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Conic Sections
1 (3 marks)
Complete the square: (x — 3)>+ (y +2)2=3+9+4 M1
=16 Al
Centre (3, —2), radius 4 Al
Answer: Centre (3, —2), radius 4 3 marks
2 (L mark)
(X—12+(y+2?°=9 B1
Answer: (x — 1)+ (y +2)?=9 1 mark
3 (3 marks)
(8 0<e<l anellipse B1
Answer: Ellipse 1 mark
(b) e= 1: aparabola B1
Answer: Parabola 1 mark
(c) e> 1. ahyperbola B1
Answer: Hyperbola 1 mark
4 (3 marks)
(a) Sum of two sguares equal to 1 with different denominators: ellipse B1
Answer: Ellipse 1 mark
(b) Only one variable squared: parabola B1
Answer: Parabola 1 mark
(c) Difference of squares equal to 1: hyperbola B1
Answer: Hyperbola 1 mark
5 (3 marks)
Point (x, y) with distance to focus = distance to directrix: y(x — 3)> +y* =x + 3 M1
(x — 3)>+y? = (x + 3)? M1
y? = 12x Al
Answer: y? = 12x 3 marks
6 (2 marks)
12+ ({3)?=1+3=4 M1
Radius 2 Al
Answer: Radius 2 2 marks
7 (4 marks)
Angle AOB = 90°, so AB is adiameter M1
Centre = midpoint of AB = (2, 3) Al
Radius® = 22 + 32 =13 M1
(x—22+(y—23?=13 Al
Answer: (x — 2)2+ (y — 3)2=13 4 marks
8 (4 marks)
Substitute: x? + (x + 1)> = 13 M1
2x2+2x —12=0,50x*+x—6=0 Al
X+3)(x—2)=0,x=—-30r2 M1
A(2, 3),B(—3, -2 Al
Answer: (2, 3) and (=3, —2) 4 marks
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9 (3 marks)

Gradient of the radius = % B1

Gradient of the tangent = —% M1

y—4:—%(x—3),303x+4y:25 Al

Answer: 3x + 4y = 25 3 marks
10 (4 marks)

Centre = midpoint of AB = (2, 4) M1 Al

Radius®= (2 +1)%+ (4 — 2)2=13 M1

(x =272+ (y—4)7>=13 Al

Answer: (x — 2)%2+ (y — 4% =13 4 marks
11 (4 marks)

y?=4ax witha=4 M1

Focus (4, 0), directrix x = —4 A1 Al

y? =144, s0y = +12 Al

Answer: Focus (4, 0); x = —4;, y =+12 4 marks
12 (4 marks)

Substitute: x* + (2x + k)? = 5, s0 5x* + 4kx + k? = 5=0 M1 AL

Tangent: discriminant zero, 16k* — 20(k> — 5) =0 M1

k?=25k =45 Al

Answer: k = £5 4 marks
13 (4 marks)

X2+4(x+1)>%=4 M1

5x%+8x =0, s0X(5x +8) =0 M1 Al

8 3
(0, l) and (—g, —g) Al
8 3

Answer: (0, 1), (—g, _3) 4 marks
14 (5 marks)

PF =2 x X — 1], 0 4[(x — 42 +y7] = (x — 1) M1 AL

Ax? — 32X+ 64 +4y?=x®>— 2x + 1 M1

3x? — 30x +4y? +63=0,i.e.3(x — 5)% + 4y? =12 Al

Y 2
(x 45) +y§:1,anellipse Al
_ 2 2

Answer : x 45) +y?:1 5 marks
15 (5 marks)

PF2 = 4(x — 1)% (x — 4)? + y? = 4(x — 1)? M1 AL

x2—8x+16+y?=4x> — 8x + 4 M1

X2 —y?=12 Al

X2 y2

7~ 1-L a hyperbola Al

2 2
Answer: XT - % =1 5 marks
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16 (5 marks)
A(x% — 4x) + 9(y? + 2y) = 11 M1
Ax — 2> —16+9y+1)>—9=11 M1 AL
_ 9\2 2
(x 92) + v ;1) =1: anellipse Al
Centre (2, —1), semi-axes 3 (horizontal) and 2 (vertical) Al
Answer: Centre (2, —1), semi-axes 3 and 2 5 marks
17 (4 marks)
(y—2>—4—-8x+20=0,0(y —2)°=8x—16=8(x — 2) M1 AL
Vertex (2, 2) Al
4a=8,a=2, sothefocusis (4, 2) Al
Answer: Vertex (2, 2), focus (4, 2) 4 marks
18 (5 marks)
Centre (r, 1), radiusr: (x — )2+ (y — 2 =r? B1
1-n*+@2-1?=r M1
rf—6r+5=0,s0r=10orr=>5 M1 A1
X—1D?+(y—1?=1and(x — 5)%*+(y — 5%=25 Al
Answer: (X — 1)?+(y — 1)?=1; (x = 52+ (y — 5?=25 5 marks
19 (5 marks)
Centre (1, —2), radius 22 B1

. o _1+2+
Line: x —y + ¢ = 0; distance from centre = T M1 A1
B+cl _ _
= 1 = + -

7 22,0 3+c|=4 M1
c=lorc=-7 Al
Answer:c=1or c=-7 5 marks

20 (5 marks)
(x —3)>=4x,50x* — 10x+9=0 M1 A1
x=1or9 Al
A(1, —2), B(9, 6) Al
AB =182+ 82 =82 Al
Answer: 8/2 5 marks

21 (5 marks)
PA%=4PB2 x? +y? = 4[(x — 3)? +y? M1 AL
3x? — 24x +3y?+36=0,50x*> — 8x +y?+12=0 M1
(Xx—4)2?+y?=4 Al
Circle, centre (4, 0), radius 2 Al
Answer: Circle, centre (4, 0), radius 2 5 marks

22 (6 marks)
PF = e x (distance from x = —1): (x — 2)> + (y — 3)* = %(x +1)2 M1 Al
A(x? — 4x +4) + Ay? — By +9) = 9(x2 + 2x + 1) M
4x% — 16X + 16 + 4y? — 24y + 36 = 9x*> + 18x + 9 Al
5X? + 34x — 4y? + 24y — 43=0 Al
e> 1, soitisahyperbola B1
Answer: Hyperbola 6 marks
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23 (6 marks)
Perpendicular bisector of AB isx = 3, so the centreis (3, k)

Distance to A equals distanceto C: 4 + (k — 1)2 = (k — 5)?
4+K2 = 2k+1=K? — 10k + 25,08k = 20, k = o

Radius’ = 4 + (3)? = 2

5 25
x=3?+(y—5)°=7
Answer: (x — 3)%+ (y — g)zz 27?

24 (3 marks)
x+1)%+(y+3?2?=1+9—-20=-10
The right-hand side is r2, which cannot be negative, so the radius is not 20

No real point satisfies the equation: it represents no real curve
Answer: No real points satisfy the equation

25 (4 marks)
x? k2
971-7

2
Redl solutions need 1 — - = 0, i.e. k| = 2
K| < 2: two points; |k| = 2: one point (x = 0)
[k| > 2: no points
Answer: 2 pointsif |k| <2; 1if k| =2; 0if |k| > 2

26 (6 marks)
C.(x—a)?+y*=a% soy®=2ax — x°
Substitute y? = 4x: x? + (4 — 2a)x = 0
x=0orx=2a—4
Prequiresx = 0, so x =2a — 4 isasecond pointif 2a—4>0
Exactly one point (O) whena< 2,i.e.0<a=<?2
Answer: O<as=s2

27 (8 marks)
(@ (x+3)? +y? = 4[(x — 3)* +y?]
3x> —30x +3y’+27=0,50x>— 10x +y*+9=0
(x —5)2+y?=16
Centre (5, 0), radius 4
Answer: Centre (5, 0), radius 4
(b)y=0:(x—5)?=16,x=10orx=9
(1, 0): distances from A and B are 4 and 2, ratio 2 : 1 (internal); (9, 0): distances 12 and 6, ratio 2
: 1 (externa)
Answer: (1, 0) and (9, 0)

