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Variable Acceleration

1 (3 marks)
_dx _ o
(a)V—m—6t 5 M1
Whent=2,v=19ms* Al
Answer: 19m s™! 2 marks
(b)a=%=12t=24ms‘2 B1
Answer: 24 m s~? 1 mark
2 (2 marks)
_dv _
a—m—‘l 6t M1
Whent=1,a=—-2ms? Al
Answer: —2ms~? 2 marks
3 (3 marks)
v=[(6t—2)dt=3t>—2t+c M1
v=3whent=0,s0c=3 Al
Whent=2,v=12—4+3=11ms™? Al
Answer: 11 ms™ 3 marks
4 (2 marks)
x=f6t?dt=2t>+c,andx=0whent=0s0c=0 M1
Whent=3,x=2x27=54m Al
Answer: 54 m 2 marks
5 (2 marks)
_dv _
a—m—6c053t M1
When'[:%,a:GCOSH:—Gms‘2 Al
Answer: —6m s~? 2 marks
6 (2 marks)
_dx _ 0
V—m—?f[ — 12t M1
v=0gives3i(t —4)=0,s0t=4s Al
Answer:t=4s 2 marks
7 (4 marks)
@v=0(t—D(t—5=0 M1
t=1lsandt=5s Al
Answer:t=1landt=5 2 marks
_dv _ .
(b)a—m—Zt 6 M1
Att=1l,a=—-4ms % at=5a=4ms? Al
Answer: —4ms?2att=14ms2att=5 2 marks
8 (4 marks)
v=f(4—-2)dt=4t—t*(v=0at=0) M1 AL
Greatest speed whena=0,s0t=2 M1
v=8—4=4ms? Al
Answer: 4m st 4 marks
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9 (3 marks)

v=feldt=—e'+c M1
v=3at=0c=4,s0v=4—¢" Al
Ast— o, e '-0s0v—>4ms? B1
Answer: v=4— e v approaches4 m s™* 3 marks
10 (3 marks)

v%:zlx,sofvdv:lexdx M1
%v2=2x2+c,sov2=4x2+c' Al
v=2ax=1:4=4+c,soc =0andv?=4x>

When x = 3, v = 6 m s~ (taking the positive root as the particle moves away from O) Al
Answer: 6m st 3 marks
11 (4 marks)

v=0att=4,sothedirection changesatt =4 M1
x=6t>—t3(x=0att=0) M1
X(4) =96 — 64 =32 and x(6) =216 — 216 =0 Al
Total distance=32+32=64m Al
Answer: 64 m 4 marks
12 (5 marks)
(@v=3t2—12t+p=0whent=1,0p=9 M1 AL
x=0whent=1:1-6+9+q=0,s0q=—4 Al
Answer: p=9,q=-4 3 marks
b)yx=t2—6t2+9t —4=(t — DXt — 4) M1
x=0aganwhent=4s Al
Answer.t=4s 2 marks
13 (5 marks)
2
(@v=18— [(2+5)dt=18—2t— ¢ ML AL
v=0:t?+12t — 108=0, (t — 6)(t + 18) =0, 0t =65 Al
Answer: 6s 3 marks
2 3

(b)x=[(18 -2t — §)dt=18t — ¥ — 1o M1
X(6) =108 — 36 — 12=60m Al
Answer: 60 m 2 marks
14 (5 marks)

(a)x:f3sin2tdt:—20052t+c M1 A1

_ P _5_3

x-latt—O.c—z,sox—2 2cosZt Al
Answer: x = g - %cos 2t 3 marks
(b)) —1l=cos2t=1 M1

_5 . 3_ . _5_ 3_

Greatestx—§+§—4,leastx—§ 5=1 Al
Answer: greatest 4, least 1 2 marks
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15 (5 marks)

dv _ 1 o
m——0.4v,sofvdv—f 04dt

Inv=—04t+c,andv=20att=0:v=20e%%
10 = 2060, 50 e 0% = 1

2
_In2 _
t—m—1.73s

Answer: 1.73 s

16 (5 marks)
dv__8 l.___8 |
de_(x+1)2'sozv_ x+1 €
v=2ax=1.2=—-4+c,s0c=6
2_ ., 16
vi=12 Xx+1

Asx - ,v? > 12, s0v > 2/3 = 346 ms™*
Answer: v2 =12 — %; speed approaches 23 m s™*

17 (7 marks)
(8) SY =421 -2 =0, 0t = 5

2
v=2e1=0736ms™!
Answer: 0.736 m st
(b) x = fate™® dt=—2te™® + [2e72 d t
=—2te?—e?+¢
x=0att=0:c=1,s0x=1— (1+2t)e™®
Answer: x=1— (1+ 2t)e™™

18 (8 marks)
v=[(12—-6t)dt=12t — 3t>+9
x=fvdt=6t>—t3+ 9t (x=0att =0)

6472
x:0:t(t2—6t—9):o,sot:JZE:3iaJ§
t>0,0t=3+32

Usingt® =6t + 9: v =9+ 12t — 3(6t + 9) = —18 — 6t = —36 — 182, sov=—615ms™
Answer: v=—615ms™t

19 (7 marks)
v=[3costdt=3sint(v=0att=0)
X=f3sintdt=3—3cost(x=0att=0)

_2n

3—3cost=4.5,socost=—l t—7z2.095

Eu
v:3gn%nz%éz2.60ms—l

Answer: t = ZTH s= 2.09s; speed %E ~260ms?
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20 (7 marks)
3
x=[5 (t2—8t+12)dt—t——2t2+6t M1 AL
v>0fort<2v<0for2<t<6v>0fort>6 M1
16 16 _ 32

x(2) = x(6) 0, sothedistancetot =6 is —=- 3 =3 M M1 Al
Remaining distance = 20 — 3—32 23? m, in the positive direction from O M1
Displacement = % m Al
Answer: % m (about 9.33 m) 7 marks

21 (6 marks)

dv__16 1,_8

(a)vdx— 3PV =gt M1 A1
v=3ax=2 5 —2+c,soc:g M1
vi=5+ l—? Al

X
Answer: v- =5+ i—6 4 marks
(b)x=4:v?=5+1=6,50v=16 = 245ms™* AL
Asx — o, v? - 5: the speed decreases towards+/5 m s™* and P never comes to rest Al
Answer: 6 m s™%; speed tendstoy5 m s™* 2 marks

22 (7 marks)
Xp=[f2dtdt=t?(starts at rest at O) M1 AL

3
Vo=/-2tdt=—t — 8 50X, =100 — 8 — % M1 A1
3

Xp = Xo: t? =100 — 8t—— sot®+3t? + 24t — 300 =0 M1AL
f(4) = —92 < 0andf(5) = 20 > 0, so thereis asign change and aroot in (4, 5) Al
Answer: t3+ 3t2 + 24t — 300=0; f(4) = =92 < 0and f(5) = 20> 0 7 marks

23 (6 marks)
The student found the displacement, not the distance; the particle changes direction El
v=1(2 —t) =0att =2, where the direction reverses M1
X(2)=4— § = % Al
x(4) = , SO the return journey |s 4 % = % Al
Total distance = % + % M1
=8m Al
Answer: 8 m 6 marks

24 (9 marks)

dv _ 1, 2

(a)vﬁ——4x,so§v =—2X“+cC M1 Al
v=8atx=332=—-18+c, soc=50and v’ =100 — 4x? Al
Answer: v = 100 — 4x? 3 marks
(b) v = 0: 4x? = 100 M1
X = 5, so the greatest distanceis5 m Al
Answer: 5m 2 marks
(c) Greatest speed occursat x = 0: v =4/100 =10 ms™* B1
Answer: 10m s™! 1 mark
(d)5sn2t=3,s0sin2t=0.6 M1
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2t = 0.6435... (radians) M1
t=0.322s Al
Answer:t=0.322s 3 marks
25 (8 marks)
(@ v=/(0.6—0.01t)dt=0.6t — 0.005t> (v=0att=0) M1 AL
Answer: 18 m st 2 marks
3
(b) x = (0.6t = 0.005t) d t = 0.3 — o5 M1
X(60) = 1080 — 360 = 720 m Al
Answer: 720 m 2 marks
(c) Braking: 0=18° — 2x 1.5'5, 50 s= 108 m, and time = % =12s M1 A1l
Constant speed distance = 2556 — 720 — 108 = 1728 m M1
Time= T12° = 96 5, so totdl time = 60 + 96 + 12 = 168's AL
Answer: 168 s 4 marks
26 (9 marks)
@t8—t)=12and36 —24=12att=6 B1
Greatest of 1(8 — ) when &Y =8 — 2t=0,50t=4 M1
Greatest speed =4 x4=16ms™* Al
Answer: 16 m st 3 marks
(b) Distancefor 0to 6: f(8t — t) dt=144 — 72=72m M1 AL
v=0whent =9, sothe particleturnsround at t = 9 M1
Distance for 6 to 9: [36t — 2t°] = 162 — 144 =18 m Al
Distance for 9 to 10: [[36t — 2t?]| = |160 — 162 =2 m Al
Total distance=72+18+2=92m Al
Answer: 92 m 6 marks
27 (12 marks)
dv__100 1, 100
(a)vdx— Xz,sozv— < Tc M1 A1
X=2 2U%=50+¢ 0= 3U? - 50 M1
v2=U? - 100 + 22 AL
200 2 2
T>0anddecreasest00asx—>oo,sov > O0foral x if U2 = 100 M1
LeastU=10ms™* Al
Answer: leass U=10m st 6 marks
(b)vzz@,ﬁov:géandﬂ:ﬂg M1 Al
X \/; dt \/;
t= ‘fs J& dx M1
102
-1 28181 2 _

—10\/5[3x 1, o7 3(54/2 — 22) M1 AL
= i—é s= 347s Al
A 52

nswer: 15 S 6 marks
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28 (12 marks)
-4
(@v= f(1+t)2 =-13itC M1 A1
_ P _._ 4 _4a
v=0at=0:c=4,sov=4 T+t - 1T+1 Al
A .
nswer: v = 1+t 3 marks
_ A -
(b)x-fmdt—f4 l+tdt M1 A1
=4t—4In(l+t)+c,andx=0at=0s0c=0 Al
Answer: x =4t — 4In(1 +1) 3 marks
(c)x=12—-41In4 M1
=12—-8In2 Al
Answer: 12 — 81n 2 2 marks
4 4
(dv=4- <4smcel+t >0 El
T =36,504=36+36tandt=9 M1 AL
X=36—4In10=26.8m Al
Answer: 26.8 m 4 marks
29 (11 marks)
(a)v%::%xz—12x+9,so%v2:x3—6x2+9x+c M1 AL
x=1lv=+2.2=1—-6+9+c,soc=-2 M1
=2x*—12x*+ 18x — 4 Al
Answer: v =2x3 — 12x* + 18x — 4 4 marks
(b) At x =0, v> = —4 < 0, so O cannot be reached M1 Al
P stopswhen v = 0: x* — 6x? + 9x — 2 = 0, which factorises as (x — 2)(x? — 4x + 1) =0 M1 Al
X =2 or x = 2 ++/3; Pismoving towards O from x = 1, so it first stops at x =2 — {3 Al
Answer: x =2 — /3 = 0.268 5 marks
(c) Atx=2— \/§ a=3(x — 1)(x — 3) >0since x < 1, so P accelerates in the direction of x M1
increasing
P therefore returns past x = 1, so it moves away from O Al
Answer: P turnsround and moves away from O 2 marks
30 (12 marks)
(8) v=JK(T =) dt=k(Tt — 5t?) (v=0at t=0) M1 AL
1 1 1
X = k(§Tt2 — gt?’), so x(T) = §kT3 M1 Al
Answer: x(T) = %k'l'3 4 marks
(b) V(T) = 5KT? = 30 and 5KT® = 200 M1 AL
D|V|d|ng —T— 20 ,S0T=10 M1 A1l
k= m =0.6 Al
Answer: T =10,k =0.6 5 marks
(c) After t = 10 the cyclist travels at 30 m s™*: 200 + 30(t — 10) = 500 M1 Al
t=20s Al
Answer:t=20s 3 marks
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Vector Kinematics

1 (2 marks)

_dr _ . 2.
v—m—6t|+3tj

Whent=2,v=(12i + 12)) ms™*
Answer: (12i + 12j) m s™*

2 (3 marks)

_dv _ . o
(a)a—m—mms
Answer: 4i m s™2
(b) Att=1,v=4i — 3
Speed=416+9=5ms™

Answer: 5m st

3 (3 marks)
v=[(6ti+2))dt=3t% + 2t +c
Att=0,c=i—j,sov=(3t?+1)i+ (2t — 1)]
Whent=2,v=(13i +3) ms™
Answer: (13i + 3j) ms™!

