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Permutations and Combinations

1 (2 marks)

(8 7x6x5=210 B1

Answer: 210 1 mark

(b) %0 =35 B1

Answer: 35 1 mark
2 (1 mark)

51 =120 B1

Answer: 120 1 mark
3 (2 marks)

oc, M1

_10x9x%x8 _

= 3xax1 - 120 Al

Answer: 120 2 marks
4 (1 mark)

8 different letters, so 8! = 40320 Bl

Answer: 40320 1 mark
5 (2 marks)

5 letters with L repeated twice and E repeated twice M1

5!

5% 27 = 30 A1

Answer: 30 2 marks
6 (2 marks)

Order does not matter: °C, M1

=15 Al

Answer: 15 2 marks
7 (2 marks)

6 letters with A three times and N twice M1

6!

=T - 60 Al

Answer: 60 2 marks
8 (3 marks)

Men: *C, = 6 ways B1

Women: 3C, = 3 ways B1

Total 6x 3=18 B1

Answer: 18 3 marks
9 (2 marks)

Fix one person; arrange the other five M1

5I'=120 Al

Answer: 120 2 marks
10 (3 marks)

Thelast digitis 1, 3,5, 7 or 9: 5 choices B1

The other three digits are chosen in order from the 8 remaining digits: 8 x 7 x 6 = 336 M1

5 x 336 = 1680 Al

Answer: 1680 3 marks
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11 (3 marks)

The only repeated letter is E (three times), so the first and last letters must both be E B1

The four letters between them are E, L, V, N, al different M1

41 =24 Al

Answer: 24 3 marks
12 (3 marks)

10 letters: Sthreetimes, T three times, | twice B1

10!

3 x3x20 M1

= 50400 Al

Answer: 50400 3 marks
13 (3 marks)

nn-—1) _

=45 M1

n—n-—90=0,(n—10)(n+9) =0 M1

n =10 (n is positive) Al

Answer: n =10 3 marks
14 (4 marks)

The letters B and | each occur twice, so there are % = 9979200 arrangements M1 Al

|
Treat the two Bs as one block: 10 objects with | twice, giving % = 1814400 arrangements M1
o 1814400 _ 2
Probability = 9979200 — 11 Al
A . 2
nswer: 11 4 marks

15 (4 marks)

(&) M, T and E are each repeated twice M1

9!

ST oT x o1 — 40360 Al

Answer: 45360 2 marks

(b) Treat MM as one object: 8 objects with T and E each twice M1

8l

ST or = 10080 Al

Answer: 10080 2 marks
16 (4 marks)

Total 'C, = 462 B1

Remove 0 women: °C; = 6 M1

Remove 1 woman: 5 x 5C, = 75 M1

462 — 6 — 75=381 Al

Answer: 381 4 marks
17 (5 marks)

Last digit 2, 4 or 6 B1

First digit isfrom 3, 4, 5, 6, 7 and differs from the last digit; the middle digits are chosen from M1

those remaining

Last digit 2: 5x5x 4 =100; last digit4: 4 x5 x 4 =80; last digit 6: 4 x5x 4 =280 M1 Al

Total = 260 Al

Answer: 260 5 marks
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18 (4 marks)
All arrangements: 8! = 40320
Asha and Ben together: treat as a block, 7! x 2 = 10080
40320 — 10080 = 30240
Answer: 30240

19 (4 marks)
Treat Cara and Dev as a block: 6 objects round atable
(6 — 1)! =120 arrangements of the objects
Block can be ordered 2 ways
120 x 2 =240
Answer: 240

20 (5 marks)
(a) Choose the group of 6: °C,
=210
Answer: 210
(b) Boys: “C; =4
Girls: 6 ways to choose 1 girl
4x6=24
Answer: 24

21 (4 marks)
|
rx ”(_‘,r =rx ﬁ
n!
=D -nr
(n—1)!
r=D((h=1) - (—-1)

Answer: r x "C, =nx""'C,_,

=nXx

— n—1
r=nx"Cy

22 (6 marks)
There are 4! = 24 numbers
Each digit appears in each place value 24 + 4 = 6 times
Sum of digitsinoneplace=6 x (1 + 2+ 3+ 4) =60
Total = 60 x (1000 + 100 + 10 + 1)
= 66660
Answer: 66660

23 (6 marks)
Arrange the 7 non-I letters (M, S, S, S, S, P, P)

71
A= - 105

There are 8 gaps (including the ends); choose 4 for the Is
8c,=70

105 x 70 = 7350

Answer: 7350

24 (6 marks)
Committees with at least one man: **C, — °C, = 1287 — 6 = 1281
Committees containing both Mr Ali and Ms Bell: choose the other 3 from 11
1, =165 (all of these contain a man)
1281 — 165
= 1116
Answer: 1116
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25 (5 marks)
Lay the 10 sweetsin arow: there are 9 gaps
Three dividers are needed to make 4 non-empty groups
Choose 3 gaps from 9
°C, =84
Answer: 84

26 (4 marks)
The 4! counts the two Os as different letters
Swapping the two Os gives the same arrangement, so each arrangement has been counted twice

41
Correct number o

=12
Answer: 12 (the student counted each arrangement twice)

27 (8 marks)

n

@ (L+x"=2 "CX

r=0
Putx=12"="Cy+"C, +...+"C,
Answer: Sum of "C, = 2"
(b) Putx=-1:0="C, — "C, +"C, — ...
S0 (sum over even r) = (sum over odd r)
Each sumis half of 2", that is 2""*
For n=10: 2° =512
Answer: 512

28 (9 marks)
The seven lettersare B, A, L, L, O, O, N; one letter is |eft out
Leave out B, A or N: the six lettersare L, L, O, O and two different letters

|
1o = 180 each, s0 3 x 180 = 540

Leave out one L or one O: letters contain one repeated pair only
|

o+ =360 each, s0 2 x 360 = 720

Total 540 + 720

= 1260

Answer: 1260

29 (8 marks)
An ascending number is determined by the multiset of its six digitsfrom 1to0 9
Let a, be the number of times digit kKisused, soa; +a, + ... + ag =6, eacha, = 0
Arrange 6 identical objects and 8 dividersin arow
Number of arrangements *Cg
= 3003
Answer: 3003
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30 (10 marks)
Let A; be the event that letter i isin the correct envelope M1
|A;] = 4! = 24, five such events Al
IA; N Aj| =3l =6, °C, = 10 pairs Al
IAi N A; N A =2!=2,10triples; four letters correct: 5 x 1; dl five: 1 Al
At least one correct = 5(24) — 10(6) + 10(2) — 5(1) + 1 M1 A1
=120—-60+20—5+1=76 Al
None correct = 5! — 76 = 44 M1 Al
Lo 441
Probability = 0 = 30 Al
Answer: 44 ways, probability % 10 marks
Conditional Probability
1 (2 marks)
ANB
P(A | B) = % M1
03 _
=05 =06 Al
Answer: 0.6 2 marks
2 (2 marks)
Scores greater than 3: 4, 5, 6; of these 4 and 6 are even M1
Probability 2 AL
Answer: % 2 marks
3 (2 marks)
_ 02
PB |A) = 05 M1
=04 Al
Answer: 0.4 2 marks
4 (2 marks)
(@ 04x03=0.12 B1
Answer: 0.12 1 mark
(b) Independent, so P(A | B) = P(A) = 0.4 B1
Answer: 0.4 1 mark
5 (2 marks)
23
@ 75 B1
Answer : i—g 1 mark
11
(b) 20 B1
Answer: % 1 mark
6 (2 marks)
P(ANB)=03x05=0.15 M1
P(AUB)=03+05-0.15=0.65 Al
Answer: 0.65 2 marks
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7 (4 marks)
(@ P(A U B) =P(A) + P(B) — P(A N B) M1
PANB)=05+04—-07=0.2 Al
Answer: 0.2 2 marks
02 _
(b) P(A | B) = 04" 0.5 B1
_ 02 _
P(B|A)—ﬁ—0.4 B1
Answer: 0.5 and 0.4 2 marks
8 (3 marks)
4
@ 41 B1
Answer: —
nswer: 11 1 mark
5 4
(b) v X 11 M1
5
=33 Al
Answer: —
nswer: o) 2 marks
9 (5 marks)
(a) 80 — (36 + 28 — 15) = 31, so the probability is % B1
Answer: % 1 mark
(b) Tennisonly 36 — 15 = 21, squash only 28 — 15 =13 M1
21+13 _ 17
80 40 Al
A 17
nswer: 20 2 marks
(c) At least one sport: 49 members M1
15
E Al
Answer: % 2 marks
10 (4 marks)
(8 04x05=0.2 B1
Answer: 0.2 1 mark
0.2
(b) m M1
4
= 7 Al
4
Answer : = 2 marks
(c)0.35+05—02=0.65 Bl
Answer: 0.65 1 mark
11 (4 marks)
60 3
@ 100 = 5 Bl
Answer: % 1 mark
42 21
(b) E = 2—5 B1
Answer : % 1 mark
32
(© 0 M1
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_4
=3
Answer : %
12 (3 marks)
PO [B) = Mg
P(A" N B) = P(B) — P(A N B)
SoP(A’|B):1—%:1—P(A|B)

