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Roots and Coefficients of Polynomials

1 (3 marks)

_ —5_5
arpry=-5=3
(xB+Bv+va-— 2

-7 _7
apy=-— =3

AnSNer:a+B+y:g,aB+By+y(x:Z,an:—

2 (3 marks)
x+pfp=6andap=4
a’+PB2=(ax+PB)>—20p=36—8
=28
Answer: 28

3 (3 marks)
a=2Zap=5apfy=4
(x+2B+2)(y+2) =aPfy+2Zap +4Za +8
=4+10+8+8=30
Answer: 30

4 (3 marks)
p=—(a+B+y)=-
q=ap +Py +ya=2
r=—opfy==6
Answer: p=-=59=2,r=6

5 (3 marks)

(x+B-—§ 4,0k = —12
op = 12 4
AnSNer. k==12, af =4

6 (2 marks)
1 1 1 By+y(x+0(B

BYy~ apy

7 (5 marks)
(@ Za = % ZaBf =3, apy=-2

Ta?= (Sa)’ — 2Z0B = — 6

3B
4
Answer —%

1 1 _ Zapf _ 3
O)5* 5y = apy - =2
3
T2
Answer —%
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8 (4 marks)
(x — 2) isafactor: x> — 6x% + 13x — 10 = (X — 2)(x*> — 4x + 5) M1 AL
_4%y16-20
X = 5 M1
X=2%i Al
Answer: 2+iand 2 — i 4 marks
9 (5 marks)
Let the roots be o and a + 3. Sum of roots = % =5 s020x+3=5anda=1 M1 A1l
Therootsare 1 and 4 Al
Product of roots = % =4,s0c=12 M1 A1l
Answer: ¢ = 12; roots 1 and 4 5 marks
10 (4 marks)
Sumofroots:%—3+4:% M1
Sumofpairsz—%+2—12=—2—23 Al
Product=—6,sox3—%x2—2—23x+6=0 Al
Multiply by 2: 2x® — 3x*> — 23x + 12=0 B1
Answer: 2x3 — 3x?> — 23x +12=0 4 marks
11 (5 marks)
Thethird rootisl — i B1
Sum of roots=4, soa= —4 M1 Al
Sum of pairs=2(1+i)+2(1—i)+2=6,s0b=6 Al
Product=2x2=4,s0oc=—-4 Al
Answer: x° — 4x>+6x —4=0 5 marks
12 (5 marks)
The other rootsare1 — i and 3 + 2i B1
Quadratic factors x> — 2x + 2 and x> — 6x + 13 M1 Al
Multiply: x* — 8x3 + (13 + 12 + 2)x® — (26 + 12)x + 26 M1
x* —8x3+27x?> — 38x + 26 =0 Al
Answer: x* — 8x3+27x> — 38x + 26 =0 5 marks
13 (4 marks)
+B=2 qR=_2
ax+p= 3 of = 3 B1
(a = B)° = (o +B)* — 4ap M1
_%5,8_%
=5 *t3-75 M1 A1
Answer: %9 4 marks
14 (6 marks)
Za=4,Zaf =1, apfy=-5 B1
Ta’=16—-2=14 M1 A1
o =40 — o — 5, and similarly for B and y M1
Sal=4(14) —4-15 M1
=37 Al
Answer: 37 6 marks

stemup.co.uk | page 2



StemUp | Further Mathematics | Further Pure Mathematics: Further Algebra and Functions | Model Answers

15 (6 marks)
x+p=(ax+p+y)— yandsoon, sothe product is (e, — a)(e; — B)(e; — V)
=g’ — e e’ +ee — e, withe, =2, e, = Zap, e; = aPfy
=66, — 86
=(=2)(=5 —-1=9
Answer: 9

16 (6 marks)
Rootsa—d,a,a+d; sum=3a=6,s0a=2
Product: a(@® — d?) = —10, s0 2(4 — d® = —10
d?>=9,sod=+3and therootsare —1, 2, 5
k=2afp=—-2+10—-5
k=3
Answer: Roots =1, 2,5, k=3

17 (6 marks)

Roots ?, g, ar; product a®=8,s0a=2

Sum: 2(%+1+r)=7,902r2—5r+2=0
(2r — 1)(r— 2) =0, sotherootsare 1, 2, 4
k=2afp=2+8+4=14
Answer: Roots 1, 2, 4; k=14

18 (6 marks)
Sumofroots a —ax+Bf=3,s0p =3
3isaroot: 27 — 27+ 3p+q=0,s0q=—3p
p=—4,9=12:x3— 3x®> — 4x + 12 = (x — 3)(x*> — 4)
Roots 3, 2, —2
Answer: 3, 2, =2

19 (5 marks)
o= —g, Zap = -2, apfy = —%
Ta’p? = (Zap)® — 2aBy(Za)
=4-2(-3)(-3)
5

=2

)
Answer: >

20 (7 marks)

Let the roots be «, é and B. Product of roots = % =3,s0p=3
Xx=3:162—297+3k —18=0,s0k =51

6x> — 33x? + 51x — 18 = 3(x — 3)(2x> — 5x + 2)

=3x = 3)(2x — D(x —2)