4 (2 marks)

v:%:—GsinZtHGcosth

Whent=0,v =6 ms ! sothespeedis6 ms™

Answer: v=6] ms ! speed 6m st

5 (3 marks)
r=/(2ti —6)dt=t% —6tj +c
Att=0,c=4i,s0r=(t>+ 4)i — 6
Whent=3,r= (13 — 18)) m
Answer: (13i — 18j) m

6 (4 marks)
dr .
a= W =6ti + §

F=ma=3(12i + 8) = (36 + 24j) N whent = 2

IF| = w/362 +24? = 433N

Answer: F = (36i + 24j) N; |F|=43.3N

7 (4 marks)
(a) Moving parallel to j when thei component is zero: t> — 4=0
t=2s
Answer:t=2s
(b) a=2ti + 2
Att=2a=(4i +2j)ms2
Answer: (4i +2j) m s™2

8 (4 marks)
v=[(=2i+2tj)dt=(8— 2b)i + t?
45° to i, so the components are equal: 8 — 2t = t2
t?+2t—8=0,(t—2)(t+4)=0,s0t=2s
Answer:t=2s
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9 (4 marks)
On the y-axis the i component is zero: t(t — 4) =0 M1
t=0ort=4 Al
t=0r=—=jm Al
t=4r=11jm Al
Answer:t=0,r = —j;t=4,r =1]j 4 marks
10 (4 marks)
Speed® = (2t — 4)*+9 M1 A1
Thisisleast when 2t — 4=0,s0t=2s M1
Least speed =3 ms™* Al
Answer: 3mstwhent=2s 4 marks
11 (4 marks)
Att=1,v=3i +4j B1
tan6=%,soe=53.l° M1 A1l
Speed=1/9+ 16 =5ms* Al
Answer: 53.1°; 5 m s™? 4 marks
12 (5 marks)
i componentsequal: 3t =10 — 2t, sot=2 M1 A1
j components at t = 2: t? = 4 and 2t = 4, equal M1 Al
So they collide when t = 2 at the point 6i + 4] m Al
Answer: collideatt =2 at (6i +4j) m 5 marks
13 (5 marks)
(a)x=2t+1,sot=—(le) M1
_ 1\2
y = (x 41) _3 Al
_ 1\2
Answer:y=¥—3 2 marks
(b)r(1) =3i — 2j, r(4) =9 + 13 B1
r(4) — r(1) = 6i + 15j M1
Distance = 36 + 225 = 261 = 3y29 = 162 m Al
Answer: &/29 =16.2m 3 marks
14 (7 marks)
(@) v=—12sin 3ti + 12 cos 3 M1 Al
a=—36cos3ti —36sin3tj =—9(4 cos3ti +4sin3tj) =—9r Al
Answer: a=—=9r 3 marks
(b) Speed = {144 sin? 3t + 144 cos? 3t M1
=12 m s, which is constant Al
Answer: 12m st 2 marks
(c) rv=—48sin 3t cos 3t + 48 sin 3t cos 3t M1
=0,so0V[]r Al
Answer:rv =20 2 marks
15 (6 marks)
v = (3t — 12)i + 4 M1 A1
Perpendicular: v-a= 0: 6t(3t> — 12) + 16t = 0 M1 A1l
186 — 56t = 0, 0 2 = o M1
t=176s Al
Answer:t=1.76s 6 marks
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16 (6 marks)
Displacement of Q from P d = (6 — 3t)i + (3t — 4)j M1 Al
[dj? = (6 — 3t)% + (3t — 4)2 = 18t — 60t + 52 M1 AL
Least when ~cldf = 36t — 60=0,50t= 5 5 M1
dP =18 x 2> — 100+ 52 = 2, 50 least distance =y/Z = 141 m Al
AnSNer:\/Ematt:%s 6 marks
17 (6 marks)
v = (1 — cost)i +sintj M1 Al
Speed? = (1 — cost)? +sin®t=2 — 2 cost M1
Usingcost=1 — ZsinZ%: speed2=4sin2%,sospeed=25in%(sinl >0for0<t=< 2m Al
Greatestspeedst‘lwhensin%:1,i.e.t:ns M1 AL
Answer: greatest speed 2mstatt=ms 6 marks
18 (6 marks)
v =(6— 2t)i + (6t — 9)j M1 Al
Pardlel toi: 6t — 9= 0,01 = o M1
r=(5+6t — t3i + (2 — 9%t + 3t?) M1 AL
3 47. 19.
Att=§:r=(7|—71)m Al
Answer: (47f7i - 1ng) m 6 marks
19 (6 marks)
(8 v=12i + (16 — 9.8t)j M1
Att=3:v =12 — 134}, speed =144 + 17956 = 180 ms ! M1 Al
Answer: 180m st 3 marks
(b) Components equal in size: 16 — 9.8t = —12 M1 AL
_ 28 _
t=98 = 2.86s Al
Answer:t=2.86s 3 marks
20 (7 marks)
(a) Parallel to i + j means the components are equal: t? + 2t = 6t — 3 M1 Al
t?—4t+3=0,s0t=1sort=3s Al
Answer:t=21landt=3 3 marks
3
(b) r=Jvdt= (5 +1+cyi+ (3 = 3t+0)) M1 AL
r(0) =igvesc,=1,¢,=0 Al
t:1:r:(%i)m;t:3:r:(19i+18j)m Al
Answer: t =1 %i m; t=3: (19 + 18j) m 4 marks
21 (8 marks)
(a) i componentsequal: 1 +3t=25— 3t,sot=4 M1 Al
j componentsequal: 2 — 4 =4\ — 18 M1
A=4 Al
Answer: t=4min, A =4 4 marks
(b) vp =3i — j, speed = /10 = 3.16 km per minute M1 AL
Vo = —3i + 4j, speed = 5 km per minute Al
Answer: P: /10 km per min; Q: 5km per min 3 marks
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(©rpatt=4:(13i — 2j) km B1
Answer: (13i — 2j) km 1 mark
22 (8 marks)
(a)x=Scost,y=35int,socost=%andsintz% M1
X2y
25 + 9= 1 Al
X2 y2
Answer: 25t 9 = 1 2 marks
(b) v=—=5sinti + 3costj,a= —5costi — 3sintj M1
a= —r, which is directed towards the origin with magnitude |r| Al
Answer: a= —r 2 marks
(c) Speed® =25 sin*t + 9 cos’t = 9 + 16 sin’ t M1 AL
Greatest speed 5 m s™* (when sin? t = 1) and least speed 3m s~ (when sint = 0) AlA1l
Answer: greatest 5m s~ least 3m s™* 4 marks
23 (9 marks)
(@ v=Sadt=3t% +2costj + ¢ M1 Al
Att=0:¢c=0,soVv = 3t?% + 2 costj Al
Answer: v = 3t3 + 2 costj 3 marks
(b)r=fvdt=(t3+c)i+(2sint+cy) M1
Att=0:r=i,sor=(t2+1)i + 2sint A1
Answer: r = (t3+ 1)i + 2sin tj 2 marks
2 2
(c)v:3%i+0j,sospeed:3%:7.40ms‘1 M1 A1l
3
r=(g +1)i+2 =488 +2, 50| = 48767 + 4 =527m M1 AL
Answer: speed 7.40 m s™%; distance 5.27 m 4 marks
24 (5 marks)
Moving parallel to i means the j component is zero, not the i component El
2t—4=0,s0t=2 M1 Al
Att=2,v=3i M1
Speed=3ms? Al
Answer:t=2s,speed 3ms! 5 marks
25 (7 marks)
Letu=1t>—4t. Thenx=2uandy = u+ 3, s0x = 2y — 6, astraight line M1 Al
v=(4t—8)i+ (2t —4)j=0whent=2 M1 Al
Positions: t=0: (0, 3); t=2: (=8, —1); t=3: (=6, 0) B1
Distance =64 + 16 + {4+ 1 =4/5+5=5/5m M1 A1
Answer: 5/5m=11.2m 7 marks
26 (7 marks)
v = Rw(—sin wti + cos wtj), so speed = Rw M1 Al
a= —Rw?(cos wti + sin wtj), o |a| = Rw? M1 AL
Rw = 20 and Rw? = 50 B1
Dividing: w = 2—8 =25rads™? M1
_ 2 _
R= 55 = 8m Al
Answer: w =25rads™, R=8m 7 marks
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27 (10 marks)

d> d?y
(a)dtz— 4xanddt2

= —4y, with genera solutionsx = A cos2t+ B sin2t,y =Ccos2t + D
sin 2t

X(0) =3 givesA = 3; c(jj—)t((O) =0givesB=0

y(0) =0givesC = O,dt(O)—89|v052D 8,D=4

Answer: x =3cos2t,y =4sn 2t

(b)—+—2—1

y=0whensin2t=0, firtatt= 2
v=—6sn2ti+8cos2tj =—8,speed=8ms?*

2 2

X y 1
Answer : §+E_l 8ms~
28 (11 marks)

(a) Product rule: v = —e~'(costi + sintj) + e '(—sin ti + costj)

= e ((—cost — sint)i + (cost — sint)j)

Speed? = e #((cost + sint)? + (cost — sin t)?) = 2e™2, so speed = {2e™"

Answer: speed =y2e ' ms™!

(b) rv=e"?(—cos’t — sintcost + sintcost — sin’t) = —e
—21

I =e™, |v|=42e™", so cos O = \/_e‘z‘ = —%

0 = 135°, which does not depend on t

Answer: 135°

(c) Distance = _£°° Y2etdt
= \/E[_e_t]om = \/E m

Answer: {2 m

—2t

29 (12 marks)
(a) At interception |r{| = 13T
(40 — 8T)? + (4 + 3T)? = 169T2
1600 — 640T + 64T? + 16 + 24T + 9T? = 169T?
96T? + 616T — 1616 =0, S0 12T+ 77T — 202=0
Answer: 12T2 + 77T — 202=0
(b) (T —2)(12T +101) =0
T>0,s0 T =2 minutes
Answer: T =2
(¢) Interception point r(2) = 24i + 10j km, so velocity of M = %(24i + 10j) = (12i + 5)) km per
minute

Angletoi:tan6—12,509 22.6°%; distance = 13 x 2 =26 km

Answer: (12i + 5j) km per min, 22.6° abovei; 26 km
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30 (9 marks)
BP=r— 4 =ti + (t* — 4)j M1
BPP=t?+ (12— 4)?=t*" - 7t°+ 16 M1 AL
%BP2:4t3 — 14t=0,s0t*= % (t = 0 gives BP? = 16, which is larger) M1 AL
BP2=4749—479+16=%,soleastdistance=3@zl.94m Al
V=i+2t,sospeed®’=1+4t2=1+14=15 M1 A1
Speed:\/l_S:ZX@ Al
Answer: 3@ m 9 marks

Relative M otion

1 (2 marks)
=@Bi+2)—(—4)=Q2 +6)ms™* Al
Answer: (2i + 6j) ms™! 2 marks
2 (3 marks)
The two velocities are perpendicul ar M1

Speed = 5% + 3 =/34 =583 ms™* M1 A1

-1

Answer: 583 ms 3 marks
3 (3 marks)
Vag = V4 — Vg has components 25 east and 20 south M1
Speed = /625 + 400 = 32.0ms™* M1 AL
Answer: 32.0m st 3 marks
4 (2 marks)
Wind from the south blows towards the north, so the speeds add M1
240 + 40 = 280 km h™* Al
Answer: 280 km h™t 2 marks
5 (3 marks)
rag=(8 —3))—(2i+5)=(6 —8)m M1 A1
Distance =36 + 64 =10 m Al
Answer: (6 — 8) m; 10 m 3 marks
6 (3 marks)
VAB:VA_VB-SOVA:VB+VAB M1
Va=(2+5)i+(3—1)j=(7i +2)) kmh™? Al
Speed =/49 + 4 =7.28 km h™* Al
Answer: (7i + 2)) km h™t; 7.28 km h™* 3 marks
7 (4 marks)
Time= 2 =16
ime=5z=16s M1 A1
Drift=15x16=24m M1 Al
Answer: 16 s, 24 m 4 marks
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8 (4 marks)
The boat must head upstream so that the component along the river cancels the flow
5sin 0 = 3, so 0 = 36.9° to the perpendicular
Speed across=5cos@ =4ms!