Answer: P(A" |B) =1 — P(A | B)

13 (3 marks)
At least one 6: 11 of the 36 outcomes
Total at least 10 among these: (4,6), (5,6), (6,6), (6,4), (6,5) whichis5

Probability -

5
Answer: —

11
14 (3 marks)
@PANB)=0,s0PA|B)=0
Answer: 0
(b) If independent then P(A | B) = P(A) = 0.4
But P(A | B) = 0, so they are not independent
Answer: Not independent

15 (4 marks)
Product odd needs both odd: 3 x 3 = 9 outcomes, so product even in 36 — 9 = 27
Sum odd means one odd and one even; this always gives an even product: 2 x 3 x 3 =18

.18 2
Probability 5 =3
.2

Answer: 3

16 (5 marks)
Let P(B) = p, then P(A) = 2p and P(A N B) = 2p?
P(A U B) =3p — 2p*=0.52

22— 3p+052=0, s0p= 3= w/94— 416 _ 3142.2

p = 0.2 (the other root, 1.3, is greater than 1)
Answer: P(B) = 0.2, P(A) =04

17 (5 marks)
(a) Exhaustive means P(A U B) =1
P(A N B)=0.72+0.56 — 1=0.28
Answer: 0.28
028 1
(b) 556 = 2

1

Answer: >

(c) P(A)P(B) = 0.72 x 0.56 = 0.4032
Thisis not equal to P(A N B) = 0.28, so A and B are not independent
Answer: Not independent
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18 (4 marks)

Number of ways to choose 5 red cards: *°C; = 65780 B1

Five hearts: 3C, = 1287 B1

_ 1287

P= 65780 M1

-9

~ 460 Al

Answer : 4;ZO 4 marks
19 (5 marks)

P(bus and not late) = 0.7 x 0.9 = 0.63 M1 A1

P(no bus and not late) = 0.3 x 0.55 = 0.165 M1

063

P(bus | not late) = 063 +0.165 M1

_ 063 _ 42

=079 53 Al

A 42

nswer: 53 5 marks

20 (5 marks)

@PANB)=1-03-02-01=04 M1 Al

P(B) = 0.4+02= 06,9 PA |B) = g = AL

Answer: % 3 marks

(b) P(A) =0.7, P(A)P(B) = 0.7 x 0.6 = 0.42 M1

0.42 = 0.4, so A and B are not independent El

Answer: Not independent 2 marks
21 (4 marks)

P(A"NnB)=1—- PA UB) M1

=1 - P(A) — P(B) + P(A)P(B) M1 A1

= (1 - P(A))(1 — P(B)) = P(A")P(B"), so A" and B are independent Al

Answer: P(A" N B") = P(A")P(B’), so A" and B" are independent 4 marks
22 (6 marks)

(a) P(A) =0.28 + x and P(B) = 0.18 + x B1

Independence: P(A N B) = P(A)P(B), so x = (0.28 + x)(0.18 + X) M1

x = 0.0504 + 0.46x + x2, giving x? — 0.54x + 0.0504 = 0 Al

Answer: x? — 0.54x + 0.0504 = 0 3 marks

(b) (x = 0.12)(x — 0.42) =0,s0x =0.12 or x =0.42 M1 Al

P(neither) = 1 — (0.28 + x + 0.18): 0.42 when x = 0.12 and 0.12 when x = 0.42 Al

Answer: x = 0.12 (P(neither) = 0.42) or x = 0.42 (P(neither) = 0.12) 3 marks
23 (5 marks)

PA1B) > P(A) — D5 GE > pia) v

= P(A N B) > P(A)P(B) Al

Dividing by P(A) > O: % > P(B) M1 A1

whichisP(B | A) > P(B). All steps are reversible, so the statement holds in both directions El

Answer: Both statements are equivalent to P(A N B) > P(A)P(B) 5 marks
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24 (4 marks)
Mutually exclusive means P(A N B) = 0, which is not true here as P(A N B) = 0.2 El
P(A N B) = P(A)P(B) is the condition for independence El
PANB)=05+04—-07=0.2 M1
So the events are independent and not mutually exclusive Al
Answer: A and B are independent, not mutually exclusive 4 marks
25 (7 marks)
(@) Use P(A) + P(B) + P(C) — P(ANB) — P(ANC) — P(BNC) + PANBNC) M1
=12-045+005=038 Al
Answer: 0.8 2 marks
(b) A |B N C) = 22 M1
=05 Al
Answer: 0.5 2 marks
©PANBNC)=02-0.05=0.15 M1 A1
" _ 015 _ 3
P(C)—O.7,%P—W—ﬂ Al
Answer : % 3 marks
26 (6 marks)
(8) Moved ball red (3): Y has’5 red of 7 M1
Moved ball green (2): Y has 4 red of 7 M1
3,5,5,4_35_5
8 778777 5% 8 Al
Answer: g 3 marks
5 4 5
(b) P(moved green and red from Y) = 8X7 1 M1 A1
Divide by g: % X % = ; Al
Answer: ; 3 marks
27 (8 marks)
L et the contestant pick door 1. Let W be the event that the prize is behind door 1 B1
P(W) = %; if W, switching loses M1
If the prize is behind door 2 (prob %), the host must open door 3, so switching wins M1 Al
If the prize is behind door 3 (prob %), the host must open door 2, so switching wins Al
P(win by switching) = % + % M1
2
= § Al
2_1 e
3>3:90 switching is better El
Answer: % so switching is better than staying (probability %) 8 marks
28 (12 marks)
(a) Outcomes (older, younger): BB, BG, GB, GG B1
At least one boy: BB, BG, GB M1
P(BB) = % Al
Answer : % 3 marks
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(b) Remaining outcomes BB, BG M1
pol
=3 Al
1
Answer: > 2 marks
(c) In (a) the information "at least one boy" |eaves three equally likely cases E1
In (b) it fixes which child is a boy, leaving two cases El
Answer: Different conditioning events leave different sample spaces 2 marks
(d) P(agiven child is a boy born on a Tuesday) = 14, so P(at least one) =1- ( )2 196 M1 Al
P(both boys) = %; P(both boys, neither born on Tuesday) = (ﬂ)2 = 4—9 M1
1 9 _ 13
P(both boys and at least one Tuesday boy) = 279" 196 Al
Lo 13 27 13
Probability = 196~ 196 = o7 Al
A 13
nswer: >7 5 marks
29 (10 marks)
(a) First red (%): urn has 3 red of 6 M1
First blue (3): um has 2 red of 6 M1
2,8,38,2_1,1_2
5656 5755 Al
Answer: % 3 marks
2 _3_1
(b) P(both red) = EX§°E M1 Al
1.2_1
5572 Al
Answer: % 3 marks
(c) After two red draws the urn holds 2 + 2 = 4 red and 3 blue balls M1 A1
Total 7 balls Al
P(red) = 5 A1
Answer: ; 4 marks
30 (8 marks)
(a) Annawinson roII 1,35, .. of the game M1
P(Annawins) = & + (¢ )2 +(5 )4 M1 AL
1 .25 1 . 25. 6
Geometric series, first term = B common ratio =g & + a- %) =97 Al
Answer : 161 4 marks
b) P(Annawins on the third roll) = (2)? x = = -2>
(b) P(Annawins on the thir ro)—(6) 6= 216 M1 Al
. 6
Divide by 1 M1
_ 275
= 1296 Al
A 275
nswer: 1296 4 marks
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Bayes Theorem