28 (9 marks)
(8) (x = 27 +y?= 3 (x — 8)°
4x% — 16x + 16 + 4y? = x®> — 16x + 64

2 2 _ xX* Y
3X"+4y"=48,50 15 + 15 =
XY
Answer . wBto=
(b) a=4, b? =12, so ae = 2: foci (2, 0), directrices x = +8
Second focus (—2, 0), directrix x = —8

Distance from (0, 2y3) to (—2,0) =4+ 12 = 4
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Distancetox = —8is8, and 4 = % x 8
Answer: (—=2,0); x= -8

29 (8 marks)
C, hasradius 5; C, touches C, and the x-axis, so its centreis (15, 5)
By symmetry the centre of C; is (10, k) with radius k
Distance from (10, k) to (5, 5) equals 5 + k: 25 + (5 — k)? = (5 + k)?
50 — 10k = 25 + 10k, so 20k = 25
_ 5
k=7

25

(x = 107+ (y = 7)°= 35

Answer: (x — 10)? + (y — g)z = %

30 (8 marks)
Radius = h + 1 (distance from the line x = —1)
External tangency: distance between centres = 1 + radius
h2+k?®=h+2
h?+k?=h?+4h+4
k? = 4(h + 1): locus y? = 4(x + 1), aparabola
Vertex (—1,0),a=1
Focus (0, 0)
Directrix x = =2
Answer: y? = 4(x + 1); focus (0, 0); directrix x = =2

Ellipses

1 (2 marks)
y =0: x? =25, 50 (5, 0) and (—5, 0)
x=0:y?=9,s0(0, 3) and (0, —3)
Answer: (x5, 0), (0, £3)

2 (2 marks)
b? = a1 — €°): 9=25(1 — €’
2_16 _4
&€ =263
4
Answer: 5
3 (2 marks)

Foci (xae, 0) = (4, 0)

. . _,a_ 25
Directrices x = 15 = 17

Answer: Faoci (x4, 0); x = i%

4 (2 marks)
PF,=PF,=y/16+9=5
PF, +PF,=10=2a
Answer: 10
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5 (1 mark)
X2 Y
w71 o
X2 y2
Answer: E+T:1 1 mark
6 (2 marks)
9 (4
25 T 259 M1
= g + E =1
=255 Al
9 16 . .
Answer : 5t o8 = 1, so the point lieson E 2 marks
7 (4 marks)
Xy a e
3"‘7—1,808—3,[)—2 B1
4=9(1 - ¢, e2=g M1
_5
=3 Al
Foci (+ae, 0) = (x5, 0) AL
Answer: e= 3@; foci (+5, 0) 4 marks
8 (3 marks)
ae=33nde=%,soa=5 M1
b’=a’(l—e’)=25—9=16 M1
L
25 + 16 = Al
X2 y2
Answer : %+E=l 3 marks
9 (2 marks)
Area = m1ab M1
=11(4)(3) = 121 Al
Answer: 121 2 marks
10 (4 marks)
The larger denominator is under y, so the major axisis vertical with a=5, length 10 B1
9:25(1—e2),e:% M1 Al
Foci (O, zae) = (0, £4) Al
Answer: Length 10; foci (0, £4); e= % 4 marks
11 (4 marks)
x=2%,  (y+1)? _

) teg = 1 B1
4=9(1—e2),e=33E M1
ae=15 Al
Foci (2 45, —1) Al

_ 9\2 2
Answer: & 92) + (y«;l) =1; foci (245, =1) 4 marks
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12 (4 marks)
x? 2 _
7 tx°= 1 M1
5x? , 4
- = 1,s0x“= 5 Al
2
X=t—= Al
5
2 2 2 2
Points (E’ F) and ( ' F) Al
2 2 .
(=, t—
Answer: (—\/g’ —\/g) (same signs) 4 marks
13 (3 marks)
a=6,and PF, + PF,=2a=12 M1
PF,=12—-4=38 Al
20 = 36(1 — €°), ae = 4: foci (¢4, 0) Al
Answer: PF, = 8; foci (24, 0) 3 marks
14 (4 marks)
_ X & _Yy
c056—§,sm6—§ M1
2 2
% + VT =1 Al
o _ 3
x = 3 cos 3% M1
y:ZSin%: 3,30P(%,«/§) Al
2 2
Answer: % + yz =1; P(%, \/§) 4 marks
15 (4 marks)
OP? =9 cos’0 + 4 sin’0 M1
=4+ 5 cos’0 Al
c0s?0 ranges from 0 to 1, so OP? ranges from 4 to 9 M1
Greatest distance 3, least distance 2 Al
Answer: Greatest 3, least 2 4 marks
16 (5 marks)
Centre (1, —2), horizontal semi-axis 3 and vertical semi-axis 2 B1
_1\2
y:0:¥:1—1:0,sox:1 M1
The ellipse touches the x-axis at (1, 0) Al
+2)? 1 32
x:O:—(y4) =l-g,0(y+2°=75 M1
It meetsthey-axisat (0, —2 £ ﬁg) Al
: : - : : 42
Answer: Centre (1, —2); touches the x-axis at (1, 0); meetsthey-axisat (0, =2 + 3 ) 5 marks
g
(1,0
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17 (5 marks)

4x% + 9(x + k)> =36 M1

13x? + 18kx + 9k? — 36 =0 Al

Discriminant zero: (18k)? — 4(13)(9k? — 36) =0 M1

—144k? + 1872 =0, k* =13 Al

k=+/13 Al

Answer: k = iw/l_3 5 marks
18 (6 marks)

IXx — 22 —36+4y+1)2—4+4=0 M1 AL

_ 7\2 2
x 42) + (y;l) = 1: an ellipse with centre (2, —1) Al
. . . — — . - 2 — E

Major axisvertica,a=3,b=2:4=9(1 — e9),e= 3 M1 Al

Foci (2, —1 +45) AL

Answer: Centre (2, =1); e= 3@; foci (2, =1+ \/5) 6 marks
19 (5 marks)

The lorry'stop corners are at heighty = 3 B1

X _,_9_1

3% 16 16 MLAL

X = %E =~ 3.97 M1

Width=2x = 794 m Al

Answer: 7.94 m 5 marks
20 (3 marks)

The larger denominator, 9, is under y?, so the major axis is along the y-axis El

The foci lie on the major axis, so they are on the y-axis M1

Foci (0, +5) Al

Answer: (0, +5) 3 marks
21 (6 marks)

Jx+3)2+y? +q(x — 3)> +y? = 10 M1

J(x +3)2+y? =10 — y(x — 3)% + y?; square: (x + 3)% +y? = 100 — 20{(x — 3)? +y? + (x — 3)? M1 Al

+y?