Time= % =20s
Answer: 36.9° upstream of the perpendicular; 20 s

9 (5 marks)
Wind velocity is 50 km h™* towards the east: v = (50, 200) (east, north)

Speed = \/502 +200%? =206 kmh™?!

Bearing = tan‘l% =014°

Answer: 206 km h™! on a bearing of 014°

10 (5 marks)
Vag = (6i + 8j) — (—2i + 3j) = (8i + 5)) kmh™*
Magnitude = /64 + 25 = 9.43 km h™*
Bearing = tan‘lg = 058.0°
Answer: (8i + 5]) km h™; 9.43 km h™* on a bearing of 058.0°
11 (5 marks)
Wind velocity (6 east) — cyclist velocity (8 north) = 6 east and 8 south
Speed =36+ 64 =10ms™!

1

The relative wind is blowing towards a bearing of tan™ g east of south, i.e. 143.1°, so it appears

to come from a bearing of 323°
Answer: 10 m s™%, from a bearing of 323°

12 (5 marks)
The directions of travel differ by 90°
Speed of Prelativeto Q =12°+ 9 =15kmh™*
Vpg = Vp — Vg, Which is vp plus the reverse of v (bearing 330°)
Bearing = 060° — tan‘l% =060° — 36.9° = 023°
Answer: 15 km h™* on a bearing of 023°

13 (5 marks)
Distance to be covered relative to the goods train = 180 + 120 = 300 m
Same direction: relative speed =30 — 20 =10 ms ™%, time = % =30s
300 _

Opposite directions: relative speed = 30 + 20 =50 m s~ %, time = =6s

Answer: (i) 30s; (i) 6s

50

14 (6 marks)
Position of Q relativeto P at timet hours: d = (20 — 4t)i + (18 — 3t)j
[dj? = (20 — 4t)? + (18 — 3t)? = 25t — 268t + 724

Least whent = % = 5.36 hours
. 2682 . .
[d|© =724 — 400 = 976,50 the least distance is 2.4 km

Answer: 2.4 km after 5.36 h
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15 (6 marks)
BC = 25t, AC = 15t, BA = 20 with aright angle at A B1
(25t)2 = 20% + (15t)2 M1 AL
400t? = 400, so t = 1 hour Al
tan9=A—C=E where 6 = angle ABC, s0 6 = 36.9° M1
BA ~ 20’ '
Bearing = 090° — 36.9° = 053.1° Al
Answer: t = 1 h; bearing 053.1° 6 marks
16 (6 marks)
The wind blows towards the south at 40 km h™ and the resultant must be due east B1
North component of the aircraft's velocity in air: 250 sin @ = 40, where @ is the angle north of M1
east
@ = 9.21°, so the bearing is 090° — 9.21° = 080.8° Al
Ground speed = 250 cos @ = 246.8 km h™! M1 Al
Time= & =1216h=1h 13 min AL
Answer: bearing 080.8°; 1 h 13 min 6 marks
17 (6 marks)
rp=(4+3)i + (10 + 2t)j, rq = (30 — )i + (5t — 2)] M1 A1
Due east: thej components are equal: 10 + 2t =5t — 2 M1
t=4s Al
o — rp=(26 — 4t)i + (3t — 12)j = 10i, so the distance is 10 m M1 Al
Answer:t=4s, 10 m 6 marks
18 (6 marks)
Let the wind velocity be pi + qj. Cycling east: relative wind = (p — 5)i + q M1
From the south means the relative wind blows north: p — 5=0,s0p =5 Al
Cycling north: relative wind = pi + (g — 10)j M1
From the north-west the relative wind blows towards the south-east, so its components are equal M1 A1
insize: p=—(q— 10), givingq=5
Wind velocity = 51 + 5j: speed 5\/5 =7.07 m s™%, blowing towards the north-east, so it comes Al
from a bearing of 225°
Answer: 7.07 m s™* from a bearing of 225° 6 marks
19 (6 marks)
Width = 1.2 x 50 = 60 m M1 Al
Current = % =06ms™? M1 A1
Speed relative to the bank = {1.2% + 0.62 =/1.8 = 1.34 m s~ M1 A1
Answer: 0.6 ms™! 60m; 1.34 ms™* 6 marks
20 (7 marks)
(@ PQattimet= (6 — 3j +4k) +t(—3i +2j — k) M1 A1
PQ?=(6—3t)?+ (2t — 3) + (4 — t)? M1
= 14t* — 56t + 61 Al
Answer: PQ? = 14t? — 56t + 61 4 marks
(b) PQ? = 14(t — 2)%+5 M1 AL
Least distance =5 = 224 m, whent=2's Al
Answer: {5 m (224 m)whent =2s 3 marks
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21 (9 marks)
Let 6 be the angle upstream of the perpendicular. Across the river 5 cos 0, downstream 6 — 5 sin M1 Al
0
downstream _ 90 _ 3. 6-—5sinB _ 3
Thepath has — o o= =156 = 7° ~Bcs0 — 4 M1
24 — 20sin® =15c0s0,s020sin O + 15 cos O = 24 Al
25sin(6 + 36.87°) = 24, so 6 + 36.87° = 73.74° or 106.26° M1 A1
0 =36.9° or 0 = 69.4° Al
Times = =22 - 30 sand 68.2
imes= g5 30sand 68.2s M1 A1
Answer: @ =36.9° (30 s) or O =69.4° (68.2 9) 9 marks
22 (8 marks)
(a) The resultant must be due east, so 300 sin ¢ = 60, sin @ = 0.2 M1 Al
Ground speed = 300 cos ¢ = 300y1 — 0.04 = 293.9 km h™t M1
400 _
Time= 2039 — 1.36 h Al
Answer: 1.36 h 4 marks
(b) The return has the same ground speed, so the total timeis % =2.722h M1 Al
. 800 _
In still air: m—2.667h<2.722h M1
Difference = 0.0556 h = 3 minutes Al
Answer: about 3 minutes longer 4 marks
23 (6 marks)
The velocities are vectors at right angles, so they cannot be added as speeds El
Speed =82+ 6° =10ms! M1 AL
Bearing = tan~"o = 036.9° M1 AL
2800 _
Tlme—1—0—2805 Al
Answer: 10 m s™* on a bearing of 036.9°; 280 s 6 marks
24 (7 marks)
Rain relative to the cyclist has horizontal component (p — ¢) and downward component g M1
Speedﬁ:%:%,soqzlz—zp M1 AL
Speed 10: 1Oq_p:tan45°:1,soq:10—p M1 AL
12—-2p=10—p,sop=2andq=8 Al
Speed of therain =+2%+ 8% =825 ms™* Al
Answer: p=2,q=28; speed 825m s™* 7 marks
25 (9 marks)
(a) Position of Q relativeto P. d = (24 — 6t)i + (8t — 7)j M1 Al
PQ? = (24 — 6t) + (8t — 7)? = 100t> — 400t + 625 M1 AL
Answer: PQ? = 100t2 — 400t + 625 4 marks
(b) PQ? = 100(t — 2)% + 225 M1
Least distance = 15 kmwhent = 2 Al
Answer: 15kmatt=2h 2 marks
(c) PQ = 17: 100(t — 2)% + 225 = 289 M1
(t—2?2=064,s0t=120rt=28 Al
Time=28 — 1.2= 1.6 hours Al
Answer: 1.6 hours 3 marks
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26 (12 marks)
(@) va| =144 + 25 =13 kmh™? B1
The direction from A to B is (—3, —4), of length 5; v,-(—3, —4) =36 + 20 =56 M1
56 56 3 .
cose—m—g,soe—?:O.S Al
Answer: 13km h~%; 30.5° 3 marks
(b) Vag = V4 — Vg, With [vg| =5, so vag lieson acircle of radius 5 centred at the end of v, El
The least distance occurs when v g is as near as possible to the direction AB, i.e. aong the M1
tangent, at angle « to v, with sin o = 1—53

33 _12 5 _ 5 _ 116

Angle betweenv,g and AB =0 — o, andsin(® — &) = &= X 43 — &5 X 13 = 815 M1 A1
Least distance = 50 x %2 =6.86 km Al
Answer: 6.86 km 5 marks
(c) vg is perpendicular to Vg, With V5| = 12, SO Vg = 12(c0s 225.2°, sin 225.2°) = (—8.45, M1 Al
—8.52)
Vg = Va — Vug = (—3.55, 3.52) M1
Bearing = 360° — arctan =2 = 315°

earing = arctan 35 = Al
Answer: 315° 4 marks

27 (12 marks)
(a) Position of F relative to C after t hours: (20 — 3t)i + (40 + 4t)j M1
The cutter travels 25t, so (20 — 3t) + (40 + 4t)% = (25t)2 M1 Al
2000 + 200t + 25t2 = 625t M1
600t* — 200t — 2000 =0,s03t* —t — 10=0 Al
Answer: 3t> —t—10=0 5 marks
(b) (Bt+5)((t—2)=0 M1
t>0,s0t=2 Al
Answer:t=2 2 marks
(c) Interception point: (20 — 6)i + (40 + 8)j = 14i + 48] km B1
Velocity of C = %(14i +48)) = (7i + 24j) kmh™? M1 Al
Bearing = tan‘12—74 =016.3° M1 A1
Answer: (7i + 24j) km h™%; bearing 016.3° 5 marks
28 (10 marks)

(a) Distance after timet: s> = d®> — 2dut cos o + ut? (cosine rule, or resolving along and M1 Al
perpendicular to QP)
Least whent = dcﬁsa M1
& i = d2 — d?cos’a = d’sinal, SO S, = d Sin & Al
Answer: least distance=d sin a 4 marks

(byd= w/242 +10% =26 km, u= \/152 +82=17kmh™? B1

24x15+10x 8 _ 440 3[4422—4402_ 42

Cosazw—w,sosmo(: ) = M1 A1l
Least distance = 26 x ~2 = %2 — 5 47

istance = =17 =2 m M1 Al
. dcosa _ 26x440 _ 440 _
Time= u —442x17—@—1.52h Al
Answer: 247 kmatt=152h 6 marks
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29 (12 marks)
(a) Position of Q relativeto P: (12 — 3t)i + (9 + At)j M1
PQ? = (12 — 3t)2 + (9 + At)? M1
=144 — 72t + 9t2 + 81 + 18At + A%t% = (9 + A9)t* + (18N — 72)t + 225 Al
Answer: PQ? = (9 + A9t + (18A — 72)t + 225 3 marks
2

(b) Forat2+bt+cthe|eastvalueisc—Z—a M1
_ _(18A = 72)?

=225 Ta49+2) Al
_ _ 81(A — 4)?