3 1
x—3,20r§
Answer : k:51;x:3,2,%

21 (10 marks)
(@ Zax=2Zap=3
Sa?=4—-6=-2
Answer: =2
(b) If al three roots were real, Zo® would be positive
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But Za® < 0, so there are non-real roots, which occur in conjugate pairs; hence exactly one real E1
root
Answer: Onereal root 2 marks
() a®=2a” — 3 — 5 s0Xa®=2(—-2) — 3(2) — 15 M1 AL
=-25 Al
a’ =202 — 3a? — 5a, s0 Ta* = =50+ 6 — 10 M1
=-54 Al
Answer: —25 and —54 5 marks
22 (8 marks)
Za=4,Zap =2 apfy=-3 B1
1 _ (Zap)® —20fy-Zo _ 4+24 28
Zaz = By =—9 =79 M1 A1
1 (Za)?—2TaB _ 12 _ 4
z = =5 =3 M1 A1
(aB)? (aBy)? 9 3
1 1
Product of new roots= —— =5 B1
(aBy)® 9
3—%8y2+%y—%:O,SOQy‘°’—28y2+12y—1:0 M1 AL
Answer: 9y® — 28y?+ 12y —1=0 8 marks
23 (8 marks)
Let therootsbea— 3d,a— d,a+d,a+ 3d B1
Sum of roots: 4a=8,s0a=2 M1 A1
(Za)? — Za?
Ya? = 4a’ + 20d°, so0 TaP = == 6a> — 10d? M1 A1
24— 10d° =14, s0d? =1 M1 A1
Roots —1, 1, 3,5 Al
Answer: —=1,1,3,5 8 marks
24 (10 marks)
(@) (x+y +2)2=x2+y2+ 722+ 2(xy + yz + 2X) M1
4=14+2(xy +yz+2X),S0Xy +yz+zx = =5 Al
Answer: Xy +yz+2zx = =5 2 marks
(b) 20 — 3xyz=2(14 +5) M1 Al
Xyz=—6 Al
Answer: xyz = —6 3 marks
() x,yand zaretherootsof t> — 2t> — 5t +6=10 M1 Al
t—Dt—=3)(t+2)=0 M1 Al
X, ¥,z2=1,3, —2inany order Al
Answer: 1, 3and —2in any order 5 marks
25 (11 marks)
() (xBy6=—3,soy6=:—i=3 M1 A1
Answer: 3 2 marks
(b)s+t=3 B1
Zofp=oaf+yb+st=4,s0—-1+3+st=4andst=2 M1 A1
Zoapy =op(y +6) + yb(ax +B) =50 —t+3s=5 M1
Then —t+3(3—t)=5s0t=1ands=2 M1 Al
Answer:s=2,t=1 6 marks
© X —2x—1)(x*—x+3)=0 M1
x=1% 20rx=1i|211 A1Al
Answer: 1+ 42 and 1%@ 3 marks
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26 (5 marks)
(a) Theidentity is 2o = (Za)? — 2Za; the student has added instead of subtracting E1E1
Answer: Wrong sign in the identity 2 marks
(b)2a2=%—4=—% M1 AL
Thisis negative, so the roots cannot all be real El
Answer: —%; not all roots arereal 3 marks
27 (11 marks)
(a) The x? coefficient is0, so X = 0 B1
Yo’ = (Za)? — 2ZaB=0—2p M1 A1
Answer: o+ B +y=0and a’®+ B?+ p>=—2p 3 marks
(b) o = —pa — @, and similarly for B, y M1
Yol = —pZa — 3q= —3q M1 AL
aPy = —q, so Za = 30By Al
Answer: o + B + y° = 3aBy 4 marks
(©) a® = —pa® — qa? M1
Yo’ = —pZad — gZa? M1
= —p(—30) — o(—2p) = 5pq M1 A1
Answer: a® + B° + y° = 5pq 4 marks
28 (12 marks)
(@) x3+px+q=(x — )(x — B)(x — y); differentiate: 3x*> + p= (X — B)(X — y) + (X — ®)(X — M1 AL
V) + (X —a)x —B)
Putx = a: 302+ p=(ax — B)(x — V) Al
Answer: 3a?+p = (o — B)(a — y) 3 marks
(b) Multiply the three results: [](3a? + p) = —[(ac — B)(B — y)(y — a)]? M1 AL
[1(3a% + p) = 27(aPy)? + pZa?p? + 3p?Ta? + p° M1
Ya?p?=p? (asZa = 0), Ta? = —2p, (aPy)? = ¢? M1
= 2797 + 9p® — 6p°® + p® = 4p* + 27¢° Al
So the required product is —4p® — 27¢°
Answer: (o — B)4(B — y)3(y — &)? = —4p® — 27¢> 5 marks
(c) Distinct real roots need (o« — B)*(B — )% (y — ®)*>>0 M1
p=-3,q=k —4(—27) — 27k*>0 M1
108 — 27k*> 0,0k’ < 4 Al
—2<k<?2 Al
Answer: —2<k <2 4 marks
29 (12 marks)
(@) o® =20 + a — 3, 50 a™3 = 2a™? + o™t — 3" M1 AL
Add the corresponding equations for B and y Al
Answer: S5 = 2S5+ Sy — 35S, 3 marks
(b)S;=2,S,=4+2=6 B1
S;=2(6)+2—-9=5 M1 Al
S,=2(5)+6 —3(2) =10, S, = 2(10) +5— 18 =7 M1 AL
Sg=2(7)+10—3(5 =9 M1 Al
Answer: S, =2,S,=6,5;=5,5=9 7 marks
() S;, S,, S; areintegers and the recurrence has integer coefficients E1
so by induction every S, is an integer El
Answer: | nteger recurrence 2 marks
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30 (10 marks)
(a) Sum of three squares = 0, so 2XZa®> — 2Xap = 0 M1 Al
Yo = (Za)? — 2ZafP, 0 (Ta)? — 3Tapf =0 M1 A1
Za =6, Zap =k: 36 = 3k M1
Sok =12 Al
Answer: (a + B +y)? = 3(aB + By + ya) for real o, B, y 6 marks
(b) Equality holds, so each squareiszeroandaa = =y M1 A1
Sum 6 gives each root 2, and 23 = 8 agrees with afy M1 A1l
Answer: 2, 2, 2 4 marks

Transformations of Polynomial Roots

1 (3 marks)

a+pB=5andap =2 B1
Sum of new roots = 2(ac + B) = 10, product = 4afp = 8 M1 A1
Answer: y> — 10y +8=0 3 marks
2 (3 marks)

Lety=x+1,sox=y—1 B1
y-1°-2(y—1?+3(y—-1)—4=0 M1
y3 —5y?+10y — 10=0 Al
Answer: y® — 5y?+ 10y — 10=0 3 marks
3 (3 marks)

Lety:%,sox:% B1
2 3 _ 2 _

F—y+7—0,so7y—3y+2—0 M1 A1l
Answer: 7y? =3y +2=0 3 marks
4 (3 marks)

Lety:3x,sox:% B1
S A NP

f+2§_§+6_0 M1
y3+6y?—9y+162=0 Al
Answer: y®+6y? — 9y + 162=0 3 marks
5 (4 marks)

a+p=4a0p=1 B1
a’+PB2=16—2=14,a’p*=1 M1 Al
y2—14y+1=0 Al
Answer:y> — 14y +1=0 4 marks
6 (3 marks)

