: 74.2° 2 marks
20 (4 marks)

Directionof 1,=(1,1,1) x (1, =1,2) =3i — ) — 2k M1 Al

dl'd2:3+1_4:0 M1

So the lines are perpendicul ar Al

Answer: d;-d, =0 4 marks
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21 (9 marks)
(a) Normal to front face = AB x AR, = —16] + 24k, parallel to (0, —2, 3)
_ 3 a_ o
cos O = el 0 =337
Answer: 33.7°
(b) Normal = AD x AR, = 12i — 12k, pardlel to (1, 0, —1)
1 4
cos O = 7 0 =45
Answer: 45°
(c)AR;=(2,3,2),sin0 =

0 =29.0°
Answer: 29.0°

=N
=

(d) Outward normals (0, —2, 3) and (—1, 0, 1): cos @ = ﬁ ® =54.0°

Interior angle = 180° — ¢ = 126.0°
Answer: 126.0°

22 (6 marks)
AB=(-2,2,0,AC=(-20,0)
Normal = AB x AC = (2c, 2c, 4), paralld to (c, c, 2)
2

y2¢? + 4

2c?+4=8,0c*=2

c=2

Answer: ¢ =42

cos 45° =

23 (7 marks)

(2) OF =5i + 4j + 3k and AG = —5i + 4j + 3k

OFAG=-25+16+9=0

Answer: OF-AG =0

(b) OB = 5i + 4j and AF = 4j + 3k

cos O = 16

VT %5

0 = 60.0°
Answer: 60.0°

24 (7 marks)
(@) PP, x P1P;=4i + 4 — 4k
PP, x PP, = —4i +4j — 4k
Answer: (1, 1, —=1) and (=1, 1, —1) (multiples)
(b) n;-n, = =1+ 1+ 1=1"for thesimplified normals, |n| = \/§

cosO = % 0 = 70.5° (acute angle between the planes)

Answer: 70.5°

(c) Face P,P;P, isx +y + z=—1, with normal (1, 1, 1)
OP, =(4, 1, 1) is paralél to this normal

Answer: OP, isparallel to the normal

25 (8 marks)
(a) Norma (3, 4, 12), [n] = 13; normal to horizontal (0, 0, 1)
_12 o
cosO = EEL 0 =226
Answer: 22.6°

(b) n-d =108 + 192 — 300 = 0, so d liesin the plane
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25 5