=225 YT Al

— 12
Answer: least PQ? = 225 — 81(9)1—};) 3 marks
_ B1(A —4)* _
(c) 225 o+ - 81 M1
144(9 + A?) = 81(A — 4)%, 0 16(9 + A?) = 9(A — 4)? M1
A2+ 720 =0 Al
A=0o0rA= —7—72 Al
72
Answer: 1=Oorl=—7 4 marks
_72—-18\ _ 36— 9A
(d)t_2(9+A2)_ 972 M1
?\:O:t:4hours;}x:—$:t:%:1.12 hours Al
Answer: 4hand 1.12 h 2 marks
30 (12 marks)
(a) Component of the boat's velocity across the river = v sin 6 B1
Component downstream = u — v cos 0 B1
Timetocross:ﬁ,soD:(u—vcose)xVSine M1 Al
Answer: D = vv(u%ncgse) 4 marks
dD _w _ vsin?® — (u— v cos ) cos O
(b)d—=7x (szg ) M1 Al
_w v-u cos 0 Al
v sin’Q
Zero when cos 0 = %; the gradient is negative for smaller 6 (cos 6 > %) and positive for larger 0, E1

s0 thisis a minimum

2 2 2 2 2
. u- —v wu — Vv WVU -V
snezq,soD— ( = M1 A1l

T ulvsnBd T v
_ wyu? — v2
Answer: D, = v 6 marks
(C) Dyin = w = 2411 =79.6 m M1 AL
Answer: 79.6 m 2 marks

Advanced Projectiles

1 (3 marks)
(a) 44.1 = % x 9.8t2, s0t?=9 M1
t=3s Al
Answer: 3s 2 marks
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(b) 12x3=36m
Answer: 36 m

2 (2 marks)
Vertical: 0=20sin 30° t — 5 x 9.8¢°
_2x10 _
t= 98 =204s

Answer: 2.04 s

3 (3 marks)
Vertical component of velocity =14 sin30°=7ms™
0=7"-2%x98xH,s0H=25m
Answer: 25 m

1

4 (3 marks)
Time of flight = 214N 45
9.8
_ o 2x14sin45° _ 14%>x2sin45° cos45° 196 _
Range = 14 cos 45° x 98 = 98 =98 = 20 m

Answer: 20 m

5 (3 marks)
Vertical speed: v2 =0+ 2 x 9.8 x 19.6 = 384.16, sov = 19.6 ms™*

Speed = \/82 +196%=212ms*

Answer: 21.2m st

6 (3 marks)
(@) 10 =6t + 4.9t>, S0 4.9t + 6t — 10=10

_ —6 "'1236 +196 _
t= 98 =0.942s

Answer: 0942 s
(b) Distance =8 x 0.942 = 7.54 m
Answer: 7.54 m

7 (5 marks)
(a) Time of flight T = 22293140 — 36735
Range = 28 cos 40° x 3.673=78.8m
Answer: 78.8 m
(b) 0= (28 sin 40°)?> — 2 x 9.8H
H=165m
Answer: 16.5m

8 (4 marks)
Vertical speed on landing: v =2 x 9.8 x 30 =588, v =2425ms™!
2425

tan o = 1—5
o = 58° below the horizontal
Answer: 58°
9 (4 marks)
Time: 10=20cos60° xt,sot=1s
Height = 20 Sin 60° x 1 — 3 x 9.8x 12

=124 m
Answer: 12.4 m
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10 (5 marks)
Timeto reach thewall: 25 =20 cos45° xt,s0t = %OE =1.768 s M1 Al
Height = 20 sin 45° x 1.768 — 4.9 x 1.768> = 25 — 15.3=9.69m M1 A1
9.69 > 3, so the ball clears the wall by 6.69 m Al
Answer: clearsthewall by 6.69 m 5 marks
11 (5 marks)
(@) —1.5=14sin30°t — 4.9t>, 049> — 7t — 1.5=0 M1 A1
Answer: 1.62 s 3 marks
(b) 14 cos 30° x 1.618 =19.6 m M1 Al
Answer: 19.6 m 2 marks
12 (7 marks)
. .3
Time to goa Ime.t—m—lﬁSs M1 A1
. . . 21 sin 30° . .
Time to highest point: ~98 - 1.07 s< 1.65 s, so the ball is descending M1 Al
Height = 21 sin 30° x 1.65 — 4.9 x 1.65 = 3.99 m M1 A1l
Clearance=3.99 — 244 =155m Al
Answer: descending (1.07 s< 1.65 s); clearsthe bar by 1.55 m 7 marks
13 (7 marks)
(a) Vertical (downwards): 30 = 12 sin 25° t + 4.9t M1 AL
49>+ 507t —30=0,50t=201s Al
Answer: 201 s 3 marks
(b) Distance = 12 cos 25° x 2.01 =21.9m M1 AL
Answer: 21.9m 2 marks
(c) Vertical speed =12sin25° + 9.8 x 201 =248 ms™* M1
Speed = (12 cos 25°)2 + 24.8% = 27.1m st Al
Answer: 27.1m st 2 marks
14 (6 marks)
x:U(:osetandy:UsinE)t—%gt2 B1B1
From the first equation t = Ucoso M1
o X 1. X2 gx?
y=Usin® x 555 2902000 =xtan 0 20?020 M1 Al
. 1 20
Using P 1 + tan“0 gives the second form Al
Answer'y:xtane—g—xz:xtane—g—xz(lﬂanz(-)) 6 marks
' 2U%cos’0 2u2
15 (6 marks)
_ 9.8 x 14? 5
3=14tan O — o 18 (1 + tan“0) M1 AL
3=14tan 0 — 4.9(1 + tan®0), s0 49tan’0 — 14tan O +7.9=0 M1
49 tan’0 — 140tan © + 79 =0 Al
+ /19600 — 15484
tan O = 1402 19%%0 15484 _ 0.774 or 2.083 M1
0 = 37.7° or 64.4° Al
Answer: @ = 37.7° or 64.4° 6 marks
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16 (7 marks)
Vertical component U sin9: 0= (U sin0)> — 2x 9.8x20,s0U sin® =19.8

Time to highest point = % =202s

Horizontal component U cos 8 = % =148
U=119.8°+1482=247ms*, tan 0 = %, s0 0 =53.1°

Answer: 24.7 m s™* at 53.1° above the horizontal
17 (6 marks)
Perpendicular to plane: initial component 14 sin 30° = 7, acceleration —g cos 30° = —8.487
Time of flight: 0= 7T — 5 x 8.487T% s T = 1650 s
Parallel to plane: initial component 14 cos 30° = 12.12, acceleration —g sin 30° = —4.9
OP=12.12T — % x 49T%2=20.0 — 6.67=13.3m
Answer: 13.3m
18 (9 marks)
(@) —45=21sin30°t — 4.9t%, s0 4.9t — 105t — 45=0

_ 105+110.25+882 _ 105+3L5 _ 30 _
t= 98 = 98 === 429s

Answer: 4.29 s
(b) Distance = 21 cos 30° x

30 =779m

7
Vertical velocity = 10.5 — 9.8 x 3—70 =—-315ms™

Speed = /(21 cos 30°)2 + 3152 =364 m st
Answer: 77.9m; 36.4m st
19 (9 marks)
2
(8)y =xten® — (1 + tan%), 507 = 24T — %(uﬂ)

With k = 2853'4: KT2 — 24T + (k+7)=0

Answer: kKT? = 24T+ (k+7)=0
(b) For area T: 576 — 4k(k +7) = 0,s0 k? + 7k — 144 < 0
(k—9)(k+16) =0,s0k =9 (k>0)
U2 = 2% - 3136, wleast U= 17.7ms™
1

Answer: 17.7 m s~

(c) k=9 givesarepeated root T = % :%

0 =53.1°
Answer: 53.1°

20 (7 marks)
(@) Droptothenet=24— 0.9=15m,s01.5=49t>andt = 0553 s

_ 12 _ -1
U—m—Zl.?fﬂS

Answer: 21.7m s~
(b) Timetofal 24 m: 24=4.9t% s0t=0.700 s

Horizonta distance = 21.7 x 0.700 = 15.2 m < 18.4 m, so the serveisin
Answer: 15.2 m; the serveisin

1
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21 (10 marks)
@T= 2U3n9 M1 Al
2 o 2 o
R:UCOSGXTZZU smgecosE):U sugn26 V1 AL
2 .
Answer: R = USI—gnZG 4 marks
(b) sin 2(90° — B) = sin(180° — 20) =sin 20 M1 A1
Range is greatest when sin 20 = 1, i.e. 6 = 45° Al
Answer: equal ranges; 45° 3 marks
(c)sin20 = 9'2;;460 =0.75 M1
20 = 48.6° or 131.4°, s0 O = 24.3° or 65.7° A1Al
Answer: 24.3° or 65.7° 3 marks
22 (8 marks)
(@ 15=10t,s0t=15s M1 Al
Height =19.6 — 4.9 x 1.5° = 8575 m M1 AL
Answer: 1.5s; 8575 m 4 marks
(b) Total fall time: 19.6 =4.9T% 0 T=2s M1 AL
After the rebound the ball travels back at 10 ms™* for 2 — 1.5=0.5s: distance=5m M1 A1
Answer: 5m from thewall, on the side of A 4 marks
23 (7 marks)
P: horizontal velocity 15 m s™%, vertical velocity 20 ms™* B1
Horizontal distance30 matt = i—g =2s M1 A1
Heightof Patt=2: 20x 2 — 49%x 4=204m M1
Heightof Qatt=2: 40 — 4.9 x 4=20.4m, so P and Q are at the same point M1 Al
They collide after 2 s at a height of 20.4 m Al
Answer: collideat t =2 s, 20.4 m above the ground 7 marks
24 (8 marks)
Cv = Ay — hy2 - — 9
Path: y = ax — bx“ wherea=tan 6 and b 207020 M1 A1
7.1 =16a — 256b and 4.4 = 32a — 1024b M1
Subtract twice the first from the second: —9.8 = —512b, sob = %, and a=0.75 M1 A1
2
tan 0 = 0.75, 50 0 = 36.9°: U2 = 9& +2tba” 6) - 98x ;.i6§58x °12 _ 400, 50U =20 ms™! M1 A1
. (20sn0)? _ 144 _
Greatest height = ~— 5=~ = 495 = 7-35m Al
Answer: @ = 36.9°, U =20m s™?, greatest height 7.35 m 8 marks
25 (6 marks)
Only the vertical component of velocity is zero at the highest point; the horizontal component is El
unchanged and non-zero
The student used the full speed, not the vertical component 24.5 sin 30° = 12.25 El
0=12.25 — 2 x 9.8H M1
H=7.66m(3sf.) Al
Speed at the highest point = 24.5 cos 30° = 21.2 ms™* M1 AL
Answer: H = 7.66 m; speed 21.2 m s™* 6 marks
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26 (8 marks)
(a) At the highest point: vertical velocity zero, sotimet = Y S:an 0 M1
2 o 2qin2
d:Ucosext:UW‘TecosearldH:Ugge M1 AL
... H_ snB _1 _2H
Dividing: E—m—itaﬂ 0,sotan O = d Al
Answer: tan © = % 4 marks
147 P
(b)tane—ﬂ—ﬁ,sosnB—E M1
_U%sin?® _, U%x49 ,  7x196x193 _
H= 29 .7—193x19_6,soU —4—9—540.4 M1 Al
U=232ms™ Al
Answer: 23.2m st 4 marks
27 (12 marks)
. X _ . 1 2 _ 2U S”']B
(a) Perpendicular tothe plane: 0=U sinB T — >9cosa T s0T = M1 Al
g cos a
ParaIIeI:OP:UcosBT—%gsinocT2 M1
- (sinP cosP cosa — sin’P sin «) Al
"~ gcosha
_ 2U?%sin B cos(a + B)
= Al
g cos?a
2 .
Answer: OP = 207 sin B cosa + B) 5 marks
g cos’a
(b) 2sin B cos(ax + B) = sin(ax + 2B) — sin M1
2
OP = g CL;SZ(X (sin(oc + 2B) — sin ), which is greatest when sin(ac + 2B) = 1 M1 A1
U1 —sna) _ U%(1 — sin ) : u?
OPra = gecosfa gl —sna)(l+sina) — g(1+sina) MLAL
. _ u?
Answer: OPmax = m 5 marks
() ox+2B=90° s0P =35° B1
_ 441 —
OPmax = m =335m B1
Answer: B =35° 33.5m 2 marks
28 (11 marks)
(a) Vertica: 0= 19.6T — 49T% s0T=4s M1 A1l
Horizontal displacement at T = 4: 16 x 4 — 5 x 8x 47 =64 — 64=0 M1 AL
Answer: lands at O after 4 s 4 marks
(b) Velocity at t = 4: horizontal 16 — 8 x 4 = —16, vertical 19.6 — 9.8 x 4 = —19.6 M1 Al
Speed = /167 + 19.62 = 253 m s~ Al
tana = %, so a = 50.8° below the horizontal M1 A1
Answer: 253 m s™%; 50.8° 5 marks
(c) The horizontal velocity is zerowhen 16 — 8t =0,s0t =2 M1
X=16x2—4x22=16m Al
Answer: 16 m 2 marks
29 (12 marks)
(a) 4.9 = 4.9t M1
t=1s Al
Answer: 1s 2 marks
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(b) Vertical speed just before the first bounce = 9.8 m s™%; just after the n-th bounce it is 9.8(0.5)" M1 A1
upwards
Time between bounces = % =2(0.5)" Al
Answer: time between bounces = 2(0.5)" s 3 marks
(0) Totdl time = 1+ 2(0.5) + 2(05)2 + ... =1+ o= =35 ML AL
Horizontal distance=6 x 3=18m Al
Answer: 3s;, 18 m 3 marks
. . (9.8x05"% _ N
(d) After the n-th bounce the ball rises to height ~>x08 - 4.9(0.25)" m M1 Al
Total = 4.9 + 2(4.9)(0.25 + 0.25° + ...) = 49 + 9.8 X oo M1
=817m Al
Answer: 8.17m 4 marks
30 (11 marks)
(a)x=Ucoset,soR=Ucosetand—h=Usin9t—%gt2 M1
2
—h=Rtan @ — 9 R2 (1 + tan®0), which rearranges to the given equation Al
gR
Answer: Z tan26 Rtan 0 + (3 2U2 - h)= 2 marks
(b) The equation must have real roots for tan 0: R? — (2U2 )( 2U2 —h)y=0 M1
2p2
Divideby R* 1 — gU_Ij + Zgzh =0 M1 A1
20112
R? < wwam:?/Uzﬂ‘ZQh M1 AL
Answer: R = B\/U2 + Zg h 5 marks
(© Ry = % 784 + 441 = 5 x35=100m M1 A1
Lo _ R U784
At the greatest R the roots coincide: tan 6 = 2xgRI20  gR 980 - 0.8 M1
0 =38.7° Al
Answer: 100 m at 38.7° above the horizontal 4 marks
Motion Under Variable Forces
1 (2 marks)
a= g F - =3t M1
v=f3tdt=%tz,szowhent=3,v=13.5ms‘1 Al
Answer: 135m s™! 2 marks
2 (2 marks)
F=4+6=10N M1
a= E =20ms2 Al
AnSNer. 20ms™2 2 marks
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3 (2 marks)