1 (2 marks)
P(B) = P(B | A)P(A) + P(B | A)P(A) = 0.8 x 0.3+ 0.2 x 0.7 M1
=0.38 Al
Answer: 0.38 2 marks
2 (2 marks)
0.6 x 0.02 + 0.4 x 0.05 M1
=0.032 Al
Answer: 0.032 2 marks
3 (2 marks)
_ P(B|A)P(A) _ 05x0.4
PAAIB)=—pE)y =03 M1
_2
=3 Al
2
Answer: 3 2 marks
4 (2 marks)
0.2x09+0.8x0.05 M1
=0.22 Al
Answer: 0.22 2 marks
5 (2 marks)
3.1 1
P(head)—zx§+z><1 M1
-3
=3 Al
5
Answer : 3 2 marks
6 (2 marks)
3,1,2,1
587572 M1
-1 ,1_23
105710 Al
Answer: ]% 2 marks
7 (3 marks)
P(faulty) = 0.6 x 0.02 + 0.4 x 0.05 = 0.032 B1
_0.6x0.02
P(A | faulty) = 0030 M1
3
= g Al
3
Answer: 8 3 marks
8 (4 marks)
P(positive and disease) = 0.01 x 0.95 = 0.0095 M1
P(positive and no disease) = 0.99 x 0.04 = 0.0396 M1
B itive) = 0.0095
(disease | positive) = 0.0095 + 0.0396 M1
=0.1935 Al
Answer: 0.193 4 marks
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9 (5 marks)
(a) 0.5 x 0.01 + 0.3 x 0.02 + 0.2 x 0.04 M1
=0.019 Al
Answer: 0.019 2 marks
(b) P(Z | defective) = 22 < D0 M1 AL
8
= 19 Al
. 8
Answer : 19 3 marks
10 (3 marks)
R RN
3 .31 _ 2
P(Bagl|red)—m—7——ﬁ Al
A 21
nswer: 31 3 marks
11 (3 marks)
P(A | B) = % and P(A N B) = P(B | A)P(A) M1
PB)=PB NA)+PB NA)=PB|APA) +PB|A)PA" M1
Substituting gives the result Al
. _ P(B | A)P(A)
Answer: P(A | B) = PE [A)PA) + P(B | AYPA) 3 marks
12 (4 marks)
P(train and late) = 0.6 x 0.1 = 0.06 M1
P(bus and late) = 0.4 x 0.3 =0.12 M1
P(train | late) = goo M1
1
= § Al
1
Answer : 3 4 marks
13 (3 marks)
P(A | B) and P(B | A) have different denominators, P(B) and P(A) El
P(A N B) =P(A | B)P(B) = P(B | A)P(A) M1
SOP(B|A) = %, which equals 0.9 only if P(A) = P(B) A1
Answer: They are equal only when P(A) = P(B) 3 marks
14 (5 marks)
P(two positives and disease) = 0.01 x 0.95% = 0.009025 M1 A1
P(two positives and no disease) = 0.99 x 0.042 = 0.001584 M1
di . itives) = 0.009025
P(disease | two positives) = 5555075 + 0.001584 M1
= 0.8507 Al
Answer: 0.851 5 marks
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15 (4 marks)
P(HHH and two-headed) = 5 x 1= 2 M1
P(HHH and fain) = 5 x (3)°= 1= M1
1
P(two-headed | HHH) = 2 M1
216
8
= § Al
8
Answer . 9 4 marks
16 (5 marks)
13 12
P(removed heart and drawn heart) = = X E M1 Al
P(removed not heart and drawn heart) = % X % M1
P(drawn heart) = % = % Al
_ 156 . 1_ 4
P(removed heart | drawn heart) = 652 417 Al
Answer : % 5 marks
17 (5 marks)
= it iti _ 0.9p
(condition | positive) = 090+ 011 =) M1 A1
0% _1
08p+01~ 2 M1
18p=08p+0.1 M1
p=0.1 Al
Answer: p=0.1 5 marks
18 (6 marks)
Rain on Wed viaMon rain, Tuerain: 0.4 x 0.7 x 0.7 = 0.196 M1 A1
Mon rain, Tue dry, Wed rain: 0.4 x 0.3 x 0.2 = 0.024 M1
Mon dry, Tue rain, Wed rain: 0.6 x 0.2 x 0.7 = 0.084; Mon dry, Tuedry: 0.6 x 0.8 x 0.2 = 0.096 M1 Al
P(Wed rain) = 0.4; P(Mon rain | Wed rain) = e AL
Answer: % 6 marks
19 (4 marks)
3.2 _3
P(RRlA)—gxz—E M1 Al
2.1 1
P(RRlB)—gxz—l—o Al
3
10 3
P(A |RR) = = T2 Al
0710
3
Answer: 7 4 marks
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20 (5 marks)
P(1 defective | good) = 5(0.02)(0.98)* = 0.09224 M1 Al
P(1 defective | poor) = 5(0.1)(0.9)* = 0.32805 Al
. _ 0.8 x 0.09224
P(good | 1 defective) = 555509224 + 0.2 x 0.32605 ML
=0.5293 Al
Answer: 0.529 5 marks
21 (7 marks)

. o 0.01(0.95)"

P(disease | n positives) = 0.01(0.95)" + 0.99(0.04)" MLAL

This exceeds 0.99 when 0.01(0.95)" > 99 x 0.99(0.04)" M1
0.95

(W)n > 9801 Al

In9801 _

m =290 M1 Al
Leastn=3 Al
Answer: n=3 7 marks

22 (6 marks)
. 1 .
(a) P(culprit) = 50000 P(match | culprit) =1 B1
. 19999 1
P(match and innocent) = 0000 > 1000 M1
1
P(culprit | match) = — 200029999 M1
20000 ' 20000000
B 1000  _ 1000 _
= 1000 + 19999 ~ 20009 ~ 0048 Al
Answer: = 0.048 4 marks
(b) The 1in 1000 is P(match | innocent), not P(innocent | match) El
It ignores the very low prior probability of guilt (about 20 000 people, so around 20 innocent E1
matches are expected)
Answer: Confuses P(match | innocent) with P(innocent | match) 2 marks
23 (7 marks)
S 1 1 /1 1 4 16
(a) Likelihoods: (5)* = 5, (5)*= 7, ()" = =& M1 AL
Multiply each by %; ratio 4 : 25 : 64 (scaling by 100) M1
_ 64

P(Urn 3) = %3 Al
Answer : 5—63 4 marks
(b) P(red) = X P(Urni | two reds) x P(red | Urn i) M1
41, 5,1 64 4
B 5 W 2T®WBE M1
_ 08+125+512 645 _ 43
= 93 ~ @ T& Al
Answer: 25

nswer: 2 3 marks
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24 (6 marks)
_ P(BA)PA) <1y = PBIA)PA)
P(A|B) = RE) and P(A" | B) = PE)
Dividing, P(B) cancels, giving the result
. 1 _ 8
Posterior odds = 79 % 8= 0
_ 8
SoP(A | B) = 5579
_8
57
. 8
Answer: £
25 (6 marks)
(a) P(says blue and blue) = 0.15 x 0.8 = 0.12; P(says blue and green) = 0.85 x 0.2 = 0.17
p= 012 _ 12
T 029 T 29
12
Answer: 59
(b) 0.15 x 0.8% = 0.096; 0.85 x 0.2% = 0.034
p_ 009 _ 48
T 013 T 65
. 48
Answer: =
26 (5 marks)

The 95% is P(positive | condition), not P(condition | positive); the student has ignored how rare
the condition is

P(positive and condition) = 0.005 x 0.95 = 0.00475

P(positive and no condition) = 0.995 x 0.05 = 0.04975

P(condition | positive) = %
=0.0872
Answer: 0.0872

27 (9 marks)