Lety=x—2,50x=y+2 B1
(Y+2)* =3y +2*+(y+2+2=0 M1
y*+8y3+21y?+ 21y +8=0 Al
Answer: y* + 8y% + 21y? + 21y + 8 =0 3 marks

stemup.co.uk | page 6



StemUp | Further Mathematics | Further Pure Mathematics: Further Algebra and Functions | Model Answers

7 (6 marks)

x+pB=6ap=7 B1

Sum of new roots = 4(a + B) = 24 M1 AL

Product = 3a? + 10af + 3B? = 3(a? + B?) + 10ap M1

=3(36 — 14) + 70 = 136 Al

y2 — 24y +136=0 Al

Answer: y?> — 24y + 136 =0 6 marks
8 (3 marks)

1 1

Lety = X,sox—y B1

2 3 5

F_F+V+1=O M1

Multiply by y* y*+5y® — 3y +2=0 Al

Answer: y*+5y° =3y +2=0 3 marks
9 (5 marks)

5 1
(X+B=§,(XB=§ B1
2 2 E—1

Sum of new roots = aa+BB =4 i =2—21 M1 A1

Product = 1 B1

2y>—2ly+2=0 Al

Answer: 2y? — 21y +2=0 5 marks
10 (4 marks)

o+ =4—7y,and soon, soeach new rootisy =4 — x M1 Al

Substitutex =4 —y: (4 —y)} — 44 —y)?’+(4—y)+3=0 M1

y3—8y?+17y —7=0 Al

Answer:y® —8y?+ 17y = 7=0 4 marks
11 (4 marks)

Lety:2x+1,sox:y;21 B1

_ N3

%—2(y—1)+5=0 M1

(y—1)3°—-16(y — 1) +40=0 M1

y>—3y?— 13y +55=0 Al

Answer: y® — 3y? — 13y +55=0 4 marks
12 (6 marks)

a+p=4ap=2 B1

Sum=(0£+B)+(x(x+BB:4+2:6 M1 A1

Product=oc[5+1+1+a—lB=% M1 A1

2y’ —12y+9=0 Al

Answer: 2y* — 12y +9=0 6 marks
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13 (6 marks)
ax+p=-3k apf =2k
_ (cx+[3)2 9k? _ ok

Sum of newroots:(oc+[3)( B) =S =5
_ (a+p)?
Product = B _7
y? —g—ky 9—k—OSOZy — 9%y +9% =0
Answer: 2y® — 9Ky + 9k =0
14 (6 marks)

1.1 2 3
(a)Lety:;:—4—F+y—1:0
1-2y+3y°—y*=0,s0y* - 3y°+2y—1=0
Answer: y* = 3y®+2y —1=0
(b) For the new equation Zy = 3and Xyy' =0
Sy?=32-20)=9
Answer: 9

15 (5 marks)
=-3 = =3 etc ety = —> =3
afy = -3, s0Py =~ elc;lety = —3, 0x=—¢
27 36 3
—F—F—y+3 0

Multiply by —y%3:y® —y? — 12y —9=0
Answer:y* —y?— 12y —9=0

16 (6 marks)
_ a _ o _ o
QBV__S’SOW_OL_BV__?
2
Lety = —%, sox?= —3y

Write the equation asx(x® — 1) = 2x? — 3 and square: x*(x*> — 1)2 = (2x? — 3)?
—3y(—3y — 1)*=(—6y — 3)°

9y®+18y?+ 13y +3=0

Answer: 9y® +18y?> + 13y + 3= 0

17 (6 marks)
Za=1Zaf=—-1afy=1
Ya?=1+2=3,Za®= (DB - (D)D) +3(1) =7
To’B® = (ZaP)® — 3(Za)(ZaP)(aBy) + 3(aBy)’=—1+3+3=5
aB3yi=1 0y - 7y?+5y—1=0
Answer: y> — 7y?+5y —1=0

18 (6 marks)
y =2x — 1, so substitutey =2x — 1
(2x—1)°—32x—1)?+7(2x—1)+9=0
8x3 — 24x2+32x — 2=0,504x3 — 12x*+ 16x — 1=0
Ya=3Zaf=4,s0Z0*°=9—-8=1
Answer: 4x3 — 12x2+16x — 1=0; Ta’=1
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19 (7 marks)

(@) Lety = !

o XLy
L sty gz
(1+y) (1+y) 1=0

Multiply by y3 (y + 1)3 — y(y + 1)> — y3 =0, givingy®  —y* — 2y —1=0
Answer:y? —y?2 =2y —1=0

(b) 2y =1,2yy' = -2

Yy?=1+4=5

Answer: 5

20 (6 marks)

Lety =x% — x. Fromthe equation x® — 2x2+3x — 1=0: x(x* = x) = (x* = x) +2x — 1 =0,

e (x—Ly+2x—1=0

_y+1
SOX_y+2

Substitute intoy = x> — x: y(y + 22 =(y + 1) — (y + 1)(y + 2)
y(y +2)?=—(y+1)

y>+4y>+5y +1=0

Answer: y®+ 4y + 5y +1=0

21 (8 marks)
+ 3—a _ 3
Za:3,wB+y:3—a,md¥:T:a_l
_3 _ 3
Lety—;—l,sox—y+1

27 _ 21, 6
y+1® (y+1®> y+1
Multiply by (y + 1)% 27 — 27(y + 1) + 6(y + 1) + 4y + 1)3=0
4y®+18y? — 3y +10=0

Answer: 4y® + 18y? — 3y + 10=0

+4=0

22 (10 marks)

_x+1 _y+1
(a)Le’cy——l,sox—y_1

+1 +1 +1
(;=1)° = 3G =7’ +3(;—7) +3=0

Multiply by (y — 1) (y + 1)® = 3(y + 1)2(y —D+3y+1Dy—1D2+3y—13=0
Expanding: 4y® — 12y? + 12y + 4= 0, so y° — 3y? +3y+1—0

Answer: the equation with roots o xr 11 g:l and V |sy —3y’+3y+1=0

(b)y> —3y?+3y —1=(y — 1)3,sotheequat|on|s(y - 1)3+2—0
Each root satisfies (y — 1)® = —2, so the sum over three roots is —6
Answer: —6