Impulse = [,212td t M1

=[6t];>=24N's Al

Answer: 24N s 2 marks
4 (2 marks)

Work done = [;*6x d x M1

=[3x?,*=48-3=45) Al

Answer: 457 2 marks
5 (2 marks)

F=12x2=24N M1

a= 2—34 =8ms? Al

Answer: 8 m s™2 2 marks
6 (3 marks)

v:%:Gtz—Ztanda:%:th—Z M1 AL

Whent=2,a=22ms 2, soF=ma=3x22=66N Al

Answer: 66 N 3 marks
7 (4 marks)

_6—-2t _ _

a=——= 3—1t M1

v=3t—%t2+c,andv=1att=0,soc=l M1 ALl

Whent=3,v=9—45+1=55ms! Al

Answer: 55m st 4 marks
8 (4 marks)

Impulse = 1).00 20e™ d't M1

=[-10e %], =10N's Al

Impulse = change in momentum: 10 = 0.4v M1

v=25ms?t Al

Answer: I0Ns, 25 ms™ 4 marks
9 (4 marks)

Work done = [*(12 — 2x) d x = [12x — x*],*=32J M1 Al

Work-energy: % x 2v% — % x2x2%=32 M1

v2=36,sov=6ms?t Al

Answer: 6 m st 4 marks
10 (4 marks)

Work done by the force = [,%6x d x = [3x?],2=9J M1 Al

% x15v2=9 M1

v?=12,sov=346ms? Al

Answer: 346 m st 4 marks
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11 (4 marks)
a= 12 — 6t
3
v=4t—t?
Greatest speed whena=0,s0t=2s
v=8—4=4ms?
Answer: 4mstatt=2s

=4-2t

12 (5 marks)
_,adv _ o
@a=vgx =@ —x)(=2x)
Whenx=1,a=3x(—2)=—-6ms 2, s0F=15x(—6) = —9N, i.e. 9 N towards the origin
Answer: 9 N in the direction of x decreasing
(b)Whenx:3,v:—5and%:—6,soa:30ms‘2
F=15x 30=45N inthedirection of x increasing
Answer: 45 N in the direction of x increasing
13 (6 marks)
(a)%xevZ:f0X8e—de
vi=[-8e*=8(1 — e
Answer: vZ =8(1 — ™)
_ 1 3 _
(b) e '”4:Z,sov2:8><Z:Gandv:\/§:2.45ms !
Asx—> ©,e*—>0,0v?>8andv —22=283ms™*
Answer: 245m s} 22 =283 ms™!

14 (5 marks)
Newton's second law: 2v? - _7_3
X X
.3 .1, 3
deV—f—7dxg|ves§v = +¢

V:OaIx:6:c:—6,sov2:§—12

Whenx =2:v?=36 — 12=24,s0v=490ms~*
Answer: 490 m st

15 (5 marks)
Impulse = area under the graph

= 2 x0.06%120=36N's
Impulse = change in momentum: 3.6 = 0.4v
v=9ms?

Answer: 3.6 N's, 9m s~

16 (5 marks)
Impulsefor0 <t < 4: [,*3tdt= [%tz]o“: 24N's
Impulsefor4<t=6:12x2=24Ns
Total impulse=48 N s= 3v
v=16ms™

Answer: 16 ms™!
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17 (6 marks)
a=5sgn2t, sov——%c052t+cv Oatt—OglveSC—% V:%(l—COSZt) M1 Al
v—Owhen cos2t =1, sothefirsttimeafter t=0ist=1s M1 Al
(t——sm2t)soatt—n x—52H M1
X=7.85m Al
Answer:t=ms; x=7.85m 6 marks

18 (6 marks)
(a) Work-energy: 5 x 1200v? = [,*°(3000 — 20x) d x M1
=[3000x — 10x2]0100 =200 000 Al
vzzg,sov:msms‘l Al
Answer: 183 m st 3 marks
(b) Greatest speed when the force is zero: x = 150 M1
% x 1200v? = 3000 x 150 — 10 x 150% = 225 000, so v* = 375 M1
v=194ms? Al
Answer: 194 m st 3 marks

19 (5 marks)

dv 6 2

3dx 2x+1'SOdeV f2x+1d M1
%vz =In2x+1) +c Al
v:laIx:O:c—2,sov2—2In(2x+l)+1 M1 Al
Whenx=4:v?=2In9+1=53%,s0v=232ms* Al
Answer: 232m st 5 marks

20 (8 marks)

23V o4y sot=f® 2 d

@257 = v,s0t= [, = av M1 A1
=[-2In(4 — V)], =-2In1+2In4=2In4 M1
=277s Al
Ansvver' 2In4—2.77s 4 marks
(b)2v =4 - v,sox:f034z_vvdv M1
=3 (—2+ 4fv)dv:[—z\/— 81n(4 — v)],° M1 AL
=—6+8In4=509m Al
Answer: 5.09 m 4 marks

21 (10 marks)

2

(a)mvg\;——msz,sofvdv:—ngfx‘zdx M1 AL

1, gR?
SV =S +c Al

2
v=Uatx=R:c=%U2—gR,sov2=U2 ZgR+ZgR Al
2
Answer: v2=U? — 2gR + ZgR 4 marks
ZQR _ 2 _ 2QgR* 7

(b)v=0: =29R U,sox——zgR_U2—1.307><1Om M1 Al
Height =x — R=6.67 x 10° m Al
Answer: 6.67 x 10° m 3 marks
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(c) v¥> 0 for all x requires U?> — 2g R = 0, since =—— Zg R’ >0tendsto O M1 A1
U=y2x98x64x10°=11200ms* Al
Answer: 11200 m s™! 3 marks

22 (8 marks)
(a)a———6t| + 4 cos 2tj M1
v=3ti+2sn2tj (v=0att=0) M1 AL
r=t%i+(1—cos2t)j (r=0att=0) Al
Answer: v = 3t% + 2sin 2tj, r =t5 + (1 — cos 2t)] 4 marks

2

(b)Att—7 :3i|+01 sospeed—s%:7.40ms‘1 M1 AL
Work done = change in kinetic energy = % x 2 x (—)2 —= =548 M1 Al
Answer: 7.40m s™t; 54.8 J 4 marks

23 (5 marks)
The acceleration is not constant, so the constant acceleration formulav = u + at cannot be used El

=% g
a==5 = M1
v:f3tdt:%t2(v:0a[t:0) M1 AL
Whent=4,v=24ms Al
Answer: 24 m st 5 marks

24 (7 marks)
(a) Net force = 30 — 4x, which is zero when x = 7.5 M1 Al
% x 5v2 = [,"5(30 — 4x) dx = 225 — 1125 = 1125 M1 Al
v2=45sv=671ms? Al
Answer: 6.71ms™! 5 marks
(b)%XSv2=3Ox—2x2=0atrest M1
x=15m Al
Answer: 15m 2 marks

25 (7 marks)

600 — 20t _
( ) 4—00 =15 — 0.05t M1
v =15t — 0.025t> (v=0att = 0) M1 AL
Whent=30:v=45—-225=225ms* Al
Answer: 225m s™! 4 marks
3

(b) x = [(L5t — 0.025t2) d t = 0.75t> — 7 M1 AL
Whent =30: x =675 — 225 =450 m Al
Answer: 450 m 3 marks

26 (7 marks)
(a) The speed is greatest at O, Where the forceis zero B1
2V = [5(ax + 27) dx = [2¢ + x|t = 45 + 253125 M1 AL
v=375ms? Al
Answer: 3.75ms™! 4 marks
(b) 32 = (2% 2.25+ 253125) — (2 x 1+ ) M1
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Iv2= 453125, 0v =301 ms™ AL
Answer: 3.01ms™* 2 marks
(c) The force always acts towards O, and the force is odd in x, so the motion on the negative side E1
mirrors that on the positive side; the particle reaches rest at x = —1.5 and returns
Answer: force always towards O; symmetric 1 mark
27 (12 marks)
(a)ZV%:—%,sofvdv:—Sfx‘zdx M1 AL
%v2:§+c,withv:0atx:4:c:—2 M1
16 1 1
V2=?—4=16(;—Z) Al
o 1 1
Answer: v = 16(; - Z) 4 marks
(b)v = 4& -3= 2J%, sothetimeist= fo*s dx = 2,4 75— dx M1 AL
Letx =4sin’0,s0dx=8sin0 cosO d O and 4ixztan6 M1 AL
t=%fon’ztaneXBsin9c039d9=f0“’24sin26d9 M1
= [o"?2(1 — cos20) dO =[20 — sin 20],"* =1 M1 AL
Answer: ™ s 7 marks
(c)vz‘:1—16—4:12,sov:2\/§:3.46ms‘l AL
Answer: 23 ms™ 1 mark
28 (12 marks)
(a) Limiting friction=0.5x2x9.8=98N M1
5t=98,s0t=196s Al
Answer:t=1.96s 2 marks
(b) Fort>1.96: 2a=5t — 9.8, soa=25t — 4.9 M1
V= [106(2.55 — 4.9) ds=1.25(t* — 1.96%) — 4.9(t — 1.96) M1 AL
Vv(6) = 1.25(36 — 3.8416) — 4.9(4.04) = 204 ms™ ! Al
Answer: 20.4m s™? 4 marks
(c) Distancefor 1.96 < t < 6: [ 66°(1.25(t> — 1.96%) — 4.9(t — 1.96)) d t = 27.47 m M1 AL
After t = 6 the deceleration is pg = 4.9 m s™2 B1
. _20.402° _
Distance = Sx49 - 42.47 m M1 A1
Total = 27.47 + 42.47 =69.9m Al
Answer: 69.9 m 6 marks
29 (12 marks)
(a)2v%=%,sofvdv=f2x‘3dx M1 AL
%VZ:—x‘2+c,andv:0atx:1givesc:1 M1
1
vi=2(1-— 7) Al
Answer: v =2(1 — X_lz) 4 marks
2 _
yv= 0= Bh-1 "
X
X_dx=fy2dt M1

f\[x2—l
Yx* —1=y2t+c withx=1att=0s0c=0 Al
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=1+ 2t° Al
Answer: x? =1 + 2t? 5 marks
dx 2t 4 1

C)v=——-= ,S0att=2,v=5ms M1 Al

OV=a 1+ 22 3

Ast—>oo:v—>%:\/§ms‘1 Al

Answer: % ms™{2ms™ 3 marks
30 (10 marks)