12x — 100 = —20y(x — 3)* +y?, 50 3x — 25 = —5(x — 3)* +y? Al

Square: 9x* — 150x + 625 = 25x? — 150x + 225 + 25y? M1

X2 2
16x2+25y2:400,302—5+)1/—6: Al
2 2

Answer: % + % =1 6 marks

22 (6 marks)
2

y2= b1 — %) =(1—-€) — (1 — X2 M1 AL

PF,% = (x — @) + y?> = x? — 2aex + a’e’ + & — a%e® — x* + e’x? M1

=a’— 2aex +ex’=(a— ex)%, anda— ex > 0since [x| < aande< 1, so PF, = a — ex Al

Similarly (replaceeby —e) PF; =a+ ex M1

PF, + PF, = 2a Al

Answer: PF, =a — ex, PF; =a+ ex, PF; + PF, = 2a 6 marks
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23 (6 marks)
PF2 = 4(y —12)%x%+(y — 3)%= 4(y — 12)? M1 AL
4% + 4y? — 24y + 36 = y? — 24y + 144 M1
4x? + 3y? = 108 Al
X2 y2
Py Al
Centre at the origin B1
X2 y2
Answer: o= + 25 = 1; centre (0, 0) 6 marks
24 (6 marks)
. _ Xyt Xy Y1ty
Let the ends of a chord be (x4, y;) and (X5, y,), with h = 5 k== B1
y,? Y,
T+T—1and—+T—1subtract M1
(X1 = X)Xy +X3) | (Yi— Y)Y+ VY2 _
9 + 7 =0 Al
Divide by (x; — X,) and use the gradlent ERLISEY %‘ + 271( =0 M1 AL
2
k:—%:themidpointslieony:—d'—g Al
Answer:y = —4—5 6 marks
25 (6 marks)
By symmetry, Area= 4,2y d x B1
x=acosO,dx=—asn0d0;x= 0<—>6— ,X=ae0=0 M1
Area=4f_,° bsin 8(—asin 6)d9:4abf0“’25m29d6 M1 A1
sin’0 = %(1 — cos 20), so the integral = [% - %]0“’2 = % M1
Area=4ab><%=nab Al
Answer: Area = mmab 6 marks
26 (5 marks)
Vertices (£5 cos 6, £3 sin 8): width 10 cos 6 and height 6 sin 6 M1 A1
Area=60sin0 cos® =30sn20 Al
Greatest whensin 20 = 1 M1
Greatest area 30 when 6 = — Al
Answer: 30 at @ = % 5 marks
27 (7 marks)
From E, y? = 4 — —. Substitute: x> + 4 — 4% =r? M1 Al
5X2_2 2_9(r—4)
9 = r-—4,s0x°= — 75 M1
Need0=x’<94<r’<9ie2<r=<3 M1 A1
2 _ 2
2<r<3:x:iﬂ%,y2:w>o, giving four points Al
r=2:x=0,y==%2;r=3:x =23,y =0 (two points each). Otherwise no points Al
Answer: 4 pointsif 2<r < 3; 2 pointsif r =2 or 3; none otherwise 7 marks
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28 (8 marks)

1
Area= 5Xa(Ys = Vo) t Xg(Yc = Ya) + Xc(Ya — Vbl
Withx =4 cos g, y = 3 sin @ each term gives 12 cos @, (Sin g — Sin @) €etc.
Sum = 12[sin(@g — @) +SiN(Pc — @p) +SIN(Pa — P)], USING COS P, SIN Pg — SIN P, COS Pg
=gin(pg — @,) after collecting terms
The differences are 2n 2n and —%H

3" 3
an—n+sin2—n+sin(—4?n):ﬁ+ﬁ+l@:§@

3 3 2 2 2 2
1 3 .
Area = 5(12)(32[) = 9//3, independent of a
Answer: 93

29 (7 marks)
K has centre A(—3, 0) and radius 10
CF=rsince Fisonthecircle
Internal contact: AC=10—r
AC + CF = 10, so C moves with the sum of its distances from A and F constant
Thisis an elipse with foci (3, 0) and 2a=10,s0a=5
b°’=a’>—c*=25—-9=16
X2 2
B+l

2

X LY
Answer: 55 + 16

2
=1

30 (8 marks)
Closest distancea — ¢ = 0.6 and greatest a+ c = 17.4
a=9,¢c=84

c_14

a~ 15

b?=a’ — ¢?=81 — 70.56 = 10.44 =

e=
261
25
At (0, b): distance to focus = yc? + b? =81 = 9 AU (= )

145 261 o0

. — — — 2
Answer : a—9,c-8.4,e—E,b = 25

Hyperbolas

1 (1 mark)
y =0: x2 =9, vertices (+3, 0)
Answer: (£3, 0)

2 (2 marks)

2

Asymptotes % -

S
y=2*3

2

y

-0

4
Answer:y = i?X

3 (2 marks)
b? = a®(e* — 1): 16 = 9(€* — 1)

25 5
e? = —

973
5

Answer: 3

stemup.co.uk | page 10

M1

Al
M1 A1l

M1

M1 A1l

Al

8 marks

B1
B1
M1
Al
M1

Al

Al

7 marks

M1
A1 Al

M1 A1l

M1 Al

Al

8 marks

B1
1 mark

M1

Al

2 marks

M1

Al

2 marks



StemUp | Further Mathematics | Further Pure Mathematics: Further Coordinate Geometry | Model Answers

4 (2 marks)
Foci (xae, 0) = (25, 0) B1
Directrices x = ig = J_r% B1
Answer: Faoci (5, 0); x = i% 2 marks
5 (3 marks)
Asymptotes. the x-axis (y = 0) and the y-axis (x = 0) B1
x*=4 M1
(2,2) and (=2, —2) Al
Answer: Asymptotesy =0, x =0; (2, 2), (=2, =2) 3 marks
6 (3 marks)
2 2
>1/_6 - XT = 1 has its branches above and below the origin, with vertices (0, +4) B1
Y x? 2 2
Asymptotes: B 7° 0, soy“ = 4x M1
y = £2X Al
Answer: Vertices (0, £4); asymptotesy = +2x 3 marks
7 (3 marks)
2 2
%—§=1witha=2 B1
b _ 3 B
a- 2 sob=3 M1
X2y
7~ 9"1 M
2 2
Answer : XT—%:I 3 marks
8 (4 marks)
2 2
Equation % - # = 1, with foci (xae, 0): & + b? = 172 = 289 M1
Asymptotesy = i%x, o) g = % M1
a= 15k, b = 8k: 289k* =289, sok=1landa=15b=8 Al
X2 y2
225 64 1 Al
2 y2
Answer 555 ~ 64 = 1 4 marks
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9 (3 marks)

X _ Y _

7~ g-1 "

Vertices (£2, 0) Al

Asymptotesy = i%x Al

Answer: (x2,0); y = is_zx 3 marks
10 (3 marks)

a=3,s0|PF, — PF,|=2a=6 M1

PF,=11—-6=50r11+6=17 Al

(both possible: P on either branch) B1

Answer: 5or 17 3 marks
11 (4 marks)

X(x+3)=4,50x2+3x—4=0 M1 AL

xX+4Hx—1)=0,x=—4or1l M1

(1,4) and (=4, —1) Al

Answer: (1, 4), (—4, =1) 4 marks
12 (3 marks)

Xy:3tx%:9 M1 Al

t=2: (6, %) Al

Answer: xy = 9; (6, %) 3 marks
13 (4 marks)

Centre (1, —2) B1

Vertices(1£ 2, —2) = (3, —2) and (—1, —2) B1

Asymptotesy + 2 = t%(x - 1) M1 A1

Answer: Centre (1, —2); vertices (3, =2), (=1, =2); y +2= i%(x -1 4 marks
14 (4 marks)

- X -y
sech =3, tan b =3 M1
2 2 ; x? y?

sec@—tan@zlglveﬁg—jzl Al

X =3 sec % =6 M1

y:2tan%:2\]§: (6, 2y3) AL

Answer: (6, 2\/5) 4 marks
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15 (5 marks)

X2  m?
2

1
2__
x(4

=1

9
m2
9=t

m2

A real solution needs% -5 >0

9
2
m<—4

—Sem<3
2 2

Answer: =3 <m< >
nswer: > m >

16 (4 marks)
X(6—x)=8,s0x>—6x+8=0
x=2o0r4:A(2, 4), B4, 2
AB=\4+4=22
Answer: 22

17 (4 marks)
Asymptotesy = i%x

Each makes an angle arctan % = 53.13° with the x-axis
Angle between = 2 x 53.13° = 106.3°, so the acute angle is 73.7°

Answer: 73.7°
18 (5 marks)
(x = 57 +y*= x5’
X2 — 10x + 25+ y2 = Ox? — 10x +9
lﬁ:xz - y?=16
Divide by 16: %2 - 31/—; =1

2 y2
Answer: g—E:l

19 (6 marks)

9(x — 2)>— 36— 16(y + 1)° + 16 = 124

(x=2?%  (y+1?
6 9

= 1: ahyperbola with centre (2, —1)

9=16(" — 1), e= ; foci (25, —1) = (7, =1), (=3, =1)

