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Further Differentiation
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Differentiate y = sinh 4x with respect to x.
Find the derivative of y = arctan 3x.

Differentiate y = 3 coth 2x with respect to x.
. . .o, dy
Given that y = arsinh 2x, find aTx-
Differentiate f(x) = In(cosh x) and simplify your answer.

Find the derivative of y = arccos(%) for -3 <x<3.

Find the derivative of y = 4 sech 2x, giving your answer in terms of sech 2x and tanh 2x.

Differentiate y = x arctan x.

Find the derivative of y = sinh® x.

Find the derivative of y = arcosh(3x + 1) for x > 0.

Differentiate y = (arsinh x)2.

Find the exact gradient of the curvey = x sinh 2x at the point where x = In 2.

1+ sinhx dy _ 1—snhx

cosh x then 75

ShOWthatlfy: dx—m.

1

Given that y = arsinh x, so that x = sinh y, show that % =

Given that y = arcosh x for x > 1, usex=coshytoshowthat%= 21 T
X —
. _ 1+Xx dy_ 1
Show that if y = arctan(1—) for x # 1then = = v

The curve C has equation y = x — tanh x.
Show that C has exactly one stationary point, and determine its nature.

Find the equation of the tangent to the curvey = arcsin x at the point where x =

Give your answer in the form y = mx + ¢, with exact values of m and c.
. . . . . d Yy _ _sinhx
Use logarithmic differentiation to find aTx wheny =x3"* for x > 0.

nin — 1)

Leibniz's theorem statesthat if y =u v theny,=u,v+nu,,; v, + 5

The function y is given by y = x? €.

(@ UseLeibniz's theorem, with u = e* and v = x?, to show that the n-th derivative of y is

e 3™2(9x? + 6nx + n(n — 1)) forn = 2.

6
d)()é ax=0.

(b) Hence find the value of P
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The curve C has equation y = 5 cosh X — 3 sinh x.
(@ Show that C has a single stationary point, at X = In 2, and find its y coordinate.
(b) Determine the nature of this stationary point.

Show that if y = In(tanh %) for x > 0, then % = cosech X.

A curve has equation y = arctan(sinh x).

@ Show that ¥ = sechx.
dx

2
b) Hence show that ay —sech x tanh x, and state the behaviour of the gradient as x —
dx?

0o,

A student is asked to differentiate y = sinh(x?) and writes:

dy

dx

(@) Explain the error in the student's working.

(b)  Find the correct derivative, and hence show that the curve'y = sinh(x?) — 4x has a
stationary point where x cosh(x?) = 2. Verify that the stationary point lies between x = 1
and x =1.2.

= cosh(x?) because the derivative of sinh is cosh."

The function f is defined by f(x) = 2x + sinh x for x € R, and f is one-one so that f ™ exists.
(@ Show that f'(x) > O for all x.

(b) Find f(0) and hence the value of (f~%)'(0).
(©) Find the exact value of (f™%)'(a), where a=f(In 3).

d*y dy

Given that y = (arcsin x)? for —1 < x < 1, show that (1 — x?) o2 " Xax =2

Given that y = arctan X,
(@ show that (1 + x?) % =

(b) hence show that (1 + x2) +2x d—y =0,

(c) differentiate the result of (b) to show that (1 + xz) + 4x — + 29x d y =0,

3
(d) find the value of W when x = 0.

Given that y = sinh(k arsinh x), where k is a constant and x € R,
(@ show that 1 + X2 y =k cosh(k arsinh x),

d
(b)  hence show that (1 + x2) & W X g =ky.

The curve C has equation y = arcsin(tanh x) for x € R.
(@ Show that 3 = sech x.

(b) Hence show that C has no stationary points, but has a point of inflection, and find its
coordinates.
(c)  Write down the limit of y asx — o, and sketch C, labelling any asymptotes.
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30 A curve has equationy = x arsinh x — {1 + x2 for x € R.

(@  Show that dy _ arsinh x.
d x

(b)  Find the coordinates of the stationary point of C and show that it is a minimum.

() Find the exact gradient of C where x = 3

7
Further Integration
L Find [ 21+9dx.
2 Fnd [ ——adx
— X

3 Find f \/x21+—16 d x, giving your answer in terms of an inverse hyperbolic function.
4 11 . .

Evaluate£ 132 d x, giving your answer in terms of 11.
5 3/2 1 L .

Evaluate _[; d x, giving your answer in terms of 11.

Y9 — x?

6 Findf cosh 2x d X.

7 ) 1 . . .
Find the mean value of f(x) = ——— over theinterval 0 = x =< 4, giving your answer in the
(x) s giving y
formk In 3.
8 2 1
Show that dx=1In(1++2).
I =— (1++2)
9 3 1 o . .
Evauate £ ﬁ d x, giving your answer as a single logarithm.
X —
10 Use the substitution u = x? to evaluate£l X 7 dx.
1+x

11 . 33X +2
Flndf NC) dx.

12 By completing the square, find f % dxforO<x<2.

-

13 Find the exact mean value of f(x) = cosh? x over theinterval 0 < x < In 2.

14 Eind the exact value of fnz sinh? x d x.

15 , , 1 o 1
Use integration by parts to show thati; arctanx dx = T3 In2

16

Find the exact value of sz arcsin x d x.
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. 1
Flndf m d x.

In2 et
1+e2><

Use the substitution u = €* to find the exact value of £ d x.

Use the substitution x = sec 0 to show that f/;

;dx—l
xx2 — 1 12

. . . . 1
Express X Dee+D) in partial fractions, and hence find the exact value of i; X+
dx.
_ . . 1 x?
Use the substitution x = 2 sin O to find the exact value of _E " dx.
— X

L . 1 1
Use the substitution x = sinh u to show that 1; 1+x2dx=5(2 +In(1 +42)).
Use integration by parts to show that £1 asinhx dx = In(1+42) — 2 + 1.

