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Further Differentiation

1 (1 mark)
dy _
ax — 4 cosh 4x B1
Answer: 4 cosh 4x 1 mark
2 (2 marks)
Use -2 (arctan u) = du ithu=3
sew(ar anu)-—deW' u=3x M1
dy _ 3
dx T 1+09x? Al
. 3
Answer : 1+ 9 2 marks
3(2 marks)
Use g X(coth u) = —cosech? u d— with u = 2x M1
dy _ 2
Tx = 6 cosech” 2x Al
Answer: —6 cosech? 2x 2 marks
4 (2 marks)
1 du _
dX(arsmhu)— u2+1—x,u—2x M1
dy _
- Al
dx 4x2 + 1
Answer : 2 marks
\/4x +1
5 (2 marks)
yor 1 .
f(x)——coshx x sinh X M1
f'(x) = tanh x Al
Answer: tanh x 2 marks
6 (2 marks)
d _ 1 _
—X(arccos u) = \/_ d = Y withu = M1
dy 1 _ AL
dx 3\j x? \/9 - x?
-3
Answer: — 2 marks
9—x2
7 (3 marks)
y =4 (cosh 2x) 7%, so g— = —4 (cosh 2x) 72 x —(cosh 2X) M1
_ dy _  8sinh2x
(cosh 2x) = 2 sinh 2x, so TX = ot Al
dy _ 1 snh2x _
Tx = 8% comhax X comax - 8 sech 2 tanh 2x Al
Answer: —8 sech 2x tanh 2x 3 marks
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8 (3 marks)
Product rule with u = x, v = arctan x
dv__1
dx 7 1+x2
dy _ X
ax = arctan x + 122

X
Answer: arctan x + 5
1+x

9 (2 marks)
Chain rule: y = (sinh x)®

dy 2
ax = = 3 sinh“ x cosh x

Answer: 3 sinh? x cosh x

10 (3 marks)
dix(arcosh u) = ! du

d—XW|thu X+1

u?
dy _ 3

Bx+1)2—1=0x2+6x=3x(3x +2), 0 W = 3

dX = y3x(3x + 2)

3
Answer: ———
yOX2 + 6x
11 (3 marks)

Chainrule gx 2 arsinh x x dx(arsinhx)

1
xZ+1

d—dx(arsi nh x) =

dy _ 2arsinh x
dX X2+1

12 (4 marks)
ﬂ:sinh2x+2xcosl12x

dx
SM2In2)= 34— 3) = =, cosh(2In D) = 34+ 3) = =

2 8

. 15 17 _ 15 17

Gl’iildlent——+2|n2><§_§+T
15 17

Answer: 35 + — vy

In2

In2

13 (4 marks)

Quotient rule: dy cosh x x cosh x — (1 +sinh x) sinh x

cosh? x
Numerator: cosh2 X — sinh x — sinh? x

cosh? x — sinh? x = 1, so the numerator is 1 — sinh x and 3 = thx
dx cosh? x
1—sinh x
Answer: ————=
SN osn? x
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14 (4 marks)
x:sinhygiv&sg—§:coshy B1
dy __1
dx ~ coshy M1
cosh’y =1+sinh?y =1+ x2 and coshy >0 M1
dy 1
_ 2 ay _
Socoshy =41 +x anddx—m Al
1
Answer: —— 4 marks
1+x?
15 (4 marks)
x:coshygivasg—;:sinhy B1
dy _ 1
dx ~ sinhy M1
sinh?y =cosh’y — 1=x%*— 1,andsinhy > 0fory >0 M1
dX X2_1
1
Answer : 4 marks
x? =1
16 (5 marks)
_l+x . du_ (1-x)+(1+x) _ 2
Letu=1—, g9x = 1= %2 = a=x? M1 AL
dy __1 ,du
dx ~ 1+u2 " dx M1
1—x)2+@1+x)?2 _ 2+2x
2= _
1+u (1= %2 1= %2 M1
ﬂ_(l—x)zx 2 1
X~ 20+x)  (I=x2  1+xX° Al
Answer : T3 2 5 marks
17 (5 marks)
dy _ . 2
ax -1 sech” x M1
Using sech? x = 1 — tanh? x: % = tanh? x Al
tanh x = 0 only at x = 0, so one stationary point, at (O, 0) B1
%=tanh2x2Oonbothsid&eofx=0(zeroonlyatx=0) M1
The gradient does not change sign, so it is a (stationary) point of inflection Al
Answer: Point of inflection at the origin 5 marks
18 (5 marks)
Whenx=%,y=arcsin%=% B1
dy _ 1
W 1_X2 M1
m= ! :izéé Al
1L {3 3
A
o _ 23 1
v- = Bex-3 "
_2B3 . m_ 43
Y="3Xv% 73 Al
Anwa:y:¥x+%—3§ 5 marks
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19 (5 marks)
Iny =sinh x In x B1
1dy _ sinh x
yﬁ—coshxlnx+ M1 A1
%:y(coshxlnx+ sm)?x) M1
% = xS"MX(cosh x In x + Sm)?x) Al
Answer: x3"*(cosh x In x + Sm)? X 5 marks
20 (6 marks)
(@u =3e*v=x%v,=2x,v,=2andv,=0forr = 3 B1
ya= 3 e¥x2+n3te (2x) + N > D grz e () M1 AL
Factor out € 3"2: y, = €* 3™2(9x? + 6nx + n(n — 1)) Al
Answer: y, = > 3"%(9x? + 6nx + n(n — 1)) 4 marks
(b)Putn=6andx=0:ys=3*x (0+0+6x5) M1
=81 x30=2430 Al
Answer: 2430 2 marks
21 (7 marks)
(a)g—§=53inhx—3coshx=Ogivestanhx=g M1 AL
3_1 . 3 3
x=artanh§=§In(4)=|n2,smce(l+§)+(1—§)=4 M1
1 1 1 1
y:5X§(2+§)—3X§(2—§) M1
25 9
=7 —z°4 A
Answer: (In 2, 4) 5 marks
2
(b)%=5005hx—35inhx=y>0atthestalionary point M1
So it isaminimum Al
Answer: Minimum 2 marks
22 (6 marks)
dy _ 1 2, X 1
X = a2y < S () x 3 M1A1 A1
_1 y cosh (x y 1
=2 lEh (2 cos? (x/2) M1
_ 1
= 28nh (x/2) cosh (x/2) Al
Using sinh x = 2 sinh(%) cosh(X): 9¥ = — 1 — cosech
singsinhx =2sin (E)co (5).W—m—cosec X Al
Answer: % = cosech X 6 marks
23 (6 marks)
dy _ 1
(a)ﬂ_—“sinhzx x cosh x M1 Al
1+sn?x=cos®x, 09 = 1 —gachx Al
- '~ dx T coshx
Answer: % = sech X 3 marks
bﬂ—i sh x)~L = —(cosh )2 sinh
()dXZ'dx(CO X)~* = —(cosh x) "< sinh x M1 Al
= —sech x tanh x. Asx — o, sech X — 0 so the gradient tends to O B1
Answer: Shown; gradient = 0 3 marks
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24 (6 marks)
(a) The chain rule has been omitted: the derivative of the inner function x? was not included
Answer: Chain rule omitted

(b) dy 2x cosh(x2)

For y = sinh(x?) — 4x: 4= = 2x cosh(x?) — 4 = 0, so x cosh(x?) =

Let g(x) = x cosh(x?) — 2. g(1) =cosh1—2=-0457<0
g(1.2) = 1.2 cosh 1.44 — 2 =0.675 > 0, sign change so aroot liesin (1, 1.2)
Answer: Stationary point where x cosh(x?) = 2, with 1< x < 1.2

25 (7 marks)
(@) f'(x) =2 + cosh x
coshx =1, s0f(x) =3>0
Answer: f'(x) =2+coshx=3>0
(b) f(0) =0, f'(0) =3

1 1 1
(f 1)(0)=W=§
1
Answer: 3
(c)a:f(ln3):2In3+sinh(ln3):2In3+%
f(In3)—2+cosh(In3) 2+3=2
3
(@ = f(|n3)
3
Answer: 11
26 (7 marks)
% 2arcsmx 1— x? y—2arcs|nx
X
Differentlale both sides with respect to x
1_ 2 d? dy X dy _ 2

dx? ﬂ—xza_\/l—xz
Multiply through by y1 — x2

-3 &=

X dx
Answer: (1—x): { x%:Z
27 (9 marks)
(a)%: 1+1x2

Answer: (1+x2) dy =1

(b) Differentiate (a) usi ng the product rule
(1+x2)— xS =g

Answer (1+x2) +2xd—y:0

(c) Product rule on each term

(1+x?) y"+ 2x y" + 2x y" + 2y' = 0, giving the result
d y d y -0

Answer: (1 + x2)

(d)Atx=O:y'=1
y" =0 (from (b) with x = 0)
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ylll+0+2:0,wylll:_2 Al
Answer: =2 3 marks
28 (10 marks)
(8) Chain rule: 3% = k cosh(k arsinh x) x i(arsinh X) M1 AL
d . 1
ﬁ(arsmh X) = ﬁ 1+x? = k cosh(k arsinh x) Al
1+x
Answer: {1 + x? % =k cosh(k arsinh x) 3 marks
(b) Differentiate the result of (a) with respect to x M1
m +\/1+x =k sinh(k arsinh x) x ‘/% M1 AlA1L
Multiply through by \/l +x? M1
xdy+(1+x2) & y—kzsmh(karsmhx) Al
=k?y Al
Answer: (1+X2)—+X dy =k?y 7 marks
29 (10 marks)
(a)ﬂ-;xsechzx M1 AL
dx ~ Y1 — tanh? x
_ 2. _ 2 d y %Ch2 X _
1 — tanh X_seChXSde_sechx = sech x Al
Answer: % = sech X 3 marks
(b) sech x >0 for al x, so % # 0: no stationary points M1 Al
2
% = —sech x tanh x, which is zero only when x = 0, and changes sign there M1
Point of inflection at (0, 0) Al
Answer: (0, 0) 4 marks
(c)tanhx—>lsoy—>arcsin1:% B1
Odd function through O, increasing, gradient 1 at O B1
Asymptotesy = and y = —E B1
l'l
Answer:y = — asymptot&cy 5 3 marks

30 (11 marks)

(a) Product rule: d—dx(x arsinh X) = arsinh x +

M1 A1l

1+x2

d
Tx1+x) = S - B1

1+x

The fractions cancel, giving % = arsinh x Al
Answer: gy = arsinh x 4 marks
(b) arsinhx =0 givesx =0 M1
y =0 — 1= -1, sothe stationary point is (0, —1) Al
OIZ—y—;—l>0atx—0 M1
dx?  \1+x2

So it isaminimum Al
Answer: (0, =1), minimum 4 marks

dy _ . 3
(© Tx = arsinh Vi M1
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., 3_ .3 ’9 _1.,3 .5
Wﬂnhz—ln(z'i' E"‘l)—lﬂ(z"'z) M1

=In2 Al
Answer: In 2 3 marks

Further Integration

1 (2 marks)
1 _1 Xy o _
Standard form f T dx= 2 arctan(a) witha=3 M1
1 X

=3 arctan(g) +cC Al

Answer: % arctan(%) +C 2 marks
2 (2 marks)

1 _ Xy _
f ﬁdX—arcsm(E)Wltha—Z M1
. X

= arcsm(E) +cC Al

Answer: arcsin(%) +cC 2 marks
3 (2 marks)

[ = dx=asinh(X) witha= 4 M1

’XZ + a2 a

= arsinh(3) + ¢ AL

Answer: arsinh(%) +cC 2 marks
4 (2 marks)

[arctan x] M1

=I _ =&

=2 =2 Al

Answer: % 2 marks
5 (2 marks)

[arcsin(3)]o* M1

= arcsin(%) —-0= % Al

Answer : % 2 marks
6 (1 mark)