|d|=65,sing = 13 @ = 22.6° M1 A1
Answer: 22.6° 4 marks
(ond=12 - 12+ 0=0, soit liesin the plane, and its k-component is 0 M1 Al
Answer: Liesin the plane with no vertical component 2 marks
26 (8 marks)
@3+0+0=3and6+0—0=6 B1
Answer: On | 1 mark
(b) Ay = 2(1, 2, 2), A, = %(2 1,-2) v
n,+n,=(11,0) andn, — 3( 1,1, 4 M1 A1
Through (3,0,0): x +y =3 Al
and —x+y+4z=-3 Al
Answer: x+y=3andx—y —4z=3 5 marks
(c) Normals (1,1, 0), (1, 2, 2), (2,1, —2): cos= \/5% for both M1 Al
Answer: Both cos = 1/v2 (45°) 2 marks
27 (9 marks)
(a) The normal is perpendicular to the direction of theline: a+2b+2=0 M1 A1
Answer: a=—-2b — 2 2 marks
_Inkl _ 1 _2
(b) cos 6 = —m =3 M1
az+b2+1:—:(2b+2)2+b2+1:g M1
5b2+8b+——0 S0 200%+32b+11=0 Al
Answer: Shown: 20b% + 32b + 11 =0 3 marks
(©) (2b+1)(10b +11) =0, 0b=—3 orb =~ ML AL
b=—%:a=—1,n0<(2,1,—2):2x+y—22=0 Al
b=-— E a—1 ne(2,—11,10): 2x — 11y + 102=0 Al
Answer: 2x +y —2z=0and 2x — 11y + 10z2=0 4 marks
28 (10 marks)
(@ ng=snoacosa —cosasinac=0andne=0,and |n|=1 M1 A1
u=cos@g+singe=(sin @, cos @ cos &, —Cos ( Sin ) Al
Answer: n = (0, sin a, cos @); U = (Sin ¢, COS (P COS A, —COS P SN @) 3 marks
(b) The angle with the horizontal plane has sin © = |u-k| (u is a unit vector) M1
|u-k] = cos @ sin a Al
Answer: sin @ = sin ac cos @ 2 marks
(c) sin B = sin 40° cos 30° = 0.5567 M1
0 =33.8° Al
Answer: 33.8° 2 marks
_ sn20°
(d) cos @ = SnEo° = 0.4465 M1 Al
(p =635° Al
Answer: 63.5° 3 marks
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29 (10 marks)
@OP=(1t2;n=(11) B1
sin@ = _+s M1 A1
Y3yt?+5
Squaring gives the result Al
Answer: Shown: sin’@ = L 3” 4 mark
: : = 312+ 5) arks
3)2 2(t + 3)(5 — 3t)
(b) Let f(t) = () = T @+5? M1 Al
f':Oatt:—3(Wheref:0,theleastvalue)ort:g M1
f'>0for —3<t< g andf'<Ofort> % sot= g gives the greatest angle Al
Answer' t =5/3 4 marks
196 L 70 _14
Of)="g*5=5 w1
i n20) — o
sin“0 = 15, 0=750 Al
Answer: 75.0° 2 marks
30 (11 marks)
(a) ABx AV = (6, 0, 0) x (3, 3, h) = (0, —6h, 18), parald to (0, —h, 3) M1 A1
. 3 1
cos 60° = =5 M1
’hZ + 9 2
h>+9=36,s0h=127 =3/3 Al
Answer: h = 3vV3 4 marks
(b) AV = (3, 3, 3(), IAV| =45 M1
sng = i =, @ =50.8° M1 A1
Answer : 50 8° 3 marks
(c) Outward normals (0, —h, 3) and (h, O, 3) B1
cosq/=3%=%,\p=75.5° M1 Al
Interior angle = 180° — y = 104.5° Al
Answer: 104.5° 4 marks
Shortest Distancesin 3D
1 (2 marks)
Distance = - -2 M1
N~ Ja+1+4
=3 Al
Answer: 3 2 marks
2 (2 marks)
. _1+4+6-2
Distance = —m M1
_9_3
=3= Al
Answer: 3 2 marks
3 (2 marks)
Distance = |12|n_| 3 with n| = 3 M1
=3 Al
Answer: 3 2 marks
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4 (2 marks)
. _ [B+8-—10|
Distance = —M M1
_1
= g Al
1
Answer : 5 2 marks
5 (3 marks)
OA xd=—4i — 3j +5k M1
Distance = IOA xd| ¥50 = 52 M1 A1
Id] 3 3
Answer: %’E 3 marks
6 (2 marks)
. _[18—2-6-4
Distance = —m M1
= g Al
6
Answer : = 2 marks
7 (4 marks)
Distance= 12— 2*2- 7 _ 2o — 7| M1 AL
Va+4+1 3
[2p—7/=9 M1
p=8orp=-1 Al
Answer: p=8or p=-1 4 marks
8 (4 marks)
ap—a=2+]—2k B1
(8, — &) xd=6i — 6j + 3k, magnitude 9 M1 Al
. _ 9 _9_
Dlstance—ﬂ—g—S Al
Answer: 3 4 marks
9 (5 marks)
AB=2i+j+2k,AP=i— 2] +3k B1
AP x AB = —7i + 4] + 5k M1 Al
Distance = fA?EE% = 3@ =410 = 3.16 M1 A1