. L 1 1 . X .
A student writes: £ ry dx=[3 arcsm(g)]ol.
(& Explain why thisisincorrect.
(b) Use partia fractions to find the correct exact value of the integral.

6
X%+ 4x + 13"

(@ Writex? + 4x + 13 in the form (x + a2 + b.

The curve C has equation 'y =

(b) Hence find the exact area of the region bounded by C, the x axis and the lines x = —2

andx = 1.
Showthat‘g1 acanxdx=2 -+ 1o
12 6 6 '
I _ . 2 1
Use the substitution x = 2 tan 0 to find the exact value of £ raEa dx.

X2

Use the substitution x = 2 sinh u to show that £2 o dx =22 — 2In(1 +¢2).
X+

*+5x+12 _ A | Bx+C
X+Dx*+4) — x+1  x*+4’
(@ find the values of the constants A, B and C,

2 3x°+5x+12
(b)  hence show that i; m

Given that

_ 1 o
dx-2|n3+§ln2+§.
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Integration by Reduction Formulae

1 In:£m2sin”xdxandln:n%lln_zfornzz.
GiventhatI0=%,findl4intermsof 1.

2 1 n Ao—x -1
In=£ x"e*dxandl,=nl,; —e “forn=1.

Find the exact value of 1,.

3 /4 n .

Tn:£ tan" x d x. Find the exact values of T, and T,.

4 Cn:‘gm2 cos“xdxandcn:n;nlcn_zfornzz.
Given that C, = 1, find Cs.

o In:fx”ezxdxandln:%x”ezx—%In_lfornzl.
Find I, giving your answer without any integral signs. (Do not include a constant of
integration.)

6 e n
Ln:j; (Inx)"dxandL,=e—nL,,forn= 1
Find the exact value of L.

7 I -f x" € d x, where nis a positive i
n= , positive integer.
Show that I, =x" € = nl,,.

8 /4 n .

Tn=£ tan" x d x for integersn = 2.
Show that T, + Ty, = =27

9 1 n 4—X H
In=_£ x" e ™ dx forintegersn = 1.

Show that I, =nl,, — e

10 L, :J;e (Inx)" d x for integersn = 1.
Showthat L,=e—nL,;.

11 In:£H/2 sin”xdxandlr,:n%1 I, forn= 2.

. n2 . g _ 8
Useth|sresulttoshowthat£ sin xcoszde—ﬁ.
12 In:f x" ¥ d x. Showthatln:%x” e — % l .., and hencefindf x2 e dx.

13 ghow that %(én”'l x cosx) = (n— 1) sin"x — nsin" x.
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14 I, = _[;H/Z sin" x d x, where nis an integer withn = 2.

(@ Showthal,= ”%1 . [4]

(b) Hence find the exact value of I. [3]
15 In:£1 (1 — x?)"dx forintegersn = 1.

2n

(& Showthatl,= n+l (R [5]

(b) Hence find the exact value of | . [2]
16 S, = _L'HM sec" x d x for integersn = 2.

(& Showthat (n—1) S, =(2)"2+ (n — 2) S,» [5]

(b) Hence find the exact value of S,. [2]
17 1 :

Kn=_£ x" 1 — x dx forintegersn = 1.

(@ Show that K, = % K, 1. [5]

(b) Hencefind the exact value of K. [2]
18 In:£1 x" e d x for integersn = 2.

n—1 1

(@ Showthatl,=—— I, — 5. [4]

(b) Hence show that I, = % —e [3]
19 K,= _LZ/Z cot" x d x for integersn = 0.

(@ Showthat K, = nTll - K., ,forn=2 [3]

(b) Find the exact value of K; and hence of K. [3]
20 J, = fns tanh" x d x for integersn = 0.

(@ Showthatd,=J,, — ——(2)" forn=2. [4]

(b) Hence find the exact value of J,. [3]
21 K,= _£H/2 x"sin x d x for integersn = 2.

(@  Show that K, =n(%)™ = n(n — 1) K. [6]

(b) Hence find the exact value of K. [2]
22 In:‘£1(1+—1xz)ndxforintegersn21.

1 2n—1
(& Showthatl, = ot t—n [ [5]

(b) Hence find the exact value of £1 ﬁ [2]

)zdx
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C,= _fnz cosh” x d x for integersn = 2.

(@ Show that n C, = cosh™(In 2) sinh(In2) + (n — 1) C,,,.
(b) Hence find the exact value of C,.

M, = Ie x2 (Inx)" d x for integersn = 1.

3

(@ ShowthatM,= 5 — 3

3
(o) Hence show that M, = 2—27(2e3 +1).

M.

B(m, n) = £1 xM(1 — x)" d x, where m and n are non-negative integers.

(@ Show that for n = 1, B(m, n) = %

(b) Hence find the exact value of B(2, 3).

B(m+1,n-—1).

/ .
T,= £H4 tan" x d x. A student writes:

T, = £Hl4 tan™ x(sec® x — 1) d x = nTll +T.,

(@ Identify the error in the student's working.
(b)  Using the correct relation, find the exact value of T.

For integersm, nwithm = 0and n = 2, let W(m, n) = _EH/Z sin™ x cos" x d x.

(& Show that W(m, n) = -~ w(m, n — 2).

(b)  Hence find the exact value of £H/2 sin® x cos® x d x.

/ . . . . . .
I, = £H2 sin” x d x, where n is a non-negative integer. It isgiventhat |, = n

@ Showthanl,l ;=(n—21I 1, ,forn=2.

n

(b) Henceprovethatnl,l, ;= % foral n= 1.

30

(c) Giventhatl,= 16

formula.
A, = 1;1 (arcsin x)" d x for integersn = 0.
(@ Usethe substitution x = sin 6 to show that A,, = £H/2 0" cos O do.
(b) Showthatforn=2 A, = (%)n —nin—1) A

(¢) Hencefind the exact value of Ll (arcsin x)% d x.

/2
In=_£ sin" x d x.

1 2m)! o

(@ Giventhatl,= n+ I, for n = 2, prove by induction that I,,, = 227 () for all

integersm = 0.
(b) Hence evaluate |4, and check it using the reduction formula.