% sinh2x + ¢ B1

Answer: % sinh 2x + ¢ 1 mark
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7 (4 marks)
1 o1
Meanvalue—m£ mdx M1
= Zlasinh(3)]? = 7 arsinh(3) M1 AL
. 4 4 16 4 5 .1
arsmh(g) = In(§ tg t 1= In(§ + §) =1In 3, so the mean valuelsz In3 Al
Answer: % In3 4 marks
8 (3 marks)
[arsinh(5)]o? = arsinh 1 M1 A1
asnh 1=In(1+y1+ 1) =In(1++2) Al
Answer: In(1 +42) 3 marks
9 (4 marks)
[arcosh x],° M1
arcosh 3 = In(3 ++/8) = In(3 + 2y/2), arcosh 2 = In(2 + 4/3) M1 AL
Value = In(ﬁé) Al
2+43
Answer: In(mg) 4 marks
2+43
10 (4 marks)
u=x%du=2xdx; limitsOto 1 B1
11
Integral—§_£ l+—uzdu M1
= %[arctan ulot Al
-
=3 Al
Answer : % 4 marks
11 (3 marks)
.o X 2
Spllt i1 + m M1
%In(x2+1)+2arctanx+c Al Al
Answer : % In(x?+ 1) + 2 arctan x + ¢ 3 marks
12 (3 marks)
2X—x?=1— (x — 1)? M1
f S dx M1
1— (x — 1)2
zarcsin(x — 1) +c Al
Answer: arcsin(x — 1) + ¢ 3 marks
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13 (4 marks)
COSth:%(1+COSh 2X) M1
£|n2 coshzxdx=[%+lsinh2x] n2 Al
inh(2In2) = 2(4 — ) = theintegral is = In 2 + =
sinh(2 In )—2( 4) 8,30 e integr |s n o M1
1 1 15
Meanvalue—m(§ln +§)_§+—32|n2 Al
A 15
nswer: 32 2In2 4 marks
14 (4 marks)
cosh 2x = 1 + 2 sinh? x,sosinhzx:%(cosh 2x — 1) M1
mz2 1.1 .
1; = 5[5 sinh 2x = x]"? M1 AL
. 1 15 1,15 15
smh(2|n2):§(4— )— 8,sovalue— 2(16 n2 = ———In2 Al
Answer: ég %In 2 4 marks
15 (5 marks)
t dv -1 du_ 1 _
usarctanx, g =1 g =T VEX M1
1 _ 1_ X
l; arctan x d x =[x arctan x], £ 1+dex M1 Al
=~ [ In@ +x)l,* M1
:%—%Inz Al
Answer: % - % In2 5 marks
16 (5 marks)
By parts with u = arcsin x, g\; 1 M1
_ ; 12 _ (12 X
=[x arcsin x], _I; T dx M1 Al
=%x%—[-,1—xzo”2 M1
_ I 3 _ I 3
kv +J; —l=pty -l Al
Answer . % + 23 -1 5 marks
17 (4 marks)
xX2+4x+13=(x+2)2+9 M1 AL
f ;dx M1
Y(x +2)2+32
= asinh(X52) +¢ AL
Answer: arsinh(xgz)+c 4 marks
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18 (5 marks)
Write2x +3=(2x+2) + 1 M1

f%dx=2\/xz+2x+5 M1 A1

[ ——— dx=asnh(*3}) M1
Y(x+ 1)+ 4 2
Total:2\/x2+2x+5+arsinh(X;1)+c Al

Answer: 2w/x2+2x+5+arsinh(xgl)+c 5 marks
19 (4 marks)

du=e‘dx;limtsu=1tou=2 B1

2 1

j 1+u2du M1

=arctan 2 — arctan 1 Al

- _u

= arctan 2 2 Al

Answer: arctan 2 — % 4 marks
20 (5 marks)

. II . I
dx=secOtan 0 d6; x =12 gives = 7, x =2gives® = = B1
x> —1=1ysec?@ — 1 =tan O M1
secOBtan 6 _
Integrand becomes —_ -5 =1 M1 A1
/3 _ o o_ E

1:/4 1d0=3-7=75 Al

Answer: % 5 marks
21 (7 marks)

X+3 _ A Bx +C M1
x+D)x*+1) ~ x+1  x2+1

X+3=AX*+1)+(Bx+C)(x+1);x=—-1gives2=2A,s0A =1 M1 Al

Comparex>: 0=A +BsoB =—1; constant: 3=A+CsoC=2 Al

L1 =1+ 2) = 2 16 + 1) + 2 arctan ! MLAL

_ 1 o _ 1 i

—In2—§ln2+7—§ln2+§ Al

Answer: %In2+% 7 marks
22 (6 marks)

dx=2cosed9;limit56=0t0% B1

_ . . 4sn?0 a2

\/4—x —Zcose,sothelntegrandlsm><2cose—4sm (3] M1 Al

=2(1 — cos 20) M1

[ =126 — sin26],"° AL

_n_\3

-3 2 A

Answer : % - @ 6 marks
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23 (6 marks)
dx=coshudu; limtsu=0toarsinh 1= |n(1+\/§)

Y1 + sinh? u = cosh u, integrand cosh? u

cosh? u = %(1 + cosh 2u)
[ =2{u+ 3 sinh2u] = 5[u+ sinh u cosh U]
2T =2
sinhu =1, cosh u =2, so value = %(In(l +12) +42)
1
Answer: (/2 +In(L ++2))

24 (6 marks)
— arsinh dv_l
u=arsin X,ﬁ—

X

J1+x2
f 1ix2 dx=y1+x°

=arsinh 1 — [{1+ %%t = In(1 +y2) — (2 — 1)

Answer: In(L+y2) =2 +1

dx

=[x asinhx]o! — [

25 (7 marks)
(a) The standard form arcsi n(%) applies to \/ﬁ , but here there is no square root

Answer: Wrong standard form
1 1 1

1
(b) 9—x2 sE=x T 3+x)
[ = 51-1n3 = ) + In@@ + x)],*

= SInGa=2],!

_1 _1
—E(Inz—lnl)—glnz
Answer:%lnz

26 (6 marks)
@ (x+2?+9
Answer: (x +2)2+9
- 6
(b) Area= LZ m dx
1 X+2
=6 x g[arctan(=5)] 5"

= 2(arctan 1 — arctan 0) = %

II
Answer: >
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27 (8 marks)

B ts u = arct ﬂ— 2-@—_1 —X_S

y parts: u = arctan x, g = X5 gy = 7352V = 3 M1 Al
1 3 1 1 3

l: :[%arctanx]ol—§£ lJ)ixzdx M1 AL
o 1 p1 X8

_E_§.£ —1+X2 d X Al
X—s—x— X M1
1+x2 1+ x2

1 X x2 1 1 1

[ X = o) dx=[5 = 3 I+ =5 — 5 In2 M1

_ I 1,1 1 o 1.1
Value—ﬁ—g(ﬁ—ian)—E €+€In2 Al
Answer: % - % + % In2 8 marks
28 (7 marks)
dx:ZSeczedG;IimitSG:Oto% B1B1
x2+4=4sc?0,50(x*>+4)%2 =850 M1 A1
C2sec’0 _ 1

Integrand: PP i cos 6 M1
~{sin 0], M1

:lg Al

Answer : % 7 marks
29 (8 marks)
dx=2coshudu; limtsu=0toasinh 1 B1
\/x2+4:\/4sinh2u+4:2coshu M1 A1l
_4sinh?u o
Integrand: S oy > 2coshu=4snh-u M1 A1
= 2(cosh 2u — 1) M1
[sinh 2u — 2u],*¥™%; sinh 2u =2 sinhucoshu =2 x 1 x 42 M1
=22 — 2In(1 ++2) AL
Answer: 22 = 2In(1 ++2) 8 marks
30 (9 marks)
(@) 3x>+5x+12=A(Xx>+4) + (Bx + C)(x + 1) M1
x=—110=5As0A =2 M1 Al
x>3=A+BsoB=1; constant: 12=4A +CsoC=4 Al
Answer: A=2,B=1,C=4 4 marks
2
(b) [ 551 dx=2In(x+1) B1
X _1 2
f mdx—iln(x +4) M1 A1
4 _ X
f v dx—2arctan(§) M1
Limits:2In3+%(|n8—In4)+2><%:2In3+%In2+% Al
Answer: 2In3+%|n2+% 5 marks
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Integration by Reduction Formulae

1 (2 marks)
_ 1, _ o
I 3I =3n
477427716 Al
A .3
nswer . 16 2 marks
2 (3 marks)
IO = [_e_x]ol = l - e_l B1
l,=ly—et=1—2e" M1
l,=2I, —et=2—-5¢"" Al
Answer: 2 — 57! 3 marks
3 (3 marks)
_ /4 _E
TO—L ldx= 7 B1
T, = [In(sec )] o™ M1
_ _1
=Iny2=31In2 Al
Answer: T, = %, T, = % In2 3 marks
4 (2 marks)
2 2
C3:§Cl:§ M1
_4 _ 8
C5—§C3—E Al
Answer . % 2 marks
5 (3 marks)
I1=%xezx—%lo M1
I0=%e2>‘ B1
1 1
I =5 xe*— 7 e Al
N R
Answer: 5 xe” — - € 3 marks
2 4
6 (3 marks)
LO:e_l,L]_:e_LO:]. M1
L,=e—2L,=e—2 Al
L3=e—3L2=6—26 Al
Answer: 6 — 2e 3 marks
7 (3 marks)
dv du
=y YV oxo Y n-1 —
Byparts.u-x,dx—ex,dx—nx ,v=¢ M1
In:x”ex—f nx" e dx Al
=x"e —nl,, Al
Answer: |, =x"€ —=nl, 3 marks
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8 (4 marks)
/4
T, +Tho= j; tan™ x(tan® x + 1) d x

/4
=£ tan™ x sec? x d x

_ tan™tx
_[n—l
_ 1

“n-1

] OrI/4

Answer: T, +T,,=

9 (4 marks)
ndv _ _  du _
vdx ~€ v dx T

_ 1 .
In=[—x“ex]01+n£ X" e ¥ d x

=—et+nl,

u=Xx

Answer: |, =nl, ., —e™*

10 (4 marks)
Write (Inx)" =1 x (Inx)"; u=(Inx)", % =1

du _n(nx)™
dx ~ X V=X

L,=[x(nx)",*— njl‘e (Inx)"*dx=e—nlL,,
Answer:L,=e—nL,,

11 (4 marks)

sin® x cos? X =sin° x — sin’ x
_ _4 2 _ 8
|1_1,|5_§X§X1_E
.6, _16

7T 75735

8 16 _56—48 _ 8

15~ 35~ 105 105

Answer: %
12 (5 marks)
u=x”,%=e‘*’x;v=%e3X
In:%x”e&‘—gf x“‘le3xdx:%x”e3x—%|n_1
|o:%€?’x,|1:%xe‘°’x—%e‘°’x
IZ:%x2e3x—%(%xe3x—%e3x)
2
=g =g e
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13 (3 mar
Product

Replace cos’ x =1 — sin? x: (n — 1) sin™?

sin™ x

Answer:

14 (7 mar
@l,=

son- /2
o\ = [—sin™ x cos x],™2 + (n — 1)1; sin”
First term is 0; cos®> x = 1 — sin® x gives |, =

Answer:

(B) 1o= >

15 (7 mar

(a)u:(l—xz)”,——l

ks)

. d i AN-1
rule: d—X(sm

3 (@nm
ks)

/2 .
j; sin”

n—1

I, = =
o1
7125 10=
3o

ks)

X cosx) = (n — 1) sin™ x cos® x — sin" x

’dx

2= XA =Xt + 2n [

x?=1—(1—=x:1,=2n(,, —
@2n+1)1,=2n1l,,, giving the result

= =2nx(1 — X

x?)™ d x; the first term is O

)

2n
Answer: | 2r]+1I
_4 2_ 8
b)lh=11,=3 ,| EX3 15
.-6,8_16
3777157 35
16
Answer : 35
16 (7 marks)
_ dv _ du
(@) u=sec™ X’dx secx,dx

S, = [sec™? x tan X],™* — (n — 2) fm sec™? x tan® x d x

(n=2)(S = Si2)
2"+ (=2 S,

tan® x =
Rearranging gives(n — 1) S, =

sec?x —1: S, =

(2)" -

=(n— 2) sec™ x tan x, v = tan x

Answer: (n — 1) S, = ({2)"2+ (N = 2) S,

(b) S, =

[tan ], =1

35,22+2x1=4,90S,= 3

Answer:

4
3
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2) n—11

X cosx) =(n — 1) sin"?x — nsin" x
. . S dv .
lxsmxdx;u:sm”lx,ﬁzsmx

"2 x cos? x d x

(n - 1)(|n2 - In

V=X

Xx—(n—=1sn"x—sn"x=(n—1)sin™x —

:(n_ l) In-2

n

M1 Al

Al

3 marks

M1

M1 Al

Al

4 marks

B1

M1

Al

3 marks

M1 A1l

M1

M1
Al

5 marks

M1

Al

2 marks

M1 Al

M1

M1
Al
5 marks

B1

Al

2 marks
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17 (7 marks)
dv _ v2. AU _ ona o 2 32
@u= x,dx—( X) P dx - X ,v——§(1—x) M1 Al
Ko =[5 X0 = )% + 2 1 x™(1 — )* d x; thefirst tem is 0 M1
2n
(1 =% = (1 =1 =)™ Ky = F(Kny = Ky) M1
2n
(B3+2n)K,=2nK, 4, soK, = 5513 Kna Al
Answer: K, 2n2r_:3 K. 5 marks
(b) Ko= [ \/l—xdx:% 81
2 2 4 _4_ 4 _ 16
Ki=5 X315 Ke=7 %15~ 105 AL
A .16
nswer: 105 2 marks
18 (7 marks)
(@) Writex" e ™" =x" x x e u = x"1, % =xe ¥, v= —% e M1 Al
2 1 2
n:[-% x4 I 1£ X2 e™ dx M1
_ 1 n—1
= =2t 35— lho Al
Answer: | =n%1|n_2—2—]é 4 marks
bll—-—e‘x2 =lg-e B1
0 2
_ 1
_1_1_1_1_
=2 22 222 °© Al
Answer: | %— et 3 marks
19 (6 marks)
(a) cot" x = cot™ x(cosec? x — 1) M1
/ n-1
K, = sz cot™ x cosec® x d x — K, = [- Cr?tfl]n,4 - K, M1
At%cot:Oandat%cotzl,soKn:nTll—Kn_2 Al
1
Answer: K, = =1~ Ko 3 marks
. 1
(b) K, = [In(sin X)] ;"% =0 — In(ﬁ) =1in2 B1
1 1 1
K3:§—K_§ 5“’12 M1
K5:%—K—%In2 % Al
Answer: = In2— =
nswer: 2 n 2 3 marks
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20 (7 marks)
(a) tanh" x = tanh™ x(1 — sech®x), s0 J, = J,, — £In3 tanh™ x sech? x d x M1 Al
n-1
f tanh™ x sech® x d x = ta:h_ 1X M1
3_ 1
3 4 1 4.,
tanh(In 3) = 1= 5 0J,=J — nT]_(g)nl Al
3+ %
3
Answer: J,=J,, — n—il(g)nl 4 marks
(b)JO:In3andJ2:Jo—%:In3—g M1 Al
=3 LA _jp3_2_ 8 _ 334
J=J—3(5)°=IN383— 5 —3E =In3— 7% Al
Answer: In 3 — % 3 marks
21 (8 marks)
(@ u=x", % =sinx: K, =[-x"cos x],"% + n fﬂz x™ cos x d x M1 AL
ThefirsttermisO(cos%:Oandx”:OaIx:O) B1
Again by parts: £n/2 x™ cosx dx =[x" sinx],"* — (n — 1) £nl2 x™2 sinx d x M1 AL
. o,
=(zm)" = (M= D) Kyp 0K, =n(z3)" = n(n — 1) K, Al
Answer: K, = n(%)”‘l -nn—-1DK,, 6 marks
(b) K, =[sinx — x cosx],™? =1 B1
2
Ks=3(3)2 —6x1=2 6 AL
2
Answer : 3% -6 2 marks
22 (7 marks)
: .d X _ 1 2n x?
(a) Differentiate: H((1+x2)n) ST @0 M1 A1
22 (1+%2) — 1 th (1 —2n) 2n
X =(1+x°) — 1: thisequals 15" + T+ x)™ M1
Integrate over [0, 1]: % =1-2n)l,+2nl, M1
1 2n—1
=T =2 |n Al
Answer: |n+1=% %ln 5 marks
(b) I, = [arctan X]* = B1
| —14_1 xE 1.{.2
2= 2372747378 Al
1 m
Answer . 2t 7 2 marks
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23 (8 marks)
(a)u:cosh"‘lx,%:cosh g——(n—l) cosh™ x sinh x, v = sinh x M1 AL
=[cosh™ x sinh x],"% — (n — 1) £'n2 cosh™ x sinh? x d x M1
sinh? x = cosh? x — 1: C, = [cosh™ x sinh x],"2 — (n — 1)(C, — C,.») M1
nC, =cosh™(In2) sinh(In2) + (n — 1) C,, Al
Answer: n C,, = cosh™(In 2) sinh(ln 2+(n—=-1C,, 5 marks
(b)cosh(|n2)=E Sh(In2) = 3, Cy=1n2,2C, = 12 +In2,50C, = 20 + 5 In 2 B1
5 375 45 3
4C,=(7)°x g +3c2 55 T3t In2 M1
c =32, 735
4+~ 7§ T 1024 Al
A . 3In2 735
nswer: 38 t12 3 marks
24 (7 marks)
_ ndv _ 5 du_n(@nx)™ %3
(a)u—(lnx),ﬁ—x,H—T,v—§ M1 A1
3
M, =[5 0nx)T— 5 [ x2Inx)™ dx M1
e n
= 373 Mn-l Al
3
Answer: M :%—%M . 4 marks
e’ — e 1 26+ 1
(b)Mo—[g]l— M1—§ 3 Mo=—73 Bl
e 2 _5°-2
M2=73 —3Mi=—% 1
e’ 4e3+2
Ms=3 — M, 57 27(2e +1) Al
Answer: M = f(ze3 +1) 3 marks
25 (7 marks)
=(1— ndv_ m.du__ 1-— n-1 _Xm+1
@u=( x),ﬁ—x,ﬁ— n( X) V=TT M1 Al
Xm+1 1—x n n 1 )
B(m, n) = n(1+1)]°l+m+1.£ x™1 — x)™ d x M1
Thefirst term is 0, so B(m, n) = —— m+1 B(m+1,n-—1) Al
Answer: B(m, n) = s 1 B(m+1,n-1) 4 marks
(b) B(2,3) = 3 B(3,2) = B(3,2), B3 2) = 2 B(4, 1), B(4, 1) = ¢ B(5, 0) M1
- -1
B(5,0) = _£ x° d x 6 B1
1 1 1
B(23)—1X—X— ) Al
Answer: 6_10 3 marks
26 (6 marks)
_ (M n2 2
(a)Tn—£ tan™ xsec*xdx — T, M1
The sign of T,., iswrong: it should be minus, so T, = - i 7~ The El
Answer: Signerror: T, = =1~ Th2 2 marks
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(b) Ty = 7 B1
T,=1-Te=1-7 M1
1 I 2 1
T4=§_T2=Z_§1T6=§_T4 M1
_ 13 I
TG = E - Z Al
A .13 n
nswer . 1B~ 7 4 marks
27 (9 marks)
i AMm+1
(@ Writetheintegrandas(sinmxcosx)xcos X; u=cos™ x, gv =sin™ x cosx, v = r:+1x M1 Al
M+l n-1 _
w(m, n) = [2 mx+c<is 1,72 + QHi ™ §n™2 x cos™? x d x M1 A1
Thefirst term is 0; sSin™2 x = sin™ x(1 — cos? x), so W(m, n) = %(W(m, n—2) — W(m, n)) M1
(m+ 1) W(m, n) + (n - 1) W(m, n)=(n— 1) W(im,n— 2), so W(m, n) = nm—+ = Al
Answer: W(m, n) = T W(m n-—2 6 marks
_ 31
(b) W(4, 0) = 16 B1
1
W(4,2) == W(4, 0) = 32, W(4, 4) = W(4 2)= 256 M1
W(4, 6) = 1 W(4 4) = 512 Al
A 3
nswer: 512 3 marks
28 (9 marks)
(&) Multiply thegivenresultby | . nl 1. =N —1) 1,514 M1 Al
Answer:nl,l, ="M= 1,41., 2 marks
(b) Letu,=nl, 1,4 (a) shows un =u,,forn=2 M1 Al
ul—lXIllo—lx , SO U, foraJIn Al
Answer: nlnln_1=% 3 marks
II II I1
(c)5|5|4:7,so|5:7+(5x1—6) M1 Al
=28
5= 715 Al
4 4 2 8
Check:l5=§lg=§x§><|1=ﬁ B1
Answer: 55 4 marks
29 (10 marks)
(a)dx=cosGd9;x=Ogiv&e9=O,x=1give56=% B1
. /2
(arcsmx)”:e",soAn:L 0" cosO dO Al
Answer: A, = £n/2 0" cosOdO 2 marks
(b)u=0n m =c0s0: A, =[0"sin6]™ —n [ 6™ sn0dO M1 AL
:(%)“—n£ 0™sn0do Al
j;nlz 0"1sn®d0O =[—0"cos 0], + (n— 1) fﬂz 0"2cosO dO M1 A1
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The bracket is 0, so theintegral is(h — 1) A, and A, = (%)n —nih—1A,,
Answer: A, = (%)n -nn—-1A,,

(©) AO:IH/Z cos6do=1

1_12
l'l2
Answer: x 2
30 (9 marks)
I . II
@m=0:1,= 5 formulaglveﬁf 0
_ (@2)'m

A$umeI2k = ZZT(IO)Z

_2k+1

Loz = 255 1
_ (2k +1) y (2k)! @

(2k+2) = 2% (k)
Multiply numerator and denominator by (2k + 2): numerator (2k + 2)! 11; denominator (2k + 2)?
22k+l (k|)2 — 22k+3 ((k + 1)|)2
So the formula holds for k + 1; true for m = 0 and k implies k + 1, so true for all m = 0 by
induction

@2m)! o
b . = 8lm _ 40320 _ 351
(0) Ig= 29 (41)% ~ 512x576 — 256

Answer: |, =

Check: 7 x5 3y 1, 1 _ 1050 _ 35n

K 8 X8> 2*2% 27768 ~ 256
. 35m

AnSNer.ﬁ

Improper Integrals

1 (2 marks)
R 1 1 1
Jopdx=lht=1-5

ASR — o, 1 — 0, so thevalueis 1

R
Answer: 1
2 (2 marks)
R _ 1 _ 1 1
[ e*dx=[-5e?|R=5-5e*
AsR — m,e‘ZRao,sothevaIueis%
1
Answer: 5
3 (2 marks)

The integrand is undefined at x = 0; [ x 2 d x = [2x],' =2 — 2|a

Asa— 0, 2/a— 0, so the value is 2
Answer: 2
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6 marks

B1

Al

2 marks

B1

Bl

M1

M1

M1 A1l

Al

7 marks

M1

Al

2 marks

M1

Al

2 marks

M1

Al

2 marks

M1

Al
2 marks
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4 (2 marks)

IR%dx:[lnx]lR:InR M1

AsR — o, In R — o, so the integral diverges Al

Answer: Diverges 2 marks
5 (2 marks)

£R 12dx=arctanR M1

1+x
II . II

AsR—>oo,arctanR—>§,sothevaIue|s§ Al

Answer: % 2 marks
6 (2 marks)

(i) isimproper: In x is undefined at x = 0, the lower limit B1

(iii) isimproper because the upper limit is infinite; (ii) and (iv) are not improper as the integrands B1

are continuous on the finite intervals

Answer: (i) and (iii) only 2 marks
7 (3 marks)

£R xe X dx= [—% e ¥R M1 A1l

:%—%e_RZ—)%asR—»oo Al

Answer: % 3 marks
8 (3 marks)

‘fInxdx:[xlnx—x]alz—l—alna+a M1 AL

Asa— 0,alna— 0anda— 0, sotheintegral is —1 Al

Answer: =1 3 marks
9 (4 marks)

1 1, 1 1
Z-1-2G=1  x+1) M1 A1
R 1 x—1
[ = 50nG5DIR M1
R — 1 1 1

AsR*w,W—&,solnﬁO;value=O—Eln(§)=§In3 Al

Answer: % In3 4 marks
10 (3 marks)

By parts: i;R xeXdx=[—-xe ¥R+ £R e*dx=—ReR+1-¢eF M1 AL

AsR—- o, Re R->0ande R - 0, sothevalueis 1 Al

Answer: 1 3 marks
11 (3 marks)

The integrand is undefined at x = 3: £b 1 dx= arcsin(%) M1 A1

9 — x?
Asb — 3 from below, arcsin(g) —arcsinl= % Al
Answer: % 3 marks

stemup.co.uk | page 21



StemUp | Further Mathematics | Further Pure Mathematics: Further Calculus | Model Answers