Asymptotesy + 1 = i%(x -2

Answer: Centre (2, =1); e= %; foci (7, =1), (=3, =1);y+1= i%(x -2
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20 (5 marks)
a=30 B1
2500 _ 1600 _
900 02 M1
1600 _ 16 ,, _ :
2 =5, b"=1900,b=30 Al
B X% 3600 _
Aty——60.%—1+w—5 M1
X=30y5 = 67.1m Al
Answer: a=b =30; 67.1m 5 marks
21 (6 marks)
2
y2= bz(% —1)=(e® — )x® — a¥(? — 1) M1 AL
PF,% = (x — @) + y?> = x? — 2aex + a’e’ + €’x* — x* — a’e® + &’ M1
=e’x% — 2aex + @ = (ex — @)° Al
On theright branch x = a, so ex — a> 0 and PF, = ex — a. Replacing e by —e gives PF, = ex + M1
a
PF]_ - PF2 = Za Al
Answer: PF, =ex — a, PF; =ex + a, PF; — PF, = 2a 6 marks
22 (6 marks)
2 2
Substitute: % - w =1 M1
b?x? — a*(m?x? + 2mcex + ¢?) = a?b? Al
(b? — @®m?)x? — 2a’mex — a’(c®> + b%) =0 Al
Tangent: discriminant zero, 4a'm?c® + 4(b> — a®’m?)a’(c’ + b%) = 0 M1
a’m?c? + b%c? + b* — a®m?c® — a®m?? =0 M1
b?(c® + b®> — a?m?) = 0, so ¢ = am? — b? Al
Answer: ¢ = a’m? — b? 6 marks
23 (6 marks)
Y(x +5)2+y2 =6 +4(x — 5) +y? M1
Square: (x +5)2 +y2 =36 + 12(x — 5)? +y? + (x — 5)? +y? M1 Al
20x — 36 = 12/(x — 5)* +y?, 50 5x — 9= 3|(x — 5)* +y? Al
Square: 25x? — 90x + 81 = 9x? — 90x + 225 + 9y? M1
2 _ oy2 X2y
16x 9y“ =144, so 9 6= Al
2 2
Answer: % - % =1 6 marks
24 (6 marks)
. X1+ X, YitYs
Let the ends of a chord be (x4, 1), (X5, Y5), with h = 5 k= 5 B1
X, 2 Xo” 2
2 —Y1-=1land - —y," = 1; subtract M1
(X1 = X2)(Xq + Xy)
: 24 —= - (Y1 — Y21 +Y2) =0 Al
. . 1 2h 1
Divide by (x; — X,), gradient ST 2k(§) =0 M1 Al
h:2k:MIi%ony:% Al
Answer:y = % 6 marks
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25 (6 marks)
XX yy X sec O tan 0

Tangent at (xy, y,): 5~ — —z~ = 1,50 — _y2 =1 B1

Ony:%: %(sec@ —tan 0) = 1, so x = 3(sec O + tan 0), y = 2(sec O + tan 0), using sec’0 — M1 AL

tan’0 = 1

Ony = —2—;: %(sece+tan9)=l,sox=3(sec6 —tan 0),y = —2(sec 6 — tan 6) Al

Midpoint of AB = (3 sec 6, 2 tan 0), whichis P M1

Area= 2xays — Xayal = 31—6(sec0 — tan’0) — 6(sec’® — tan’0)| = 6 AL

Answer: P isthe midpoint of AB; area of triangle OAB =6 6 marks
26 (5 marks)

x? y? _ 2 i 2

g—E—coshu—smhu M1

=1 Al

3coshu:5,socoshu:% M1

sinhuzwf%—1:%(match&ey:4sinhu:%) Al

u:In(§+%):In3 Al

Answer: u=1In3 5 marks
27 (7 marks)

2
From H:y2=% - 16 M1
2 2
x2+%—16:r2,so%:r2+16 M1 A1
5 9(r? +16)
X = == Al
H requiresx®* = 9: 1>+ 16 = 25,01 = 3 M1
2

r>3:x=+(9(r? + 16)/5 and y? = % — 16> 0, giving 4 points Al

r=3: (3, 0), 2 points; r < 3: none Al

Answer: 4 pointsif r > 3; 2 pointsif r = 3; noneif r <3 7 marks
28 (8 marks)

Asymptotes. bx —ay =0and bx + ay =0 B1

bx; — bx, +
Distances, 2= ¥l g Xt il M1 A1
yaé +b? Jaé +b?
_ Ib*x,* — ay,?|
Product = W M1 Al
Pon H: b%,? — a’%y,? = a’b? M1 AL
2112
Product = gt independent of P Al
2182
Answer: Product of distances = peanres 8 marks
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29 (8 marks)
PF.2= (22t — 4% + (ﬂté — 4)? M1
8 162
:8t2—16\/§t+16+t—2—ﬂt£+16 AL
= 8(u? — 2) — 16y2u + 32 = 8u? — 16/2u + 16 M1 AL
= (2/2u — 4)? AL
u=2s02/2u— 4>0and PF; = 2/2u — 4 B1
Likewise PF,2 = 8u% + 16\2u + 16 = (2y2u + 4)° M1
PF, — PF, = 8, aconstant, so F,, F, are the foci Al
Answer: F,P — F,P=8,s0F; and F, arethefoci 8 marks
30 (7 marks)
R is symmetrical about the x-axis, so Area = 2 ,° % x> —9dx M1 A1
x=3coshu,dx=3sinhudu,yx* —9=3sinhu M1
Limitsu=0to u=arcosh 2 =In(2 + y3) AL
Area=12f sinhudu=6f (cosh2u — 1) du M1
= 6[%sinh 2u — u],"@*Y3 = 3 sinh 2u — 6u Al
sinh 2u =2 sinh u cosh u = 2y3(2) = 43, so Area= 123 — 6In(2 +3) A1
Answer: 123 — 61In(2 +43) 7 marks
Parabolas
1 (2 marks)
y? =4ax with4a=12,s0a=3 M1
Focus (3, 0), directrix x = =3 Al
Answer: Focus (3,0); x = =3 2 marks
2 (2 marks)
64 = 4a(4) M1
a=4 Al
Answer: a=4 2 marks
3 (1 mark)
x=2(9) =18,y =4(3) =12, s0 (18, 12) B1
Answer: (18, 12) 1 mark
4 (2 marks)
a= 2, and the latus rectum is the chord through the focus perpendicular to the axis, x = 2 M1
y? =16,y = +4, length 8 (= 4a) Al
Answer: 8 2 marks
5 (2 marks)
x? = 4ay witha=2 M1
Focus (0, 2), directrix y = —2 Al
Answer: Focus (0, 2); y = =2 2 marks
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6 (4 marks)
Vertex (—1, 2) B1
(x +1)2=4(2)(y — 2), so a= 2: focus (—1, 4) and directrix y = 0 M1 Al
x=0:1=8(y—2),soy=1f87 Al
Answer: Vertex (=1, 2); focus (=1, 4); directrix y = 0; crosses the y-axis at (0, %7) 4 marks
g
N
(0,%7/8)
directrixy = 0 a X
7 (3 marks)
Directrixy =3 B1
X2+ (y+3)?=(y — 3)? M1
x?=—12y Al
Answer: x*> = =12y 3 marks
8 (3 marks)
a=>5, focus (5, 0), directrix x = =5 B1
Focal distance = distance to directrix M1
=7+5=12 Al
Answer: 12 3 marks
9 (4 marks)
Pist=2(x =t? y = 2t); for afocal chord t;t,= —1, s0t = —% M1 Al
_ 1
Q - (Z’ _1) Al
PQ:xp+xQ+2a:4+%+2:% Al
Answer : Q(%, -1); PQ = % 4 marks
10 (3 marks)
Vertex (1, 2) B1
4a=8,a=2: focus (3, 2) B1
Directrix x = —1 B1
Answer: (1, 2); (3,2); x=-1 3 marks
11 (4 marks)
Substitute: (x + 1)% = 4x M1
x?=2x+1=0,(x—1)?=0 Al
A repeated root, so the line is a tangent El
x=1y=2:(1,2 Al
Answer: (1, 2) 4 marks
12 (3 marks)
a=5—-2=3 B1
(y — 1)?=4dax — 2) M1
(y—1)?=12(x - 2) Al
Answer: (y — 1)>=12(x — 2) 3 marks
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13 (5 marks)
2=16x, 0a=4andS=(4,0; Y =8=24p

y<=16x,soa=4an —(,),dx—y—3 M1 Al

Normal gradient —%: y—12= —%(x -9 M1

y=0:x=9+8=17,50 Q= (17, 0) Al

Area= 5 x SQx 12= 3 x 13x 12=78 AL

Answer: 78 5 marks
14 (5 marks)