-1
—— . forn=2

find the exact value of |5 and verify your result using the reduction
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Improper Integrals

1 Evaluate ‘F % dx. (2
2 Evaluate Lw e dx. [2]
3 11
Evaluatel; —dx. (2
X
4 © ]
Show that I x d x does not converge. [2]
5 o 1
Evaluate_£ 132 dx. [2]
6 State, giving a reason in each case, which of the following integrals are improper.
@ [ Inxdx
(i) [* % dx
(i) [* e™dx
(i) [*x*dx 2]
7 Evauate j;w x e dx. [3]
8 1
Showthat_g Inxdx=-1 [3]
9 sowthat [* -2 dx=21n3
ow that [ S dx=3In3 [4]
10 Evauate _Lm x e *dx. [3]
11 3 1 o .
Evauate d x, giving your answer in terms of 11. 3
f 5 4% gvingy [3]
12 Given that p is a constant with p > 1, find j;w x~Pdxinterms of p. [4]
13 . © 1
Find the exact value of j; XX+ D) dx. [4]
14 Show that ‘L‘w x?e*dx=2. [5]
15 Find the exact value of J;l xInxdx. [5]
16 = 1 _n
ShOWthat£ mdx—4. [4]
17 Show that the integral f: 1 +1X2 d x converges, and find its value. [4]
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Show that [~ e snxdx= 3.

Find the exact value of _f In_Xx dx.

\/_

Showthatjl‘w I:‘(—Zxdle.

o 1

Usethesubstltutlonx—tanetoshowthat£ A7 dx=Z.
X
1+x2

Consider the integra f: dx.

X
1+x2

(@ Showthat [~ d x diverges.

(b) A student argues that, because x/(1 + x?) is an odd function, the integral over (-, «) is
0. Explain why thisis not valid.

Show that £w (1+—33X - ﬁ) d x = In 3, showing clearly the limiting process.

Find the exact value of [ (Inx)? d x.

11 1
A student calculates [ wdx=[3],t=-1-1=-2
(@ Explain why this answer cannot be correct.

(b) Showthat [ X—12 d x diverges.

(© Evaluae [ X—%,de.

I, = _Lm x" e dx for integersn = 1.
(@ Showthatl,=nl,.
(b) Hencefind,.

1
(x+ Lyx

dx=1I.

Use the substitution u = y/x to show that [~

| = _L'H/Z In(sin x) d x. The integrand is undefined at x = 0, and it may be assumed that | converges.

LetJ= ‘L‘H/Z In(cos x) d x.
(@ Showthatl=J

(b) Showthatl+J= [ Insn2x)dx — 3 In2.

(c) Show that i;m In(sin 2x) d x =1, and hence find the exact value of 1.

For constantsp>0and q>0, let | =£°° e P*dn(gx) dx.

-_49
(@ Showthat | = Tt

(b) Hence find the exact value of [~ €™ sin3x dx.
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30

arctan X

In 2.
X2

N|

Showthat_[oo dx:%+

Volumes of Revolution

10

11

12

13

14

The region bounded by the curve'y = x?, the x axis and the line x = 2 is rotated through 211
radians about the x axis.
Find the exact volume generated.

The region bounded by the curvey = \/Y , the x axis and the line x = 4 is rotated through 360°
about the x axis. Find the exact volume of the solid formed.

The region bounded by y = €*, the axes and the line x = 1 is rotated through 211 radians about
the x axis. Find the exact volume generated.

Theliney = 3for 0 = x < 4 isrotated through 211 radians about the x axis.
Describe the solid formed and use integration to find its exact volume.

Find the exact volume generated when the region betweeny = sin x (0 < x < 1) and the x
axisis rotated through 21 radians about the x axis.

The region bounded by the curvey = x? (x = 0), they axis and the liney = 4 is rotated
through 21 radians about the y axis. Find the exact volume generated.

The region bounded by y = % the x axis and the lines x = 1 and x = 3 is rotated through 211

2n

radians about the x axis. Show that the volume generated is 3

A solid has a circular base with equation x? + y? = 9 in the x-y plane. Every cross-section of
the solid perpendicular to the x axis is a square, with one side lying in the base.
Find the volume of the solid.

The region bounded by the curvey = In X, they axis and the linesy = 0 and y = 2 is rotated
through 21 radians about the y axis. Find the exact volume generated.

The curvesy = x and y = x? intersect at the origin and at the point (1, 1). The region between
the curves is rotated through 2m radians about the x axis. Find the exact volume of the solid
generated.

The region enclosed by the curvey = 4 — x? and the x axis is rotated through 211 radians
about the x axis. Find the exact volume generated.

The region bounded by y = cosh x, the axes and the line x = 1 is rotated through 21 radians
about the x axis. Show that the volume generated is %(2 + sinh 2).

II

The region bounded by y = tan X, the x axis and the line x = 7

is rotated through 211 radians
about the x axis. Find the exact volume generated.

The region bounded by y = x €*, the x axis and the line x = 1 is rotated through 211 radians

about the x axis. Show that the volume generated is %(e2 - 1).
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The region bounded by y = ﬁ the axes and the line x = 1 is rotated through 211 radians

about the x axis. Find the exact volume generated.

The region bounded by y = vIn x, the x axis and the line x = e is rotated through 360° about
the x axis. Find the exact volume generated.

The diagram shows the region R bounded by the curvey = 3 — x?, the x axis and the y axis,
forx = 0.

The region R is rotated through 211 radians about the y axis. Find the exact volume of the
solid generated.

The region bounded by the curvesy = sinx and y = cos x and they axis, for 0 = x < %, is
rotated through 211 radians about the x axis.
Show that the volume generated is %

Theregion R, for x = 0, lies between the x axis, they axis and the curvey = e,
The region R is rotated through 21 radians about the y axis. Show that the volume of the solid
generated is1I.