12 (4 marks)
R _ x1P
_[ xpdx:[l_p]lR M1 AL
RYP—1
= Al
1-p
Sincep>1,1—p<OsoR1‘p—>0asR—>oo,andthevalueispi1 AL
Answer: pTll 4 marks
13 (4 marks)
L 1 1
X(x+1) T x x+1 MLAL
R X R
[ =i phR = In(g5g) +In 2 M1
AsR—>w,ln(%)éo,sothevalueislnz Al
Answer: In 2 4 marks
14 (5 marks)
By parts: £R xze‘xdx:[—xze"‘]oR+2£Rxe‘xdx M1 A1l
‘L‘Rxe‘xdx=—Re‘R+l—e‘R M1
AsR—- o, R?e R ReRande Rl tendto0 B1
So theintegral is2 x 1 =2 Al
Answer: 2 5 marks
15 (5 marks)
dv 1 x? 1 r1
u:Inx,ﬁ:x:L xlnxdx:[flnx]al—ij; x dx M1 Al
2
:—%Ina—%(l—az) M1 AL
Asa—-0,alna— O,SOthevalueis—% Al
Answer: —% 5 marks
16 (4 marks)
X2+ 2x+2=(x+1)%?+1 B1
£R = [arctan(x + 1)],% = arctan(R + 1) — arctan 1 M1 A1
AsR—>oo,arctan(R+1)—>%,sovaIue:%—%:% Al
Answer : % 4 marks
17 (4 marks)
Split at O: f: =f: +_£°°,each must converge M1
w 1 _ o
£ m dx= > B1
By symmetry (even function) _[: =% M1
Both converge, total 11 Al
Answer: 11 4 marks
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18 (6 marks)
—x dv o R
Letl—£ e “sinxdx. By parts: u = smx,dx (1 =[—e™sinx], +£ e * cosx dx M1 Al
Again by parts: _£ e *cosxdx=[—e*cosx],} — I M1 AL
So2l=—eRsnR—eRcosR+1 M1
AsR—>oo,e‘R(sinR+cosR)—>0,sol—>% Al
Answer: % 6 marks
19 (5 marks)
dv _
u—Inx,dX— UZL =[2/x Inx],! — L \/_ M1 AL
=—2/alna— [4x],!=—2/alna— 4+ 4/a M1 AL
Asa—0,yalna— 0andya— 0, sothevaueis —4 Al
Answer: —4 5 marks
20 (5 marks)
dv _ In x R 1
u=Inx g =X 2_[ = [ 1" I -7 dx M1 AL
InR 1 .
AsR—>oo,T—>Oandﬁ—>O,sothevalue|sl Al
Answer: 1 5 marks
21 (6 marks)
dx:seczede;x:OgiveSG:Oandx—wogives@—»% B1
2
1+x%= sec46:CO529 M1 A1
sec” 0
cos’ 0 = %(1+cos 20) M1
[ :%[e+lsin 20] AL
Asb—> ,sin2b - 0, sovalue-% %=% Al
Answer: % 6 marks
22 (6 marks)
R X _ 1 2
@ [ Toz dx=5 11+ R M1 A1
AsR = o, In(1 + R?) - =, so the integral diverges Al
Answer: Diverges 3 marks
(b) Anintegral over (-, «) is defined asf: + £°° with each part converging separately B1
By (@) [~ diverges (and similarly f: diverges to -) B1
Taking symmetric limits[—R, R] gives 0 only as alimit of a particular form; the integral itself El
does not exist
Answer: Theintegral does not exist 3 marks
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23 (6 marks)
R 3 X 1
£ (T3 — m)dx:[ln(1+3x)— Eln(1+x2)]0R M1Al1AL
(23R o M1
w/1+ R?
i + 3
1+3R2: Rl —-3aR- x M1
1+R =t
So the valueisin 3 Al
Answer: In 3 6 marks
24 (6 marks)
u=(Inx)? % =1 [*(nx2dx=[x(nx3.t -2 [ Inxdx M1 AL
= —a(lna)? — 2[x Inx — x] ;! M1 Al
=—alna’—2(—1—alna+a) Al
Asa—0,alna?- 0, alna—0,a— 0, sothevaueis?2 Al
Answer: 2 6 marks
25 (7 marks)
(a) The integrand is positive, so any value of the integral must be positive El
The integrand is undefined at x = O, inside the interval, so the integral is improper and the El
working isinvalid
Answer: Integrand undefined at O 2 marks
(b)LlX—lzdx:%—l—woasb—mfromabove M1
So the integral over [—1, 1] diverges Al
Answer: Diverges 2 marks
(c) By symmetry the integral is 2 Ll xR dx B1
J;l xdx=31-a”®)->3aa—0 M1
Total = 6 Al
Answer: 6 3 marks
26 (6 marks)
(a) By parts: £R x"e*dx=[-x"e ;" +n £R x" e dx M1 Al
R"e R - 0asR — « (exponential growth beats any power) B1
Sol,=nl,, Al
Answer: l,=nl,, 4 marks
(b)lo= [~ e™dx=1 B1
[,=4x3x2x1x1,=24 Al
Answer: 24 2 marks
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27 (7 marks)
X = U? d x = 2u d u; the integral isimproper at both ends B1
udu___2 du M1 Al
(WB+1)u uvP+1
Limitsu=0and u — o B1
) 2 _ -
£ mdu-Z[arctan ulo M1
arctanR—»%asR—»oo,sothevalueisZX% M1
=1II Al
Answer: 11 7 marks
28 (10 marks)
(a) Substitute x = % — u:sinx =cosu, limitsswap, dx = —du M1
I :£H/2 In(cosu)du=1J Al
Answer: | =J 2 marks
(b)I+J:£H/2In(sinxcosx)dx M1
. 1 .
snxcosx:§9n2x M1
In(% sin 2x) =In(sin 2x) — In 2, and‘L‘H/2 In2dx:%In2 Al
Answer: | +J =£“l2 In(sin 2x) d x — % In2 3 marks
(c) Letu=2x: ‘Em In(sin 2x) dx:%‘grI In(sinu) du M1
sin(m — u)=sinu, so [ In(sin u) du:2£m2 In(sinu) du =2l M1 A1
So theintegral equals|, and 2l =1 — % In 2 from (a) and (b) M1
-_1
| = 5 In2 Al
II
Answer: == In2 5 marks
29 (8 marks)
(@) Letlz = [ e*sin(qx) d x. By parts with u = sin(q x): |R=[-% ePX sin(q x)]OR+%£R M1 AL
e P* cos(q x) d x
. R _—px — 1 X R q
Bypartsagaln.£ e’ cos(qx)dx-[-ae PX cos(q X)], _BIR M1 A1
1 k. q, 1 _ 1 q?
— _~ @ PR 0.2 PR A
Is 0 e Prsn(gR) + p( D e P cos(qR) + p) o7 s M1
2
AsR — « thetermsine ™R - 0, givingl(l+%):% M1
-_9
P A
Answer: | :% 7 marks
P +q
_ 4 3 _ 3
(b)p—2,q—3m—ﬁ B1
Answer : % 1 mark
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30 (9 marks)
_ dv _ _, R _ . actanx, g R 1
u=arctan X, g =X jl‘ =1[- - N .£ mdx M1 A1
arctan R o arctan R arctan R
-—R +arctan1—z— R R —-0asR—- x M1 Al
1 _ 1 X
= - —— M1 Al

x(L+x3) ~ X 1+x2

[ =0nx- —ln(1+x2)]f-|n<¢—)+ M1 AL

In(\/—)—>lnl Osototal—— %Inz Al
Answer: 2+ 1 n2
nswer: Z + 2l n 9 marks

Volumes of Revolution
1 (3 marks)

V:H£2y2dxzn£2x4dx M1 AL

X 3211

=n[gl’ =% Al

Answer : 325H 3 marks
2 (3 marks)

V=n £4 x dx M1 A1

_H[ 2]0 - Al

Answer: 8t 3 marks
3 (3 marks)

V:H£le2"dx M1 A1l

1 I

=15 e*]y" = 5(e* — 1) Al

Answer: —(e -1 3 marks
4 (3 marks)

The solid is a cylinder of radius 3 and height 4 B1

V:H£4 3%dx =m[9x],* M1

= 3611 Al

Answer: Cylinder, 36m 3 marks
5 (4 marks)

V:H£Hsin2xdx:%‘£n(l—cost)dx M1 Al

= %[ -5 sm 2x] " M1

_m?

= > Al

1.12
Answer: > 4 marks
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6 (3 marks)
V:H£4x2dywithx2:y M1
4 2
=n ["ydy=n{%]’ AL
=8m Al
Answer: 81 3 marks
7 (3 marks)
V=n [3 X—lz dx M1 Al
1 1 21
=n[-1,°=n(l - 3) =5 Al
Answer: Volume = ZTH 3 marks
8 (4 marks)
At position x the side of the square is the chord 29 — x2 B1
Area of cross-section = 4(9 — x?) M1
8 2 X 3
V=£3 4(9—x)dx=4[9x—§]_3 M1
=4x36=144 Al
Answer: 144 4 marks
9 (4 marks)
y=Inxgvesx =€, sox?=e¥ M1
Vznﬁzewdy M1 AL
II
=5E" -1 Al
L
Answer: 7(e -1 4 marks
10 (4 marks)
Outer radius x, inner radius x> V = 11 £1 (x2 = xHdx M1 A1l
x x5
=n[7 - Tlo' M1
_
=15 Al
A .2
nswer: 15 4 marks
11 (4 marks)
Curve meets the axis at x = +2 B1
V=n£z (4—x2)2dx=nj:z (16 — 8x% + x*) d x M1
8x®  x°
= 2n[16x — —- + 1o Al
_ 512m
=5 Al
A . 512
nswer . 15 4 marks
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12 (4 marks)
V:H£1COShZXdX M1
cosh? x = %(cosh 2x + 1) M1
V=%[% sinh 2x + x],* Al
= D(3sinh2+1)= 2 (2+sinh2) AL
Answer: Volume = %(2 +sinh 2) 4 marks
13 (4 marks)
V:HIHIAtmzxdx M1
tan®x =sec’x — 1 M1
V = mftan x — x]™* Al
=a(l— %) Al
Answer: (1 — %) 4 marks
14 (5 marks)
V:H£lx2ezxdx M1
Byparts:f xzezxdx:%xzezx—f x € d x M1 AL
S RV S VU ¥
f xeXdx= S xe 7€ Al
x2  x 1 e 1, @
Venle*(m -5+l =17 — 7) =7 -1 Al
Answer: Volume = %(e2 -1 5 marks
15 (5 marks)
_rr_ 1
V=1 £ m dx M1
Letx:tane:dx:seczede,limitSOto% B1
Integrand becomes cos? 0 = %(1 + cos 20) M1
V:%[9+%sin 20],™4 Al
oo 1 n(m + 2
=5 +3)= AL
Answer : w 5 marks
16 (5 marks)
V=n Jl‘e Inxdx M1
=n[xInx — x],° M1 A1
=u((e—e) —(0-1)) Al
=1I Al
Answer: 11 5 marks
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17 (4 marks)

x?=3-—y B1

V:n£3(3—y)dy M1

_ _ Y

=nf3y — Slo Al

_om

=5 Al

o

Answer . - 4 marks
18 (4 marks)

For0<x < %, COSX = sinx, soV :n‘£n/4 (cos® x — sin? x) d x M1 AL

cos? X — sin® X = oS 2X M1

1 . I

V=n[5 sin 2" = 5 Al

Answer: Volume = % 4 marks
19 (5 marks)

y = e givesx? = —Iny, and the solid extends fromy = Otoy = 1 B1

V=m [* (~Iny) dy, whichisimproper at y = 0 M1

_£l (-Iny)dy=[y —ylInyl;t=1—a+alna M1 AL

Asa—0,alna— 0,0V =1 Al

Answer: Volume = 1 5 marks
20 (4 marks)

y2=25—x? B1

V:Hl5(25—X2)dX M1

X3 5

=1[25x — §]2 Al

= H(@ - %) = 360 Al

Answer: 3611 4 marks
21 (6 marks)

Outer radius €, inner radius ™ B1

V:H£l (e — e ) dx M1 AL

= H[% e” + % e ]t M1 AL

:H(% e2+%e‘2—1):n(coshz—l) Al

Answer: Volume = m(cosh 2 — 1) 6 marks
22 (6 marks)

x =y the region lies between the curve (inner) and the line x = 4 (outer), for 0 < y < 2 (the B1B1

curvemeetsx =4 aty = 2)

V=H£2 (4> — (y)d)dy M1 AL

y5
=n[16y — F1o’ Al
=1(32 — 3—52) = —12§H Al
- 128
Answer : 5 6 marks
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23 (6 marks)
(a)V=11£ (r> = x? dx M1
XS
= 2n[r’x — 51" Al
_ 3Py _4_3
= 2n(r 3) =z Al
Answer: Volume = %HI’?’ 3 marks
2,2
(b)V:H_I;hrh—)z(dx M1
r2 x3
= nﬁ[g]oh Al
= %Hl‘zh Al
Answer: Volume = %nrzh 3 marks
24 (6 marks)
y=—x’+6x—8=1—(x—3?%sox=3xl-yfor0O=sy=<1 B1M1

Outer radius 3 +1 — y, inner radius 3 — 1 —y B1

V:1'[£l [(3+\/l—y)2—(3—\/1—y)2]dy:1'[£1 121 —-ydy M1 Al

= 121'[[—%(1 - ¥t =8n Al
Answer: 81t 6 marks
25 (5 marks)
(a) Theradiusy has not been squared: the integrand should be y? = (x? + 1)? E1
Answer: y not squared 1 mark
(b)V=H_£1(x2+1)2dx=n£l(x4+2x2+1)dx M1 AL
5 3
:H[%+%+X]Ol M1
12 _ 281
—n(g+§+1)_f Al
. 28
Answer : 15 4 marks
26 (6 marks)

(a) sech? x B1
Answer: sech? x 1 mark
(b)V=1'1‘£m3 sech? x d x M1
= mftanh x] "3 Al
tanh(In 3) = 3_% = %
anh(In 3) = =7 M1

3+z =

3
_ 8 _4
“16°5 A
_ 4o

V=% Al

Answer: Volume = A

5 5 marks
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27 (8 marks)
Upper semicircle: y = 3 +41 — x?; lower semicircle: y =3 — 1 — x B1B1
= ! _ v2\2 _ _ _ y2)\2
V—nj:l [(B+4Y1—x?) (B—=y1—=x%)7dx M1 A1l
Difference of squares: (3+5)°> — (3 — 5)2=12s M1
v=12n [T {1-x%dx Al
-1
The integral is the area of a semicircle of radius 1 (or use x = sin 6): % M1
V:12HX%=6H2 Al
Answer: Volume = 6m? 8 marks
28 (7 marks)
Curve and line meet where x> = 4, S0 X = £2 B1
Distances from the axis of rotation: outer radius 4 + 1 = 5, inner radius x? + 1 M1 A1l
_ 2 2 2
V—HL2 [25 — (x*+ 1)) dx M1
=n£§ (24 — 2x2 — x) d x Al
2 X8
=2n[24x — - — £1o° M1
B 16 32, _ 1088m
S -7 - F) T s At
A 10881
nswer: 15 7 marks
29 (10 marks)
V:n£nxzsin2xdx M1
. 2 — 1
sin“x = 7(1 — €0S 2X) M1
V:%Lszdx—%‘szcostdx Al
3
oo, _m
£ x“dx= 3 B1
Byparts:f x2c052xdx=%xzsin2x—fxsin2xdx M1 AL
f xsin2xdx:—%xc052x+%f costdx:—%xc052x+%sin2x M1 Al
o5 _ 1 2 . 1 1 . on_ I
1; xcostdx—[Ex sm2x+§xc032x—zsm2x]O =5 M1
o, m, m?
V= 7(— - 7) = E(ZHZ -3 Al
2
Answer: Volume = %(2112 -3) 10 marks
30 (9 marks)
(a)V:H£hx2dy:H£h5ydy M1 A1l
)
=>h Al
Capacity: h = 10 gives 250m1 = 785 cm® (nearest cm®) Al
Answer: 250l = 785 cm? 4 marks
(b)?j_\r/IZSHh M1 Al
dh _dv . dv
qt - dt  dh M
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20