(2x — 4)?=8x,50x> — 6x+4=0 M1 AL

x=3+45 Al

Difference in x = 2/5; gradient 2 so differenceiny = 4/5 M1

AB =+20+80 =10 Al

Answer: 10 5 marks
15 (5 marks)

: _2p—q __2
Gradient of PQ = A=) P+ M1 A1
Gradient of PS = Eap = 22p M1
ap’—a p°—-1
o2 _ 2 2 _a_ .2

Colllnear.p+q—p2_l,sop 1=p°+pq M1

pg = —1 (and conversely) Al

Answer: PQ isafocal chord if and only if pg = -1 5 marks
16 (5 marks)

y? = 36p? = 12x M1 AL

2
M = (3%, 3p) M1
2 2

y? = 6x Al

Answer: y? = 12x; locus y? = 6x 5 marks
17 (4 marks)

Model: y? = 4ax, and the rim point is (10, 30) M1

900 = 4&(10) M1

a=225 Al

The receiver is 22.5 cm from the vertex Al

Answer: 22.5 cm 4 marks
18 (4 marks)

x?+8x=48,s0x>+8x —48=0 M1

x+12)x—4)=0 Al

X =4 (x = —12 givesy? < 0) A1

y? = 32: (4, 4/2) and (4, —4/2) AL

Answer: (4, 4/2) 4 marks
19 (5 marks)

(y—3%?-9-8+1=0 M1

(y—3)°=8x+8=8(x +1) Al

Vertex (—1, 3) Al

a=2: focus (1, 3) Al

Directrix x = —3 Al

Answer: Vertex (—1, 3); focus (1, 3); x = =3 5 marks
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20 (5 marks)
The chord through S:y =x — 1
(X —1)2=4x,50x*—6x+1=0
X, +X,=6
Focal chord length =x; + X, +2a=6+2=8
Answer:y =x — 1; length 8

21 (5 marks)
(X=3)%+(y—2°=(y+4)?°
(x—3)2+y?>—4y+4=y>+8y+16
(x —3)?=12y + 12=12(y + 1)
Vertex (3, —1)
Answer: (x — 3)% = 12(y + 1); vertex (3, —1)

22 (5 marks)
Let the ends of a chord be (X4, Y1), (X2, Y2); Y12 = 12X4, Y, = 12%,
Subtract: (y; — y2)(y1 +Y2) = 12(X; = Xp)

72 23, 903y, +y,) = 12
1 2
+
k= & 5 Y2 - 2: the midpointslieony = 2

Answer:y =2
23 (6 marks)
Q has parameter q = 1

p
PQ = Xp + X + 2a(foca distances x + a)

1
_ 1
=a(p+3)
(p+%)224(AM-GM,orp+1/p22forp>0),soPQz4a,withequaIityatp:1

Answer: PQ=a(p + %)2 = 4a, so the shortest focal chord has length 4a

24 (6 marks)
P(ap?, 2ap), Q(aq’, 2aq) with pg = —1

Centre M = (M, alp+0q)

o1 1 _ap*+gd)
Radlus-EPQ-E(xp+xQ+2a)-T+a

2 2
Distance from M to the directrix x = —ais M +a

This equals the radius, so the circle touches the directrix
Answer: Thecircletouchesthedirectrix x = —a

25 (3 marks)
The standard form isy? = 4ax, so 4a= 12
a= 3, thefocusis (3, 0)
Directrix x = =3
Answer: Focus (3,0); x = =3
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26 (6 marks)
y =m(x + 2): m*(x + 2)® = 8x M1
m?x? + (4m? — 8)x + 4m* =0 Al
Discriminant: (4m? — 8)2 — 16m* = 64 — 64m? M1 A1
L meetsPif 64 —64m?’=0,s0—1<m=<1 Al
Tangent when the discriminant is zero: m = £1 Al
Answer: =1 =m =< 1(m # 0for two points); tangentsm = +1 6 marks
27 (7 marks)
1
P(ap”, 2ap), Q(acr’, 2a0), pq = —1,50q = —3 B1
SP=xp+a=a(p’+1) M1 A1l
2
SQ=a(g®+1) = a(—+1)—M M1 AL
1,1__ 1 . ¢ M1
SP SR al+p)  aAl+p)
_1+p* _1 Al
S al+p) A
Answer: 1 i = 1 7 mark
SQ marks
28 (9 marks)
_ 2a(lo Q __2
(a) Gradient of PQ = =) " p+a M1 Al
— - — an2
y —2ep=5 gk —ap ) M1
(p+a)y — 2ap(p + q) = 2x — 2ap?, 50 2x — (p+ )y + 2apq = 0 AL
Answer: 2x — (p + q)y + 2apq =0 4 marks
(b) Gradients of OP and OQ are % and % B1
Perpendicular: % X % =-1 M1
pg=—4 Al
Answer: pq=—4 3 marks
(c) Substituting pg=—4:2x — (p+q)y — 8a=0 M1
Wheny =0, x = 4afor al such chords: the fixed point is (4a, 0) Al
Answer: (4a, 0) 2 marks
29 (7 marks)
(a) Rim point (20, 15): 225 = 4a(20) M1
_ 45
a= g Al
Thebulbis i—g = 2.8125 cm from the vertex Al
A . _ 45
nswer: a= 16 3 marks
(b) V =1f,® y? d x = S, 4ax d x M1
= m[2ax?] ;" M1
= 800ma Al
= 2250m cm® Al
Answer: 2250 cm?® 4 marks
30 (8 marks)
2 4
(a) Substitutey = 7 )1(6 =4x, x(x®*—64) =0 M1
x=4,y=4:. A4, 4) Al
Answer: (4, 4) 2 marks

stemup.co.uk | page 20



StemUp | Further Mathematics | Further Pure Mathematics: Further Coordinate Geometry | Model Answers

XZ
(b) Area= f,* (2/x — Z) dx M1
4 X3
- [§X3/2 _ E]04 M1
_%2 _16_16
373773 Al
1
Answer: ?6 3 marks
4
X
(©V =muf,* (4 - 16) dX M1
— 2 2 _ X_S 4
= 12X 80]O M1
=1(32 — %) = %TH Al
Answer : %TH 3 marks

Tangentsand Normalsto Conics

1 (3 marks)
dy _ dy _2 _

2yﬁ—4,30ﬁ—y—1 M1 A1

y—2=x—-1s0y=x+1 Al

Answer:y=x+1 3 marks
2 (3 marks)

dy _4 _

ﬁ‘?‘l M1

Normal gradient —1 Al

y—4=—(X—2),s0y=6—-x Al

Answer:y =6 — X 3 marks
3 (3 marks)

9

Tangent: wt—g = 1 M1 Al

4x +5y =25 Al

Answer: 4x + 5y = 25 3 marks
4 (3 marks)

4 d 4

y:;,d—iz—?:—l M1 AL

y—2=—(X—2),s0x+y=4 Al

Answer: x+y =4 3 marks
5 (3 marks)

16

Tangent: 9 " 16 - 1 M1 A1

5x—3y=9 Al

Answer: 5x — 3y =9 3 marks
6 (2 marks)

9Y = 29 9X = 24

dt — <% dt - M1

dy_2_1

dx ~2a 1 Al

Answer: Gradient :Tl 2 marks
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7 (4 marks)

2x  2ydy _ dy __ %

Bt odx 00 gx = "Tey M1

At the point: ———= E Al

24\/_ 4
Normal gradient = M1
\/—

y—ﬂE \/_(x 2),s08x — 23y =7 AL

Answer: 8x — 23y =7 4 marks
8 (3 marks)

a:3.Tangenty:mx+% M1

_3_

c=35=1 Al

y=3x+1 Al

Answer:y=3x+1 3 marks
9 (3 marks)