(@) It cannot land tails, but atail occurred
Answer: It never shows a tail

(b) P(HHT | fair) = (3)° = 5

) 1, 2 2
P(HHT|b|ased)—(§) xg—ﬁ
1
. _ B8
P(fair | HHT) = 1,2
8" 27
21 27
T27+16 43
27
AnSNer.E
. 16
(c) P(biased | HHT) = 4=
27 1 16 1
Plhead) = 23 * 3+ 3 % 3
_81+32 _ 113
T 258 T 258
113
AnSNer.ﬁ
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28 (8 marks)
Let W be the warden's statement "B will not be pardoned" B1
P(W | A pardoned) = % P(W | B pardoned) = 0, P(W | C pardoned) = 1 M1 Al
1,1 1 1 1
PW)=3()*+30+31) =5 M1 A1
1.1
P(A pardoned [W) = 22 = 2 M1 AL
2
A's chance is unchanged because the warden would say B or C whichever was the case; the E1l

information is in the fact that C's chance has risen to %

Answer: % 8 marks
29 (9 marks)
(a) P(positive and condition) = sp B1
P(positive and no condition) = (1 — t)(1 — p) M1
Bayes' theorem gives the result Al
. Sp
Answer: PFA=-0I=p) 3 marks
0.98p 1
(b) 0.98p + 0.05(1 = ) > 5,50 0.98p > 0.05(1 — p) M1
0.98p > 0.05 — 0.05p, so 1.03p > 0.05 M1 A1
p> 105 ~ 0.0485 AL
Answer: p > 0.0485 4 marks
() If p is below about 0.0485, the posterior probability is below E1
Among alarge number of positives, false positives from the many healthy people outnumber true El
positives
Answer: Most positives are false when p is small 2 marks
30 (10 marks)
(@) P(2 heads | n) = nCz(%)”: %, % g % g forn=2,3,4,5,6 (and0for n=1) M1 A1l
Each n has probability ¢ M1
1,1 .3 ,3, 5 15 _ 33
SUm=5(z+g*s 6 6 8 AL
A .33
nswer: 128 4 marks
(b)P(n:4and2heads):%><% M1 A1
Divide by the total: ~ AL
Answer: 3% 3 marks
(c) P(n | 2 heads) is proportional to "C,/2" M1
Vauesfor n=2to 6: 0.25, 0.375, 0.375, 0.3125, 0.234 (to 3 d.p.) M1
n=3andn =4 are equaly most likely Al
Answer: n =3 and n =4 (equally likely) 3 marks
Probability Generating Functions
1 (1 mark)
G(t) = 0.2 + 0.5t + 0.3t B1
Answer: 0.2 + 0.5t + 0.3t? 1 mark
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2 (3 marks)

(a) Coefficient of t: 0.4 B1

Answer: 0.4 1 mark

(b) G'(t) = 0.4 +t,s0 E(X) = G'(1) M1

=14 Al

Answer: 1.4 2 marks
3 (2 marks)

G(1)=1s0k2+3+1)=1 M1

1
k= 5 Al
1

Answer: 5 2 marks
4 (2 marks)

G() =3 (5 + 1) M1

G'(]_):%x]_:% Al

Answer : % 2 marks
5 (3 marks)

(@) G(t) = %(t +2+ 3+t + 15+ 1°) B1

Answer: %(t +t2+ .. +19 1 mark

(b) G(t) = gL+ 2t + 3t + 465 + 5t* + 6t°) M1

G(W=%=35 AL

Answer: E(X) = % =35 2 marks
6 (2 marks)

t t2
G = 5(1 - 2) L= 2(1 ot g ) M1
P(le):E,P(X:Z)—% AL
1 1

Answer: > and i 2 marks
7 (4 marks)

G@)= ﬂ ,G(1) =5 M1 AL

G'(t) = E = B1

a0 =G Th + 61 T2 t3-3=3 g

Answer: E(X) = %, Var(X) = § 4 marks
8 (3 marks)

(8) G1)=8k=1,0k=5 B1

Answer: % 1 mark

() PX=0) =k =g B1

(1+t)3:1+3t+3t2+t3,soP(x:2):§ B1
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Answer: % and % 2 marks
9 (3 marks)

Gx+y (1) = Gx ()G (D) M1

1,1,,1 2 1.1, 1

=G +a0E 30 =gt ot gt AL

PX +Y=1)= 7 AL

Answer : % 3 marks
10 (4 marks)

t 2ty _ t 2t 2t

@GH=51-F) 7 =500+F+(3)°+.) M1

Coefficient of t: % x g = % Al

Answer: 21'7 2 marks

ey 3

G(1)=3 Al

Answer: 3 2 marks
11 (4 marks)

G(t)=2e’"9 s0E(X) =G'(1) = A M1 AL

G'(t) = A%~ Y 50 G"(1) = A2 B1

Var(X) = A2+ A — A2=A Al

Answer: E(X) =Var(X) = A 4 marks
12 (4 marks)

(8) G) = 3t + 1+ + 1) B1

Answer : %(t +2+ 3+ t4 1 mark

() G()=5(1+2+3+4)=3 M1 AL

. 1 5 25 _5

G(1):Z(0+2+6+12):5,SOV3I'(X):5+§—T:Z Al

Answer: E(X) = g Var(X) = % 3 marks
13 (3 marks)

G'(1) = E(X) and G"(t) = E[X(X — 1)t*?], so G"(1) = E[X(X — 1)] = E(X?) — E(X) M1 A1

Var(X) = E(X%) — [E(X)]*= G"(1) + G(1) — [G(D)]? Al

Answer: Var(X) = G"(1) + G'(1) — [G"(1)]? 3 marks
14 (4 marks)

Onetria: G(t) = 0.6 + 0.4t B1

Three independent trials: [G(t)]® = (0.6 + 0.4t)3 M1

Coefficient of t% 3 x (0.6)(0.4)? M1

=0.288 Al

Answer: 0.288 4 marks
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15 (5 marks)
Let G(t) = po + st + pot” Thenpy +p; +p, = 1
G(1)=p1+2p,=12
E(X?)=056+144=2,and G'(1) + G(1) = E(X?®) sop, + 4p, =2
Solving: p, = 0.4, p; = 0.4, p, = 0.2, s0 G(t) = 0.2 + 0.4t + 0.4t°
Answer: 0.2 + 0.4t + 0.4t

16 (5 marks)

v (4=30)+3t _ 4
CO="a"ay “@-ay
EX)=G(1)=4
G = —2 _ G(1)=24

T (4-3p¥ -

Va(X)=24+4—-16=12
Answer: E(X) =4, Var(X) =12

17 (5 marks)
P S ty_o
Gxw(®) =(=7)"=71- %)

t,_ t t
1-3) 2:1+2(§)+3(§)2+...:1+t+...

2
Coefficient of t*in w(1+t+..)is 7, OPX +Y =3) = 5
1
Answer: Vi
18 (4 marks)
(a) Gy(t) = E(t™ %) = CE((t)")
3 2
- tSGX(tZ) - t (12+t )
t3(1 +t?)
Answer: Gy(t) = 5
(b) Gy(t) = 3(E +19, G,(1) = 5(3+5)
=4
Answer: 4
19 (6 marks)
(@) G(1) = 1 gives (a+ b)> = 16, so a+ b = 4 (a, b positive)
.. . b 9
4 — —
The coefficient of t iS5 = 15+ 0 b=3
a=1
Answer:a=1,b=3
(b) G(t) = %(1 + 6t2 + 9t%), so P(X = 2) = % - %

G(1) = 75(12t + 369
, 48
EX)=G(1) = 10 =3

Answer: P(X = 2) = 5, E(X) = 3

20 (5 marks)
@6 ="
GW=2=1

Answer: E(X) =1
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” 6(2 +t ” 18 2
=22 cu=20=2
Va(x)=s+1-1=2

2
Answer: 3
21 (4 marks)

Gxy(t) = E(C™) = E(t* ")
X and Y independent, so E(t*t") = E(t*)E(t")
= Gx()Gy (1)
Answer: Gy, (t) = Gy (t)Gy (1)
22 (8 marks)
(8) Gu() = (1 +t+1)

Ge() = (1 + L+

1
Answer: 5= (1+t +t%)°

(b) L +t+1t%)°=1+3t+6t° + 7t> + 6t* + 3t° + t°

6 _ 2
F’(S:4):7:§

Answer:

ol

, (L+2)(L+t+t3)2 3x3x9
(© Gs(t) = XL go(qy = 323X9 - 3

Var(S) =3 Var(X) =3 x % =2(orby G'(1) + G(1) — [G(D]D
Answer: E(S) =3, Var(S) =2

23 (6 marks)
@G0 =3 _pqt)z whereq=1— p, 0 G(1) = pﬁ - %
=3 z_pgt)s, G'(1) = %
Var(X):%+%_%: 2q+p|2—1:%

Answer: E(X) = % Var(X) = %

1

(b) ;zp=12,8012p2+p—1=0

1
(4p— DEp+1)=0,90p=7

1

Answer: Z

24 (5 marks)
Dev'sformulagives Gy,y(1) =1+1=2
but every probability generating function satisfies G(1) = 1

. 1.1 1.1, 1
The correct result is the product: Gy .y (t) = (5 + 5t)% = 7 + 5t + 7t?