23 (9 marks)
(@ Za=4,Zap=5apfy=1
Ya’=16—10=6, Za’p?=25—-8=17
S+ 1) =9 Z(a®+DP2+1)=17+2(6) +3=32
IT(o? + 1) = (aBy)? + Ta?p2+ Za?+1=25
yS—9y?+32y —25=0
Answer: y® — 9y?+ 32y — 25=0
(b) The product of the roots of the new equation is 25
Answer: (o? + 1)(B? + 1)(p*+ 1) =25
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24 (5 marks)
(a) Replacing x by % gives% - % + 3 — 7 = 0; the student replaced x by y instead E1E1
Answer: Substituted y for x instead of % 2 marks
(b) Multiply by y*: 2 — 5y + 4y? — 7y®=0,s0 7y® — 4y> + 5y — 2=0 M1 AL
Sum of roots = ; Al
Answer: 7y® — 4y?> + 5y — 2 =0, ; 3 marks
25 (9 marks)
Za=22apf =-1, afy=-3 B1
Ya?=4+2=6,Za’p’=(—1)? — 2(—3)(2) = 13 M1 A1
B2+ y?=6— a? soeach new root isy = 6 — x> M1 A1
The roots o2 of the cubic in w have Zw = 6, Zww' = 13, [Tw = 9 M1
Equation with roots 6 — w: sum 12, pairs 3(36) — 12(6) + 13 = 49, product 216 — 216+ 78 — 9 M1 Al
=69
y3 —12y?+49y — 69=0 Al
Answer: y® — 12y? + 49y — 69 =0 9 marks
26 (9 marks)
1 _ 2« 1
Za:B,ZaB:Z,aBy:—4,andZa:WS:—E B1 M1
Sumofnewroots=3—%=§ Al
1 1 o 1 a 1 9
S(a+2)B + 5) = Tap + X(§ + £) + Top, where X(§ + ¢) = (Zo)(E5) — 3= —3 and MLAL
1 _ Yo _ 3
of "oy T4
.9 3_ 13
Sumofpalrs—Z—E—Z——T Al
1, TI(a?+1) _ (aPy)?+Za®p?+Za?+1 _ 16+28+5+1 25
e+ =gy = oBy T ] e
S22~ By s B 20,504y° — 10y? — 13y +50=0 AL
Answer: 4y® — 10y? — 13y +50=0 9 marks
27 (11 marks)
(@) Zo=—p, Zap =q, aPy = —r B1
Ya?=p®—2q M1 AL
Za’B? = g — 2(aBy)(Za) = ¢° — 2(=r)(—p) = ¢ — 2pr M1 AL
a®B?y? = r?, and the equation follows Al
Answer: the equation with roots a?, B2 and y?isy® — (p? — 2q)y? + (4> — 2pr)y — r2=0 6 marks
(b)p> —2q=36—22=14,0° — 2pr =121 — 72=49,r* =36 M1 AL
y® — 14y?+ 49y — 36=0 Al
Answer: y* — 14y? + 49y — 36 =0 3 marks
(c) a?, B2, y? are non-negative, so their sum and the sum of their pairwise products are M1
non-negative
p?—2q=0andqg>—2pr=0 Al
Answer: p? = 2q and q° = 2pr 2 marks
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28 (11 marks)
(a) Let the roots be % m, mk; the product ism® = —r M1 Al
Tap = mz(% +1+Kk)= m(m(% +1+Kk)) =m(—p) M1 A1
So g = —pm, hence q® = —p*m® = p°r M1 AL
Answer: ¢° = p3r 6 marks
(b) p= —14 and r = —64: g° = (—14)3}(—64) = 175 616 = 56° M1 AL
q =56 Al
m3:64,som:4;sumofroots4(%+1+k):14,302k2—5k+2:O M1
Roots 2, 4, 8 Al
Answer: g = 56; roots 2, 4, 8 5 marks

29 (12 marks)
@ (y+2°—6y+2?+9y+2+k=0 M1
yi+6y?+12y +8—6y> — 24y — 24+ 9y +18+ k=0 M1 AL
yi—3y+(kk+2)=0 Al
Answer: the equation can bewritten asy® — 3y + (k +2) =0 4 marks
(b) A repeated root of f(y) =y — 3y + k + 2 satisfiesf'(y) =3y? — 3=0,s0y = +1 M1 AL
y=1-2+k+2=0,s0k=0andx=y+2=3 M1 Al
y=—12+k+2=0,s0k=—4andx=1 Al
Answer: k =0 (x = 3repeated), k = —4 (x = 1 repeated) 5 marks
(c) The graph of f hasalocal maximum at y = —1 with valuek + 4 and alocal minimumaty = 1 M1
with value k
Three distinct real rootsneedk +4>0andk <0,s0 —4<k<0 Al AL
Answer: —4<k<0 3 marks

30 (11 marks)
(@ Za=0Zafp=—-1,apy=1 B1
Ya?=0+2=2Za®B?=1-0=1,a’p?>y?=1 M1 AL
yi—2y?+y—1=0 Al
Answer:y® — 2y?+y —1=0 4 marks
(b) Za’ = Z(a?)? = (Za?)? — 2Za®p? M1
=4-2=2 Al
Answer: 2 2 marks
(©oa®=a+1 s0a™ =a™ + «; add the three similar results M1 Al
S3=S,+5,=0+3=3,5,=S,+S,=2 M1
S5=5+5=3+2=5 M1 Al
Answer: S;=5 5 marks