A solid is formed by rotating about the x axis the part of the circle x? + y? = 25 that lies above
the x axis between x =2 and x = 5.
Find the exact volume of this solid, which is a spherical cap.

The diagram shows the region R bounded by the curvesy = € andy = €%, the y axis and the
linex =1.

The region R is rotated through 211 radians about the x axis. Show that the volume generated
ism(cosh 2 — 1).

yll
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The diagram shows the region S bounded by the curvey = \/i , theline x = 4 and the x axis.
The region Sis rotated through 211 radians about the y axis. Find the exact volume generated.

yll

2 4

(In this question &, r and h are positive constants.)
(@ Thecirclex? +y? = r? is rotated through 21 radians about the x axis. Use integration to

show that the volume of the sphere formed is %nr"‘.

(b) Theliney = rTX for 0 = x = hisrotated through 211 radians about the x axis. Show that

.1
the volume of the cone formed is §1‘[r2h.

Thefinite region R is bounded by the curvey = (4 — x)(x — 2) and the x axis.
The region R is rotated through 21 radians about the y axis. Find the exact volume of the
solid generated.

The region bounded by y = x? + 1, the x axis, they axis and the line x = 1 is rotated through 21 radians
about the x axis. A student writes:

, 1 N 4m,
V=H£ (*+ 1) dx=mn[7 +x]o' =5

(@ Identify the error in the student's working.
(b) Find the correct volume.

(6]

(3]

(3]

(6]

(1]
(4]

The region bounded by y = sech X, the axes and the line x = In 3 is rotated through 211 radians about the x

axis.
(& Write down d—ct((tanh X).

A

(b) Hence show that the volume generated is 5

The circle C has equation x? + (y — 3)? = 1 and is shown in the diagram.
The circle is rotated through 211 radians about the x axis to form a solid torus (ring shape).

Show that the volume of the torus is 611°.
y A

(1]
(5]

(8]
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The diagram shows the region bounded by the curvey = x? and the liney = 4.
This region is rotated through 211 radians about the liney = —1. Find the exact volume of the
solid generated.

y =4 yll

The region bounded by the curvey = x sin x for 0 < x < 11 and the x axis is rotated through
21 radians about the x axis.

2
Show that the volume generated is %(an - 3). [10]

A bowl is made by rotating through 21t radians about the y axis the part of the curve x? = 5y betweeny = 0
and y = 10, where x and y are in centimetres. The bowl is held with its axis vertical and the vertex at the
bottom, as shown.

Water is poured into the bowl so that the depth of water ish cm.

g

a

h
Y )£

(& Show that the volume of water in the bowl is 5711 h? cm?, and find the capacity of the

bowl in cm?®, giving your answer to the nearest cm?. [4]
(b) Water flows into the bowl at a constant rate of 20 cm® per second. Find the rate at

which the depth of the water is rising when h = 4. Give your answer in cm per second to

3 significant figures. [5]

Arc Length

1

Use the arc length formula to find the length of theliney = 3x — 2 between x =1 and x = 5.
Give your answer as a surd. [3]

The curve C has equation y = x* for 0 < x < 1. Write down a definite integral for the length
of C. (Do not evaluate it.) [2]

Given that y = cosh x, show that 1 + (%)2 = cosh? X. [2]

A curveisgiven parametrically by x = 3t, y = 4t, for 0 = t = 2. Use the parametric arc length
formulato find the length of the curve, and state what kind of curveitis. [3]
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Giventhat y = In(secX) for 0 = x < 3, show that 1+ (12)2 = sec? x.

A curve has parametric equationsx = 2 cost,y =2sint,for0 st < % Find its length.

Find the exact length of the curvey = x¥2 between x = 0 and x = 4.

Find the exact length of the curve y = cosh x between x =0 and x =In 3.

Show that the length of the curvey = In(sec x) between x =0 and x = % isIn(2 + \/§).
Find the exact length of the curve y = In(tanh %) betweenx =In2and x =1n 3.

Find the length of the arc of the circlex =5 cost,y =5sintbetweent=0and t = % and

check your answer using the formulafor the arc of acircle.
A curveisgiven by x = 3t% y = 23 for 0 < t < 1. Show that its length is 4/2 — 2.

Write down an integral for the length of one arch of the curvey = sin x, fromx =0tox =1,
and use your calculator to evaluate it correct to 3 significant figures.

2
The curve C has equation y = X? - % Inx for x > 0.

Showthatthelengthobeetweenx:1andx:2is%+%In2.

1 betweenx =1 and x = 3.

3
Find the length of the curvey = % + o

A curve has parametric equations x = t?, y = t3, for 0 < t < 2. Find the exact length of the
curve.

A curveisgivenby x = € cost,y = €' sint, for 0 < t < 1. Show that its length is\/§(e —1).

Find the exact length of the curvey = In(1 — x?) fromx =0tox = %
Find the exact length of the curve y = In(sin x) between x = % and x = %

Show that the length of the curvey = %(x2 +2)¥2 petween x = 0 and x = 3is 12.

One arch of a cycloid has parametric equationsx =t — sint,y =1 — cost, for 0 = t < 2m.
Show that the length of the arch is 8.
The astroid has parametric equations x = cos® t, y = sin® t. Find the length of the part of the

astroid in the first quadrant (0 = t = %) and hence write down the total perimeter of the
astroid.

The cardioid with polar equation r = 2(1 + cos 6), 0 < 0 < 2m, has arc length given by s=
2n 2 dr 2
Show that the perimeter of the cardioid is 16.

(2]

(3]

(4]
(3]

(4]

(4]

(3]

(4]

(5]

(5]

(5]

(5]

(5]

(5]

(6]

(6]
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A student writes: ‘'The length of y = x> fromx =0tox = 1is _[;1 y1+2xdx!'