which equals1whent=1
Answer: Correct: Gy,y(t) = G (1)Gy ()
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25 (6 marks)
G(t)=> "C,p'q""t"=(q+pt)", whereq=1—p M1 A1
r=0
G(t) =np(q+p)"", 0 G'(1) =np(g+p)"" =np M1 A1
G'(t) =n(n — Dp*(a + p)"~% G'(1) =n(n — 1p? M1
Var(X) =n(n — 1)p? + np — n’p®> = np — np®> = np(1 — p) Al
Answer: E(X) =np, Var(X) = np(1 — p) 6 marks
26 (7 marks)
(8) G(1) = 1givesk N2 =1, s0k = s B1
Answer: k = % 1 mark
(b) G(t) =k[In2 — In(2 — 1)], 0 G'(t) = ZL—t M1 A1
N
E(X)—G(l)—k—m Al
O vy
G(t)——(z_t)z,soG(l)—k M1 Al
Va(X) =G (1) +G (1) — [GW)]°=k+k — k*=Kk(2 — k) Al
Answer: E(X) = 1; Var (X) = k(2 = k) = 0.8040 6 marks
27 (9 marks)
(@) Gy(t) = e* =D G (1) = et~ D B1
Gy () = e T v
which is the PGF of Po(A + 1) Al
Answer: Gy,y(t) = €®Wt=1 g5 X + Y ~Po(A + ) 3 marks
PX=nPY=n-—r
(B)PX=r|X+Y=n)= (P(X)+(Y:n) ) M1 Al
e—)\)\r e—pun—r
_ (n=rn)
alr=o e M1 A1
n!
_ n| }&run—r
T riin=r)! % A +)" M1
which gives the result; X given X +Y =nisbinomial B(n, ﬁ) Al
Answer: B(n, ﬁ) 6 marks
28 (8 marks)
Gy(s) =e*¢~ D B1
o) = % + %t B1
Gy(t) = G2t M1 A1
—el-t Al
Thisis the PGF of a Poisson distribution with mean 1, so Y ~ Po(1) El
PlY=0)=¢e* M1
=0.368 Al
Answer: Y ~Po(1); P(Y =0) = 0.368 8 marks
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29 (8 marks)
(@ G(t) =D (1 —p)~pt =pt> (1 — PO
r=1 k=0
= ﬁ (sum of a geometric series)
Answer : G(t) = %t—p)t
(b) G(—1) = P(even) — P(odd) and G(1) = P(even) + P(odd) = 1
— —P __—b _1 p y_1-p
G(-1) = Trd=p - 2_lo,soP(even)—i(l— 75— =2-p
. ; _1-p
Answer: P(X iseven) = 7=p
102
©—2-3
1°5
2-3 3
2
5
Answer: %
30 (10 marks)

If the first tossis T (probability %), the process restarts, giving a factor tG(t)
If the first two tosses are HT (probability %), the process restarts, giving t?G(t)

If the first two tosses are HH (probability %) the game ends after 2 tosses, giving t?

t2

2
G:%G+%G+ ,S0G(4 — 2t — t?) = t2

Z
t2
G() = 4—2t—+t?
s 204 — 2t — t?) + 132+ 2t)
G(t)_ (4_2t_t2)2
c=2"1""=6

Answer: E(N) =6

Discrete Random Variables

1 (2 marks)
01+k+04+02=1
k=03
Answer: 0.3

2 (2 marks)
(2) 0.30 +0.20=0.5
Answer: 0.5
(b) 0.35+0.30 = 0.65
Answer: 0.65

3 (2 marks)

Each probability is between 0 and 1

_1+2+3+4 _

Answer: Valid
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4 (2 marks)
Outcomes HH, HT, TH, TT equally likely M1
1 1 1
P(X=0)=Z,P(X=1)=§,P(X=2)=Z Al
Answer: P(0) = 3, P(1) = 5, P(2) = 5 2 marks
5 (2 marks)
P(X =3) =F(3) — F(2) M1
=08-05=03 Al
Answer: 0.3 2 marks
6 (2 marks)
PX<4=g=2 B1
P(X > 4) = % = % B1
Answer: 2 and =
nswer: 3 an 3 2 marks
7 (3 marks)
@k(1+2+3+4+5 =1 M1
=L
=15 Al
Answer: —
nswer: 15 2 marks
4+5 3
(b) 5 ~ % B1
Answer : % 1 mark
8 (4 marks)
@k(4+3+2+1)=1 M1
_ _ 1
10k =1,k = 0 Al
Answer: k = 1—10 2 marks
(b) P(X =2) + P(X = 4) = 5 + = M1
=2
=z Al
2
Answer: 5 2 marks
9 (3 marks)
@PX=1)=01PX=2=02PX=3)=025 M1
P(X =4) = 0.3, P(X =5) = 0.15 AL
Answer: 0.1, 0.2, 0.25, 0.3, 0.15 2 marks
(b) F(4) — F(1) =0.85—-0.1=0.75 B1
Answer: 0.75 1 mark
10 (4 marks)
Possible values 0, 1, 2, 3, 4, 5 B1
—g=2 -1
P(X—O)—36—6 M1
Px=d)= 22V ford=1,..,5 M1
5 2 1 1 1
P(l) = E’ P(Z) = §, P(3) = g, P(4) = §, P(5) = E Al
1 5 2 1 1 1
Answer: P(O) = 5’ P(l) = 18’ P(2) = 9’ P(3) = 5’ P(4) = 9 P(S) = 18 4 marks
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- 1 2 3 4 5 6
1 0 1 2 3 4 5
2 1 0 1 2 3 4
3 2 1 0 1 2 3
4 3 2 1 0 1 2
5 4 3 2 1 0 1
6 5 4 3 2 1 0
11 (4 marks)
X =0, 1, 2, 3with °C; = 84 equally likely selections B1
4Cx X SCS—X
P(X =x) = — e M1
10 40 30 4
P(O) = g, P(l) = g, P(Z) = g, P(3) = g Al
_5 10 5 1
TR IR A Al
A 5 10 5 1
nswer . 22 21 14' 21 4 marks
12 (3 marks)
x(x—l+1) = % ~ X+ T so the sum telescopes M1
k1-g)=1 M1
5
k=7 Al
5
Answer: vy 3 marks
13 (3 marks)
(a) Highest probability 0.3 at x =2 B1
Answer: 2 1 mark
(b) F(1) =0.35<0.5and F(2) =0.65> 0.5 M1
Median = 2 Al
Answer: 2 2 marks
14 (5 marks)
() PX = %) = (5)2= X M1 AL
= 7\6/ T 36
L X=(x=-1% _ 2x-1
P(X =x) = 6 = —=5 Al
Answer: P(X =x) = % 3 marks
9+ 11
(b) 36 M1
5
= 9 Al
5
Answer : 9 2 marks
15 (6 marks)
(@ a+03+b+01=1s0a+b=06 M1 Al
a=2b M1
3b=06,b=02a=04 Al
Answer: a=04,b=0.2 4 marks
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PX=2)+P(X=3) _05

O —px=2  ~0s M1

5

=5 Al

Answer : % 2 marks
16 (5 marks)

1 1

@FQD =5 F@=5 B1

F@) =2, F4) =1 1

Answer: F(1) = ¢, F(2) = 3, F(9) = o, F(4) = 1 2 marks

(b) P(X = 25) = F(2) = 5 B1

P(X >15)=1— F(1) = 2 M1 AL

Answer: % and % 3 marks
17 (5 marks)

X = 1 head first, P= 3 B1

X=2TH P=7X =3 TTH,P= ¢ M1 AL

X = 4: stops after the fourth toss whatever happens, so P = (%)3 = % Al

_1 . 1_1
P(X>2)_§+§_4 Al
1 1 1 1 1

Answer: P(1) = 5 P(2) = % P@3) = g P4) = §; P(X >2) = Z 5 marks
18 (5 marks)

12 equally likely outcomes B1

X =6: (A, B)=(2,3)or (3, 2), 2 outcomes, so P = % M1 Al

X =4:(A,B)=(1,4) or (2, 2), 2 outcomes, so P = % Al

X =8 (24)=8(33=9 (3 4= 12is3 outcomes, P= 5 AL

Answer: %, %, % 5 marks
19 (5 marks)

@k(1+2+5+10) =1 M1

_ 1
k=15 Al
Answer : 1_18 2 marks
2+5+10 _ 17
(b)P(X>O):l—8:E M1
P(0<X<2):P(X:l):% M1
a2
Probability 7 Al
Answer: % 3 marks
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20 (4 marks)
°C, = 10 equally likely pairs
If the larger number is x, the other cardisoneof 1, 2, ..., x — 1
x—1

So there are x — 1 pairs and P(X = X) =

Answer: P(X = x) = Xl;ol

10

21 (5 marks)