Whenh=4: - = 500 Al

= H =0.318cms™! Al

Answer: 0.318 cm per second 5 marks
Arc Length
1 (3 marks)

dy-3sol+( )2-10 M1

s:‘[ 410 d x = 4/10 M1 A1

Answer : 4\/@ 3 marks
2 (2 marks)

dy _

ax =2X B1

s:£1 1+4x2dx B1

Answer: f 1+4x?dx 2 marks
3 (2 marks)

dy _

Tx = sinh x B1

1+ sinh? x = cosh? x B1

Answer l+(dx)2:cosh2 2 marks
4 (3 marks)

¥_3, z¥—4,so\/9+16:5 M1 A1

s=£ 5dt =10 (astraight line segment) Al

Answer: 10 (straight line) 3 marks
5 (2 marks)

dy _ secxtanx _

dx ~  secx | anx B1

1+ tan® x = sec? x B1

Answer 1+(dy)2—seczx 2 marks
6 (3 marks)

dx _ —2sint dy =2 cost

Jt sint, dt =2 cos B1

J4sin®t+4cos?t =2 M1

s=£nl22dt=n Al

Answer: 11 3 marks
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7 (4 marks)

dy_§ ﬂ2sol+(dy)2_l+gTi( M1

s= £ \fl+ X 4x = [9 3(1+ X)3’2]04 M1 Al

= f(lo?“2 -1)= f(1o¢_ - AL

Answer: 2%(10\/1_0 -1 4 marks
8 (3 marks)

1+sinh2x:coshzx,snos:i;In3 cosh x d x M1 A1

=snh(n3)=2(3— 2) =4 AL

Answer: % 3 marks
9 (4 marks)

?—tanx sol+(dy)2—sec2x M1 AL

s=£ sec x d x = [In(sec x + tan x)] ™ M1

sec%=2,tan%=\/§,andln(1+0)=0,sos=ln(2+\/§) AL

Answer: Length = In(2 +3) 4 marks
10 (4 marks)

dy _ 1 2 1

e T OIY h( )= = cosech x M1 A1

dx ~ tanh (x/2) Zsinh(%) cosh(%)

1+ (dy)2 =1+ cosech? x = coth? X, s0 s = flzs coth x d x = [In(sinh X)],,,"3 M1

sinh(In 3)— , Sinh(In 2)— ,S0S= In(3 4):In(%) Al

Answer: In(g) 4 marks
11 (3 marks)

\/255in2t+25c052t=5,sos=£m5dt=%rI M1 A1

Check:s:rO:SX% B1

Answer : 5;1 3 marks
12 (4 marks)

9X - g, 9 = 2

at - oL qt Bl

|36t% + 36t* = 6ty/1 + t2 M1

s= [" 61+ dt=[2(1+ 1)} AL

=22y2 - 1) =4/2-2 Al

Answer: Length = 42 — 2 4 marks
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13 (3 marks)

dy _

Ty = cosx B1

s=£n 1+ cos® x dx M1

=3.820 (3sf.) Al

Answer: 3.820 3 marks
14 (5 marks)

dy _ 1

ax ~ X7 % Bl

dy 2 _ _1 1 _ ERY:
1+(d 2 =1+x? 2+16X2—(x+4x) M1 Al
2

s= [*(x+ ) dx =[5 + 7 Inx;? M1

_ 1 1_3 1

—(2+Z|n2)—§ §+Z|n2 Al

Answer: Length=g+%ln2 5 marks
15 (5 marks)

dy _ x? 1

ax -2~ ? Bl

1+(d V)2 = (—+ 12)2 M1 A1

3 x2 1 x3 1
S:J; (7+§)dxz[§—§]1‘o’ M1
9 1 1 1 14

=G-8 -G -32)=7 At

Answer: % 5 marks
16 (5 marks)

dx dy 2

dt =2, dt =3t B1

s:£ 4t2+9t4dt:£2t4+9t2dt M1 Al

= [ (4 + 9% M1

1 80y10 — 8
:f(403/2 — 8):% Al
80y10 — 8

Answer : 57 5 marks
17 (5 marks)

%:et(cost—sint),%:et(sianost) M1 A1l

(dt)2+( £Yy2 = %2 cos? t + 2 sin? t) = 262 M1 AL

s:£ Y2 e dt=y2(e— 1) AL

Answer: Length =2(e — 1) 5 marks
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18 (5 marks)
d 2X (1 —x?2+4x? 1+x?
d_i__l_lel"'( )2 )2)2 _(l—X2)2 M1A1
2
s:sz 11i))((2 dx:i;ﬂ2 (—1+ I M1
1+x
= [=x + In(3=3)]0" Al
:—%+In3 Al
Answer: InS—% 5 marks
19 (5 marks)
%:cotx,so1+cot2x:cosec2x M1 AL
s=_j;:2 cosec x d x = [In(tan g)]n,gr"2 M1 A1
o o 1 1 1
tan—+=1landtan = = =,s0s=0—-In(=)=51n3 Al
4 6 \/§ (\/§) 2
Answer: %In3 5 marks
20 (5 marks)
% = x(x? + 2)V2 B1
1+(dy)2—1+x2(x +2)=x*+ 22+ 1= (x% + 1)? M1 AL
s:£ (x2+1)dX—[3+x]0 M1
=9+3=12 Al
Answer: Length =12 5 marks
21 (6 marks)
ﬂ:l cost, ?j)t/—snt B1
(dt)2+(d ?=1—2cost+cos’t+sin’t=2— 2cost M1 Al
2—2cost=4 sin2(§), so the speed is 2 sin(%) (non-negative for 0 < t < 2m) M1 Al
s= [" 2sin(3) dt=[-4cos(3)] " =4 +4=8 AL
Answer: Length =8 6 marks
22 (6 marks)
dx dy
m=—3costsmt,dt—3sm t cost B1B1
(dt)2 (d ¥)2=9¢n?t cos? t(cos? t + sin?t) = 9 sin®t cos? t M1
Speed = 3sint cost (= 0 on the interval) Al
s:fﬁz 3sintcostdt:[% gnZt]OH/Z:% Al
By symmetry the perimeter is 4 x % =6 B1
Answer: 3. 6 6 marks

2 ’
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23 (7 marks)
3—(; —2sin6 B1
2+( )2—4(l+cose)2+4sm 0=8+8cos0O M1 AL
1+cos@=2 cosz(i), so the expression is 16 cosz(i) M1
\/16 cosz(g) = 4|cos(g)|, and cos(%) >0for0<0<m Al
By symmetry s=2 £H 4 cos(%) doe M1
=2[8sin( )]o = Al
Answer: Perimeter = 16 7 marks

24 (6 marks)
(a) The derivative must be squared: it should be 1 + (2x)? = 1 + 4x2 E1
Answer: Derivative not squared 1 mark
(b) s=£1 1+4x?>dx;2dx=coshudu, limtsu=0toarsinh 2 M1 AL
Zlmnhz udu—4f(1+coshZu)du M1
:Z[u+%sinh2u] :Z[u+sinhucosh U] Al
sinhu =2, cosh u=15, u= In2 +{5): s= 3(In(2 + {5) + 2|5) AL
Answer: 325 - % In(2 +4/5) 5 marks

25 (6 marks)

dx _ l ‘/_ 2 d

qt - t, dt SOS= _£ t t M1 A1l
Lett=sinhu:dt=coshudu, andyt?>+ 1 =coshu M1
s=f coshzudu=%[u+sinhucoshu] Al
Upper limit: sinh u=+/3, coshu =2, u=In(y3 + 2) B1
:%(In(2+\/§)+2\/§):\/§+%In(2+\/§) Al
Answer: Length =3 + % In(2 +43) 6 marks

26 (6 marks)
(a8 y(30) =20 cosh 1.5 — 20 M1
=27m Al
Answer: 27 m 2 marks

d . X d X
(b) G2 = sinh(55), S0 1+ (g2)? = cosh¥(5) M1 AL
30 X . X

s= [, cosh(zg) dx =[20 sinh(5)] 3™ M1
=40sinh1.5=852m Al
Answer: 85.2 m 4 marks
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27 (9 marks)

gi— 0S= £(1/1+ dx = I‘I—de M1 Al

Let x = tan O: d x = sec? 6d6,||m|ts—to% M1 A1l
X +1 %Ce 2
dx =19 SeC Gde— 0 de M1
Stzcng:gne;sz@:cosec9+sec6tan6 M1 AL
s=[In tan(%) + sec 0], M1
II II II .. 1
=(Intan 5 +2) — (Intan g +y2) andtan g =42 — 1, giving2 — {2 — 5 In3+In(y2 + 1) AL
Answer: Length =2 — 2 + In(1 ++/2) —%In3 9 marks
28 (8 marks)
%zl—sechztztanhzt M1 AL
d—¥ = —sechttanht B1
(d : )2 + ( )2 = tanh* t + sech? t tanh? t = tanh? t(tanh? t + sech? t) = tanh? t M1 AL
Speed:tanht (positive for t > 0) Al
s= [ tanhtdt=In cosht],"? M1
1 1,_5 5
cosh(In 3):5(3+§):§,soszln(§) Al
Answer: Length = In(g) 8 marks
29 (9 marks)
(a) dt —sint+sint+tcost=tcost M1 Al
%=cost—cost+ts’nt=tsint Al
Answer: ?j_)t/ =tsint 3 marks
(0) (557 +(SYy2 =2 M1
Speed=tfort =0 Al
2
s= [" tdt=[5],™ M1
= 2i? Al
AnaNer' 2n? 4 marks
tsint _
()dx toost Nt M1
The gradient is tan t, so the tangent makes angle t with the x axis; the direction of motion turns El
steadily with t
Answer: tan t 2 marks
30 (9 marks)
(@ 4 G =sinh(3), sol+(dy)2 cosh?(%) M1 AL
s:£ cosh(a)du M1
= 2 s X
—asmh(a) Al
Answer: s:asinh(g) 4 marks
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(b) A= [* acosh(3) du=asinh(3)

. X
=ax asmh(a) =as

Answer: A=as
(ccA=as=5x12
=60

Check that sinh(%) = % givesavalid x: x = 5 arsinh 2.4 = 8.05 (exists)

Answer: 60

Surface Area of Revolution

1 (3 marks)
&Y 2,01+ 4=15
3 X2
S=2m [ 2x/5 d x = 4m/5[ 5],

= 18/5n

Answer: 1851
2 (3 marks)
dy _ _ 5
> =0,0S=2m [ 3dx

= 3011, the curved surface of a cylinder of radius 3 and length 5
Answer: 301 (cylinder)

3 (2 marks)
dy _
ax =

S=2I1_£1 X2 {1+ 4x* dx

Answer: 21 £l x? 41+ 4x% d x

4 (3 marks)
9+16=5
2
s=2n [ 4tx5dt=40m 5],
= 20m
Answer: 201

5 (2 marks)

%=sinhx,sol+(d—¥2=1+sinh2x=coshzx

y ycosh? x = cosh x x cosh x = cosh? x

Answer : y\/1 + (% 2 = cosh? x

6 (3 marks)
dy 1 1_45
ax -2 P1*7=73
2
S:2H£4x><§dx:n\]§[x7]o4

= 85

Answer: 8/5m

stemup.co.uk | page 38

M1

Al

2 marks
M1
Al

B1

3 marks

Bl

M1

Al

3 marks

M1 Al

Al

3 marks

Bl

B1

2 marks

Bl

M1

Al
3 marks

Bl

Bl

2 marks

B1

M1

Al

3 marks



StemUp | Further Mathematics | Further Pure Mathematics: Further Calculus | Model Answers

7 (4 marks)
dy _ X y)z_ 4

_ﬁ 5,01+(d — M1 Al

L+ Gl = =

M1
s=2n [° 2dx=16m AL
Answer: Surface area = 16m 4 marks

8 (4 marks)

%:3X2,S:2H£1X3 1+9x*dx M1 Al

Letu—l+9x4'du—36x3dx M1
10

S J i du= g5 51,0 = 2 (10/10 - ) AL

Answer: Surface area = 7(10\/1_0 -1 4 marks

9 (4 marks)

y 1+Sinh2X:COSth,SOS:21'[£m2 cosh? x d x M1 Al
=r [ (1+cosh 20 dx =[x + 5 sinh 2" M1
sinh2x:2sinhxcoshx:2><%x%:185 (In2+15) Al
Answer: 1i(ln 2 + %) 4 marks

10 (4 marks)
dy 1 Vo 1 1
Craalys '\:Joy\/1+(OI )2 = \/_Jl+& \/X+Z M1 A1

2
S=2m £ (x + Z)”2 dx = 2n[5(x + Z)3’2]03 M1
_ 4m 13 1 o
=3 (¥ -5 =51313-1 Al
Answer: —(13\/ 13 -1) 4 marks

11 (4 marks)