Polynomial Equations

1 (3 marks)
1-2-5+6=0,s0(x — 1) isafactor B1
2= 2> =Bx+6=(x—D)(X> = x —6) = (x — 1)(x — )(x + 2) M1 A1
Answer: x=1, 3, =2 3 marks
2 (2 marks)
X=4i\/1g—52=426l M1
X=2%3i Al
Answer: 2+ 3iand 2 — 3i 2 marks
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3 (3 marks)
f(1) =0, so (x — 1) isafactor B1
XB—Tx+6=(x—DX?+x—6)=(X — D(x — 2)(x +3) M1
x=1,2 -3 Al
Answer: x=1,2, =3 3 marks
4 (3 marks)
(x + 3) isafactor: 2x3 + x> — 13x + 6 = (x + 3)(2x> — 5x + 2) M1 AL
(2x—1)(x—2):0,sox:%andx:2 Al
Answer: % and 2 3 marks
5 (3 marks)
The other root is2 — 3i B1
Sum = 4, product = 13, so x> — 4x + 13=0 M1 A1l
Answer: x> —4x +13=0 3 marks
6 (3 marks)
x* — 16 = (x? — 4)(x* + 4) M1
x*=4orx*=-4 Al
X=+20r x =%2i Al
Answer: X = +2, +2i 3 marks
7 (5 marks)
f()=1-5+17—13=0 B1
f(x) = (x — 1)(x* — 4x + 13) M1 Al
X:4i\/1g—52 L
Xx=12%3i Al
Answer: x=1,2+3i,2—3i 5 marks
8 (5 marks)
The coefficients are real, so 1 — 2i isalso aroot B1
Quadratic factor: x> — 2x + 5 M1 A1l
Third root: sum of rootsis5, so therootis5 —2=3 M1 Al
Answer: 1 — 2i and 3 5 marks
9 (5 marks)
—2i isalso aroot, so x> + 4 is a factor M1 Al
x*— 2+ 6x7 — 8x +8=(X*+ 4)(X* — 2x + 2) M1 A1
x?—2x+2=0givesx=1#i Al
Answer: x =+2i, 1 £ 5 marks
10 (5 marks)
1 — i isalso aroot, giving the factor x? — 2x + 2 B1
x3+ax®+bx+10= (x> — 2x + 2)(x + 5), since2 x 5= 10 M1 Al
Expanding gives x® + 3x> — 8x + 10, soa=3and b= —8 Al
Other roots: 1 — i and —5 Al
Answer: a=3,b=-=8; roots1l —iand =5 5 marks
11 (5 marks)
f(x) =3x*> — 10x + 8= (3x — 4)(x — 2) M1
f2)=8—20+16 —4=0andf(2) =0, so 2 is arepeated root M1 Al
f)=(x—2%x—1) M1
X =2 (twice) and x =1 Al
Answer: x=1,2,2 5 marks
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12 (5 marks)
p(l)=0:1+a+b—-—6=0,s0a+b=5
p(—2)=0. —8+4a—2b—6=0,s02a—b=7
a=4andb=1
Product of rootsis 6, so the third root is —3 and the factor is (x + 3)
Answer: a=4, b =1, third factor (x + 3)

13 (4 marks)
Letu=x%u’+3u—4=0
(U+4)u—1)=0sox>=1orx’=—4
Xx=zlorx=4%2i
Answer: x = £1, +2i

14 (7 marks)
2+iisasoaroot; (x —2+i)(x —2—i)=x>—4x+5
Product of roots = —15: 5r = —15, so the third root is —3
Sumofroots=2+i+2—i—3=1,s0a=-1
2ap=5+(—3)(4)=—-7,s0b=-7
Answer: a=-=1,b ==7; other roots2 + i, =3

15 (5 marks)
(X2 +2)%2 — (2)2=x*+ 4x% + 4 — 4x?
= x* + 4, adifference of two squares: (x> + 2 + 2x)(x? + 2 — 2x)
x2+2x+2=0givesx=—1+i;x>—2x+2=0givesx =1
Answer: x =x1 =i

16 (6 marks)
Divide by x% 2(x? + X—lz) —9(x+ ) +14=0

x2+x—12:z2—2,sozz2—9z+1o:o

(22—5)(2—2):0,soz:gorz:2

1 _ 5 . 1 1 . .
x+;=5glv&sx=20r§;x+;=Zg|ve£x=1(tW|ce)

Answer: X = 2, % 1,1

17 (7 marks)
1 — 2i isaso aroot, so the product of these two rootsis 5
Product of all roots = 30: 5 x 3 x r = 30, so the fourth root is 2
Ja=—a2+3+2=7,s0a=-7
(x? — 2x + 5)(x — 3)(x — 2) expanded givesc = —37
Answer: a= —7,c= —37; remainingroots 1 — 2i and 2

18 (5 marks)
x3+8=(x+2)(x* — 2x +4)
X=-=2

2++4—16
X =

2
x=1+iy3
Answer: x = =2, 1+iy3,1 - i3
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19 (6 marks)
(x) = 3x*> — 6x = 0, so the repeated root isx =0 or x = 2
x=0:k=0,andx® — 3x? = x*x — 3), roots 0, 0, 3
x=2:8—12+k=0,s0k=4
x3 —3x2+4=(x+1)(x — 2)? roots —1, 2, 2
Answer: k =0: roots0, 0, 3; k =4: roots —1, 2, 2

20 (6 marks)
x* — 4x3 + 4x% = (x*> — 2x)?, so the equation isu® + 3x> — 6x + 2= 10
u?+3u+2=0
uU+Du+2)=0
x?—2x+1=0givesx =1 (twice); x> — 2x+2=0givesx =1 % i
Answer: x=1,1,1+i

21 (9 marks)
z=3:27—-54+3(12—-1i)+c=0,s0c=—9+3i
22— 622+(12—-)z—9+3i=(z—3)(z?—3z+3—)
,_3:(9-43—1) _3:{3+4
2 2
(1+2i)% = =3+ 4i, s0—3 + 4i = (1 + 2i)
z=2+iorz=1—i
The coefficients are not al real, so the conjugate root theorem does not apply
Answer: c= =9+ 3i; z=2+iand z=1 — i; the coefficients are not all real

22 (7 marks)
Divide by x2 3(x2+x—12) ~10(x + %) +14=0
Withz:x+%: 3(z2—2)—10z+14=0,5032°— 102+ 8=0
(32—4)(2—2):0,302:%0rz:2
z=2:x>=2x+1=0,s0x =1 (twice)
z:%: 3x?—4x+3=0,0X= 41@ = 2:3i\/§

Answer: x = 1, 1,2%5

23 (8 marks)
The other factor is monic quadratic x> + px + q with 13q =39, soq = 3
x3 coefficient: 4 +p=4,0p=0
(X®+4x + 13)(x* +3) =x* + 4x® + 16x° + 12x + 39, s a= 16, b =12
x = —2 + 3i (from the first factor) and x = +iy3
Answer: a=16,b =12; x = =2  3i, +iy/3

24 (8 marks)
1. 2 7 7 22— T7a+ 702 — 2a°
@)=~ @t a 27 e
f(o) _
=——5=0

Answer: if acisaroot of f(x) = 0, then so isé
(b) f(1) =0, so (x — 1) isafactor
fX)=(x — 12x* = 5x+2) = (x — 1)(2x — (X — 2)