Theevents X = x — 1 and X = x are mutually exclusive with union X < x

So F(x) = F(x — 1) + P(X =x), giving the result

X(X+1) — (X —21)x

P(X =X) = ( n)(n +(1) :

_X(x+1l-—=x+1)
nin+ 1)
2X

- nin+ 1)

Answer: P(X =x) =F(X) — F(x = 1) =

2x
n(n + 1)

22 (6 marks)
(a) P(0) = 3k, P(1) = 4k, P(2) = 3k, s0 10k = 1, k = %
Mode=1

o, 1
Answer: k = 10 mode 1
3 4 3
(b) (5)% + (15)° + (35)°
S
~ 100 T 50

17
Answer: ==

50
23 (6 marks)
(a) 6 equally likely pairs (X, Y)
M =1: (1, 1) only
M =2:(1,2), (2,1), (2,2) is3 pairs, M = 3: (3,1), (3,2) is 2 pairs
1 1 1
P(le)zg, P(MZZ):E,P(M:?)):g
111
Answer: 5 2'3
(b) Only (2, 2) of the 3 pairswithM =2
1

-3
1
Answer: =

3
24 (7 marks)
(a) Net gains: —2 (scores 1, 2, 3), 1 (score 4), 3 (score 5), 6 (score 6)

P(-2) = 3, P(1) = P(3) = P(6) = ¢

Answer: P(=2) = %; P(1) = P(3) = P(6) = %

3_1
b§=2
1
Answer: 5
(c) Totals =4 (—2, —2) and —1 (—2, 1) are not positive; —2 with 3 gives 1 and —2 with 6 gives
4, both positive; any two gains from 1, 3, 6 give a positive total
1 1 _ 1

Plonegainis —2 and the other is30r6) =2 x 5 x = = 3
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- 1, 1 1.1 7
P(both gains from 1, 3, 6)—(7) =3 0P=3+7=1
7
AnSNer.E
25 (5 marks)
p’+p+044=1

p>’+p—056=0,50(p—04)(p+14=0

p=04orp=-14

p = —1.4 gives a negative probability, which isimpossible, so p = 0.4
Answer: p =04

26 (5 marks)
@Y=1whenX=-10r1:03+05=0.8
P(Y =0)=02,P(Y =1)=0.8
Answer: P(Y =0)=0.2,P(Y =1) =0.8
(b) X =—=1givesZ=2; X =0givesZ=1; X =1givesZ=0
P(z=0)=05PZ=1)=02,PZ=2)=0.3
Answer: P(0) = 0.5, P(1) = 0.2, P(2) = 0.3

27 (8 marks)
216 equally likely outcomes
_ .. _ 6 _1
X—1.60utcome$,P—2—16_%
_ _ 120 _ 5
X =3:6x5x4=120 outcomes, P= 57= = 5

X = 2: choose the repeated score (6 ways), the other score (5 ways) and the position of the single
one (3 ways), giving 90 outcomes

90 _ 5. 1 5 5 _

P_Z_]ﬁ_ﬁ’CheCk'%+E+§_l

1 5 5

Answer: P(l):%,P(Z):E,P@):g
28 (9 marks)

(a) Total selections %°C; = 2598960

Favourable: “C, x ®C, = 6 x 17296 = 103776

103776 _ 2162
2598960 ~ 54145

. _ L 2162
Answer: P(X =2) = A5
4C>< X 48C5—><
(b) PX =x) = 52C
5

P(0) = 0.6588, P(1) = 0.2995

P(2) = 0.03993, P(3) = 0.001736

P(4) = 1.847e-05

Answer: P(0) = 0.6588, P(1) = 0.2995, P(2) = 0.03993, P(3) = 0.001736, P(4) = 1.847e-05
(©01—-PX=0)

=0.3412

Answer: 0.3412

29 (10 marks)
@ PX=x)=FXx) — F(x—1)
xX2—x-1% _ 2x-1
- n? T

Answer: P(X = x) = 2xn; !

5 5
0) = =29
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n =7 (n positive) Al
Answer. n=7 2 marks
25 16

(c) F(5) = 29 > 0.5and F(4) = 79 < 0.5 M1 A1
Median =5 Al
Answer: 5 3 marks
(d) P(2) + P(d4) + P(6) = 11 M1 AL
_2a_3

~29°7 Al
Answer : % 3 marks

30 (9 marks)
After 2 jumpsthefrogisat —2, 0 or 2 B1
After 2 jJumps: reach 2 with P = %, reach —2 with P = %, and be at O with P = % M1 Al
From O after 2 jumps, the 3rd jump: & +1, each with P = & M1
From £1 the 4th jump reaches +2 (prob %) or O (prob %) M1
PX=2)=5+5%7=3 a1
P(X=-2)= g by symmetry Al
P 1.1_1
P(X_O)_ZXZXE_Z Al
The frog cannot be at +1 after 4 jumps (even number), so P(X = +1) = 0, and the probabilities Al
sumto 1
3 1 3
Answer: P(—=2) = B P(0) = 7 P(2) = 8 9 marks

Expectation and Variance

1 (2 marks)
E(X) = 1(0.2) + 2(0.3) + 3(0.5) M1
=23 Al
Answer: 2.3 2 marks
2 (3 marks)
E(X)=0+2+1=>
X)=0+5+1=5 B1
E(XZ):0+%+4:% B1
9 3 9
Var(X):§ - (E)ZZZ B1
Answer : g, %, % 3 marks
3 (3 marks)
E@X +3)=2x4+3=11 B1
Var(2X +3)=2%x5 M1
=20 Al
Answer: 11 and 20 3 marks
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4 (3 marks)
E(X) = w =3 B1
E(x2): 1+4+95+16+25:11 B1
Var(X)=11—-9=2 B1
Answer: Mean 3, variance 2 3 marks
5 (2 marks)
E =5(0.2) + (—1)(0.8) M1
=£0.20 Al
Answer: £0.20 2 marks
6 (2 marks)
E(X)=1><1+2><21+03><3+4><4 M1
_30 _
=10 " 3 Al
Answer: 3 2 marks
7 (3 marks)
03+a+k=1soa+k=07 B1
E(X)=03+2a+3k=21s02a+3k=18 M1
k=04,a=0.3 Al
Answer: a=0.3, k=04 3 marks
8 (4 marks)
E(X) = w =3 M1 A1l
E(x2) = W =10 M1
Va(X)=10—-9=1 Al
Answer: 1 4 marks
9 (3 marks)
E(X)=0+04+16=2 M1 AL
EBX?—2)=3x2—-2=4 Al
Answer: 4 3 marks
10 (4 marks)
Cost C=4+ 25X B1
E(C)=4+25x%x64=20 M1 Al
SD(C)=25%x3=75 Al
Answer: Mean £20, SD £7.50 4 marks
11 (4 marks)
Var(Y):a2><4:1,soa:% M1 AL
E(Y)=5 x10+b=0 "
b=-5 Al
Answer: a:%, b=-5 4 marks
12 (3 marks)
E(receipt) = 6 x % M1
=£1 Al
A fair game has expected gain 0 so the stake is £1 Al
Answer: £1 3 marks

stemup.co.uk | page 29



StemUp | Further Mathematics | Further Statistics: Further Probability | Model Answers

13 (3 marks)
E(@X +b)=aE(X) +b B1
Var(aX + b) = E[(aX + b — aE(X) — b)?] = E[a*(X — E(X))?] M1
= a?Var(X) Al
Answer: Var(aX + b) = a?Var(X) 3 marks
14 (5 marks)
E(x)=1><1+2x3+3x5;64x7+5x9+6x11 M1
_ 161
= % Al
o 1+12+45+112+225+39% _ 791
E(X?) = % =35 M1 A1
791 161 2555
Va(X) = 35 = (35)°= o6 Al
Answer: E(X) = o, Var (X) = 2200 5 marks
15 (6 marks)
Let the probabilitiesbep, g, rwithp+q+r=1 B1
p+2q+3r=21 M1
E(X?) =0.49+21°=4.9,s0p+4q+9r=49 M1 AL
Subtracting equations: q + 2r = 1.1 and 2q + 6r = 2.8 M1
Solving:r=0.3,q=05,p=0.2 Al
Answer: P(1) = 1/5, P(2) = 1/2, P(3) = 3/10 6 marks
16 (6 marks)
1 25
(a)k(1+—+—+4)—1sok><ﬁ 1 M1
k= 1—2 Al
Answer: k = ;g 2 marks
(b)E(X):Exx§=4k M1
x=1
-8
- 25 Al
Answer : % 2 marks
1 1 1 1
(€ E(xx) =k(1+ 7+ g +g) M1
_12 205 4
=% X144 " 60 A
Answer : gé 2 marks
17 (5 marks)
1.1 ,3,1_15
E(X)——+§+§+§—§ M1 Al
E(Xz)——+1+g 2= M1
var(x) = 3 — (_)2 2966—4225 -
71
= o Al
Answer: E(X) = % Var(X) = % 5 marks

stemup.co.uk | page 30



StemUp | Further Mathematics | Further Statistics: Further Probability | Model Answers