S:2n_£1x 1+4x%dx M1 AL
1

= 2[5 (1 + 4x%) ¥ " M1

= %(5\/5 -1 AL

Answer: %(5\/3 -1 4 marks

12 (4 marks)

dy \/l_ 1+(dy)2—2\/§x =2x+1 M1 AL
2

S=4m J; yx+1dx=4nfz(x + 1)¥° M1

(8 —-1)= 56—H Al

Answer: Surface area = SGTH 4 marks
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13 (3 marks)
J4sin?t+4cos’t =2 B1
S=2mn 1;11/2Zsintx2dt=81'[[—cost]0“’2 M1
= 811; a hemisphere (of radius 2) Al
Answer: 8mx (hemisphere) 3 marks
14 (5 marks)
oo, Y=o 0 |ara=2f+1 B1
s=om [ 2x2f?+1dt=8n [ t2+1dt M1 AL
= 83 (1? + 1), M1
= 8%(2\/5 - 1) AL
Answer: Surface area = S?H(Z\/ﬁ - 1) 5 marks
15 (6 marks)
dy _ 1
dx — 7 7 22 B1
1+( )2—(x + iZ)z M1 AL
2 X 1 1 2 x> x 1
S=2u [ (?+K)(x2+m)dx:2r[j; (g + 3+ 350 dx M1
x®  x? 1
= 21'[[1—8 + 6 W]lz Al
—om 4855 55, _ 5151
(115; ~ 288) = &4 Al
A . 515
nswer: 64 6 marks
16 (4 marks)
dy _r 2 _yh?+r?
H‘F’SO\/1+F‘ - M1 A1
’ 2
S=2n £ h +r d x M1

E@ — = Hr,“f + h2 Al

Answer: Surfacearea:nr\/r2+h2 4 marks
17 (4 marks)
_ 2 dy _ X dyywo__ 25
y =425 X5 gx = m 1+ (d ) ET M1 A1

y\fl+(dy)2— M1

s:znl 5dx = 301 Al
Answer: Surface area = 30mx 4 marks
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18 (5 marks)

d . d

d_i =sinh x,so\/1+(d—i)2 = cosh X B1

S:2I1£1xcoshxdx M1

Byparts:fxcoshxdx=xsinhx—coshx M1 A1

S=2m[x sinh x — cosh x],* = 2m(sinh 1 — cosh 1 + 1) = 2m(1 — e Y) Al

Answer: Surfacearea=2m(l — e™%) 5 marks
19 (5 marks)

dy _x 1

dx — 2 % B1

2 _ 2
l+( ) (2 X) M1 A1
3 x? 1
S=2r1_£ x(§+§)dx=2n‘£ (7+§)dx M1
x3 X 2, _ 32n
:21'[[€+§]13:2H(6— §):T Al
3211

Answer : 3 5 marks

20 (4 marks)
2
@ = 01+ (7= v

1’ 2 _ X
y{1+ (G2 -J - A1
Answer: wal + (Oly)2 =r 2 marks

(b)S=2n [ rdx M1
=21 r x 2r = 4mr? Al
Answer: Surface area = 4mr? 2 marks
21 (7 marks)
(dt)2 (d )2—2—2cost—4sm(;) M1 A1
Speed=25in(§)for0$t52n Al
y:1—cost:25in2(%) B1
2n . t .t an ., t
S=2u [ 2sin’(z) x 2sin(z)dt=8m [ sin’(3)dt M1
Letuzi':16n£nsin3udu:16n£n(l—coszu)sinudu M1
5!
= 16m[—cosu + cos’ u]o =161 x ﬂ % Al
Answer: Surface area = % 7 marks
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22 (6 marks)
=9sin’t cos? t, so the is3sint cost M1 A1
2+ (§H7=9 he speed is 3 |
Symmetry: S=2 x (areafor0 =t < %), where the speed is3 sint cos t B1
S=2><2r1_£m2sin3t><35intcostdt M1
=120 £H sin*tcostdt= 1211[32 t]O“’2 M1
12
-5 A
Answer : 12511 6 marks
23 (7 marks)
%:et(cost—sint),%:et(sinucost) M1 Al
(dt)2 ( )2—2e speed =2 € M1 AL
S=2m [" e'sntxy2edt=2/2n [ e*sintdt M1
fe smtdt—— e*(2sint — cost) Al
S=2y2m x g(ezn +1)= JS@(ezﬂ +1) Al
Answer: Surface area = a@(e211 +1) 7 marks
24 (4 marks)
() The gradient must be squared in the arc length element: it should be |1 + (2x)? = /1 + 4x? E1
Answer: Gradient not squared 1 mark
(b)S:21'[£l X291+ 4x? d x M1 A1l
=3.810 Al
Answer: 3.810 3 marks
25 (5 marks)

dy _ x 2 x?
ax 10’S°Vl+( %) ‘Vl 100 B1
S:2H£10X]/1+X—dx M1

100

=2n[—-(1+ 100)3’2]010 M1 AL

= 22022 — 1) = 383 om? AL
Answer: 20011 (2\/_ —1)=383cm? 5 marks

26 (6 marks)

d
G =sinh(3 )901/1+(dx)2=cosh( ) B1
S=2mn .[2 2 coshz(i) dx M1 AL
cosh?(3) = 3(1 + cosh x) M1
S=2mn[x + sinh x] _,> Al
=210(4 + 2 sinh 2) = 411(2 + sinh 2) Al
Answer: Surface area = 411(2 + sinh 2) 6 marks
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27 (10 marks)
y = \/_ 1- 4,|mpI|C| ?yd—i:Ogiveﬁy%:—S% M1 Al
\/1+(dy)2—\/y +(ydy)2_ 3-— X2+91X62 M1 A1l
3_%:\/5 1_X_ Al
S= ZH\/_I \/7dx letx=4sin®:dx=4cos6d6, I|m|ts+§ M1 A1
=2m 3><4~[H/6 co§9d9:4nﬁinle (1+cos20)d 0O M1
= 4my(3[0 + % sin 20] _s™® M1

2
:4H\/§(%+l§):i§&+6ﬂ Al

2
Answer: Surface area = 61 + ﬁz& 10 marks
28 (8 marks)
()dt —rsnt%:rcost,speed:r M1 Al
S:2n£ (R+rsint)rdt M1
=2mr[Rt — r cost] ;™" Al
= 2mr x 2R = 41°Rr Al
Answer: Surface area = 4nm°Rr 5 marks

S _ 4m’Rr _ 2

Uv-m-? e
— =4givesr = 5 (mdependent of R, provided R > 2) Al
Answer: S =2 =1
nswer.v—r,r—z 3 marks
29 (8 marks)
31(—1—39ch2t—tanh2,3¥:—sechttanht M1 A1
(dt)2+(d )? = tanh? t(tanh? t + sech? t) = tanh? t M1 A1
Speed = tanh t Al
S=2mn _£R sech t tanh t d t = 2] —sech t] R M1 AL
=2m(1 — sechR) » 2masR — o (sech R — 0) Al
Answer: Surface area = 2 8 marks
30 (9 marks)
@V= H‘ﬁ —dx H(l——) M1 Al
AsR—- o,V -1 Al
Answer: 11 3 marks

dy_ 1 . R1, 1
(b) ?,S—ZHJI X 1+Fdx M1 Al

1 R 1
Forle,\/1+F>l,soS>2n_£ ;dx M1 A1l

=2nInR Al
INR - o« asR — «, so Sisinfinite Al
Answer: Infinite 6 marks
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Further Parametric Calculus

1 (2 marks)
dx _ dy _
F—Zt,m—z B1
dy _ 2 _1
dx ~ 2t Tt Al
Answer:% 2 marks
2 (3 marks)
dx__ . ﬂ_
aqr - 3sint, at =2cost B1
2 cost 2
0 = — = ——
%S 3snt 3cott M1
_ I, 2
Att=z: gradient = —3 Al
Answer : —% cot t; —% 3 marks
3 (3 marks)
Whent=2,x=5andy=1 B1
dy _ 2t _ _
d7—7—t—2 M1
y—1=2(x—05),s0y=2x—9 Al
Answer:y=2x — 9 3 marks
4 (3 marks)
_ dx _ 2
Area—fymdt—ﬁ (t+1)x2tdt M1 Al
2t 28
=[T+t2]02=? Al
AnaNer:% 3 marks
5 (3 marks)
dy _ 3¢ _ 3t
dx ~ 2t ~ 2 B1
d’y _d, dy, . dx
o - dtlax) T at M1
3. 43
=5 2= Al
A . 3
nSNer.4—t 3 marks
6 (2 marks)
_X
t—§ M1
2
y=1—% Al
X2
Answer:y=1— 9 2 marks
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7 (5 marks)
AtG:%:x:Z,y:%E B1
dy _ 3cos6
dx =~ 4snb M1 Al
AtG:E:m:—i:—lE Al
3 4\/§ 4
3 3 3
YT PP SO .
Answer: y=—3§x+2\/§ 5 marks
8 (4 marks)
dy _ 2t _ 2, _ . _ 2
H—E—ﬁ,att—lgradlent—g M1 A1l
Normal gradient = —%; point (1, 1) M1
y—lz—%(x—l),so3x+2y:5 Al
Answer: 3x+2y =5 4 marks
9 (4 marks)
%:3t2—3:Ogive£t:il(%:2t¢0) M1 A1
t=1 (2 -2 Al
t=-1:(2,2) Al
Answer: (2, —2) and (2, 2) 4 marks
10 (3 marks)
_X _Y
sect—§,tant—§ B1
Usel+tan®t = sec?t M1
yz B NG X2 3 yz B
1+T—§,S)§ T—l Al
X2 y2
Answer: 9 7°- 1 3 marks
11 (3 marks)
dy _ cosht _
W-W—cotht B1
cosh’t — sinh?t=1 M1
x2—y?=1 Al
Answer: x> —y?=1 3 marks
12 (4 marks)
dy _ 2t _2
dx ~ 32 7 3t M1 Al
d, 2 2
at(z) = "2 i
dy 2 .. 2
o2 T T T T AL
A
Answer: IE- o 4 marks
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13 (3 marks)
dy _ _ _
m—zt—4—0,50t—2
Point: (4, —4)

y = t? — 4t isa positive quadratic in t, so a minimum
Answer: (4, —4), minimum

14 (5 marks)
y=0whent=0o0rt=2,s0A =(4,0)
Area:fy%dt:ft(4—t2)x2tdt
2 4% b
=2 [* (a? - thdt=25 — 5]’
_.,32 32 128
=A5 -3 =1
128

Answer: A = (4, 0); area =

15 (5 marks)

By symmetry, area= 4 x area of the first quadrant part (t from % to0asx goes0to 4)

_ 0 dx _ 0 . .
Area=4 | A ymdt—4 b 3sintx (—4sint)dt

=48 [ sin’tdt
=24 [™ (1 - cos2t)dt=24x 3 = 12n
Answer: Area= 1211

16 (5 marks)

V:Hjj y?dx;x=—2whent=mandx =2whent=0,anddx = —2sintdt

V=m [*sn’tx(-2sntydt=2n [ sn’tdt

sn’t=(1— cos’t) sint

cos® t 4 _8m
V = 2n[—cost + 3 ]O“:2nx§:?
Answer:STlI
17 (7 marks)
dx _ 1 dy_, 1
@q=tar-1-¢
dy _ 1 _, 1
ax - (- xt=t=g
dy _, 1
Answer H—t T
dy d 1, . dx _ 1,, ., 1
O z=qt- D g =A+t=t+7
dy _ 4+ 2 _ -
d—x—0g|ve£t—1,t—1
Point: (O, 2)
ey _