Answer : \/E 5 marks
10 (3 marks)
Rewrite the second as2x — y + 2z = —3 M1
- _B=(=3I_6_
Distance = m 3 2 M1 A1l
Answer: 2 3 marks
11 (4 marks)
OX =(3+1t, 3+ 2t, 2t) and OX is perpendicular to | M1
B+t)+2(3+2t)+22) =9+9t=0,s0t=-1 M1 Al
X=(21,-2),distance=y4+1+4=3 Al
Answer: 2i +] — 2k; distance 3 4 marks
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12 (5 marks)
Both lines have direction 2i +j — 2k, so they are parallel B1
PP, =(2, =3, 1), where Py(1, 2, 1) ison |, and P,(3, —1, 2) ison |, M1
PP, xd=5i + 6] + 8k M1 Al
Distance = 3@ = %E Al
Answer: Parallel; distance 535 5 marks
13 (3 marks)
Distance from P to the plane = % =3 M1 A1
The plane is the perpendicular bisector of PP, so PP = 2\/§ Al
Answer : 2\/§ 3 marks
14 (6 marks)
Common perpendicular direction=d; x d, = —i + 5] + 3k M1 Al
aH—a=—i—]+2k B1
—a)(d, xd — — -
Distance = (a2 — a&)-(d; x dy)| _ [(=D)x(=1) + (—=1)x5 + 2x3| V1AL
o, % dl V35
-2 _
= NS =0.338 Al
Answer: 0.338 6 marks
15 (5 marks)
@PF=(1+2t—4,t+,1—-t)=(2t—3,t+1,1—1) M1
PFd=2(2t—-3)+(t+1) —(1—t)=6t—6=0,s0t=1 M1 Al
F=(3,1,0) Al
Answer: (3, 1, 0) 4 marks
(b) PF=y1+4+0=15 Al
Answer : \/g 1 mark
16 (4 marks)
dn=2+2—-4=0,s0l isparale to Il M1 Al
Distance from (1, 2, 0) to IT = Rr4+0-10 M1
g
5
= 3 Al
5
Answer: 3 4 marks
17 (4 marks)
(a) Each of A, B, C satisfies6x + 3y + 22 =6 B1
Answer: Shown: IT has equation 6x + 3y + 2z2=6 1 mark
(b) Distance = _6 -8 M1 A1
6+9+4 7
1_.7_6_
Volume—§x§x7—1 Al
Answer: g; volume 1 3 marks
18 (3 marks)
(a) The numerator 5 must be divided by |n|=y4+4+1 =3 M1 E1
Answer: Division by |n| 2 marks
(b) Distance = AL
Answer: % 1 mark
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19 (4 marks)
(a) Theradius is the distance from C to the plane M1
p-2-2-7_,
= Al
Answer: 3 2 marks
(b) Contact point=C+An: 2(1+2\) — (2—A) +2(—=1+2A\)=7,509A —2=7 M1
A =1, point (3, 1, 1) Al
Answer: (3, 1, 1) 2 marks
20 (6 marks)
PX=(=3+2t,—4+2t1+1) M1
PX2=9 — 12t + 4t> + 16 — 16t + 4t> + 1 + 2t + t? = Ot — 26t + 26 M1 A1
13 169 13 65
:9(t—?)2+26—T:9(t—@)2+§ M1 A1l
Least distance = @ =2.69 Al
Answer : @ 6 marks
21 (9 marks)
(@ d; x d, =i — j — 2k, magnitude 6 M1 A1
(& — a&y)-(dy xdy) =(0,0,2)(1, =1, =2) = -4 M1
Distance = 4 - EE Al
\/6 3
Answer : 33@ 4 marks
)X =(A,70,Y=(M—-12+1),0XY=(—A —u—A,2+p) M1
XYd,=(u=A)+(—p—2A)=—2A=0,0A=0 M1
XYd, =30 +2=0, 0= -5 X=(0,0,0,Y =(-3, 5, %) Al
Answer: X =(0,0,0), Y = (—=2/3, 2/3, 4/3) 3 marks
(c) Direction (1, —1, —2) B1
r =s(i —j — 2k) (through X, the origin) Al
Answer:r =g(i —j — 2Kk) 2 marks
22 (7 marks)
(a) AB = 30i + 40 — 10k, AP = 20i + 5] — 6k B1
AP x AB = 190i + 20j + 650k M1 A1
Distance = AP X AB| _ y459000 _ 133 m M1 A1
IAB| 12600
Answer: 13.3 m 5 marks
. _ APAB _ 860
(b) Distance along = BBl " Tao00 M1
=169 m Al
Answer: 16.9 m 2 marks
23 (8 marks)
@X=(1+AA70,Y=(0,1+n,n) B1
XY=(-1—-A1+pu—A1) Al
Answer: (=1 —=2,1+p — A, pn) 2 marks
(b) XYd;=0:=1—A+1+p—A=p—2A=0 M1 A1
XYd,=0:1l+p—A+p=1+2p—2A=0 M1
u=2)xsol+3)x=0:2\=—%,u=—% Al
Answer: A =-=1/3, p = —=2/3 4 marks
xy=(22_2
©XY=(33 —3) M1
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. _ 2 _
Distance = N =115 Al
Answer : 2z 2 marks
B
24 (7 marks)