18 (5 marks)
a1 _n_5_1_5
PX=1)=5 PX=2)=5x5=75
P(X=3) = % X % = % (the third roll is made whatever happened before it is rolled)
_1 10 75_9
BX)=5*3%*3% %

Expected cost = £2.53
Answer: £2.53 (= £a¢)

19 (5 marks)
E(payout) = 2000(0.02) + 500(0.08) = 40 + 40 = 80
Expected profit = 60 — 80 = —£20 (aloss of £20)
E(payout?) = 4 000 000(0.02) + 250 000(0.08) = 100 000
Var = 100 000 — 6400 = 93 600, SD = £306
Answer: Expected profit —£20 (loss); SD £306

20 (4 marks)
(8 X=—3givesY =9, X =—1givesY =1, X =2givesY =5, X =4 givesY =9
P(Y<9) =PY=1)+PY=5=025+025=05
Answer: 0.5
(b) E(Y) = 9(0.125) + 1(0.25) + 5(0.25) + 9(0.375)
=1125+0.25+1.25+3375=6
Answer: 6

21 (5 marks)
Var(X) = > (x — n)°P(X = x), where pp = E(X)

Each term is a product of non-negative numbers, so Var(X) = 0
Var(X) = 0 requires every termto be O

SoP(X =x) =0unlessx =p, givingP(X =) =1

Answer: Var(X) = 0, with equality only when X is constant

22 (7 marks)
P(W=2") = (%)n for n=1, ..., 4; the remaining probability is 1 — 1—2 = 1_16' paying £32

4
1 1
E(W):%(E)”2“+EX32:4+2:6
Expected net gain=6 — 5=£1
4
2 - Nl 1 _ _
E(W)—nzll(ﬁ)”4”+ﬁ><1024—2+4+8+16+64—94

Var(W) =94 — 36 =58, so SD = £7.62
Answer: Expected net gain £1; SD £7.62

23 (5 marks)
Var(2X) = 22Var(X)
=12, not 6 (the constant is squared)
For independent X and Y, Var(X — Y) = Var(X) + (—=1)?Var(Y)
=3+ 2=05, not 1 (variances add, never subtract)
Both errors arise from treating variance as if it were linear
Answer: Var(2X) =12and Var(X = Y) =5
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24 (8 marks)
(a) Both scores at most x: (%)2 M1 AL
L X=x=-1% _ 2x-1
P(X =x) = n TR Al
Answer: P(X =x) = s ; ! 3 marks
Lox2x—1) 1, .« .
— — 2
(b) E(X) = ;1 = F(ZZX - Xz{x) M1
:% n(n+1)?f2n+1) _ n(n+1)) ML AL
(n+1) 2n+1 (n+1)(4n -1
n ( ) 6n Al
Answer: E(X) = % 4 marks
7x23 _ 161
© =3 =3 U Bl
A 161
nswer: 36 1 mark
25 (6 marks)
P(X—x)—— E(X)— xn(n2+1) n;l M1 Al
E(XZ) _ % y n(n + 1)é2n +1) _ (n+ 1)é2n +1) ML AL
_(n+D@2n+1)  (n+1)? _ (n+1@n+2-3n—-3) _n*—-1
Var(X) = 6 I 12 T Al
n=20:Var= 32 =3325 AL
Answer: 33.25 6 marks
26 (6 marks)
() Two red: §; one of each: 4 — 3=1; two green: —6 B1
3 2 2. 1 _1
P(RR) = g i 10, P(GG) = g 210 M1
B 3 13
P(oneofeach)—l—m E 5 Al
1
Answer: P(8) = 10, P(1) = 3 P(—G) =0 3 marks
(b) E(X) = 8(0.3) + 1(0.6) — 6(0.1) =24 M1 Al
E(X?) = 64(0.3) + 0.6 + 36(0.1) = 23.4, Var(X) = 23.4 — 5.76 = 17.64 Al
Answer: E(X) = 2.4, Var(X) =17.64 3 marks
27 (8 marks)
() E P(X = k) = 2 2 P(X =x) M1 Al
k=1 x=k
SNap the order of summation: each P(X = x) appearsfor k = 1, ..., X, that is x times M1
=> xP(X =x) = E(X) Al
x=1
Answer: E(X) = > P(X = k) 4 marks
k=1
_ k-1,
b)PX =k)=1— (T) M1 A1l
C _p_ 0+1+4+9+16+425 _ . 55
2= 36 T M1
k=1
_ 161
= ? Al
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Answer: E(X) = 161 4 marks
28 (8 marks)

(a) The first box gives afirst type B1

G,: boxes until a new type, success probability % M1

G5: boxes until the last type, success probability % Al

Answer: 62 ~ Geo(g) (53 ~ Geo(%) 3 marks

(b) E(G) = p 1E(Gy) = 3, S E(Gy) =3 M1

3 a_
E(N) = 1+2+3—7 Al
Answer . % 2 marks
1 2
(©) Var(G) = 1P D=5 =2 Va(Gy) =2 =6 M1 AL
9 9
. 3 27

G, and G5 independent, so Var(N) = Vi 6= 7 Al

Answer : 2747 3 marks
29 (9 marks)

(@ E=35 B1

Answer: 3.5 1 mark

(b) Rejecting gives an expected prize of 3.5 from the second roll M1

Reject if the score is below 3.5, that is1, 2 or 3 M1

Accept if the scoreis 4, 5 or 6 (above 3.5) Al

Answer: Reject thefirst scoreifitisl, 2or 3 3 marks

(QE=5(4+5+6)+ 5 x35=25+175= 425 M1 AL

a1 1_2
E(prize?) = 6(16 + 25+ 36) + —E(X ) M1
2 1 2 77 91 _ 245
E(X?) = —<, so E(prize”) = = + =1 Al
Var = 245 17, _ 245 289 _ 113
A= - (=T -®, Al
113

Answer: E =4.25, Var = 78 5 marks
30 (11 marks)

(a) 4! = 24 arrangements; all four fixed: 1; exactly two fixed: “C, x 1 = 6; exactly one fixed: 4 x M1 Al

2=8none:24-1—-6—-—8=9

9 8 6 1

Probabilities -+ >4 24" 24 94 Al

If three positions are fixed the fourth must also be fixed, so X = 3 is impossible El

Answer: P(X =0)= o, P(X =1) = 5, P(X =2) = 3, P(X = 4) = o, P(X = 3) = 4 marks

(b) P(Ik—l)—— soE(Ik)—— M1 A1

EX)=nx+=1 AL

Answer: E(X) =1 3 marks

(c) X(X — 1) counts ordered pairs of distinct fixed points: E[X(X — 1)] = EP(I k=1 M1

j=k
P(il,=1) = n(n—l—l) and there are n(n — 1) ordered pairs, so E[X(X — 1)] =1 M1 A1
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EX?)=1+1=2 Va(X)=2—-1=1 Al
Answer: E[X(X — 1)] =1, Var(X) =1 4 marks

Linear Combinations of Random Variables

1 (1 mark)

2x5+3=13 B1

Answer: 13 1 mark
2 (2 marks)

Va(X+Y)=4+9=13 B1

Var(X —=Y)=4+9=13 B1

Answer: 13 and 13 2 marks
3 (2 marks)

Var(3X) =9x2=18 B1

Var(S)=3x2=6 B1

Answer: 18 and 6 2 marks
4 (2 marks)

Mean 10 + 6 = 16 B1

Variance4 +9=13,s0 X + Y ~ N(16, 13) B1

Answer: N(16, 13) 2 marks
5 (2 marks)

5x4—-2x7 M1

=6 Al

Answer: 6 2 marks
6 (3 marks)

E(X,+X,)=35+35=7 B1

The scores are independent, so variances add M1

Var= B, B_35

A= 126 Al

Answer: Mean 7, variance 3—65 3 marks
7 (4 marks)