- dy__3.dx_, dy__1_ 1

Point (9, 1); qt - T dt 3, X~ Z=779 M1 Al

y—1=—5(x—9),50x+9=18 A1

Answer: X + 9y = 18 3 marks
10(4 marks)

dy _

dx ~ y =2 M1

Tangenty — 4=2(x — 1),s0y =2x + 2 Al

A(—1,0), B(0, 2 Al

Area= 3(1)(2) = 1 AL

Answer: 1 4 marks
11 (3 marks)

Check: E - 2 =1 B1

Tangent - = i& =1 M1

X — gy =1 Al

Answer: X — @y =1 3 marks
12 (4 marks)

Tangent gradlent y = 1 , hormal gradient —2 M1

y—4==2(x—4) Al

y =0: x =6, so N(6, 0) Al

SN=5 Al

Answer: 5 4 marks
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13 (5 marks)
Tangent y = mx + c: substitute into y? = 8x to get m?x? + (2mc — 8)x + ¢*=0 M1
Tangent: discriminant zero, (2mc — 8)2 — 4m?c®>=0, 5064 — 32mc=0and ¢ = % Al
Through (=2, 3): 3= —2m + %,302m2+3m -2=0 M1
(2m—1)(m+2)=0,som=%orm=—2 Al
y=%x+4andy=—2x—l Al
AnSNer:y:%x+4;y:—2x—1 5 marks
14 (4 marks)
dx _ . dy _ dy _  bcos6
E——asnG,m-bcose,sod—x- 2Sn 0 M1 A1
y—bsinez—t;?rfg(x—acose) M1
bx cos O + ay sin O = ab(cos®d + sin%0) = ab; dividing by ab gives > Cgse + ysbn 91 Al
Answer : XCZSO + ysbnﬂ =1 4 marks
15 (5 marks)
4x% — 9(x + k)2 =36 M1
5x% + 18kx + 9k? +36=0 Al
Discriminant zero: 324k? — 20(9k2 + 36) = 0 M1
144k? =720, k? =5 Al
k=+/5 Al
Answer: k = i\/g 5 marks
16 (5 marks)
Tangenty = mx + 3 B1
X2+ 4(mx + 3)? = 4, s0 (1 + 4m?)x? + 24mx + 32 =0 M1 AL
Discriminant zero: 576m? — 128(1 + 4m?) = 0, so 64m? = 128 M1
m=+2:y = +/2x +3 AL
Answer: y = +2x + 3 5 marks
17 (5 marks)
. b cos 6 . asn®
Tangent gradient — asno O normal gradient bcosO M1 A1
bcosO(y — bsin0) =asin B(x — acos 0) M1
by cos® — ax sin © = (b? — a®)sin O cos O Al
Divide by sin 8 cos 6 and rearrange Al
Answer: % - sil;y(-) =a’ — b? 5 marks
18 (5 marks)
Tangent at P; py = x + ap?; at Q: qy = x + ag B1B1
Subtract: (p — gy = a(p® — q°) M1
y=ap+0q) Al
x=apy — ap’=ap(p +0) — ap” = apq AL
Answer: T = (apq, a(p + q)) 5 marks
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19 (5 marks)
Tangent gradlent =1, normal gradient —
Normal:y — 2——(x— 1),s0y=3—x
(3—Xx)>=4x,50%x* — 10x+9=0
x=1lor9

Q(g’ _6)
Answer: (9, —6)

20 (4 marks)
A (y = 0): (2ct, 0); B (x = 0): (0, =)

1 2c
Area= §|2ct| X |T|

= 2¢?, independent of t
Answer: 2¢?

21 (6 marks)
b?x? + a?(mx + ¢)? = a’b?
(b? + @®m?)x? + 2a?mex + a(c? — b?) = 0
Tangent: discriminant zero
4a’m?c?® — 4a(b? + a®m?)(c® — b?) =
a’m?c? — b’c? + b* — a®m?c? + a mzb2 =0
2 = p? + a2m?

Answer: ¢® = a’m? + b?

22 (6 marks)
Tangenty = mx + %; through (h, kK): k = mh + %
m?h—mk+a=0
The two tangent gradients m;, m, are the roots, so mym, = %

Perpendicular: mym, = =1, soh = —
Answer: h = —a, so the point lies on the directrix

23 (3 marks)
An undefined gradient means the tangent is vertical, not that it does not exist
Tangent: % -0=1

X=2
Answer: x =2

24(6marks)
Normal: cose 9?19 B
Ay = 7c239; B:y=_75|;3n9
M:X:@,y:—7s.6ne

c0s’0 + sin’0 = 1( )2+( AL

64x2 + 36y° = 49
Answer: 64x? + 36y? = 49
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25 (5 marks)
Tangent: py = X + ap? B1
y =0: x = —ap?, so T(—ap?, 0) M1 A1
ST =a+ap’ Al
SP=xp,+a=ap*+a=ST Al
Answer: ST =SP = a(1 + p?) 5 marks
26 (6 marks)
Parabola tangent: y = mx + % B1
Ellipse: ¢ = 2m? + 1 B1
#:2m2+1,302m4+m2—1:0 M1 Al
(2m? — 1)(m*+1) =0, m? = % M1
X X
= — + = —_— - —
=17 Y2 andy 7 V2 Al
X
Cy = H(—=+
Answer: y (\/E V2) 6 marks
27 (7 marks)
XX4
Tangent at A: e +yy; =1 M1
Tliesonit: x; +3y; =1 Al
Likewisex, + 3y, =1 Al
So A and B bothlieonx + 3y =1 Al
Substitutex =1 — 3y: (1 — 3y)? +4y*=4 M1
13y2—6y—3:0,y:3ilg3 Al

x=1—3y=u+1§23 Al

4— 123 3+ 43 4+12(3 3 — 43
Answer: x + 3y = 1; ( 13\/—, \/_),( 13\/—, 13\/_) 7 marks
28 (8 marks)
Substitute (h, k): k + th = 2at + at® M1
a*+(a—ht—k=0 Al
a=1(84):t*—6t—4=0 M1
t=—2isaroot: —8+12—-4=0 Al
t+2)(t°—2t—2)=0,0t=1+43 M1 A1
Normals: y + tx = 2t + t3 M1
t=—22y—2x=-12;t=1+ \/§ give the other two normals Al
Answer: t=—2,1%+3 8 marks
29 (9 marks)
(a) Tangent gradient _tlz’ so normal gradient t? M1 A1l
y—%:tz(x—Zt) M1
ty — 2=t — 2t sot3% — ty = 2(t* — 1) Al
Answer: t3 — ty = 2(t* — 1) 4 marks
(b) Normal: 8x — 2y =30,s0y =4x — 15 M1 Al
X(4x — 15) = 4,4x*> — 15x — 4=0 M1
(4x + (X — 4 =0,x = —7 (x = 4isP) A1
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-2 —16) AL
Answer: Q(—%, —16) 5 marks
30 (8 marks)
Tangent at (acos B, bsinB): bx cos® +aysin® —ab=0 M1 A1
Denominator: D = {b?cos’® + a’sin?0 B1
Distances: 122 COSDG — ] g e CoDse — ab] M1 AL
20201 A2
Product = ab(d DS cos°6) M1
D? = a? — (a® — b?)cos?0 = a’(1 — e’cos?0) M1
Product = b? Al
Answer: Product of the distances = b? 8 marks
Parametric Formsof Conics
1 (1 mark)
x=34)=12,y=-12 B1
Answer: (12, —=12) 1 mark
2 (2 marks)
_X & _y
cose—g,sme—g M1
X2 Y
B*g-1 M
2 y2
Answer x®tg= 1 2 marks
3 (2 marks)
sec6=%,tan6=%,andsec26—tan29=l M1
X2y
7~ g-1 At
2 2
Answer: XT - yg =1 2 marks
4 (2 marks)
Xy = 4t x % M1
Xy = 16 Al
Answer: xy = 16 2 marks
5 (1 mark)
X=4cosB,y=2sn06 B1
Answer: x =4cos@,y=2sn0 1 mark
6 (2 marks)
X =2 cos% =3 B1
y=5sn % = g B1
Answer: (\/§, g) 2 marks
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7 (4 marks)
S R S
t=10'*= 100 - 20 M
y2 = 20x Al
4a=20,a=5 M1
Focus (5, 0) Al
Answer: y? = 20x; focus (5, 0) 4 marks
8 (4 marks)
cosezx%l,sinezyz2 M1
x=1% (y+2?_
gtz =1 Al
Centre (1, —2) Al
Semi-axes 3 and 2 Al
Answer: Centre (1, —2), semi-axes 3 and 2 4 marks
9 (4 marks)
_y _y
t= 7' OX=175 +1 M1
y2=16(x — 1) Al
Vertex (1, 0) Al
(the parameter gives all points sincey = 4t is any real number) B1
Answer: y? = 16(x — 1); vertex (1, 0) 4 marks
10 (4 marks)
x:SSec%:B,y:Ztan%:Z\E M1 A1
36 _ 12
9~ 2 M1
=4—-3=1 Al
Answer: (6, 2/3) 4 marks
11 (3 marks)
2at =23, s0t=1 M1
x=al)=a Al
The latus rectum is the chord x = a (through the focus (a, 0)) El
Answer: t = 1 gives (a, 2a), and x = aisthelatusrectum 3 marks
12 (4 marks)
% =6t—3 M1
6t? —3t—3=0,02t? —t—1=0 Al
2t+Dt—-1)=0 M1
- o
t=1lort= 5 Al
Answer:t=1, —% 4 marks
13 (4 marks)
3sinB®=3cosO,s0tan 6 =1 M1 A1
g=" o M
=z 0 Al