(@) Planesx+2y+22=cwithll+2;32_cl=2 M1

5—c|=6,soc=1lorc=-1 Al

X+2y+2z=11landx +2y +2z=—1 Al

Answer: x+2y+2z=1land x+ 2y + 2z= -1 3 marks

(b) Line: (1 + A, 1+2A, 1+ 24) B1

5+92\:11giv052x:%;5+92\:—1gives2x:—% M1

57 7 1 1 1
(3:33)0d(3. 73 73) AL
57 7 1 1 1

Answer: (g, 3 §) and (§, -3 —§) 3 marks

(©) |11——3(—1)| =4 Al

Answer: 4 1 mark

25 (7 marks)

@PX=(t—32t—12t—2) forXonl M1

PXd=(@t—-3)+22t—1)+22t—2)=9t—9=0,s0t=1 M1 Al

F=(1,3, 4 Al

Answer: (1, 3, 4) 4 marks

(b) PF={4+1+0=45 Al

Answer: |5 1 mark

(c) Fisthe midpoint of PP: p'=2f — p M1

=(—-1,4,4% Al

Answer: (=1, 4, 4) 2 marks

26 (8 marks)

(@) AB x AC = 18i + 12j + 6k, parald to (3, 2, 1) M1 A1

3(2) = 6, sotheequationis3x +2y +z=6 Al

Answer: Shown: the plane ABC hasequation 3x +2y +z=6 3 marks

istonce= 6 =6

(b) Distance = it = i M1 Al

. 6
Answer : \/ﬂ 2 marks
(0) Area= 3|18i + 12] + 6k| = >{504 = 3{14 M1 AL
_1 6 _
Volume—§>< 14><E—6 Al
Answer: 3\/14 3 marks
27 (11 marks)

(a) The foot F of the perpendicular isp + An, with (p + An)-n=d M1
_d—pn Al
P

PE = A[In] = 'panTd' AL

Answer: Proved: the shortest distance from P to IT is w 3 marks

(b) The parallelogram with sides AP and d has area |AP x d| M1

Its base is |d| and its height is the required distance M1

Distance = lATdT d Al
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I(p — @) xd|

Answer: Proved: the shortest distance from P to | isT 3 marks
. , |5
(c) AP x d = —2i + Kk, so distance to the line = 3 M1 Al
. L _APd _ 7
Plane through A perpendicular to I: distance = T "3 M1 Al

5 49 | _
g+t 5 =6=AP Al
Answer: 3? and% 5 marks

28 (11 marks)

(a) The common perpendicular has the direction of n=d; x d, M1
For any points X onl, and Y onl,, XY =(a, — &) + pd, — Ad,, and the component of this M1 Al
along nisindependent of A and p sinced;-n=d,.-n=0

The shortest distance is the magnitude of the component of a, — a, in the direction , which isthe Al
stated expression

. . : (@ = a))(dy x d))|
Answer: Proved: the shortest distance between them is CREN 4 marks
1 2

(b) dy x d, =i — j + k, magnitude {3 M1 AL
(@ —a)(d; xdy)) =(1,0,p(1, —1,1)=1+p M1 A1

[1+pl _ _

7 =2,50|1+p|=2/3 M1
p=—1+2f3orp=—1—2/3 A1A1
Answer: p=—1+2/3 7 marks

29 (11 marks)
(a) Distance = 2= 12 g—12)| =6 =2 x radius M1 A1
The centre is at distance 3 from each plane, so it lies midway between them: w =-3 M1 Al
Answer: Distance 6; centreon x + 2y + 2z= =3 4 marks
b)yQ1+2t)+21+t)+21+2t)=5+8t=—-3,s0t=-1 M1 A1
Centre (—1, 0, —1) Al
S(x+1%+y?*+(z+1)?=9 Al
Answer: (—1,0, =1); (x + )2 +y?+ (z+ 1)?=9 4 marks
(c) The contact points are the centre + 3, where i = %(l, 2,2) M1
0,2, 1) onll; and (—2, —2, —3) on 11, A1Al
Answer: (0, 2,1) and (=2, =2, =3) 3 marks
30 (11 marks)
(a) Foot of the perpendicular fromB: (3+ A, A, A),s03+3A=0,A=—-1 M1 A1
B'=2(2,—-1,-1)—-(3,0,0)=(1, =2, —2) Al
Answer: (1, =2, —2) 3 marks
(b) IT is the perpendicular bisector of BB', so XB = XB' M1 E1
AX + XB' = AB' with equality when X lies on the straight line AB' (triangle inequality) El
Answer: XB = XB'; AX + XB' = AB' 3 marks
(c) LineAB:(2—5s,1—3s,1— 39 M1
Onl'[:4—7s:0,sos:; M1 A1l
10 5 5
X = (7, —7, —7) Al
Least length = AB' =1+ 9+ 9 =419 Al
Answer: X = (g, —;, —g); Y19 5 marks
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Vector Geometry Problems