(@ Identify the error. [1
(b) Usethe substitution 2x = sinh u to find the correct length, giving the exact answer. [5]

2
A curve has parametric equations x = % y=tfor0=st=< \/5 Show that its length is\/§ + %
In(2 +/3). [6]
A cable hangs between two supports at the same height. Taking the lowest point of the cable as the origin,

with x and y in metres, its shapeisy = 20 cosh(%) — 20. The supportsare at x = —30 and x = 30.
(@ Find the vertical distance between the supports and the lowest point of the cable, in

metres to 3 significant figures. [2]
(b)  Show that the length of the cable is 40 sinh 1.5 metres, and evaluate this to 3 significant
figures. [4

Show that the length of the curve'y = In x between x = 1 and x =43 is2 — /2 + In(1 +2) —
%In 3. [9]

The tractrix has parametric equationsx =t — tanht,y = sech t, fort = 0.

Show that the length of the curvefromt=0tot=1In3is In(%). [8]

The curve with parametric equationsx = cost +tsint,y =sint — t cost, for 0 =t < 2m, iscalled an
involute of the unit circle.

(@  Show that ?j_)t( =tcost and find % [3]
(b) Hence find the exact length of the curve. [4]
(c) Show that the tangent to the curve at the point with parameter t has gradient tan t, and

explain what this says about the direction of travel. [2]

Thecurvey =a cosh(g), where ais a positive constant, is called a catenary. For x = 0, let s be the length

of the curve from x = 0 to ageneral point (X, y) and let A be the area of the region bounded by the curve,
the axes and the line through (x, y) paralel to they axis.

(@ Show that s=asinh(3). [4]
(b) Showthat A =as. [2]
(¢) Hencefind the area A when a= 5 and the arc length is 12. [3]

Surface Area of Revolution

Theliney = 2x for 0 = x = 3isrotated through 211 radians about the x axis. Use S= 211 f y

1[1 + (%)2 d x to find the exact area of the curved surface formed. [3]

Theliney = 3, for 0 = x < 5, is rotated through 21 radians about the x axis. Use integration
to find the area of the surface formed, and state which solid shape it is the curved surface of. [3]

The curvey = x? for 0 < x < 1 isrotated through 211 radians about the x axis. Write down,
but do not evaluate, an integral for the area of the surface generated. 2]
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A line has parametric equations x = 3t, y = 4t, for 0 < t < 1. It isrotated through 211 radians
about the x axis. Use S= 21 f y \/(%)2 + (%)2 d t to find the area of the surface formed.

Given that y = cosh x, show that y{1 + (52)2 = cosh? x.

Theliney = g for 0 = x = 4 isrotated through 211 radians about the y axis. Use S = 2n1 f X

wfl + (%)2 d x to find the exact area of the surface formed.

The semicircley =4 — x? for —2 < x < 2 is rotated through 211 radians about the x axis to
form a sphere. Show that the surface area of the sphere is 1611.

The curvey = x3 for 0 < x < 1isrotated through 21 radians about the x axis. Show that the
. II
area of the surface generated is 5= (1010 — 1).

The curvey = cosh x for 0 = x < In 2 isrotated through 211 radians about the x axis. Find the
exact area of the surface generated.

Thecurvey = \/§ for 0 = x = 3isrotated through 211 radians about the x axis. Find the exact
area of the surface generated.

The curvey = x? for 0 < x < 1isrotated through 21 radians about the y axis. Find the exact
area of the surface generated.

The curvey = 2y/x for 0 = x < 3 isrotated through 2m1 radians about the x axis. Show that the

5611

area of the surface generated is =5

%, is rotated through 211 radians about the x

axis. Find the exact area of the surface formed and name the shape of the surface.

Thecurvex =2cost,y=2sint,for0 st =<

A curve has parametric equations x = t?, y = 2t, for 0 < t < 1. It is rotated through 211 radians
about the x axis.

Show that the area of the surface generated is %H(Z\/E - 1).

3
The curve C has equation y = % + 4—1X for 1 = x = 2. The curve s rotated through 211 radians

about the x axis.
Find the exact area of the surface generated.
A cone has base radius r and perpendicular height h. The cone is formed by rotating the line y

= rrx for 0 = x = h, through 211 radians about the x axis.

Show that the area of the curved surface of the cone is mIryr? + h?.

The circle x? + y? = 25 is rotated about the x axis to form a sphere of radius 5. The part of the
sphere between the planesx = 1 and x = 4 is called a zone.
Show that the area of the surface of this zone is 301r.

The curvey = cosh x for 0 = x < 1 isrotated through 211 radians about the y axis. Show that
the area of the surface generated is 2m(1 — e™?).

(3]

(2]

(3]

(4]

(4]

(4]

(4]

(4]

(4]

(3]

(5]

(6]

(4]

(4]

(5]
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2
Thecurvey = XT - % Inx for 1 = x = 3isrotated through 211 radians about the y axis. Find

the exact area of the surface generated. [5]

The semicircley =r> — x2 for —r < x < r, wherer > 0, is rotated through 211 radians about the x axis to
form a sphere.

(8 Showthaty|1+ (32 =r. 2]

(b) Hence prove that the surface area of the sphere is 4mr?. [2]
One arch of a cycloid has parametric equationsx =t — sint,y =1 — cost,for 0 = t < 2m.
The arch is rotated through 211 radians about the x axis.

Show that the area of the surface generated is % [7]

The astroid x = cos® t, y = sin® t, for 0 < t < 11 (the part above the x axis), is rotated through
211 radians about the x axis.
Find the exact area of the surface generated. [6]

Thecurve x = €' cost, y = €' sint, for 0 < t < 1, is rotated through 21 radians about the x
axis.

Show that the area of the surface generated is a@(ezn +1). [7

A student attempts to find the area of the surface formed when the curvey = x2, 0 < x < 1, is rotated about
the x axis, and writes:

'S=2m £l x?yY1+2x dx

(@ Identify the error. [1
(b)  Write down the correct integral, and use a calculator to evaluate it to 3 significant
figures. [3]
2
A reflecting dish is modelled by rotating the curvey = % for 0 = x = 10, through 211
radians about the y axis. The units are centimetres.
Find the exact area of the curved surface of the dish, and give its value to 3 significant figures. [5]

A soap film forms a surface of revolution obtained by rotating the curvey = 2 cosh(%), for

—2 = X = 2, through 211 radians about the x axis.