X +Y ~N(80, 25) M1 A1

_ 90 — 80, _

P(X +Y >90) =P(Z> 5 )=P(Z>2) M1

=0.0228 Al

Answer: 0.0228 4 marks
8 (4 marks)

LeeD=X —=Y;D~N(29) M1 A1l

P(X >Y) =P(D >0) = PZ > —2) M1

=0.7475 Al

Answer: 0.7475 4 marks
9 (4 marks)

Total T ~ N(4 x 250, 4 x 100) = N(1000, 400) M1 A1

P(T > 1050) = P(Z > 30) = P(Z > 25) M1

= 0.0062 Al

Answer: 0.0062 4 marks
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10 (4 marks)

E=2x6—-3%x4+5=5 M1 Al

Var=22x2+(—3)?x3 M1

=8+27=35 Al

Answer: 5and 35 4 marks
11 (3 marks)

X +Y ~Po(7) M1 A1l

-7 5

PX +Y=5=2"=0128 AL

Answer: 0.128 3 marks
12 (3 marks)

2X ~ N(20, 2% x 4) = N(20, 16) B1

X, + X, ~N(20, 4 + 4) = N(20, 8) B1

2X doubles a single observation, so the variance is multiplied by 4, but X, + X, adds independent El

variations which partly cancel

Answer: N(20, 16) and N(20, 8) 3 marks
13 (4 marks)

X ~N(20, 52) = N(20, 1) M1 AL

P(X >21)=P(Z>1) M1

= 0.1587 Al

Answer: 0.1587 4 marks
14 (5 marks)

Total T ~ N(8 x 75, 8 x 12%) = N(600, 1152) M1 A1l

0 =1152 = 33.94 B1

P(T > 640) = P(Z > 5a0z) = P(Z > 1.1785) M1

=0.1193 Al

Answer: 0.1193 5 marks
15 (5 marks)

LetD =B — (C, + C, + C;), where B is the contents of the bottle M1

E(D) =455 —450=5 B1

Var(D) =4+3x9=31 M1

5
< = <——=) = < —0.

P(D<0)=P(Z \/ﬁ) Pz 0.898) M1

=0.1846 Al

Answer: 0.1846 5 marks
16 (5 marks)

X +Y ~N(50, 25) M1 A1l

Pz > 32 =005 M1

K20 - 1m0 AL

k =582 Al

Answer: 58.2 5 marks
17 (5 marks)

E(X)=02+10+09=21 M1 A1

E(X?)=02+20+27=49 M1

Var(X) =49 —441=049,E(Y)=3%x21—-2=43 Al

Var(Y) = 9% 0.49 = 4.41 B1

Answer: E(Y) = 4.3, Var(Y) =441 5 marks
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18 (5 marks)
EX) = 5(1+2)= 5
E(Y)=0+3+2=1
E(XXY) = Dxy PX =X, Y =y), with P(X =X, Y =y) = P(X = X)P(Y =)

Xy

1 1.2 1.2
=2[lx 0+ 3+ +2x(0+3+37)
= 2(1+2) = 5 = EX)E(Y)

Answer: E(X) = % E(Y) = 1, E(XY) =%

19 (5 marks)
Total rate 4 per hour, so in 2.5 hours the number of contacts T ~ Po(10)
PM=8=1-PT=<7)
P(T = 7) =0.2202
P(T = 8) =0.7798
Answer: 0.7798

20 (5 marks)
X is the number of successesin 10 independent trials with p = 0.3 and Y is the number in 15
independent trials with p = 0.3
X +Y isthe number of successesin 25 independent trials with the same p, so X + Y ~ B(25, 0.3)
X + Z combines trials with different success probabilities (0.3 and 0.6)
so X + Z isnot binomial
Answer: X +Y ~B(25, 0.3); X + Z isnot binomial

21 (5 marks)
Var(aX + bY) = E[(aX + bY)?] — [E(aX + bY)]?
E[(aX + bY)?] = &?E(X?) + 2abE(XY) + b%E(Y?)
Independence gives E(XY) = E(X)E(Y), so the cross terms 2abE(X)E(Y) cancel with those from
[E(@X + bY)]?
leaving a?Var(X) + b?Var(Y)
Answer: Var(aX + bY) = a?Var(X) + b?Var(Y)

22 (9 marks)
Totd T=A;+A,+C; +C, + Cg, E(T) = 160 + 120 = 280
Var(T) = 2 x 100 + 3 x 36 = 308
P(T > 300) = P(Z > %) = P(Z > 1.1396) = 0.1272

%
LetD=A — C, — C,: E(D) =80 — 80 =0, Var(D) = 100 + 36 + 36 = 172
P(D >5) = P(Z > %) = P(z > 0.3812) = 0.3515

Answer: 0.1272; 0.3515

23 (7 marks)
@ ET=a0+(1—- a6
=0
Answer: E(T) = O for every a
(b) Var(T) = a’0? + (1 — a)*(40?) = 0%(5a° — 8a + 4)
d 4

G 0%(10a—8)=0,a=¢

_ 16 32 _4 ,
Var(T)—o(BXE—?+4)—§G
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R N ; 4 >
Answer: a = z; minimum variance o 5 marks
24 (6 marks)
(8) X ~ N(500, 2 = N(500, 3.6) B1
Y ~ N(497, 12) B1
Answer: X ~N(500, 3.6), ¥ ~ N(497, 22) 2 marks
)X —Y~N(@3,36+ —) = N(3, 5.6833) M1 A1l
X —Y >5)= > >
PX —-Y>5)=PZ W) P(zZ > 0.8389) M1
=0.201 Al
Answer: 0.201 4 marks
25 (5 marks)
5X is five times one parcel, not the total of five different parcels E1
Total T =X, + ... + X with E(T) = 5p and Var(T) = 502 M1 A1l
For 5X: E(5X) = 5u but Var(5X) = 2502 M1 AL
Answer: T: mean 5p, variance 50%; 5X: mean 5p, variance 2502 5 marks
26 (8 marks)
laT_u - H _ 12816 M1A1AL
Subtract: g =21232, 0 =3.77 M1 A1
n =12+ 0.8416 x 3.768 = 15.2 Al
2
X, ~N(1517, 2% 0 P(X, > 17) = Pz > o1 M1
=0.246 Al
Answer: m =152, 0 = 3.77; 0.246 8 marks
27 (9 marks)
(@ UV = X2 —Y? M1
E(UV) =E(X?) — E(Y) =0y 2+ 12 — 0y2 — 1,2 M1 AL
E(UEV) = (1x + 1y)(1x — By) = By = 1y° M1
Difference: 04> — 02 Al
Answer: E(UV) — E(U)E(V) = 0,° — 02 5 marks
(b) Uncorrelated when 042 = 02 B1
Equal variances (3 and 3) so U and V are independent and the condition V = O isirrelevant M1
U ~N(9, 6), P(U > 10) = P(Z > %) = P(Z > 0.408) M1
=0.342 Al
Answer: 0.342 4 marks
28 (8 marks)
(a)LetD:W_(Tl+T2+T3+T4) M1
E(D)=121 —120=1 B1
Var(D) =0.25 + 4 x 0.09 = 0.61 M1 A1
1
> = S —_—) = <. = 0.
P(D >0) =Pz m) P(Z < 1.280) = 0.8998 Al
Answer: 0.8998 5 marks
(b) P(not fit) = 1 — 0.8998 = 0.1002 M1
P(at least one fails) = 1 — (0.8998)° M1
=0.4102 Al
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Answer: 0.4102

29 (10 marks)
(8 E=05%x12+08%x8=124
Var=0.25%x12+064%x8=3+5.12
=8.12
Answer: Mean £12.40, variance 8.12
(b) A + R ~ Po(20)
PA+R>25=1—-PA +R = 25)=0.1122

Answer: 0.1122
(©PA=12|A+R=20)= P(’Ff(; ﬁffzg)g)  with A + R ~ Po(20)
e—121212

_ _ 20~ (12,12, 8 g —20
T 121 x e~88%/81/e=2020%%/201 Cral55) "(75)" (the factors €™ cancel)

= %C,,(0.6)*%(0.4)® = 0.1797
Answer: 0.1797

30 (10 marks)
@EC) =50+ +1) =
Var(X) = # Var(X, + .. + X,)

_ixnoz_(’_z
= =<

2

Answer: E(X) =p, Var(X) = %
(6) X — 1 =N, 1)

P(X — 11| < 0.5) = P(jz| < %3@) >0.95
O.g[n
3> 1.96

yn >11.76, n > 138.3
Smallest n = 139
Answer: n =139
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