1y

x=1 3,
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1

Answer: x =1, > 2 4 marks
25 (5 marks)
(a) The equation has degree 2 and is meant to be a cubic El
A real cubic with root 1 + i must also have root 1 — i, and the coefficients should be real E1
Answer: Not a cubic; coefficients not real; missing 1 — i 2 marks
B)YX—2x—=—1—DXx—1+1) M1
X—2)(xX>—2x+2)=x>—4x’+6x — 4 M1 AL
Answer: x3 —4x>+6x — 4=0 3 marks
26 (7 marks)
xX8—1=03-1D(x3+1) M1
=(x = DXP+x+ DX+ D> —x+1) M1 Al
x2+x+l:0:x:$§iE M1 A1
2 P 1+i 3_ . _ .
X=x+1=0:x=-— ; with x = £1 these are all six roots Al AL
Answer: x = +1, _112-h/§, 112h/§ 7 marks
27 (11 marks)
(a) Substitute x = ki: —k% — pk? +gki +r=0 M1 AL
Real part: r = pk?; imaginary part: k(q — k?) = 0, so q = k2 M1 AL
Hencer = pq Al
Answer: r =pq 5 marks
(b) r = 18, and k? = 9 so the imaginary roots are +3i M1 Al
Sum of roots = —2, so the third root is —2 M1 A1
Answer: X = +3i, =2 4 marks
(€ (xX®+9)(x+2)=x>+2x*>+9x + 18 M1 A1
Answer: (x + 2)(x2 + 9) 2 marks
28 (11 marks)
(a) cos 30 = cos(20 + 0) = cos 20 cosO — sin 20 sind M1
= (2c0s?0 — 1)cosh — 2sin?0 cosd M1 AL
=2c0s°0 — cosh — 2(1 — cos’0)cosd = 4cos°0 — 3cosd Al
Answer: cos 30 = 4cos°@ — 3cosO 4 marks
(b) x® — 3x = 8c0s*0 — 6c0sH = 2(4c0s*0 — 3cosh) = 2cos 30 M1 AL
Answer: x3 — 3x = 2cos 30 2 marks
(c) With x = 2cosB: 2cos 30 = 1, so cos 30 = % M1 AL
30 = t% + 2ki1, s0 O = %, %H, %H (distinct values of 2cosB) M1 AL
X = ZCOS(%), ZCos(%H), 2005(%H Al
Answer: X = Zcos(%), 2005(%1), 2cos(7?rl 5 marks
29 (11 marks)
(@ (x—D*=x*—4x3+6x>—4x+1 M1 Al
So the equationis (x — 1)*+ 16 =0 Al
Answer: the equation can be written as (x — 1)* = —16 3 marks
(b) (y? + 8)% — 16y? = y* + 16, a difference of two squares M1 AL
y?+4y +8=0givesy=—2+2i;y> — 4y +8=0givesy = 2+ 2i M1 AL
X=y+Llx==1+£2iorx=3%2 Al
Answer: x==1%2i,3%2i 5 marks
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(c) The points are (—1, £2) and (3, £2) M1
Horizontal sides of length 4 and vertical sides of length 4, with right angles Al
Area= 16 Al
Answer: Square of area 16 3 marks
30 (10 marks)
(a) The remainder has the form ax? + bx + ¢ B1
p(l)=7,s0a+b+c=7 M1 A1l
ax?+bx+c=ax?*+1) +bx+(c—a),sob=2andc—a=3 M1 Al
Then2a+5=7,soa=1andc=4 M1
Remainder x> + 2x + 4 Al
Answer: x% + 2x + 4 7 marks
(b) x!® = (x** and x> = —1 modulo x* + 1 M1 AL
(—1)* = 1, so the remainder is 1 Al
Answer: 1 3 marks

Rational Functions

1 (2 marks)
Vertical asymptote where the denominator is zero: x = 3 B1
Asx — oo,y — 2, so the horizontal asymptoteisy = 2 B1
Answer: x=3andy =2 2 marks

2 (2 marks)
y=0:x=—4,50(—4,0) B1
x:O:y:_iz:—Z,so(O,—Z) B1
Answer: (=4, 0) and (0, =2) 2 marks

3 (3 marks)
X —5=3x+1) — 802 2=3- o M1 AL
Asymptotesx = —landy =3 B1
AnSNer:B—XTigl;xz—l,y=3 3 marks

4 (2 marks)
x? — 4 =0 gives vertical asymptotesx = 2 and x = —2 B1
Asx — o,y — 1 s0y = 1isthe horizontal asymptote B1
Answer: x=2,x==2,y=1 2 marks

5 (2 marks)

_ 1
y=Xx+ X M1
ASX — oo, % — 0, so the oblique asymptote isy = x Al
Answer:y =X 2 marks

6 (2 marks)
Multiply by (x = 1)(x + 3): x +3=2(x — 1) M1
Xx=5 Al
Answer: x=5 2 marks
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7 (5 marks)
Vertical asymptote x = 2; horizontal asymptotey = 1 (sincey =1 + ” E 2) B1B1
Crosses the x-axis a (—1, 0) and the y-axis at (0, —%) B1B1
Two branches: one abovey = 1 for x > 2 and one below y = 1 for x < 2, each approaching its B1
asymptotes
Answer: Asymptotesx =2 and y = 1; crosses the axes at (—1, 0) and (0, —%) 5 marks
¥
y=
3
0, —1/2)
Xx=2
8 (6 marks)
XX —6=(X—1)(X+2) —40DYy=X+2— 35— M1 AL
Asymptotesx =1landy =x + 2 A1AL
y=0:(x+3)(x —2)=0,s0(—3,0) and (2, 0); x =0: (O, 6) B1B1
Answer: x=1,y=x+2; (—=3,0), (2, 0), (O, 6) 6 marks
9 (6 marks)
x2+bx+c 2b+c+4
W=X+(b+2)+ﬁ M1 Al
The oblique asymptoteisy =x+b+2=x+5,s0b=3 M1 Al
(o, —2):_i2=—2,soc=4 M1 Al
Answer:b=3,c=4 6 marks
10 (5 marks)
Vertical asymptotesx =1 and x = 4 B1
Asx — o,y — 1, 50y = 1isthe horizontal asymptote B1
y=1:x>=x>—5x+4 M1
X = g,sothepoint is(%, 1) A1Al
Answer: x=1,x=4,y =1, (g, 1) 5 marks
11 (5 marks)
3xX—-1_ 3 7
X+2 ° X+2 ML AL
Stretch (and reflect) y = % by scale factor —7 in the y-direction, then translate by _32) B1B1
-2 . . 0
(or translate by 0 ) stretch in y with factor —7, trandate by 3 ) B1
Answer: 3 = ~—— Z 5 translation by (_O ) then y-stretch of factor —7, then trandation by (g) 5 marks
12 (3 marks)
Vertical asymptotex = —c, soc=—2 B1
The curve passes through (0, 1): 1 = —Lz sob=-2 M1 Al
Answer: b=-=2,c=-=2 3 marks

stemup.co.uk | page 17



StemUp | Further Mathematics | Further Pure Mathematics: Further Algebra and Functions | Model Answers