1 (2 marks)

MN=S(@+c) — (a+b) M1

1 1

= E(C - b) = EBC Al

Answer: Shown: MN = %BC 2 marks
2 (2 marks)

OM = 2(a+b) B1

AM =OM - a= 3(b - &) B1

Answer: OM = (a+ b)/2, AM = (b — a)/2 2 marks
3 (2 marks)

AC=AB+BC=a+bh B1

BD=BA+AD=b—a B1

Answer: AC=a+hb,BD=b —a 2 marks
4 (2 marks)

AB =2 + 3] +4k and AC = 6i + 9] + 12k M1

AC =3AB, s0 A, B, C are collinear Al

Answer: AC = 3AB 2 marks
5 (2 marks)

(@+b)(a—b)=la* — |b]’ M1

=0since|a] = |b]| Al

Answer: Scalar product =0 2 marks
6 (2 marks)

p=a+ %(b —a) M1

= Z(3a+b) AL

Answer: Shown: p = %(3a+ b) 2 marks
7 (3 marks)

2 1

(a) OP = 38 0Q = §b B1

PQ=0Q — OP = 2b — 2a M1

Answer: PQ = b/2 — 2a/3 2 marks

() AQ=0Q — OA= b —a B1

Answer: AQ=Db/2—-a 1 mark
8 (3 marks)

a-b = 0 since the sides are perpendicular B1

IACI? = Ja+ b|* = [a]* + [b[* M1

IBD|?=|b — a* = |Ja]* + |b|%, s0 AC = BD Al

Answer: Proved: the diagonals of a rectangle ABCD are equal in length 3 marks
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9 (3 marks)
AX=ZAB=2(b - a)
OX=a+g(b—a) = ¢(3a+2b)
Answer: OX = (3a + 2b)/5

10 (3 marks)
OM = 2(b +0)

0G=a+2(OM — a)
1 2 1

1
—§a+§><§(b+c):§(a+b+c)

Answer: Shown: OG = %(a +b+¢)

11 (4 marks)
Point on AB: (1 +3t, 1 + 2t, 1 + 4t)
Sum of coordinates: 3+9t=6,sot=%
) _1.2_
AP.PB—§.§—1.2

Answer: 1: 2

12 (4 marks)
Let M bethe origin: b = —a, so AB? = 4ja?
PA%+PB”=|p — af* + |p + af* = 2Jp|* + 2Ja*

= 2PM? + 5 (4fal?) = 2PM2 + 3AB?

Answer: Proved: PA2 + PB2 = 2PM? + 3AB?
13 (4 marks)

Take O asorigin:a=—b (sob =—a) and |p| = |a|

PAPB = (a ~ p)(-a ~ p)

= |p|? — |a* = 0, so angle APB = 90°
Answer: Proved: angle APB isaright angle

14 (6 marks)
(@ AN:r=a+ A(%b —a)

BM:r:b+p(%a—b)

Answer: AN: 1 =a+A(3b — a); BM: 1 =b + p(3a — b)