Show that the area of the surface is 411(2 + sinh 2). [6]
2 2
The dlipse XZ + % = 1 isrotated through 21 radians about the x axis to form a solid called a
prolate spheroid.
2
Show that the area of the surface of the spheroid is 611 + ﬂé&. [10]

A torusis formed by rotating the circle x* + (y — R)? = r?, where R > r > 0, through 211 radians about the x
axis. The circle has parametric equationsx =r cost,y =R +rsint, for0 <t < 2.

(@  Show that the surface area of the torus is 411°RY. [5]

(b) The volume of the torus is 2ri°Rr. Find the exact value of % and hence the value of r

for which é = 4, giving your answer in terms of R if necessary. [3]
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Thetractrix x =t — tanh t, y = sech t, for t = 0, is rotated through 211 radians about the x axis
to form a surface called a pseudosphere.
Show that the area of the surface is 211.

Gabriel's horn is formed by rotating the curvey = % for x = 1, through 21 radians about the x axis.

(@  Show that the volume of the horn isfinite, and find it.
(b)  Show that the area of the curved surface of the horn isinfinite.

Further Parametric Calculus

10

11

12

A curve has parametric equations x = t?, y = 2t, for t > 0. Find g—z in terms of t.

A curve has parametric equationsx = 3 cost, y =2 sint. Find % interms of t, and find the

gradient of the curve at the point wheret = %.

A curve has parametric equations x = 2t + 1, y = t> — 3. Find an equation of the tangent to the
curve at the point wheret = 2, giving your answer in the formy = mx + c.

The curve C has parametric equationsx = t?, y =t + 1, for 0 < t < 2. Find the area of the
region bounded by C, the x axis and the linesx = 0 and x = 4.

3t d’y

A curve has parametric equations x = t?, y = t3, for t > 0. Show that % =% andfind 5 in

terms of t.

A curve has parametric equations x = 3t, y = 1 — t% Find a Cartesian equation of the curve.

An éllipse has parametric equations x = 4 cos 8, y = 3 sin 6. Find an equation of the tangent
to the ellipse at the point where 6 = % Give your answer in the formy = mx + ¢ with exact

values of m and c.

A curve has parametric equations x = t%, y = t2, for t > 0. Find an equation of the normal to
the curve at the point wheret = 1, giving your answer in the form ax + by = ¢, where a, b and
C are integers.

A curve has parametric equations x =t + 1, y = t* — 3t. Find the coordinates of the points on
the curve where the tangent is parallel to the x axis.

A curve has parametric equations x = 3 sec t, y = 2 tan t. Find a Cartesian equation of the
2

. x2 y
curve in the form Z 0 =1

A curve has parametric equations x = cosh t, y = sinh t. Show that % = cotht, and find a

Cartesian equation of the curve.

2
A curve has parametric equations x = t3, y = t?, for t > 0. Show that % = —%.

(8]

(3]
(6]

(2]

(3]

(3]

(3]

(3]

(2]

(5]

(4]

(4]

(3]

(3]

(4]
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A curve has parametric equations x = 2t, y = t?> — 4t. Find the coordinates of the point on the
curve where the tangent is paralel to the x axis, and state whether this point is a maximum or
minimum of y.

A curve has parametric equations x = t?, y = t(4 — t?), for 0 < t < 2. The curve meets the x
axis at the origin and at the point A.
Find the coordinates of A, and show that the area enclosed between the curve and the X axisis

128
15 -

An €llipse has parametric equations X =4 cost,y =3 sint, for 0 < t < 2m1. Use integration
with parametric equations to show that the area of the ellipse is 1211.

The upper half of the ellipse with parametric equationsx = 2 cost,y =sint,for0 =t < 1, is
rotated through 21 radians about the x axis.
Find the exact volume of the solid generated.

. . 1
A curve has parametric equationsx = Int,y =t + T fort>0.

dy _. 1
(@ Show that ax =t T

2
(b) Find % and hence find the coordinates of the stationary point of the curve and
determine its nature.

A cycloid has parametric equationsx =t — sint,y = 1 — cost.

Show that % = cot(%), and find an equation of the tangent at the point where t = %

A curve has parametric equations x = t?, y = 2t. Theliney = x — 3 meets the curve at the
points A and B. Find the exact length of the chord AB.

(3]

(5]

(5]

(5]

(2]

(5]

(4]

A curve has parametric equations x = t?, y = 2t, for t € R. The point P on the curve has parameter p, where

p=0.

(@ Show that an equation of the tangent at Pispy = x + p°.
(b) Thetangent at P passes through the point (—4, 2). Find the possible values of p.

The curve C has parametric equations x = t2, y = 2t. The point P has parameter p, where p # 0.
(@  Show that an equation of the normal to C at Pisy + p x = 2p + p°.
(b) Thenormal a P meets C again at the point Q with parameter ¢. Show that p g + p? + 2

=0.
(c) Hencefind the coordinates of Q when p = 1.
The astroid has parametric equations x = cos® t, y = sin®t, for 0 < t < 2m. Show that the area

enclosed by the astroid is %H.
/2 . 4 _ I
(Youmayuse£ sin‘tcos’tdt= )

One arch of a cycloid has parametric equationsx =t — sint,y =1 — cost, for 0 = t < 2m.
Show that the area between the arch and the x axisis 3.

(3]
(3]

(3]

(4]
(2]

(6]
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A student is asked to find the gradient of the curve x = t3, y = t? at t = 1 and writes:

dy _dx dy _3_3,

dx ~dt T dt ~ 2t T2

(@ Identify the error.

(b) Find the correct gradient at t = 1, and hence find where the tangent at t = 1 meets the x

axis.

The curve L has parametric equationsx =sint,y =sin 2t, for 0 = t = 2m. It forms a figure of eight.