13 (5 marks)
Vertical asymptotes x = +3; horizontal asymptotey = 0 B1B1
Crosses the y-axis at (0, —%), amaximum B1B1
y >0 for |x| >3,y <0 for |x| <3, curve symmetric about the y-axis B1
Answer: x =%3,y =0; (O, —%) isa maximum 5 marks
g
y=0
(0, F1/9)
x=-3 x=3
14 (7 marks)
Vertical asymptotesx =+1;y =1+ Z_1 P horizontal asymptotey = 1 B1B1
Passes through the origin only, y = 0 there B1
Even function, so symmetric in the y-axis B1
dy/dx = —ﬁ =0only at x =0: amaximum at (0, 0) M1 Al
Sketch: branchesy > 1 outside the asymptotes, and y = 0 between them B1
Answer: x =1,y =1; maximum at (0, 0) 7 marks
ng
=1
o X
x=-1 x=1
15 (6 marks)
y:x—4+X+l M1 A1l
dy . 4 _ 2 _
ax ~ 1 (X+1)2—O,so(x+1 =4 M1 A1
x=1ly==-1x==-3y=-9 M1 A1l
Answer: (1, —=1) and (=3, —=9) 6 marks
16 (5 marks)
yx2—x+y=0 M1
For real x, the discriminant satisfies 1 — 4y = 0 M1 AL
1 1
_E sy=s 5 Al
(y=0givesx =0, sothecasey = 0 is aso attained) B1
1 1
Answer: —5=Yy=5 5 marks
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17 (10 marks)
C,: asymptotes x = 0 and y = 0, with no axis crossings B1
C,: % =1- X—f3 asymptotesx = —3 and y = 1, crossing the axes at (—1, 0) and (0, %) B1B1
Both curves drawn correctly on one set of axes B1B1
%z%:Z(x+3):x(x+l),sox2—x—6:0 M1 Al
X =—=2o0rx = 3: points (—2, —1) and (3, %) Al
From the sketch, C, isabove C, for —3<x < —-2and0<x <3 M1
—3<x=-20r0<x=3 Al
Answer: (=2, —1) and (3, %); —3<x=-20r0<x=3 10 marks
yve
Co
— (0, 1/3)
Xx=-3
18 (5 marks)
(x+1(x+3) = x(x—2)
x—2x+3 =0 M1
6x +3 <0
X=2)(x+3) — Al
Critical values —3, —%, 2 B1
Sign table / sketch: negative for x < —3 and for —% <X<2 M1
x<—3or—%sx<2 Al
Answer: x < =3 or —%sx<2 5 marks
19 (6 marks)
x? — 4x + 3= (x — 1)(x — 3), so vertical asymptotesx =1 and x = 3 B1B1
Horizontal asymptotey = 1 B1
x2—x—2=x>—4x+3 M1
3x =5, so the point is (% 1) A1 A1
Answer: x=1,x=3,y=1, (%, 1) 6 marks
20 (6 marks)
X+3=(X+1D(x—1),s0x*—3x—4=0 M1 A1l
x = —=1and x = 4; points (—1, 0) and (4, 5) A1 A1
Sketch: C has asymptote x = 1; Cisbelow | for —1 <x <1 andfor x >4 M1
—1l<x<lorx>4 Al
Answer: (—=1,0), (4,5); —1<x<lorx>4 6 marks
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21 (9 marks)
Vertical asymptotes x = —1 and x = 2; horizontal asymptotey =1
C meetsthe axes at (—2, 0), (3, 0) and (0, 3)
y=1x>—x — 6=x?— x — 2, which gives —6 = —2, impossible
—m, so C approachesy = 1 from below as x =
Sketch showing three branches and the features above
Answer: x==1,x=2,y=1; (—=2,0),(3,0), (0, 3)

y-1=

g
x=-1 x=2
(0, 3) y=1
3
(=2,0) (3, 0)
22 (10 marks)
y=x+4+ Xiz;asymptot&ex:Zandy:x+4
dy ,__ 5

ax =1 (X_2)2=O,Sox=21r\/§

x =2 +45:y=6+2/5 aminimum; x =2 — y/5: y = 6 — 2//5, amaximum (second derivative
10
(X _ 2)3)

Crosses the axes at (1, 0), (—3, 0), (O, %); sketch with two branches
Answer: x =2,y =x +4; min (2+45, 6 + 2//5), max (2 — {5, 6 — 2//5)

¥ \‘/

min

y=x+4
(0, 3/2)
(-3,0) X
(1, 0)
Xx=2
23 (8 marks)

(@y(x—1)=x%0x>—yx+y=0

Real x requiresy? — 4y = 0

yy—4) =0, soy=0ory=4

Answer: Every pointon Chasy =0ory =4

(b) The boundary valuesy = 0 and y = 4 give repeated roots, hence turning points
y=0:x°=0,50(0,0);y=4:x>—4x+4=0,50 (2, 4)

Answer: (0, 0) and (2, 4)

24 (11 marks)
(a) Divide each term by n

Answer:A=n+60+@
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dA 3600

(b)ﬁ:1_7:0 M1 Al

n =60 (n>0) Al

A =60+ 60 + 60 = 180, so the least average cost is £180 M1 Al

d?A _ 7200 - -

— = —5— >0, so thisisaminimum B1

dn n

Answer: n = 60; £180 6 marks

2 _ _ 2
(A —180=" 12?}“ +3600 _ (n n60) M1 AL
Sincen> 0 and (n — 60)* = 0, A = 180 with equality at n = 60 E1
— 2

Answer: A — 180 = w 3 marks
25 (7 marks)