(8) a=6sin(y) M1

V= —ﬁcos( —)+cC Al

v=0att=0,soc=—,givingtherequired result Al

Answer: v = E( — C0s —) 3 marks

(b)x:%(t—ﬁsinj)(x:OaIt:O) M1 A1

Att-4x—g 4———306 Al

) 96 _

Answer: — m =30.6 m 3 marks

(C) Speed at t = 4: v-—(l—cosr[)———1528ms1 B1

Deceleration = 0.3 x 9.8 =294 m s2 M1

: _ (48 _

Distance = W2 %294 39.7m M1 A1

Answer: 39.7m 4 marks
Resistance and Drag
1 (2 marks)

Resistance=0.5%x8=4N M1

Deceleration = % =2ms2 Al

Answer: 2m s™2 2 marks
2 (3 marks)

&Y = —02v, 50 /T dv=[-02dt M1

Inv=—0.2t +c,sov = 10e” %% Al

Whent=5v=10e"1=368ms! Al

Answer: 3.68m st 3 marks
3 (2 marks)

a= —0.05 x 202 M1

= —20 m s™?, so the magnitude is 20 m s™2 Al

Answer: 20 m s™2 2 marks
4 (2 marks)

Newton's second law: ma=m g — 0.5mv M1

a=98—-05x4=78ms? Al

Answer: 7.8 m s 2 marks
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5 (3 marks)
.30 _ 5
Deceleration = 150 = 0.2ms M1
0=6°—2%x0.2s50s=90m M1 A1l
Answer: 90 m 3 marks
6 (3 marks)
Driving force = P _ 30000 _ 2000 N M1 A1l
\% 15
2000 — 800 = 10003, so a= 1.2 m s™2 Al
Answer: 1.2 ms™? 3 marks
7 (5 marks)
v =20e™ M1 A1
— oa—dk _In2
10 = 20e™ ™, so k = Z Al
v=20e 0?4 =-354ms?! M1 A1
Answer: k = InTz; 354mst 5 marks
8 (3 marks)
dv _ dv _
Vax = —0.1v, so ax - —-0.1 M1
v=-01x+25 Al
v =0when x =250 m Al
Answer: 250 m 3 marks
9 (4 marks)
29V _ _05v2 0 [L dv=[—025dt
dt_ 'Vlg)fvz V—f . M1
1_
v —0.25t +c Al
—0v=12c= L 1_ 1
t=0,v=12:c= 12,sov—0.25t+12 M1
_ .1 13 _ 1
t-4.v-ﬁ,v—0.923ms Al
Answer: 0.923 m s™! 4 marks
10 (5 marks)
dv _ dv _
F—9.8—0.5V,30fm—fdt M1
—2In(9.8 —05v)=t+c Al
t:O,v:O:c:—2ln9.8,soln(W):—0.5t M1
v=19.6(1— e * andwhent=2,v=124ms™* Al Al
Answer: 124m st 5 marks
11 (4 marks)
dv _ dv _
SOF = —4v, s0 at - 0.05v M1
v = 10e7 00 M1 A1
5=10e7%® s0t=20In2=139s Al
Answer: 13.9s 4 marks
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12 (5 marks)
(a) Resistance = kv with 12 = 6k, sok =2 M1 Al
Newton's second law: 80 % =—=2v Al
Answer: 80 d—v ==2v 3 marks
(b) t = —40f5* & ﬂ M1
:40In2—27.7s Al
Answer: 40In2=277s 2 marks
13 (5 marks)
(a) Driving force = @ 1500 d v @ M1 A1l
vd—\t/=30;integrating, §v2=30t (v=0att=0),sov2=60t M1 AL
Answer: v = 60t 4 marks
(b) 576 =60t, s0t=9.6 s Al
Answer: 9.6 s 1 mark
14 (6 marks)
f%dv=f—0.05dt,so%=0.05t+c M1 AL
204 t=0:c= 00580V = 2
V= c= SOV =17 M1 A1
x= 1 dt=20In(1+1) (x=0at=0) M1
t=3:x=20In4=27.7m Al
Answer: v = 12+ T 27.7m 6 marks
15 (6 marks)
ﬂ =9.8 — 0.098v? M1
; - 2) =
f9.8_0.098V2dv Jdx,so— 0196In(98 0.098v9) =x + ¢ M1 A1
_ 2
x=0,v=0: In(%) = —0.196x M1
=100(1 — e %1% Al
x =20:v?=100(1 — e >%) =98.0,s0v=990ms™* Al
Answer: 9.90m s™* 6 marks
16 (6 marks)
% =—(2+05v),s0t= folzzflﬁ M1
=2In8—2In2 Al
t=2In4=277s Al
dv
Vax = —(2+05v), s0x = f0122+05vdv f012(2—4+v)dv M1 Al
X=24—-8In4=129m Al
Answer: 2.77s; 129 m 6 marks

stemup.co.uk | page 31



StemUp | Further Mathematics | Further Mechanics: Further Kinematics and Dynamics | Model Answers

17 (6 marks)
%:—Zv”,sofv‘”zdv:f—Zdt
2vY2=—2t+8(usingv =16 at t = 0)

v=0whent=4s

v% =—-2v¥2 s [v¥?2dv=—2x+c
2 30 _ 2 _ 64
3V = 2X + 3 x 64, so at rest X = 3 M
Answer: 4, 6; m
18 (6 marks)
dv _ dv _
3ﬁ——6v,80m— 2v
v =102
X =[10e 2 dt=5(1 — e %)
e2>0,sox<5foralt
Answer: v=10e"%; x <5
19 (6 marks)
dv — 2 — —kx
Vax = —kv?, sov = 30e
_ —100k _Inl5 _
20 = 30e , S0k = 100 = 0.00405
X = 150: v = 30e"15N15 =30 x 15715
v=163ms*
Answer: k = 0.00405; 16.3m s™!
20 (6 marks)
dv Y
=9.8—-05v,s0x = fO 98— 05v dv
Y - o4 19.6
9.8 —05v — 9.8 — 0.5v

X =[—2v — 39.2In(9.8 — 0.5v)],*°
9.8

=-20— 392|n48+392|n98——20+392|n—

=7.98 m
Answer: 7.98 m

21 (8 marks)

(a v%:—(1+v ,

=—[dx
1 2
Eln(1+v)=—x+c

x:O,v:3:czllnlo,sox:%Inm— In(1+v2)——ln(

=)

1+v

Answer: X = —In(

—=%)

(b)v:O:x:EIn10:1.15m

1+v

Answer: %In 10=1.15m

3 dv
1+v?

© %Y= —@+v¥), ot=

= [arctan v],®
zarctan3=125s
Answer: arctan 3=125s
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22 (7 marks)
(@) x=[19.6(1 — e *) dt=19.6(t+2e %) +¢ M1 AL
x=0att=0:c=-392 s0x=19.6(t — 2+ 2% Al
Answer: x = 19.6(t — 2 + 27%%) 3 marks
(b) x = 19.6(2 + 2e7%) =445 m M1 A1l
Answer: 44.5m 2 marks
(¢) x(5) = 19.6(3 + 2e7%%) = 62.0 m M1
Distance=62.0 — 445=175m Al
Answer: 175 m 2 marks
23 (5 marks)
The student has treated v as a constant when integrating, but v changes with t El
Separate the variables: f% dv=/-05dt M1
Inv=—-05t+c Al
v=8at=0:v=_8 M1
t=22v=8e"1=294ms™! Al
Answer: 294 m st 5 marks
24 (8 mar ks)
1
(a)Olt —KV?, SOy =Kt+c M1 Al
o~ _ _ 1
Att=0:.c= 12,aIt 10: = 10K+E M1
1
K= m Al
Answer: K = -+
nswer: K = 120 4 marks
(b) v% = —kv? givesv = 12e M1
6=12¢™, s0x = 02 =120In2 =832 m AL
AnSNer' 83.2m 2 marks
_1 Lt t
© 3 120 M1
t=20s Al
Answer: 20 s 2 marks
25 (7 marks)
Stage 1: v% = —0.04v?, so v = 20e 0% M1 Al
10 = 20e7 % sox, =25In2=17. 3 m Al
0¥ = —0.04v% T =004t + 5, 50 75 = 0.04t, + o5 andt, = 1255 M1 AL
_ . o 102 _ 10 _
Stage 2: deceleration2ms™: X, = 555 =25m, t, = 5 =55 M1
Total distance = 42.3 m, total time=6.25s Al
Answer: 42.3m; 6.25 s 7 marks
26 (9 marks)
(a) Driving force = 40800 B1
1000 &Y w—40v,901000v?j—¥:40000—40v2 M1 AL
Answer: 1000v 9 = 40 000 — 40v? 3 marks
(b) Maximum speed when = 0: 40v2 = 40 000 M1
v =41000 =316 ms™* AL
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-1