(@ Show that dx = %, for cost # 0.
(b) Find the exact coordinates of the pointson L, for 0 <t < 11, where the tangent is parallel

to the x axis.

(c) Show that the area of the right-hand loop of L (the loop where x = 0) is%

(1]

(3]
(3]

The path of aball is modelled by x = 20t, y = 15t — 4.9t fort = 0, where x and y are in metresand t isin

seconds. Takeg = 9.8 ms™?
(@ Find % in terms of t, and the gradient of the path whent = 1.

(b) Find the greatest height reached, to 3 significant figures.
() Find the horizontal range, to 3 significant figures.

A curve has parametric equations x = f(t), y = g(t). Dots denote differentiation with respect to t.

dy _ xy—yx
(@  Show that —2 = T

2
(b) Hence show that for the cycloidx =t — sint,y =1 — cost (0 < t < 2m), d—
-1
(1 — cost)?’

2

. - .d
(c) Hence explain why the cycloid is concave downward (that is, —g

e < 0) everywhere on

its arch, and find the value of —y at= %

A curve has parametric equations x = t?, y =t — 3t, for t € R. The curve crosses itself at the point N.

(@ Find the coordinates of N, and the values of t at which the curve passes through N.
(b) Find the acute angle between the two tangents to the curve at N.

(c) Show that the area of the loop enclosed betweent = —y3 and t =43 is 2445@.

A spira has parametric equationsx =t cost,y =tsint, fort = 0.

_ sint+tcost
@ Showthat dx T cost—tsint’

(b)  Show that the tangent is paralel to the x axiswhentant = —t.

and find the gradient at t = .

(©) Show that ( )2 + ( gt CYy2 = 1 + 2, and hence find the exact length of the spiral from t =
Otot=rI, mtermsof 1I.

3t 3t?

FETIE T

The curve C has parametric equations x =
(@  Show that x3 +y®=3xy.
_t2 -1t}
(b) Showthat dx =
() Find the exact coordinates of the point of C where the tangent is parallél to the x axis,
and of the point where the tangent is parallel to they axis.

(3]

(2]
(2]

(4]

(4]

(2]

(3]
(3]

(4]

(2]

(4]

(3]
(4]

(3]
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Further Trigonometric I ntegration

L Find [ sn’xdx. 3]
- Evaluate _[;H sin? x d x. [3]
3 Find f tan x d x. [2]
4 Find f cos® x d x. [3]
5 Find f sin 4x cos 2x d x. [3]
6 Evaluate LHM sec? x d x. [2]
7 Findf sin® x cos? x d x. [4]
8 Find f tan® x d x. (4]
9 /2 a _ 30
Show that [ cos®x dx = 35. [4]
10 Evauae L ™ sectx d x. [4]
L Find the exact value of £ e cos 5x cos 2x d Xx. [4]
12 Use the substitution u = sin x to show that £H/2 LSXZ dx= %. [3]
1+d8n°x
13 Find f sin? x cos? x d x. [4]
Y Lat=tan(y).
Show that sin x = —2— and d x = —2— d't 3
(a) ow snx=_zaddx=_—7dt [3]
(b) Henceshow that [ e dx=1. 3]
15 - _ X w2 1 _m
Use the substitution t = tan(i) to show that i: T COSX dx= %
Y ou may use cos -1_t2mdd =2 4t 5
(You may u X=7137 X=17¢ ) (5]
16 Use the substitution t = tan(%) to show that f cosec X d x = In|tan(%)| +cC.
Hence find the exact value of ‘LZZ cosec x d X. [6]
17 ghow that £n/4 sec®xdx = 1(\/§+ In(1++2)) 5
=3 . (5]

stemup.co.uk | page 21
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18 Findf tan* x d x.

19 Evauate an sec? x tan? x d x.

20 Find [ sn*xdx.

21 X /2 1 2 1
Use the substitution t = tan(i) to show that i: Ev4snx dx= 3 arctan(§).
N _ 2
(Youmay usesinx = T+ 0 anddx-—1+t2 dt.)
22 he substitution t = tan(%) to find th aueof [ L d
Use the substitution t = tan(E) to find the exact value o 1; Ticosxisnx 4%
23 _ X 11t 2
Lett—tan(?,sothatcosx- i anddx-m dt.
(@ Showthat [ secxdx=In—t|+c
(b) Hence show that £n/3 sec x d x = In(2 +4/3).
in3
24 A student writes: f sn’xdx= sr13 i
(@ Show that the student's answer is incorrect by differentiating it.
(b)  Find the exact value of £H/6 sin?x d x.
25 Use the substitution u = sin x, and partial fractions, to show that j;mz a+ sin(;8?2X+ ShY) dx
_ 4
=In(3).
26 snowthat [™ 25— dx = = arctan(-%), by using the subsitution u = tan x
l1+cos?x 42 2" y using - '
27 _ [fu2 sin x o2 COS X
I_.£ sinx+cosxdxand‘J_.£ sinx+cosxdx'
(@ Showthatl+J= 7.
(b) By using the substitution u = % — xinl, show that | = J, and hence find the value of I.
(c) Hence find the exact vaue of £ " H d x, and explain geometrically why the
result is not a surprise.
28 _m oxsinx _m?
|—£ mdx.Showthatl—4.
29

For positive integersm and n, let I(m, n) = j;zn sin(m x) sin(n x) d x.

(@ Show that I(m, n) = 0whenm = n.
(b) Show that I(n, n) = 11.