32 2>0, so aminimum

Answer: (0, 2), minimum
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18 (5 marks)
dx _ dy _ .
ai - —COSt,m—Snt B1
ot t
%s = 1finc(t)st = 290 029(5) = cot(%) M1 Al
2sin’(5)
Att= %: gradient = cot % = 1; point (% -1,1 B1
y—1=x—%+1,soy=x+2—% Al
Answer:y:x+2—% 5 marks
19 (4 marks)
2t=t>— 3givest? — 2t —3=0,0(t—3)(t+1)=0 M1 AL
A=(96),B=(1 -2 Al
AB =87+ 8 = 82 Al
Answer: 8\/§ 4 marks
20 (6 marks)
(a)%:%:%,sothegradientaIPis% M1 A1
y—2|0=%(><—|02),90|oy—2|02:><—|02,givirl<.11|oy=X+|o2 AL
Answer: py =X + p? 3 marks
(b) Substitute: 2p = —4 + p? M1
p?—2p—4=0 Al
p=1%+5 AL
Answer: p=1%+5 3 marks
21 (9 marks)
(a) Tangent gradient % so the normal gradient is —p M1 A1
y —2p=—p(x — p’), 0y +px=2p+p’ AL
Answer:y +px=2p+p? 3 marks
(b) Substitutex = g%, y=20: 2+ pg°=2p + p° M1
pg’+2q— 2p — p®=0, which factorisesas (q — p)(pq+ p>+2) =0 M1 AL
q#psopq+p’+2=0 AL
Answer: pq+p*+2=0 4 marks
©gq=-(1+2)=-3 M1
Q=(9 —6) Al
Answer: (9, —6) 2 marks
22 (7 marks)
By symmetry the area is 4 times the first quadrant area, where0 <t < % and x goes from 1to O B1
ax _ 2,
qr - 3cos“tsint M1 Al
Area:4‘£/2 sn’tx (—3cos’tsint)dt M1
=12£H/2 sn*tcos’tdt M1 A1
_ o _ 31
_12x§_? Al
Answer: Area = :%n 7 marks
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23 (6 marks)
Area= £ y dt—£2rI (1 —cost)(1 —cost)dt M1 A1
(1—cost)2=l—Zcost+coszt=g—2cost+%c052t M1 AL
£2H:[%—Zsmt+ 1sm2'[]02rI M1
=31 Al
Answer: Area = 30 6 marks
24 (6 marks)
o . dy _dy . dx
(a) The student has divided in the wrong order: Ix - di © dt El
Answer: Division inverted 1 mark
(b)%: 2 3t,att—lthegradlent |s M1 A1l
Point (1, 1); tangenty — 1= §(x -1 M1
y:O:—lzé(x—l) M1
3 1 . 1
X—1= —%5,S0X = —§;thetangent meets the x aX|sat(—§,0) Al
Answer: %; (—%, 0) 5 marks
25 (8 marks)
_ dy _
€)) dt =cost, 5 = 2cos 2t B1
dy _ 2cos2t
dx = cost Al
dy _ 2cos2t
Answer: 3 = st ,for cost # 0 2 marks
(b)cosZt:O,goZt:%or?’TH M1
o 30
= 7 (202, 1) t= Z (212, = 1) AL AL
Answer: (2/2, 1), (212, =1) 3 marks
(c) Upper half of theloop: 0 =t = 2,area LHIZ )t( dt:j;m2 sin2tcostdt M1
=£H/2 Zsintcosztdt=[-§ cos3t]0“’2=% M1
By symmetry in the x axis the loop has area 2 x % = % Al
Answer: Area = % 3 marks
26 (7 marks)
dx dy _
(@ g7 =20, gy =15— 98t B1
dy _ 15—98t
dx = 20 M1
Att=1 22 =026 AL
AnSNer 0.26 3 marks
(b)OI -Og|V$t———153l M1
y =15 x 1.5306 — 4.9 x 1.5306° = 11.5m Al
Answer: 11.5m 2 marks
(c)y=0:t(15 — 4.9t) =0, sot——-3061 M1
x=20x%x3.061=612m Al
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Answer: 61.2m 2 marks
27 (10 marks)
dy _y
(@ ax — ; Bl
d’y _ 1 d,y
e~ x ot i
%(%) = ny;zyx (quotient rule) M1 AL
L d’y _ Xy —yx
Answer : vl 3 4 marks
(b) x=1— cost,x =sint,y =sint, y = cost B1
Numerator: (1 — cost) cost — sin®t = cost — cos’t — sin’t = cost — 1 M1 AL
d*y _ cost—1 _ 1 AL
dx?  (1-cost)®  (L-—cost)?
Cdy _ 1
Answer : dx - " (L= cost)? 4 marks
(¢) (1 — cost)? > 0, so the expression is always negative El
o _1_
Att= 2 _I =-1 B1
Answer: =1 2 marks
28 (10 marks)
(a) Same x for t and —t; y equal requirest® — 3t = —t* + 3t, so 2t(t> — 3) = 0 M1 Al
t=+/3 (t = 0), N=(3,0) AL
Answer: N=(3,0); t = i\/§ 3 marks
dy _ 3t?—3. 3 .6 _ _ o
(b)H—T,att—ﬁgradlent—ﬁ—\/iatt— |3 gradient = —3 M1 A1
Tangent angles 60° and 120° with the x axis, so the acute angle between them is 60° Al
Answer: 60° 3 marks
(C)Area—|f‘/_ y dt |f (t3 — 3t 2t d ] M1
= 2|f_(3 t* — 3t dt = 4|[g — 3,7 M1 AL
3 3 _ 243
:4|35£_3\/§|:4><%E: = Al
Answer: Area = 2—45@ 4 marks
29 (9 marks)

o

y

(a)%:cost—tsint, t:sint+tcost M1 A1

at
n . dy _ 1 _2
I

Att=7. ﬂ—?/z= Al
Answer: —% 3 marks
(b) ?j O(W|th X = 0):snt+tcost=0 M1
Divide by cos t: tant— —t Al
Answer: tant = —t 2 marks
(c)(%)zﬂd Y>=cos’t — 2tsintcost +t?sin®t+sint+ 2t sintcost+t? cos?t =1+ t2 M1 AL

o 1 .
s= [T {1+t dt=3[t/1+ 1 +asinh (], M1
= %(H\/l + 12 + arsinh ) Al
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Answer %(m/l + 1 + arsinh m) 4 marks
30 (10 marks)
(8) xC 4y = 2 +2nt® _ 27t VL AL
y 1+ ) 1+
_ 3t Y (o 3. .3_
MY =3 m e ey XYY AL
Answer: x3 + y® = 3xy 3 marks
dx _ 31— 2
(b) gt = e d M1 AL
dy _ 32—t
at = a7 M1 Al
Ldy _t2-1t)
Answer: ax - W 4 marks
(c) Horizontal: t = 2, t = 213, giving (2'3, 22°) M1 AL
Vertical: 1 — 2t3=0,t* = % giving (223, 2'3) Al
Answer: (213, 223); (223, 213) 3 marks
Further Trigonometric Integration
1 (3 marks)
costzl—Zsinzx,sosinzx:%(l—cost) M1 AL
. _ X _sn2
fsm xdx—i —4 tc¢ Al
Answer : % - Sm42X +C 3 marks
2 (3 marks)
sin? x = %(1 — C0s 2X) M1
X sin 2x
[5 — =721 M1
II
= 2 Al
Answer: % 3 marks
3 (2 marks)
_ sinx _
tanx—m,sof = —Injcos x| + ¢ M1 Al
Answer: —In|cos x| + ¢ (= In|sec X| + C) 2 marks
4 (3 marks)
cos® x = cosx(1 — sin? x) M1
f (cosx — sin? x cos x) d x Al
. sin® x
=snx — =3 +¢C Al
. sin®x
Answer: sin X — 3 +C 3 marks
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5 (3 marks)
. . . . 1,. .
2sin A cosB =sgin(A + B) + sin(A — B), sosin 4x cos 2x = §(S|n 6X + sin 2X) M1 Al
f _ _Cosbx  cos2x + AL
V. g *¢
A . _Cosbx _ cos2x +
nswer: 12 4 Cc 3 marks
6 (2 marks)
f sec? x d x = tan x M1
[tan x],™* =1 Al
Answer: 1 2 marks
7 (4 marks)
sin® x = sin x(1 — cos® x) M1
f (cos® x — cos* x) sinx d x Al
Let u=cosx: —f (u*—u¥du M1
_ cos’x N cos® x N L
3 5 *¢C
~cos®x | cos®x
Answer: — 3 + 5 +cC 4 marks
8 (4 marks)
tan® x = tan x(sec® x — 1) M1
t 2
ftanxseczxdx: anzx Al
ftanxdx:In|secx| B1
tan? tan?
Total: 2X — In[sec x| + c = 2X +1Injcos x| + ¢ Al
tan? x
Answer: —— + In|cos x| + ¢ 4 marks
9 (4 marks)
1+ cos 2x 1
cos® x = (————)? = 7(1 + 2 cos 2x + cos” 2x) M1
1 4. _3 1 1
c0522x:§(1+cos4x),socos x:§+§c052x+§cos4x M1 A1
X, ly 1y w2 - 31
[8+45|n2x+325m4x]0 =16 Al
Answer: 3%
nswer: 16 4 marks
10 (4 marks)
sec* x = sec? x(1 + tan? x) M1
tan® x
f =tanx+—3 Al
tan®
[tan x + TX]OH"‘ M1
1 4
—l+§—§ Al
4
Answer : 3 4 marks
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11 (4 marks)
2 cos A cos B = cos(A + B) + cos(A — B), so cos 5x cos 2x = %(cos 7X + cos 3x) M1 Al
[sr1147x + sm63x]on,3 M1
Tm 3 _\B8
sin & = 2,smn—(),sovalue— 8 Al
AnSNer:3E 4 marks
28
12 (3 marks)
du=cosxdx;limitsu=0to 1 B1
11 B 1
j; 1+uzdu-[arctanu]0 M1
-
=7 Al
AnaNer:% 3 marks
13 (4 marks)
SinXCOSX:%SiﬂZX,SOSiﬂZXCOSZX:%SiHZZX M1
sin? 2x = %(1 — c0s 4x) M1 AL
f_ﬁ_m+
=3 e c Al
A _5_5in4x+
nSNef.S D C 4 marks
14 (6 marks)
X
2 tan(z)
. . X X 2 2t
(a)smx:ZSm(E)cos(i):—x:—2 M1 Al
SECZ(E) 1+t
dt 1 X 1 2
H:§SQCZ(E):§(1+1:2),SOdX:mdt Al
Answer'sinx-i dx-idt 3 mark
' 1+t T T 1+t? e
(b)Limits:x:09iv05t:0,x:%giv&t:l B1
1 a 1 2 2
Tisnx 0X= T x1+t2dt_(1+t)2dt M1
1+1t2
2 lt=—1+2=1
[47glo = —1+2= Al
Answer: 1 3 marks
15 (5 marks)
Limitst=0to 1 B1
2+Cosx—2(1+t2)+l_t2—3+t2 "
B 1+t T1+t?
1+t 2 2
Integrand.mxmdt—mdt Al
1 2 2 t
—=— dt=—=[arctan(—=)],* M1
I 5o at= Flacan(z)o
-2,n_ o Al
R
II
AnaNer:% 5 marks
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16 (6 marks)
o 2 1422 1
Snx—m,dx—mdt,SOCOSECXdX—Txmdt—tdt

[ Tdt=Ing+c=nftan(3)| +c
[Intan(5)]s™2 = In 1 = Intan &

1

= —In(—+=

(\/5)

1
—§|n3
1
Answer:§In3
17 (5 marks)
/
Byparts:u:secx,%:seczx;l:[secxtanx]on"‘—‘gmsecxtanzxdx

tan2x=seczx—1:l=\/§—I+£H/4secxdx
L™ secx dx = [In(sec x + tan x)]o™ = In(y2 + 1)
21 =2+ In(L +12), 01 = (2 + In(L +2))

Answer: %(\/E +1In(1 +42))

18 (4 marks)
tan® x = tan® x(sec? x — 1) = tan® x sec® x — tan® x
3
f tanzxseczxdx:tagx

tanzx:seczx—l,sof tan’x d x = tan x — X
3

f tan“xdx:tansX —tanx+Xx+c
3
Answer: tar;x —tanx+Xx+cC
19 (4 marks)

sec* x = sec? x(1 + tan x); let u = tan x, d u = sec® x d x
‘f (1+u2)u2du:~£1 (u>+u?)du
1 1 8

=3*t5°15
8

Answer: 1

20 (5 marks)

sin’x = %(1 — cos 2x), sosin* x = %(l — 2c0s 2x + cos? 2X)

cos® 2x = %(1 + C0S 4X)

. 3 1 1
4 P — j—
sin“x =g 2c052x+80034x

f _ X sin2x | sin4x

=8~ a4 T3 *C
A .g_sin2x+sin4x+
nswer: 3 —z T3 C
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21 (7 marks)
Limitst=0to 1
5(1+t2) +8t

1+t
2
5t>+ 8t + 5

5+4sinx
Integrand: dt

9
5t2+8t+5= 5(t+5)2 =
2
5

1 2 _
~£ 5(t + 4/5)2 + 9/5 dt=
2

2farctan (

5t+4

)] o1

2 4
= §(arctan 3 — arctan §) =3 arctan( 1T 4) = ctan( )

Answer: % ar ctan(%)

22 (6 marks)

. . I 1
Limitsst=0totan = = =
6" 3

Q+)+(@ -1

)+2t _ 2+ 2t

1+cosx+snx= 5
1+t

+t? 2 1
2+axz:?dt-1+

Integrand:
[In(1 + t)] wa

\/_

Answer: In(1+ =

=In(l+—+=

\/_

23 (7 marks)

1+¢t2 2
= X —
(a) sec x d x e 10

2 _ .1, .1
1-2 - 1-t T+t

[ = —In|1—t|+|n|1+t|+c |n|l

Answer: In| |+ c

1-t

(b) Limits: t—Ototan n_1

3
\/§+1
(\/— 7)

In( 1+1 )=
y3/1 — 143

d'[=—l_t2

1+t?

dt

2 4t

t|+C

- |n(@) =|n(L22£) = In(2 +43)

Answer: In(2 +3)

24 (6 marks)

()dx(smsx) sin X cos X

Thisis not sin? X, so the answer is wrong (the chain rule factor cos x is missing)

Answer: Derivativeis sin® x cos x
(b) Sn? x = (1 — cos 2x)