(22, 3\22) and (—2y2, —32@) Al

Answer: (£2,/2, i%é) 4 marks
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14 (5 marks)

PF? = (4 cos 0 — {7)* + 9sin’0 M1

= 16 c0s’0 — 8(7cos 0 + 7+ 9 — 9 cos?0 M1 A1

= 7c05°0 — 87cos 0 + 16 = (4 — 4/7cos 6)? M1

4 —4[7cos 0 > 0, so PF = 4 — 1[7cos O Al

Answer: PF =4 — 7 cos 0 5 marks
15 (5 marks)

2. o (L—t1)?+4

X°+y o M1 A1

_ @+

T @a+t)? Al

x = —1 would need t? - o M1

The point (—1, 0) is not obtained Al

Answer: (=1, 0) ismissing 5 marks
16 (5 marks)

g—g:3sec6tan6,g—g:4sec26 M1 A1

dy _ 4secB

dx ~ 3tan 6 Al

4secB

y—4tan9:3tan9(x—3sec9) M1

Multiply by 3tan 0: 3y tan © — 12 tan?0 = 4x sec © — 12 sec®0, s0 4x sec O — 3y tan O = 12; Al

divide by 12

Answer: XS;CB - ytzzne =1 5 marks
17 (4 marks)

_y =S _¢c_ca=-p

o= YT T 9T pg MELAL

Xp — Xg=C(p — 0) Al

m=—21 Al

~ P
M= -t

Answer: m = nq 4 marks
18 (4 marks)

M:(5c35613512n9) V1 AL

22X a2y

cose—?,sme- 3 M1

42 4y*

25t =1 At

2 2

Answer: % + 4% = 4 marks

19 (5 marks)
2
Midpoint M :(M,ap) M1 A1
y? = a’p? M1
2

2a(x — 3) = 2a(3-) = alp? AL

So M lies on the parabola Al

Answer: y? = 2a(x — g) 5 marks
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20 (4 marks)
dy _ ¢ dx _ dy 1
F TR o M1 A1
c_ 1
y_T__t_Z(X_Ct) M1
t%y — ct= —x +ct, SO X + t?%y = 2¢ct Al
Answer: x + t%y = 2ct 4 marks
21 (6 marks)
Tangentatcx:xcgsa+ys't?a:1 B1
Tangent at —a: Xcgsa - ys;cle B1
. 2xcosa _ _a
Add: a =2, X= s M1 A1l
Subtract: y sina=0,s0y =0 M1
a —
(Cos(xvo)_(a%a’ O) Al
Answer: (asec a, 0) 6 marks
22 (5 marks)
. 2
Gradient org - 1 M1
p+q=2 Al
Midpointy = a(p + Q) M1
=2a Al
(independent of the chord, so all such midpoints lie ony = 2a) B1
Answer: p+q=2 5 marks
23 (6 marks)
. _ 2sinB
Gradient AP = 3cs0 =3 M1 A1l
. _2sinB
Gradient BP = 3cos0+3 Al
_ 4sin%0
Product = 90020 — 9 M1
_ 4sn®® _ 4
T —9sn®® 9 MEAL
Answer : —g 6 marks
24 (4 marks)
x>y 2 : 20 — ;
§+T—cose+sm6—1,anelllpse M1 E1
X2 y2
For 5 — 7, usesec’® —tan’0 = 1 M1
X:SSece,y:Ztane(—%<9<%) Al
Answer: x=3sec@,y=2tan 0 4 marks
25 (6 marks)
Tangent: XCZSG y5|2n9 =1 B1
A(4 sec 6, 0), B(0, 2 cosec 0) M1 AL
AB? = 16 sec’0 + 4 cosec®d = 16 + 16 tan’ + 4 + 4 cot®0 M1
=20 + 16 tan0 + 4 cot®® = 20 + 264 = 36 M1
Least AB = 6 (at tan’0 = ) AL
Answer: 6 6 marks

stemup.co.uk | page 29



StemUp | Further Mathematics | Further Pure Mathematics: Further Coordinate Geometry | Model Answers

26 (5 marks)
2
OP?= c? +

=ci(t - P?+2

OP? = 2¢?, with equality whent =1
Least OP = ¢y2 at (c, c)

Answer: ¢/2 at (c, ©)

27 (6 marks)
Normal at P: y + px = 2ap + ap®
Substitute Q: 2aq + pag?® = 2ap + ap°
pa®+2q — 2p — p°=
@—p)(pg+p*+2)=0
q#p,sopq=—p’—2

- _p_2

a=-P~—p
2
Answer: q=—p — P
28 (8 marks)
X a+B oy a+B_ a—P

Chord PQ: 3005—5— * {SiN—%— = C0s—
Through F: e cos— ; P _ cos® 5 B
e(cos%cos% - sin%si n%) = cos%cos% + sin%sin%
Divide by cos%cos%: el—T)=1+T,whereT = tan%tan%
Tl+e)=e—-1

_ l1-e
T==73¢

] 14 B_ 1-e
Answer: tan3 tans = T+e

29 (6 marks)

Tangent gradient at t is —tiz, so the normal gradient at P is p?
Chord PQ has gradient —p—lq

The chord PQ is the normal: —p—lq =p?

plg=-1
Answer: p3q = —1
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30 (8 marks)
X cos 0
2
1—cosO 1—cos6
sin© AR, sin© )
— A . _1+cosO, 1+cosH
X=-2Y="4gnp ' B(=2, sin© )
1—cosO 1+cosO
sin 0 sin 0

Gradient F,A = W gradient F,B = -2

Tangent: +ysnf=1

X=2'y=

_1—cos’0 1
Product = pre X (\/§+2)(\/§— 2)
=1x i 7 = —1, 50 AF, is perpendicular to BF;

Answer: A(2, tan g), B(—2, cot g); AF; 1 BF;