Answer: 31.6ms 2 marks
_ 20 1000 v
©t=Jo 20000 — 4002 9V M
= [~ 2952 In(40 000 — 40v)],® = 125 I 2000 M1 AL
=6.395 Al
Answer: 6.39 s 4 marks
27 (12 marks)
dv _ v o
@ qi " i Jdt M1
%In(g+kv):—t+c Al
t:O,v:u:c:%In(g+ku) M1
1 +ku 1 ku
v=0:t=pin )= In@+ <5 AL
Answer: t = %In(l + k—gu) 4 marks
dv v
(b)vﬁz—(g+kv),sox:foumdv M1
v _1 g
—g+kv_F(1_—g+kv) M1 A1l
x= v — 2in(g + k V)], M1
:E % (g tku ) as required Al
Answer: H = % 2|I’\(1 + k—gu) 5 marks
(©t=10In(1 + W) =267s B1
H =300 — 980 In(1.3061) = 38.3 m M1 Al
Answer: 2.67 s, 38.3m 3 marks
28 (12 marks)
dv _
(@) vgx = 91+ 400) sofm v =—gfdx M1
200In(1+ﬁ)=—gx+c Al
x=0,v=20:¢c=200In2;v=0ax=H:gH=2001In2 M1 Al
_200In2 _
H—T—M.lm Al
Answer: H = %In 2=141m 5 marks
b 1+ Y dv dt
( ) dt —g(1+ 400),30fm —gf M1
20 arctan(z—o) =—gt+c Al
c=20actan1=>5m;v=0:gt=>50 M1
t=338 SH =160s Al
AnaNer. 1.60s 4 marks
2
(© v% =g(1 - XTO) with x measured downwards from the highest point M1
v2 v2
—200In(1—m):gx,soatx:H:ln(l—m):—an M1
v2=200,s0v=10y2 =141ms™* Al
Answer: 10y2 =141 ms™* 3 marks
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29 (12 marks)
dv 1
(a)vﬁ:—v(1+v),sofmdv:—fdx M1 A1
In(l+v)=—x+c,andv=3ax=0givesc=In4 M1
l+v=4e X, sov=4e"* -1 Al
Answer:v=4e™* =1 4 marks
(b)v=0:4e*=1,s0x=1In4 M1 AL
AnaNer' IN4=1.39m 2 marks
(c)Olt v(1+v)sofv(l+v) =—fdt,i.e.f( l+V)dv-—t+c M1 A1
In(1+v):—t+c,andv:3att:Ogivasc:In% M1
v _3 _ 3t 3
T+v = 2% VT et T e 3 A
v:1:4e‘—3:3,sot:In%:O.4053 M1 A1l
Answer : v:%; t=In15=0405s 6 marks
4e' — 3
30 (10 marks)
(8) VoY = ~0.000267™2, 50 [T d v = ~0.0002¢“® d x M1 AL
Inv = —0.4e2% + ¢ Al
x:O,v:U:c:InU+O.4,so|n(%):—0.4(ex’2°°°— 1) M1 A1l
Answer: v = U exp(—0.4(e“?® — 1)) 5 marks
(b) v = 600 exp(—0.4(e — 1)) M1
=302ms?! Al
Answer: 302m st 2 marks
(©) 5 = eXp(—04(E"™® — 1)), 0 04X — 1) =In 2 M1
12000 _ In2 _
e* =1+ 04 " 2.733 Al
X =20001n2733=2010 m Al
Answer: 2010 m 3 marks
Terminal Velocity
1 (2 marks)
At termi nal velocity the acceleration is zero: m g = 0.5mV M1
V=--=196ms? Al
AnaNer. 19.6mst 2 marks
2 (2 marks)
Greatest speed when driving force = resistance: 30v = 1800 M1
v=60ms Al
Answer: 60 m s™! 2 marks
3 (2 marks)
At terminal velocity: 2 x 9.8 = 0.04V? M1
=490, s0V =221 ms? Al
Answer: 221 m st 2 marks
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4 (2 marks)
Terminal velocity when the acceleration is zero: 9.8 — 0.2V =0 M1
V=4ms™ Al
Answer: 49 m s™? 2 marks
5 (2 marks)
The graph is a curve through the origin, starting with gradient g (initial acceleration g) B1
The gradient decreases as v increases and the curve approaches the horizontal linev =V from B1
below (asymptote)
Answer: curve from the origin with initial gradient g, increasing and tending to the asymptote v = V2 marks
\%
AV v
b
6 (3 marks)
At terminal velocity the acceleration is zero: 3 x 9.8 = k x 14.7 M1 Al
_ 294 _
147 Al
Answer: k =2 3 marks
7 (4 marks)
Terminal velocity = % =196ms™t B1
90% of this: 0.9 x 19.6 = 19.6(1 — e **), s0 e ** = 0.1 M1 A1
t=2In10=461s Al
Answer: 4.61s 4 marks
8 (4 marks)
Terminal velocity: 80 x 9.8=16V% soV?=49andV =7ms™? M1 Al
Resistance at 14 m s = 16 x 196 = 3136 N upwards M1
80a = 3136 — 784, s0 a= 29.4 m s~2 (upwards, a deceleration) Al
Answer: 7ms % 294 ms? 4 marks
9 (5 marks)
The terminal velocity is 19.6 m s~ and % =0.5(19.6 — v) B1
dv 196 —v
J‘m = f05dt, $|n(w) = —0.5t M1 Al
v =0.95 x 19.6: In 0.05 = —0.5t M1
t=2In20=599s Al
Answer: 5.99 s 5 marks
10 (3 marks)
At terminal velocity the forces balance: 0.5 x 9.8 =15+ 2V M1 A1
49 -15=2V,s0V=17ms™! Al
Answer: 1.7ms™! 3 marks
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11 (4 marks)
(i)a:g(l—%):%g,sovzév M1 Al
. V2 1
(ia=9(1— W):7g M1
2_ 1,2 _V _
V—EV,SOV—E~O.707V Al
A iy Ly iy Y
nswer: (i) 5V, (i) ﬁ 4 marks
12 (5 marks)
(@1l-—e*=060e*=04 M1 AL
k=194 - 0.458 AL
Answer: k = 0.458 3 marks
(b)e™ =01, s0t= "2 M1
t=503s Al
Answer: 503 s 2 marks
13 (7 marks)
(a) At terminal velocity 500 = 25v M1
v=20ms™? AL
Answer: 20m st 2 marks
dv dv
(b) 250 v =~ Tx —25V, so aIx = =-0.1 M1 A1l
_20—-5 _
=701 " 150 m Al
Answer: 150 m 3 marks
(250 §¥ = —25v, sot = 10/, &Y M1
=10In4=139s Al
Answer: 139s 2 marks
14 (6 marks)
dv
=9.8 — 0.05v? M1
_ vV 4y= _1 —y2) =
f196—v2 dv=/0.05dx, so 5In(196 — v°) = 0.05x + ¢ M1 A1
_ A 196 — 2 _ —0.1x
x—O,v—O.In(T)— —0.1x, sov- =196(1 — e ) Al
v =7:49=196(1 — e %), so e7 O = % M1
x=10Ing = 2.83m A1
Answer: 2.88 m 6 marks
15 (6 marks)
dv _ 98 196 _ 2 0.05dt
T - m( v9), so f = [ M1 A1l
. _1.1 L
196 — v2 2 8(14—v 14+v) M1 Al
14 +v
28I (14 ) 0.05t(v=0att=0) M1
v:7:t:ﬁln3:0.7853 Al
Answer: 0.785 s 6 marks
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16 (7 marks)
dv mgv
(a)mm:mg— g fv —f%dt M1
—In(V—v):gvt+c;v:0att:0givesln(v\7 ):_gvt M1 Al
v=V( — e %) Al
Answer: v = V(1 — e 9%) 4 marks
(b)x = [V(L— e 9™y dt=V(t+ %e-gw) re M1 AL
_ Ay — v? —gtv
x-Oatt—O.x-Vt—E(l—eg ) Al
V2
Answer: x =Vt — E(l — e 9) 3 marks
17 (7 marks)
1000?1 = 3000 — 50v, so ((jj\t/ =0.05(60 — v) M1 A1
v =60(1 — e 0% M1 AL
t=20:v=60(1—e ) =379ms™ Al
x = [,2%60(1 — e %% d t = 60[t + 206 %%, % = 60(20 + 20e™* — 20) = 441 m M1 AL
Answer: 37.9m s~} 441 m 7 marks
18 (6 marks)
Termina velocity = % =196ms? B1
% = —0.5(v — 19.6), so In(v — 19.6) = —0.5t + ¢ M1 Al
v=40att=0:v=196+204e " Al
—05t —o5t _ 94
25=196+204e "7, s0e =204 M1
t—2|n(250:')—2665 Al
Answer: 19.6ms™t; 266 s 6 marks
19 (6 marks)
At terminal velocity: 2 x 9.8 sin 30° = 0.8V M1
v =1225ms™ ! Al
2——98 08vsodv—04(1225—v) M1
v=12251 - e Al
1_ . _oa _In2 _
E‘l e ,sot—ﬁ—1.733 M1 Al
Answer: 12.25m st 1.73 s 6 marks
20 (5 marks)
30000
Greatest speed: driving force — equals resistance: =15v M1 Al
2=2000,sov=447ms! Al
PR _ 30000 _ . B
At 20 m s~ driving force = >0 - 1500 N, resistance = 300 N M1
1200a = 1500 — 300, soa=1ms™? Al
Answer: 44.7ms % 1ms— 5 marks
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21 (7 marks)
(8) T =V x Jsechz(3) = g secn2(3) ML AL
2
Since 1 — tanh?x = sech?x: v = (1 — tanh?(35) = g(1 — o) M1 AL
tanhO—O,sov—Owhent—O B1
Answer: verified 5 marks
(b)Ast—»w,tanh(gvt)Hl,sov—»V El
Att:%:v:Vtanhlzo.762V AL
Answer: V; 0.762V 2 marks
22 (10 marks)
(a) 805 =784 — 8v, 50 $¥ = 0.1(98 — V) M1 A1
v=98(1—e "), soat=5v=981~-e*)=386ms™" M1 AL
Answer: 38.6m s* 4 marks
(b) After opening: 80 v = 784 — 160v, s0 $¥ = 2(4.9 — V) M1
Terminal velocity =4.9ms™* Al
v — 4.9= (3856 — 49)e %, where T is the time after opening M1 Al
6 —4.9=3366e°",50T= In( 3? (156) 171s M1 AL
Answer: 49ms™} 1.71s 6 marks
23 (6 marks)
The resistance is proportional to v2, but the student used k V instead of k V2 El
9.8 - 005v?=0,s0V?=196andV =14 ms™* M1 AL
&Y = 0.05(19 — V), 0 f— J0.05 d , giving ZgIn(a—v) = 0.05t ML AL
V= 7t—|n—3—0785s Al
Answer: V=14ms % t=0785s 6 marks
24 (10 marks)
(a) At terminal velocity: 0.02 x 9.8 = 0.049 + 0.6V M1
0.147
V= 06 =0.245ms* Al
Answer: 0.245m s! 2 marks
(b)002——0196 0049—06vso(3\t/—30(0245—v) M1 AL
In(0.245 — v) = =30t +c;v=0at t = 0: v = 0.245(1 — e™3%) M1 AL
Answer: v = 0.245(1 — e™3%) 4 marks
(c)e*=001s0t= % =0.154s M1 AL
X = 0.245(t — “T?_) = 0.245(0.1535 — 0.033) = 0.0295 m M1 A1
Answer: 0.154 s; 0.0295 m 4 marks
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25 (7 marks)
1500 x 9.8 x ~= = 1470 N down the slope; at terminal velocity 1470 = 3V?, so V2 =490, V = M1 AL
221m s -t
1500v— = 1470 — 3v?, s0 v— = 0.002(490 — v?) M1 A1l
fw dv=/0.002dx, so ——In(490 —v?) =0.002x + ¢ M1
v=0ax=0:x= 250In(490 2) M1
v=20;x = 250 In(g0) = 424 m AL
Answer: 221 m s~} 424 m 7 marks
26 (9 marks)
dv Y v
(a)vﬁzg(l v),SOXZIOV/ZWdV M1 Al
. % v? u v? 1
Wlthu:V:x:EfO”Z1_udu:Ef01’2(—1+1_u)du M1 A1
v? vZoo1
=E[—u— In(1 — u)]o¥? =E(—§+In 2) Al
2
Answer: X = VE(In 2- 1) 5 marks
dv dv \%
(b)m=%(v—v),sot— G0 vy =g n2 M1 AL
t=2In2=139s Al
19.62 1
X = 98(I §)=7.57m Al
Answer: 1.39s, 7.57 m 4 marks
27 (12 marks)
1 B V2 VvV, 1 1
@ Sz = [0 0t @ T = gy = 2=y * vew) MLAL
7[—In(v —Vv)+In(V+v)]=gt+c,andv=0at=0givesc=0 M1 Al
In(\\// V) gtszoV \\//=e29"" M1
eZgTJV -1
V= VZQT_'_]_ V tanh( ) Al
Answer: v =V tanh( ) 6 marks
(b) x = [V tanh(3}) dt M1
_ Ve gt L _ _
——Incosh(—)+cWlthX—OaIt—OSOC—O M1 A1
Answer: X = —In cosh( ) 3 marks
_ 2500 = gl9% =
(c) 500 = In cosh(0.196t), so cosh(0.196t) = =7.10 M1
0.196t = arcosh 7.10 = 2.648 M1
t=135s Al
Answer: 135s 3 marks
28 (10 marks)
(a) % =0.5(19.6 — v), sov = 19.6(1 — e™%%) M1 AL
X =/19.6(1 — e %) dt=196(t+2e %" +¢ M1 A1
Xx=0att=0:c=—39.2,s0x=19.6t — 39.2(1L — e %) =Vt—2V(1 — e Al
Answer:v=V(L—e % x=Vt—2V(l—e 5 marks
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(b) Ast grows, e % - 0, so x = 19.6t — 39.2 M1
X(t + 1) — x(t) = 19.6 m, since the particle then moves at its terminal velocity of 19.6 m s™* Al
Answer: 19.6 m per second 2 marks
(c) For t > 10, e % < 0.007 and s0 39.2e7%* < 0.3 m M1
400 ~ 106t — 39.2, S0t = "2 = 2245 AL
Att =224, e 2 = 1.4 x 107°, so the approximation changes x by less than 0.001 m and is valid E1
Answer: 224 s 3 marks
29 (12 marks)
(@) 2500 = 4V2, 0V =25ms™! B1
Answer: 25m st 1 mark
(b) 1oooﬂ = 2500 — 4v?, S0 % = 0.004(625 — v?) M1 AL
dv _1 1 1
J‘F J0.004 d t, and —%(25_\/"'25_'_\/) M1 A1l
25+v
50I (25 ) 0.004t (v=0att=0) M1
25+ v
t=5In (25 ) Al
Answer: t-5|n(2255+v) 6 marks
(©0t=5In9=110s Al
1000vﬂ = 2500 — 4v?, s0 f% dv = [0.004 d x M1
——In(625 — v?) =0.004x + ¢, so x = 125 In(625—5) M1 A1
625
x =125 In( 225) =128 m Al
Answer: 11.0 s, 128 m 5 marks
30 (11 marks)
. _ 3 _ 4 _
(a)smon—g,cosa—g,R—mgcosoc B1
ma=mgsna — 0.25x mgcosa — 0.02mv? M1
a=9.8(0.6 — 0.2) — 0.02v? = 3.92 — 0.02v? = 0.02(196 — v?) Al
Terminal velocity 14 ms™* Al
Ansvver' V=14ms 4 marks
(b) v— =0.02(196 — v?), s0 f— dv=/0.02dx M1
—Eln(196 —v) =0.02x+c; x=0,v=0givesv? = 196(1 — e %% M1 AL
x=10: v*=196(1 — e %% =64.6,v=804ms* Al
AnSNer' 8 04mst 4 marks
0.02dt, 50 =In(etY) = 0.02
(© f = t, S0 5gIn(7—) = 0.02t M1 A1
R '“_3 _
v=T7.t= 056 =19s Al
Answer: 1.96 s 3 marks
Dimensional Analysis
1 (3 marks)
(a) [v] = distance + time = LT* B1
Answer: LT 1 mark
(b) [ =LT*+=T=LT? B1
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Answer: LT™? 1 mark
(©) [F] = [m][a] =MLT? B1
Answer: MLT 2 1 mark
2 (2 marks)
[F] = MLT 2, [distance] = L M1
[energy] = ML2T ™2 Al
Answer: ML 2T 2 2 marks
3 (2 marks)
(a) [momentum] = [m][v] = MLT* B1
Answer: MLT ™! 1 mark
(b) [impulse] = MLT2x T=MLT™* B1
Answer: MLT ™! 1 mark
4 (2 marks)
M _
(a)[p]=F=ML ° B1
Answer: ML 3 1 mark
MLT 2 e
(b) [p] = —7— =ML7'T™? B1
Answer: ML T2 1 mark
5 (2 marks)
_ [energy] _ ML2T2
[power] = g = — 7 M1
=ML?T3 Al
Answer: ML2T 3 2 marks
6 (2 marks)
[V]=[u=LT™? B1
[af] =LT™?x T = LT}, so every term has dimensions LT™* B1
Answer: all terms have dimensionsLT ™! 2 marks
7 (4 marks)
_[FA _MmLT?
(a) [k] - [V] - LT ¢ M1
=MT? Al
Answer: MT ™! 2 marks
MLT 2
(0) [k = Tz5= M1
=ML™? Al
Answer: ML ™! 2 marks
8 (3 marks)
_ Fr?
G= mam, M1
MLT 2 x L2
[Cl=—yz M1
=M7IL3T2 Al
Answer: M ~L3T 2 3 marks
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9 (4 marks)
(i) [v¥] =[u?] =L?T % [as] = LT % x L = L*T~2 consistent B1
(i) [a?] = LT 2 x T?=L but [v] = LT™% not consistent, so it cannot be correct M1 AL
(iii) [s] = L, [ut] =LT "t x T =L, [at?] = L: consistent B1
Answer: (i) consistent; (ii) inconsistent; (iii) consistent 4 marks
10 (4 marks)
T] _ MLT? _
[k]:%: — =MT? M1 AL
|5 is dimensionless, so [A] = [T] = MLT 2 M1 Al
Answer: [K] =MT ™% [A] =MLT? 4 marks
11 (3 marks)
(a) w isan angle per unit time; angle is dimensionless; [w] = T~ B1
Answer: T™1 1 mark
(b) [moment] = [force][distance] = MLT 2 x L = ML?T~? B1
Answer: ML?T 2 1 mark
(c) [angular momentum] = MLT > x L = ML?T? B1
Answer: ML?T ™! 1 mark
12 (3 marks)
[IJ=Land[g] =LT 2 B1
Lo L
[gl=17==T M1
[\/g] =T, which is the dimension of a period (211 is dimensionless) Al
Answer: consistent 3 marks
13 (4 marks)
X has dimension L and sin wt has none, so [A] = L B1
The argument of an exponential function must be dimensionless: bt is dimensionless, so [b] = T™* M1 Al
Similarly wt is dimensionless, so [w] = T™* Al
Answer: [A] =L, [b] = [w] =T 4 marks
14 (5 marks)
[V =LT ™ [g]=LT % [A] =L B1
[0PAP] = L¥PT 22 equate with LT? M1
T. —2a= —1,soa:% Al
L:a+b:1,sob:% Al
vV = kygA Al
Answer: a=%,b=% 5 marks
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15 (6 marks)
[t]=T,[h =L,[g) =LT2 B1
T:—2b:1,sob:—%;L:a+b:0,soa:% M1 A1l