X SiN2X; we

[5_ 4 ]0

o _\3

T 12 8
n_4

Answer: E - ?
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25 (6 marks)
du=cosxdx;limitsu=0to 1 B1
1 _ 1 1
(I+u@+u — 1+u 2+u MLAL
[In(1+u) — In(2 + u)],* M1
=(In2=1In3) —(0—-1n2) Al
=2In2~In3=In(3) AL
Answer: In(g) 6 marks
26 (6 marks)
- . 2 . 5602X
Divide numerator and denominator by cos” x: ———— M1 A1
sece X+ 1
sec’x=1+u% du=sec®xdx M1
Integrand becomaauz—%r2 du, limitsOto 1 Al
11 gu= L rarctan(y 1
j; 17 du= ‘/E[arctan(‘/i)]o M1
=1 arctan(i) Al
2 TNz
1 1
A = - k
nswer 7 arctan(\/z) 6 marks
27 (9 marks)
_ w2 Sin X + CoS X _ (w2
(a)I+J—£ mdx—£ ldx M1
II
= 2 Al
Answer: | +J = % 2 marks
(b)du=—dx;Iimitsx=0givesu=%,x=%givesu=0 M1
sinx:cosu,cosx:sinu,soI:LZ %(—d ):£H/Z%du:\] M1 A1
—_— - I
2l = 5 0l = 2 Al
Answer . % 4 marks
(c) Theintegral isl —J=0 M1 Al
The integrand is odd about x = % (it changes sign under x — % — X), so the areas above and El
below the axis cancel
Answer: 0 3 marks
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28 (9 marks)
Substitutex = — u: 1= [ % d u (since sSin(r — u) = sin u and cos3(IT — u) = cos? M1 AL
u)
_ sinu _
Sol = 1'[£ 1+coszudu I M1 A1
smx
2l = n£ T+ o2 x Al
Letw=cosx:dw=—sinxdx, limitslto—1 M1
iy sin X _rt 1 _ 11
‘g —1+coszxdx_-[l 1+W2dw-[arctanw]_1 =5 M1 Al
1'[2
21 = 2,sol =1 Al
2
Answer: | = HT 9 marks
29 (8 marks)
(@ snAsinB = %(cos(A — B) — cos(A + B)) M1
1 2n
I(m, n) = > 1; (cos((m — n)x) — cos((m + n)x)) d x Al
;[sn(g]n__nn)x) sn(grr]n:nn)x)]om =0, assin of amultiple of 21 is0 AL
Answer: 0 3 marks
(b) sin®(nx) = %(1 — 00S 2n X) M1
I(n, n)=%[x— sn22nnx]02H_H Al
Answer: 11 2 marks
(c) Expand: sin® 2x + 6 sin 2x sin 5x + 9 sin? 5x M1
=1(2,2)+61(2,5 +91(5,5) M1
=1+ 0+9m =10 Al
Answer: 10 3 marks
30 (10 marks)
_ 42
(a)cosx:llJr—ttz,dx:%dt;x:Ogivest:Oandx—>ngivest—>oo B1
2 _ 2 _ 2
a+cosx= a(1+t1)++tzl t_fr 1)1++(?2 2L M1 A1
. 2
Integrand: @rD+@- e dt Al
. Y 2
Answer: |(a) = £ @D @-10 dt 4 marks
2 _ 2 1 . > _a+l
(b) (a+1)+(a—1)t2_a—lxk2+t2 withk® = =—7 M1
_Lm = aE X %[arctan(%)]ooo M1 A1
_ 2 on_ o a2t _ o
-k “2” @-nk @ Dk=@-Iyg=g =ya — 1 Al
Answer: |(a) = ‘/Zn_l 4 marks
a —
() ya® — 1 =2givesa=15 M1
a=31(3) = \/_ which matches the integral of Wlosx over Otom Al
Answer: a=+5 2 marks
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Differentiation Under the Integral Sign

1 (2 marks)
By the fundamental theorem of calculus, the derivative of j; " f(t) dtisf(x)

x? In x
Answer: X% In x

2 (2 marks)
Upper limit g(x) = x% derivative is f(g(x)) g'(x)
cos(x?) x 2x = 2x cog(x?)
Answer: 2x cos(x?)

3 (2 marks)
Swap the limits: f = —_L'x

—1+x*

Answer: —1+ x*

4 (3 marks)
f(t) = t% derivative = f(2x) x 2 — f(x) x 1
=4x% x 2 — x2 = 7x?
N SN S G ' I 5
Check: l t“dt= =3~ 3 3 derivative 7x

Answer: 7x°

5 (3 marks)

1
F@ =351

F@=[" -0 dx= [ x*Inxdx
1

F‘(a) = —m

Answer: —W

6 (2 marks)
Differentiate inside the integral: £1 (x% + cos a) dx

_1,
=3 Cos a

1
Answer: 3 + Cos a

7 (3 marks)
Leibniz: f(x?) x 2x — f(x) x 1
2x In(x?) — Inx
=4xInx —Inx=(4x — 1) Inx
Answer: (4x = 1) In x
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8 (3 marks)
A §
G((x) = T+ 2 B1
%(arctan X) = 172 S0 G(X) = arctan X + C M1
G(0) =0 givesc =0, so G(x) = arctan X Al
Answer: G'(x) = ﬁ; G(x) = arctan x 3 marks
9 (4 marks)
sin(ax sin(mt &
F(a) = 21X r = S0L9 o1
Left: F(a) = [ (—x sin(ax)) dx M1
Right (quotient rule): F'(a) = 20T ‘22_ sin( 3 M1
So [™ xsin(ax) dx = —F(a) = SN —macosn 3 AL
f =
Answer : sin(xt &) _; acosnt &) 4 marks
10 (4 marks)
Differentiate under the integral sign: —j;w xe #dx= —% M1 A1
£wxe‘axdx=é Al
Differentiate again: £°° x?e @ dx= % Al
1 2
Answer: 2z and ) 4 marks
11 (4 marks)
F(x) =26 @ — g¥ =27 — g M1 A1
F(x) = 0 gives 2 = M1

In2
X:iT Al
In2
Answer: X =+ 3 4 marks

12 (3 marks)
The limit has the form % B1
WA . . ~ cos(x?)
L'Hopital: differentiate numerator and denominator: — M1
Asx — 0 thistends to 1 Al
Answer: 1 3 marks
13 (3 marks)
F(x) = cos® x x (—sin x) — sin® x x cos x M1 AL
= —sin x cos x(cos® X + sin® X) = —sin X cos X Al
Answer: F'(x) = —sin X cos X 3 marks
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14 (5 marks)
Putx=1:f(1)=2 B1
Differentiate: f'(x) = x f(X) M1 A1
1 ,,_ _x?
Tdf—xdx,lnf—7+c M1
f(x) = 26"~ D2 Al
Answer: f(x) = 2e%° ~ D2 5 marks
15 (6 marks)
I'(a)=£l Xlr:r:(x dx:‘[;l x®d x M1 Al
1
= o5 1 Al
(@ =In(a+1)+c M1
0= [ 0dx=0,50c=0 M1
(@ =In(1+a) Al
Answer: I(a) =In(1 + a) 6 marks
16 (5 marks)
I'(a)=—£wxe‘axénxdx M1 A1
d. 1 . 2
d61(1+a12)_ (1+a)? M1
o ax _ 2a
So£ Xe SdeX_—(1+a2)2 Al
_5 4
a=2 > B1
Answer: —
nswer: 25 5 marks
17 (6 marks)
_ 2
(8) F(x) = [- 20 x o 1= 0% M1 AL
2 v (1 _ 2 _ 2
F(X) = 2x“ sin(x?) X2(1 cos(x?)) -5 Sin(Xz) 1 ;:(cz)s(x ) AL
_ 2
Answer: 2 sin(x?) — 1?(—25()() 3 marks
(b) - sin(x t) = t cos(x ) B1
x tsin(x t x sin(x t : 1 — cos(x?
[ teostxty dt= (120 f %dt:sn(xz)—% M1
_ 2
F(x) = Sn(?) + sin(x?) — 1?(—2“” which agrees with (a) AL
Answer: Agrees 3 marks
18 (6 marks)
(@) F(x) = 2e~%" — e M1 AL
F(x) =0givese® =2, s0x = InTz (x > 0) Al
Answer: X = lnTZ 3 marks
(b) F'(x) = —16x e + 2x ™ = 2x e™¥(1 — 8e™¥) M1 Al
At the stationary point e = % so F' = 2x e (1 — 4) < 0: amaximum Al
Answer: Maximum 3 marks
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19 (5 marks)
e e e [ wGe
ar(z K==k
Equating, J;w o i )2 dx= 4;[3,2
Putk =4 535 = 35
Answer: %

20 (5 marks)

1

—(x2 AP dx

ydx=—["

Left: d_da(a"' cosx) ! = —(a+ cosx) 2, so the derivative is _£n

Right: - (n(a2 — 1)) = —11 (@

Equate and cancel the minus signs; f
]

Answer: 3@

21 (6 marks)

IO i P

S

T a

(@ =—-Ina+c

Ib)= [" 0dx=0,s0c=Inb
I(8)=Inb - Ina=In(2)

Answer: |(a) = In(g)

22 (8 marks)
, w —x e 2*s&nx
@@= [ ——5——dx=
1
o1+
, 1
AnSNer:I(a)=—1+—a2

(b) I(a) = —arctana+ ¢

(@) > 0asa— « and arctan a—
I(a) = % — arctan a

Answer: |(a) = - — arctan a

II
2
(©a=0:10)=3
an

— .H_
a—l.f arctan 1

b
4

II
Answer: >

INJ-

I
2

_ 1) —3/2

21

33

ora=2:

*dx

soc=5
’ T2
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23 (6 marks)
' —_ 1 a — 1
(a)l(a)—ﬁ x*Inxdx= @r e M1
"@ = [* x*(Inx)?dx AL
wrs 2
I"(@) = arl? Al
Answer: @+ 1) 3 marks
() 1"@ = [ x*(Inx)°dx B1
w6
I (a') - (a+ 1)4 M1
— o _6__2
a=2 —g7 = — %7 Al
Answer . —2—27 3 marks
24 (6 marks)
T e g 9 et
Leibniz: F(x) = - X2X = — ><1+_[ &(T)dt M1 AlA1L
a et
&(T) = ¢ Bl
x2 Xt 5 3 _ 2
[ etdt=[E = £ F M1
, 2e¥ e el - 3’ -2
PO =S %"~ 7 x Al
Answer: F'(x) = # 6 marks
25 (6 marks)
(a) Theintegrand t € depends on x, so the term f‘ aa—x(t €*) d t must also be included in the El
Leibniz rule
Answer: Missing theintegral of the partial derivative 1 mark
(b) Leibniz: x & + [* te* dt M1 A1
XZ
=x e+ ex7 M1 A1
X x? x?
Check: [ te*dt= % €, whose derivativeis x € + 5 € B1
2
Answer: €*(x + %) 5 marks
26 (7 marks)
(a) Leibniz: f(x) = (x — x) T + [ f)y dt= [ f(t) dt M1 A1
Differentiate again: f"(x) = f(X) M1 Al
Answer: f'(x) = [* f(t)dt 4 marks
(b)f(0)=1+0=1,f(0)=0 B1
General solutionf = A coshx +Bsnhx:A=1,B=0 M1
f(x) = cosh x Al
Answer: f(x) = cosh x 3 marks
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27 (9 marks)

(a) Differentiate the integrand with respect to a % cos(ax) = —x sin(ax)

Answer: I'(a) = —£°° x e sin(ax) d x

(b) u=sin@x), 9v =x e, v

1 _2
=—= e

2

[7 xe™ sin(ax)dx = [-% e sin(ax)],* + g [7 e cos(ax) dx

The bracket is 0, so the integral is 5 1(a) and I'(8) = — 5 1(3)

Answer: |'(a) = —% I(a)

(C)Tldlz—gda,solnlz—

1(0) = IZE sol = IZE g~

Answer: |(a) = 32E e~

28 (10 marks)
d In(1+acosx) _

1

&,
4

COs X

(a)ﬁ COS X
-1
~ 1+acosx

Answer: I‘(a):i;

/2

_1-
(b) COSX = W,

1+ acos

2
dx=

COSs X

1

1+ acosx

2
1+t2

(o (1ra+a-ar

1

1+t?

__ 2 —ay1
= —z[arctan(t Ta)]o

1

-z

1

1+ acosx

d x

dt, limitst=0to 1

2

1+a)+(1-at dt

, integrand

1—cosO

arctan | =——= = 1 arccosa(astan(%) = m), giving I'(a) =

1+a ~ 2

Answer: |'(a) =

29 (8 marks)

arccos a

y1-a?

(©)1(0) = 0 and = (-5 (arccos 3?) =

arccos a

y1—a

@ Fy(09 = =gyl = 0™ 09 + [ (= Dx = 9" 1) d g
ThefirsttermisOsincen—1=1

: ﬁ L= 9™ 50 dt=Fpy0)

Answer: F,'(X) = F,.(X) for n = 2

(b) Fy' = Fy, Fy = Fy, Fy' =1, with F,(0) = 0

F0 =3 [ (x— 12

By parts twice (or by integrating €* three times with zero constants): F; =e* — 1, F,=¢* — 1 —

X

Fax)=€ —1—-x—

etdt

X2

2
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2

AnSNer:eX—l—x—X? 4 marks
30 (8 marks)
s _ =1 X e 1
(a)l(a)—L ;dex—l; mdx M1 A1l
= Zlactan(ax)]y” M1
II
= Z_a Al
II
Answer: |'(a) = a 4 marks
(b) I =% Ina+c M1
I(b) = O (the integrand is 0), so ¢ = =% In b M1
m, ,a
I(a) = > In(B) Al
Answer: |(a) = % In(%) 3 marks
(a=3b=1%In3 B1
Answer: % In3 1 mark
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