L oci and Geometrical Properties

1 (2 marks)
(x—272+(y+1)?*=25
Answer: (x — 2)>+ (y + 1)2=25

2 (2 marks)
X2 +y?=(x = 6)°+y?
x=3
Answer: x =3

3 (3 marks)
X2+ (y =2 =(y+2)?
x* = 8y

Answer: x? = 8y

4 (2 marks)
Circle, centre O, radius 4
x2+y%?=16
Answer: x* +y? =16

5 (3 marks)
P(t, 3t)
y = 3X
Answer: y = 3x

6 (1 mark)
e =1 gives aparabola
Answer: Parabola

7 (4 marks)
x?+y? = 4[(x — 6)% +y7]
3x? — 48x + 3y? + 144 =0
(x —8)?+y?=16
Centre (8, 0), radius 4
Answer: Centre (8, 0), radius 4
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8 (3 marks)
(X — 2% +y?=(x +2)? M1 AL
y? = 8x, aparabola Al
Answer: y* = 8x 3 marks
9 (4 marks)
Ellipse with foci (4, 0) B1
2a=10,a=5 M1
b?=25-16=9 M1
Yy _
Bt9" i
X2 y2
Answer: 2t 9 = 1 4 marks
10 (4 marks)
Hyperbola with foci (5, 0), 2a=8,a=4 M1 Al
b?=25—-16=9 M1
X2y
9 -1 A
2 y2
Answer: - 9° 1 4 marks
11 (3 marks)
P=A+ (B A)—(23t ét) M1 Al
Locusy = x Al
Answer: y = x 3 marks
12 (2 marks)
X _x?
t=5,0y=7, M1
= 4y, a parabola Al
Answer: x% = 4y 2 marks
13 (3 marks)
X2+ (y — 3)%=y? M1 AL
=6y —9 Al
Answer: x>=6y — 9 3 marks
14 (5 marks)
(x—3)2+y2—25(x— 3)2 M1 AL
X2 —6x+9+y’= 9x—6x+25 M1
16
X +y?=16 Al
x? y2 _
TS =1 Al
X2 y2
Answer : E+E=l 5 marks
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15 (5 marks)
(x—52%+y?*= %(x - g)z M1 A1
x2—10x+25+y2:%x2—10x+9 M1
lﬁ:xz —y*=16 Al
Xy
R A
X2 y2
Answer: 9" 1" 1 5 marks
16 (5 marks)
x?+y?=4(x — 3)? M1 A1
3x> — 24x +36 —y?>=0 Al
3x —4)?—y*=12 M1
x=4° _ ¥y _
7 Z - Al
2 2
Answer : (x 44) - % =1 5 marks
17 (5 marks)
A(a, 0), B(0, b) with a® + b*> = 36 B1
P= (2—;1, %) M1 A1
a= 3—2X b=3y M1
ox?2 5 x2 y?
2 Ty =360+ =1 Al
2 2
Answer: % + yT =1 5 marks
18 (4 marks)
(x+a)?+y’+(x —a?+y’=4a M1
2X% + 2y? + 2a° = 4&° A1
x> +y?=a Al
Circle with radius a Al
Answer: x* +y? = a% radius a 4 marks
19 (4 marks)
P(4cos6,4sinB),soM =(4+2cosH, 2sin0) M1 A1
(x—4)>+y?=4 M1
A circle with centre (4, 0) and radius 2 Al
Answer: (x — 4% +y?=4 4 marks
20 (5 marks)
y y __4
x+3  X-3-°19 MLAL
9y? = —4(x? — 9) M1
Xy
i A
A and B themselves are excluded (gradients undefined) B1
2 2
Answer: % + yz =1 excluding (3, 0) 5 marks
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21 (6 marks)
OC =1 + r (externa tangency) B1
CF=r B1
OC-CF=1 M1
Hyperbola with foci O and F, 2a = 1, centre (% 0) M1
_3,2_ 2 2.9 1_
c-§,b—c a=z—-7=2 M1
3vo _ YA _
4(x — 5) -5 =1 the branch nearer F Al
. 32 _ Y _ - 3
Answer: 4(x — 5) -5 =1 (branch with x > 5) 6 marks
22 (6 marks)
Focal chord: pq=—1 B1
2 2
M= (2D o+ q) vL AL
Lets=p+q p*+q>=s>+2 M1
2 2
x:a(82+2),y:as,9052:§ M1
y? =2a(x — a) Al
Answer: y? = 2a(x — a) 6 marks
23 (6 marks)
Tangent y = mx + ¢ with ¢ = a?m? + b? B1
Through T: (k — mh)? = &m? + b? M1
(h? — a®m? — 2hkm + k? — b?=0 Al
2 _ 12
The gradients m,, m, are the roots: m;m, = H M1
Perpendicular: mym, = —1 M1
k? — b?>=a’ — h?, soh? + k? =a + b? Al
Answer: T lieson x* + y? = a® + b? 6 marks
24 (4 marks)
AB = 6, and by the triangle inequality PA + PB = AB =6 M1 E1
So PA + PB =4 isimpossible Al
Thelocusis empty (b? = a®> — ¢? = 4 — 9 < 0 confirms there is no red elipse) Al
Answer: No points: the locusis empty 4 marks
25 (5 marks)
Tangenty = mx + % B1
Perpendicular from S; y = —%(x — Q) M1
L a__x-a
mx + — = o M1
m>x+a=—x+a sox(m?+1)=0 Al
x =0, so N lies on the y-axis Al
Answer: Thefoot of the perpendicular lieson x = 0, the y-axis 5 marks

stemup.co.uk | page 34



StemUp | Further Mathematics | Further Pure Mathematics: Further Coordinate Geometry | Model Answers

26 (5 marks)
(x — ae)® +y? = €’(x — 2)2 = (ex — @) M1 AL
x? — 2aex + a’e® + y? = e’x? — 2aex + & M1
(1—ex?+y?=a’(1l— € Al
Vide by &2 . X2 y?
D|V|eya(1—e).¥+m—l Al
2 2
Answer : %+§:1 5 marks
27 (7 marks)
(x+a)?+y?>=K[(x — a?+Vy? M1 AL
(1 — K?)(x? + yz) +2a(l+kHx+a%(1—k? =0 Al
x% +y? +2a kk2x+a 0 M1
2 2
Centrexoz—alliiz:arzill,yozo Al
2 2 2 2K+1*— (K - 17>
rP=x,>—a= i@ 172 M1
_ 4k sor= 2K _ Al
(k2 i |
2
Answer: Circle, centre(Lll), 0), radiuslkzz;a_k1| 7 marks
28 (8 marks)
XX, Yy
Tangent: ?21 + b—zl =1 B1
_a,.  _ b’(ae — x,)
Atx = e Y1 = a8y, M1 A1l
1-
FP=(x, — aeyy), FT= (555 yy) e1
_ b?(ae —
FP-I——I':(xl—ae)a(lee)+ (aeae X M1 A1
_ (Xl - ae) ) b?
=——[al—-¢) - 7] M1
b? = a(1 — €°), so the bracket is zero and FP is perpendicular to FT Al
Answer: FP - FT =0, so angle PFT = 90° 8 marks
29 (9 marks)
Tangent: bx cos 6 + ay sin 8 = ab, with normal vector n = (b cos 0, asin 6) M1
N = F + An lies on the tangent: b cos O(ae + Ab cos 0) + asin 6(Aasin 0) = ab M1
AD? = ab(1 — e cos 0), where D? = b?cos?0 + a’sin’0 = a’(1 — e’cos’0) M1 Al
ON? = |FJ?> + 2AF-n + A?D? = a%e? + 2\abe cos O + Aab(1 — e cos 0) M1
= a%? + Aab(1 + e cos ) Al
_ a’b’(1 — e’cos’0) _ , ,
Aab(1 +ecosB) = 21— PooP0) b M1 Al
ON? = a%¢® + b* = & Al
Answer: Thefoot lieson x? + y? = a? 9 marks

stemup.co.uk | page 35



StemUp | Further Mathematics | Further Pure Mathematics: Further Coordinate Geometry | Model Answers

30 (7 marks)
XXy WY S _a
Tangent: ?+F—l,y—Og|veSX—X—l,soOT—X—1
_ b?x, o ay,
Tangent gradient ———, so normal gradient —
a‘y, bx,
. _ a’y, G . _ b®x,
Norma:y —y; = 5—(X — Xq); Yy =0givesXx — X; = ———
bx, a

b2

2
a

OT x ON = - x e’x, = a’¢’
1

Answer: OT x ON = a%e?
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