t=k\/g Al
’196 k\/_ L

k:\/_ Al

Answer: a= % k V2 6 marks
16 (5 marks)

(@) [GM] =M7I1L3T2xM =L3T? B1

3T 2
[—] = =L%T? M1
2GM 1
[f——1] = LT~ the dimensions of speed (2 is dimensionless) Al
AnSNer. consistent 3 marks
GM. _ L3132 _

(b) [? = 2 =LT 2 M1

so the square root has dimensions L¥2T %, which are not those of speed E1

Answer: dimensions L Y27~ not LT™? 2 marks
17 (4 marks)

(@) [pPAV ] =ML 3 x L2 x LT M1

= MLT 2, the dimensions of force Al

Answer: consistent 2 marks

(b) 15= 2 x Cx 1.2 x 0.5 x 107 = 30C M1

C=05 Al

Answer: C=0.5 2 marks
18 (4 marks)

-2

0] = MLT = MLIT? B1

[§pV2] =ML x LT ?2=ML™'T™? B1

[pgh] =ML 3 x LT™?x L = ML~T2 B1

All three terms have the same dimensions, so they can be added E1

Answer: each term has dimensions ML ~1T ~2 4 marks
19 (6 marks)

[F]=MLT 2 [m] =M, [w] =T~} [r] =L B1

M:a=1;T: —=b=-2L:c=1 M1 Al

F = kmw?r Al

9=k x2x3*x05=9k M1

k=1 Al

Answer:a=1,b=2,c=1k=1 6 marks
20 (5 marks)

(a) Replacing M, L and T by kg, m and s gives m® kg™ s72 B1

Answer: m®kg™ s 1 mark

— -3 — -3
(b) 1m=10""km, 1kg=10""tonne, 1 S= 5=~ 3600 hour M1
G =6.67 x 107 x (10732 x (107! x (3600)? km® tonne™* h™2 M1 AL
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=6.67x 1071 x 12.96 =8.64 x 107 1° Al
Answer: G = 8.64 x 107 km?® tonne™* h~? 4 marks
21 (8 marks)

[Flld _ MLT2xL

@M= gany = Lz s
=ML7IT? Al
Answer: ML 172 2 marks
(b)M:a=1;T: —a—c=—-2;L: —a+b+c=1 M1 Al
soa=1l,c=1landb=1 Al
F=knrv Al
Answer:a=b=c=1 4 marks
(c) F=6m x0.9%0.01x0.2 M1
=0.0339 N Al
Answer: 0.0339 N 2 marks
22 (9 marks)
@ [P =T,[Gl=M7'L°T? [M] =M, [r] =L B1
T: —2a=1,M: —a+b=0;L:3a+c=0 M1 A1l
—p=_1 -3
a=b-= 5 andc = 5 Al
r3
P=k G_M Al
AnSNer:a:b:—%,czg 5 marks
3 (7.0 x 10%)3
(b) P= ZHJ 667 x 107 x 6,0 x 107 M
= 5820 s = 96.9 minutes Al
Answer: 96.9 minutes 2 marks
(c) P « r¥2, so the factor is 2%2 M1
=22 Al
Answer: 22 2 marks
23 (6 marks)
u2 a LZT—Z B
sin O is dimensionless, so the right-hand side has dimension L, not T Al
Answer: right-hand side hasdimension L, not T 2 marks
(b)T:—a—2b=1L:a+b=0 M1
a:l,b:—l,szot:kus'gne Al
Answer:a=1b=-1 2 marks
_ kx147xsin30°
(©15=——Fg — M1
k=2 Al
Answer: k =2 2 marks
24 (8 marks)
-2
(@) [kv3] = MLT2, so [K] = % M1
=ML™? Al
Answer: MLt 2 marks
mg, _ MLT™? _ ., _,
(b) [G] = = =L°T mL
so[V]=LT™? Al
Answer: [V] =LT™* 2 marks
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m. _ M )
(C)[gk] - LT 2x MLt =T M1
so[t]=T Al
Answer: [t] =T 2 marks
(d) t and T are both times, so % is dimensionless B1
tanh is dimensionless, so v and V both have dimensions of speed El
Answer: consistent 2 marks
25 (9 marks)
-2
(8 [0] = -1 = =MT2 [p] =ML, [A] = L B1
M:a+b=0;T: —2a=—-1;L: =3b+c=1 M1 Al
1 b= — 1 1
a=3 b=-3.0373 A
_ (02
V= k\fp—}x Al
Answer: a:%,b:—%,c:—% 5 marks
_ [2nx0.073
(b) V= 1660 x 0.01 M1
=0.214ms™?! Al
Answer: 0214 m st 2 marks
(v o A7Y2 M1
v is multiplied by 412 = 2 Al
Answer: v is doubled 2 marks
26 (12 marks)
(a) [kx] = [force] = MLT 2, s0[kK] =MLT 2+ L =MT? M1 AL
[cv] =MLT 2, s0[c] =MLT 2+ LT t=MT™? M1 AL
Answer: [ =MT™ % [k] = MT 2 4 marks

(b) [yk/m] = \/MT‘ZIM =771 M1 AL
[Ymk] =M x MT™2 = MT~* = [c] M1 AL

Answer: T~ MT™ =[] 4 marks
c 2T =2 . a2 — T2 _ K
© [l =MT 2+ Mo =T =[] ML AL
w=y36—9=427=520rads™* M1 A1
Answer: 520rad s™* 4 marks
27 (10 marks)
@ [E] =ML*T% [p] =ML~ [t] =T, [r] =L B1
M:a+b=0;L:2a—3b=1,T: —2a+c=0 M1 A1l
b:—a,905a:1anda:%,b:—% Al
_ _ 2
c=2a= 5 Al
2
r= k(e AL
p
AnaNer:a:%,b:—%,c:% 6 marks
(b) r o t25, sor = 50 x 4%° M1
=87.1m Al
Answer: 87.1 m 2 marks
(©) r « EYS so theratio is 32Y° M1
=2 Al
Answer: ratio2: 1 2 marks
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28 (11 marks)
_ o fav LT
(a) [k] - dt]/[VSIZ] - L3/2T—3/2 M1
— L—]JZT—]JZ Al
Answer: L V2T 12 2 marks
(b) Separate variables: [ v™3?dv = —[ k dt M1
—2v™Y2 4+ 2u7Y2 = —kt (using v = u when t = 0) M1 AL

VY2 = g2 4 kt _ 2+ktyu AL
2 2@

V= A Al
(2 + ktyu)?
Answer: v = A 5 marks
' (2 + ktyu)?
(©) [Ktyu] = L™Y2T 2 x T x L¥2T7¥2 = 1, 50 it can be added to 2 B1
the right-hand side is then u x (a dimensionless number), which has the dimensions of speed E1
Answer: consistent 2 marks
(d) 2+ ktyu)®> =8, sokiyfu =22 — 2 M1
_242-1) _
t= 05X 2 =0.828s Al
Answer: 0.828 s 2 marks
29 (10 marks)
(a) T is dimensionless, o [A] = [T] = MLT 2 B1
Answer: [A] =MLT 2 1 mark
(b) [MmAPA] = Mo PreT 2 M1
T:—2c:1,soc:—% Al
M:a+c:0,soa:% Al
L:b+c=0,sob=% Al
_ . ml
P=k - Al
Answer: P =k %I 5 marks
P _ 0513
(©) = M1
ml 0.4x05
e \/ 30
k=6.28 Al
Answer: k = 6.28 2 marks
(d) ch\/ﬂ,sothefactoris\/g M1
=122 Al
Answer: 1.22 2 marks
30 (10 marks)
O MLTEx LT ixL

(a') []'_'[] - ML—lT—l M1
_MLTTT 1 Al
ToMLTITTE

Answer: dimensionless 2 marks
(b) [pvr] =ML 3 x L2T2x L2=MLT2 M1
f(IT) has no dimensions because IT has none, so both sides are forces E1
Answer: pv’r? has dimensionsMLT ~2 2 marks
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61Imn

— 2.2
(c) 6rnrv = pvre x ovr M1
i =2 AL
Answer: f(II) = 6ﬁn 2 marks
@ F =02 M1
IT=30m =94.2 Al
Answer: IT =94.2 2 marks
_IIn _30mx10x10"°
(®)V="5r = 1000 x001 M1
=0.00942 ms™* Al
Answer: 0.00942 m s™* 2 marks
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