(b) Equate coefficientsof a: 1 — A = %
A

Ofb:le—].l
_ .2

S()}x—],l—g
11

oG = 38.+§b

Answer: OG = (a+ b)/3
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15 (7 marks)
_ 1 _ 2
OP—§aand OQ—§b B1
AQ:r:a+}x(%b—a);BP:r:b+p(%a—b) M1 A1
Equate:l—?\:%and%:l—u M1
Solve:2x=$,u=$ M1 A1l
_1_.4
OX =za+ 7b Al
Answer: OX = (a + 4b)/7 7 marks
16 (4 marks)
F=(6,4,3)and G=(0, 4, 3) B1
Midpoint of OF = (3, 2, %) M1
MidpointofAG:(ezo,O;A',023):(3,2, %) M1 A1
Answer: Both midpointsare (3, 2, 3/2) 4 marks
17 (4 marks)
Pairs of opposite edges: P,P, and P;P,; P,P; and P,P,; P,P, and P,P; B1
P1PyP3P, = (0, =2, =2)(0,-2,2) =4 - 4=0 MLAL
P,P;-P,P,=(—2,0,—-2)(—2,0,2) =4 — 4=0and P,P,P,P;=(—2, —2,0)(—2,2,0) =0 Al
Answer: All three dot productsare 0 4 marks
18 (5 marks)
Centre (x, y, ) equidistant from O and A: x> +y? + 22 = (x — 4> +y?> + 72, sox =2 M1 AL
Similarly fromOandB:y =3; fromOand C: z=4 M1 Al
Centre (2, 3, 4), radius = {4 + 9 + 16 =29 AL
Answer: Centre (2, 3, 4), radiusy29 5 marks
19 (5 marks)
(a)Mlzéaanlezé(b+c) B1
Midpoint of Mlle%(a+b+c) M1 A1
Answer: (a+b +c)/4 3 marks
(b) By symmetry the midpoints of M,N, and M 3N, are also %(a +b+c) M1
All three lines pass through this point, so they are concurrent Al
Answer: Concurrent at (a+ b +c)/4 2 marks
20 (4 marks)
@ %(b + ¢) is the position vector of M, not the vector AM M1 E1
Answer: That isOM, not AM 2 marks
() AM =m —a=3(b+c) —a M1
= 2(b—a) + 5(c — ) = 5(AB + AC) AL
Answer: AM = (b +c)/2 —a=(AB + AC)/2 2 marks
21 (9 marks)
(8)d=b+3(c—b)=5(2b+0) M1
e:c+%(a—c):%(a+3c) Al
Answer: d =(2b + ¢)/3,e=(a+ 3c)/4 2 marks
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(b)AD:r:a+2\(d—a):(1—2\)a+%b+%c M1 A1
BE:r:b+u(e—b):%a+(l—u)b+37uc M1
- ] _Bp A _3p
Equate coefficients: 1 — A = T 3T M1
9 2 2N 3
A:E,}lzg;ChECk?:g:l—]l Al
Answer: A =9/10, p = 2/5 5 marks
() AX = -5AD, SDAX : XD =9: 1 81
BX = 2BE, 0 BX 1 XE=2:3 B1
Answer: AX: XD=9:1,BX: XE=2:3 2 marks
22 (9 marks)
(@E=(6,0,3)andF=(6,4,3),s0M = (6,2, 3) B1
Answer: (6, 2, 3) 1 mark
(b) AC = —6i +4j, AG=—6i +4j + 3k B1
AC x AG = 12i + 18], pardlel to (2, 3, 0) M1 Al
2X+3y =12 Al
Answer: 2x + 3y = 12 4 marks
(c) LineOM:r =t(6, 2, 3); 12t + 6t =12 M1 Al
2 4
t=§,P=(4,§,2) Al
. _2.1_,.
OP:PM=7z:3=2:1 Al
Answer: P=(4,4/3,2); OP: PM =2:1 4 marks
23 (7 marks)
(a)p:%a,q:%b,r:%c;plane:x:(l—s—t)p+sq+tr M1
= ﬂ + Eb + i
= >—at 3 ZC Al
oc:%,[i:%,y:%:2a+3B+4y:1—s—t+s+t:1 AL
Answer: Shown: 2a + 3B +4p =1 3 marks
(b) OG = 2(a+b +0); X = kOG B1
k k k 1
2A3)*+3(3) t43z) =L sok=3 MLAL
OX = 30G, 00X : XG=1:2 AL
Answer: OX : XG=1:2 4 marks
24 (6 marks)
(a) The diagonals bisect each other at O, soc=—aandd = —b B1
The diagonals of arectangle are equal, so |[a] = |b| B1
Answer: Diagonals bisect and are equal 2 marks
(b) Ip — a* + |p + & M1
= (IpP* — 2p-a+la) + (IpI* + 2p-a + [a?) = 2lp|* + 2laf? Al
Answer: Shown: PAZ + PC2 = 2|p|* + 2Ja? 2 marks