(¢) Hencefind the exact value of £2H (sin 2x + 3sin 5x)% d x.

stemup.co.uk | page 22

(4]

(4]

(5]

(6]

(4]

(2]
(4]

(6]

(6]

(2]

(4]

(3]

(9]

(3]
(2]

(3]
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30 For aconstant a> 1, let I(a) = 1;“ a+—iosx dx.
—_— _ X _ > 2
(@)  Usethe substitution t = tan(3) to show that I(a) = [ e dt. [4]
(b) Hence show that I(a) = ——. [4]
a—-1
() Find the value of afor which I(a) = % and verify your answer with the result of part (b)
fora=3. [2]

Differentiation Under the Integral Sign
1 ) d px

Find 55 [ Intdt. 2]
2 ) d ¥

Find X L costdt. [2]
3 ' d ps 2

Fdeiv 1+t dt. [2]
4 . - - - - - T )

Use the rule for differentiating an integral with variable limits to find X I t“dt, and

check your answer by integrating first. [3]
5 Let F(a) = 1;1 x?d x for a> —1. Write down F(a), and by differentiating under the integral

. 1, _ 1

sgnshowthat£ x%Inxdx= @r [3]
®  Fnd L [ @+sna)dx 2
7 ) d ¥

Find g5 [ Intdt. 3]
8 Given that G(x) = £x 1 itz d t, use the fundamental theorem of calculus to find G'(x), and

hence identify G(x) in terms of an inverse trigonometric function. [3]
9 LetF@ = [" costax) dx for a> 0. Show that F(a) = "2 ang by differentiating both

sides with respect to a, show that £H x sin(ax) d x = Sn( g _; acosng) [4]
10 Given that £°° e Xdx= % for a> 0, differentiate with respect to ato find £°° x e dx

and [ x2e™*dx. [4]
11 F(x) = l * & dt. Find the exact values of x for which F(x) =0. [4
12 Use the fundamental theorem of calculus and L'Hépital's rule to evaluate Lirrg % _£ g cos(t?) d

t. [3]

stemup.co.uk | page 23
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13 show that if F(x) = L:ZSX t3d t then F(x) = —sin x cos x.
14 The function f satisfies f(x) = 2+ [ tf(t) d t for x > 0.

Find f(x).
L koras -1, let1(a) = £l Xln—_Xl dx.

By differentiating with respect to a, show that 1(a) = In(1 + a).
16 . L —ax _ 1 , . .

Given that I(a) = 1; e ¥dnxdx= T+ for a> 0, differentiate with respect to ato show

© —ax _ 2a . ® —2X

that £ xe *snxdx= T+ and write down the value of £ xe Zsnxdx.
17 . . . oo

The function F is defined by F(x) = [ sm(x tydtfor x > 0.

cos(x ) . \

(@ Show by integrating first that F(x) = , and hence find F'(x).

(b) UsetheLeibniz rule F(x) = sin(x x x) + £ % sin(x t) d t to obtain the same resullt.
18 Rz [ e dtforx>o0.

(@ Show that F has asingle stationary point for x > 0, at x = W/InTZ

(b) Determine the nature of this stationary point.
19 I _r- 1 o

It isgiven that 1(k) —£ Tk dx= T for k > 0.

II
By differentiating with respect to k, show that _g m dx= W and hence find the
© 1

exactvalueof£ mdx
20 o n 1 _

Itlsg|venthat£ AT CoSX dx= = fora> 1.

Differentiate both sides with respect to ato show that ‘£ i ! dx = ——2 and

(a+ cosx)? (@ — 1%’
. n 1
hence find the exact value of £ 2+ oosn)? dx
w @-aX _ a—bx

21 For positive constants aand b, let (a) =£ © X € _dx

By differentiating with respect to a, show that I(a) = In(%).
22 _ax SINX

Fora= 0, letI(a) :Lw
under the integral sign isvalid.

1 —ax 1
(@ Showthat I'(8) = — 2,usmg£ e snxdx= .
(b) Hence show that I(a) = - — arctan a
(c)  Write down the value of £ dx and find the exact value of £ e* S'?(X d x.

(3]

(5]

(5]

(3]
(3]

(3]

(5]

(5]

(6]

d x. It may be assumed that I(@) —» 0 asa — o« and that differentiation

(2]
(3]
(3]
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Letl(a) = _I;l xtdx= ail fora> —1.

(@ By differentiating twice with respect to a, show that £1 x3(Inx)?dx = (a+21)3' [3]

(b)  Hence find the exact value of £1 x2 (Inx)%d x. [3]
2 et 5 Xt

Let F(x) = J; eT dt, for x > 1. Show that F'(x) = ?,eXTZe. [6]

A student writes: d_dx £x te*dt=xe" treating € asif it did not depend on x inside the integral.

(@ Explainthe error. [1

(b) Find the correct derivative, and check it by integrating first. [5]

The function f satisfiesf(x) =1+ [ (x — ) f(t) d t for all x.

(@ Show that f'(x) = £x f(t) d t, and hence that f"(x) = f(x). [4]

(b)  Write down the values of f(0) and f'(0), and hence find f(x). [3]

Letl(a) = £w e cos(ax) d x. It isgiven that 1(0) = IZE and that differentiation under the integral signis
valid.

(@ Showthatl'(d) = —£w x e sin(ax) d x. 1
(b) Useintegration by parts to show that I'(a) = —% I(a). [5]
() Hence show that I(a) = IZE e ¥, [3]

n/2 |n(1 + acosXx)
COS X dx.

/2 1
1+acosx

ForO=a<l, Ietl(a):‘[)v

(@ Show that I'8) = [ d x. 2]

. . , arccos a

(b) Using the substitution t = tan(%), show that I'(a) = m. [5]
2

(¢) Hence show that I(a) = % - %(arccos a)?, and find I(%) exactly. [3]

Forn=1llet F,(x) = (; £X (x — t)™1 f(t) d t, where f is a continuous function, and F,(x) = i;x f(t)d

n— 1)!
t.
(@ Usethe Leibniz rule to show that F,'(X) = F,.;(x) forn = 2. [4
(b) Explain why F4(x) isthe result of integrating f from O three times (each integral taken
from 0 to x), and find F4(x) for f(t) = €\. [4]

« arctan(ax) — arctan(b x)
- dx.

For positive constants aand b, let I(a) = j;
(@  Show that I'(a) = %. [4]
(b) Hence show that I(a) = % In(p). 3]

()  Write down the exact value of £ “ arctan(3x)x— actanx gy, [1]