(c) Similarly PB? + PD? = 2|p|? + 2|b|? M1
These are equal since |al = |b| Al
Answer: PA% + PC? = PB? + PD? 2 marks
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25 (6 marks)
(a) OH is perpendicular to AB, and AH is perpendicular to OB El
So H is where two altitudes of the triangle meet E1l
Answer: H lies on two altitudes 2 marks
(b) First condition: h-b = h-a M1
Second condition: h-b = a-b Al
Answer: Shown: h-a=h-b=ab 2 marks
(c)(h—b)a=ha-—ab M1
= 0 by part (b), so BH is perpendicular to OA and H lies on all three altitudes Al
Answer: Proved: BH is perpendicular to OA, so the altitudes meet 2 marks
26 (6 marks)
(a)p=%a,q=%b,r=%c B1
p-(qxr):%x%x%a-(bxc) M1 A1l
So the volume ratio i32—14 Al
Answer: 1/24 4 marks
(b) Volume OABC = ¢ x 2x 3% 6=6 M1
_ 6 _1
Volume OPQR = 22~ 37 Al
Answer: 6 and 1/4 2 marks
27 (10 marks)
(@AH=h—a=b+c M1
AH-BC = (b +¢)-(c — b) = |c]* — |b[? M1
=0, since |b| = || Al
Answer: Shown: AH is perpendicular to BC 3 marks
(b) By the same argument BH is perpendicular to CA and CH to AB M1
H lies on all three altitudes, so it is the orthocentre Al
Answer: H isthe orthocentre 2 marks
(©g=2(@a+b+c)=zh M1 AL
So G lieson OH withOG: GH =1:2 Al
Answer: OG: GH=1:2 3 marks
dh=@—-4+54+3+0,00=(4,7,0) M1
AH=(1,3,0),BC=(9, —-3,0,AHBC=9-9=0 Al
Answer: H = (4,7, 0) 2 marks
28 (10 marks)
() AG=3(b+c+d - 3a) M1 AL
AG,=g(b+c+d)—a=3(b+c+d—3) M1
AG:%AGA,soGliesonAGA withAG: GG, =3:1 Al
Answer: Shown: G lieson AG, with AG: GG, =3:1 4 marks
(b) The expression for G is symmetricin a, b, ¢, d, so G lies on all four lines El
Answer: G issymmetricina, b, c, d 1 mark
(©Ga= (3,3, 3)adG=(111) M1 AL
AG=(1,1,1) ad GG, = (5, 5, 3), ratio3: 1 AL
Answer: G=(1,1,1) 3 marks
(d) Midpoints 2 (a + b) and 3 (c + d); their midpointis 3 (a+ b +c+d) = g M1 AL
Answer: Midpoint isg 2 marks
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29 (10 marks)
(@ LHS=|b—af+|c—bf?+|d—cf*+]Ja—d?=2% — 2(ab + b-c+ cd + d-a), where = =
laf? + [bf? + [cf + [d|?
AC?+BD?=3% — 2ac — 2bd
AMN?=Ja+c—b —d?=X + 2ac+2b-d — 2(a+ c)(b + d)
Adding gives 2¥ — 2(ab + a-d + ¢cb + ¢-d) = LHS
Answer: Proved: AB? + BC? + CD? + DA? = AC? + BD? + 4MN?
(b) MN2? = 0, so the inequality holds
Equality iff M = N, i.e. the diagonals bisect each other, i.e. ABCD is a parallelogram
Answer: Proved: AC?+ BD? = AB? + BC? + CD? + DA?
(c) Sides: 16 + 11 + 18+ 9=54
AC? =35, BD? = 17, MN? = 3: 35 + 17 + 2= 54

Answer: Both sides equal 54

30 (9 marks)
@PA=2-t,1—-2t,1—2t)andPB=(5—1t,4 — 2t,4 — 2t)
PAPB=0:(2—-t)5—-t)+201—-2t)(4—2t)=0
ot — 27t +18=0,s0t? — 3t+2=0
Answer: Shown: the position of P satisfiest? = 3t +2=10
b)t—-Yt—2)=0,sot=1ort=2
P=(2,320P=(35,4)

Answer: (2, 3, 2) or (3,5, 4)

3
(© Centre(2 2 2) radius = —AB = = %E
1
t7 =

Distance of (2, 3, 2) from the centre: 1}— + =

Answer: Centre (9/2, 7/2, 5/2), radius 3\/3/2

o
—
w
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