(a) Multiplying by (x — 1) isonly valid when x — 1 > 0; the direction of the inequality reverses E1E1

when x <1

X = 0 satisfies x = 2 but — = 0, which is not = 2 B1

Answer: Sign of x — lignored; x = 0 isa counter-example 3 marks

(b)xil—ZZO,SO%ZO M1 AL

Critical values 1 and 2; the expression is positive between them M1

l<x=2 Al

Answer: 1<x =2 4 marks
26 (7 marks)

Equate: (k = X)(x —2)=2x +1 M1

x*—kx+2k+1=0 Al

A tangent gives a repeated root: k? — 4(2k + 1) =0 M1 A1

k? —8k—4=0 Al

k= Sﬁ@ =4+25 M1 A1

Answer: k =4+ 2/5 7 marks
27 (12 marks)

(a)Atx:O:_iZ:—%soq:3 M1 A1

x2+|OX+q=(x—2)(X+p+2)+(2p+4+q),soy=X+p+2+% M1

%:l—%:Omx:5,$2p+q+4:9 M1 AL

p=1 Al

Answer: p=1,9=3 6 marks

(b)y:x+3+XT92,with(x—22:9,sox:50rx:—1 M1 A1

(5, 11) aminimum and (—1, —1) a maximum Al

Answer: (5, 11) minimum; (=1, —1) maximum 3 marks

(c)x=2andy=x+3 B1B1

y cannot lie strictly between the two turning values: —1 <y <11 B1

Answer: x =2,y =x+3; —1<y <11 not attained 3 marks
28 (12 marks)

(a) Vertical asymptotes x = 2 and x = 3; horizontal asymptotey = 1 B1B1

. 2 .
y=1 Z g & X2_5X+6|snevero M1 A1
Answer: x=2,x=3,y=1 4 marks
dy _ 2(x-—5)
(b) dx = (x> — Bx +6)? M1
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Zero only when x = g Al
y=1- il =9, so the turning pointis(g,Q) M1 A1
7
5
Answer: (E, 9) 4 marks
(c) Between the asymptotes (2 < x < 3) the curve goes to +oo at both ends, so (%, 9) isaminimum M1 Al
there
Outside thisinterval y < 1 and takes all such values M1
y<lory=9 Al
Answer:y<lory=9 4 marks
29 (9 marks)
(@x2+3=(x+1D(x—1)+4 M1 AL
y=x-—-1 B1
Answer:y=x-—1 3 marks
(b) Area= [ (x = 1+ ) dx M1
2
=[X7—x+4ln(x+l)]13 M1A1AL
=(3-3+4In4) — (3 —1+4In2) M1
=2+4In2 Al
Answer: 2+41n 2 6 marks
30 (10 marks)
@kx—2(x—1)=1 M1
kx? — 3kx +2k — 1=0 Al
Answer: the x-coor dinates of any points of intersection satisfy kx> — 3kx + 2k — 1=10 2 marks
(b) Discriminant 9k? — 4k(2k — 1) = k? + 4k = k(k + 4) M1 AL
k(k+4)>0,sok<—40rk>0 M1 Al
Answer: k<—=4o0r k>0 4 marks
() k=—4 —4x*+12x — 9=0,%0 (2x — 3)*=0 M1 Al
x:%,y:%:Z,sothepointis(%Z) M1 A1l
2
3
Answer: (E’ 2) 4 marks
Partial Fractions
1 (3 marks)
5 _ A B 3 _
(X_l)(x+4)_X_1+X+4ym5—A(X+4)+B(X 1) M1
x=1.A=1x=—4B=-1 Al
11
x—1 X+4 Al
A 1 1
nswer: X=1_ x+4 3 marks
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2 (3 marks)
AX+T7T=AKxX+3)+Bxx+1) M1
Xx=—1.4=2A,s0A=2,x=-3.—2=-2B,s0B=1 Al
2 + 1
x+1 x+3 Al
A 2 1
nswer.m+m 3 marks
3 (3 marks)
x?—9=(x—3)(x+3),506=A(x+3) +B(x — 3) M1
XxX=3A=1x=-3B=-1 Al
1 _ 1
X—3 X+3 Al
A 1 1
nSNer.m—m 3 marks
4 (3 marks)
X —1=A(2x+1)+B(x — 1) M1
x=1:6=3A,soA=2;x=—%:—§=—gB,soB=3 Al A1l
Answer: A=2,B=3 3 marks
5 (5 marks)
1=A(x+5) +B(x+2),0A =3 adB = —3 M1 AL
Integral = %[In(x +2) — In(x + 5)]* M1 Al
1,3 2, 1.5
= §(|ng - |n§) =3 InZ Al
Answer: % In% 5 marks
6 (3 marks)
2=A(x+2)+Bx:A=l,B=—1,s;om=%—XTl2 M1 Al
.02 11 1_1 .
X‘Z'E‘Z-E 4—4,wh|chagre&s B1
1 1 .1
Answer: = = <=, both give 7 3 marks
7 (5 marks)
X*+10x+7 _ A ., B ., ¢C "
x=—Dx+2? x—1 Xx+2 (x+2)?
X2+ 10x +7=A(X+2)?+B(x — 1)(x + 2) + C(x — 1) M1
Xx=1.18=9A,s0A =2, x=—-2. —9=-3C,s0C=3 Al AL
x? coefficient: 1=A +B,soB=—1 Al
A .2 _ 1 . 3
nswer: X—1 x+2 T x+2)2 5 marks
8 (4 marks)
A% +3x —T=AX — 2)(x +3) +B(Xx + 1)(x + 3) + C(x + 1)(x — 2) M1
Xx=—-1.—6=—6A,s0A=1 Al
x=2:15=15B,s0B=1 Al
Xx=—-3:20=10C,s0C=2 Al
1 1 2
Answer . + + 4 marks

Xx+1 x=—2 x+3
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9 (5 marks)

X +x+8 _ A Bx +C "

x+1(x2+4) xX+1  x2+4

3%+ x +8=A(X?>+4) + (Bx + C)(x + 1) M1

x==—1.10=5A,s0A =2 Al

x%>3=A+B,s0B =1; constant: 8=4A + C,s0 C=0 Al1A1l

A .2 X

nswer: m+m 5 marks
10 (4 marks)

The numerator and denominator have the same degree: x? + 3x + 1 = (x? + X) + 2x + 1, so the M1 Al

expronisl+%

2x+1 B C .

m:Y+m:2x+1:B(x+1)+Cx,g|V|ngB:1andC:l M1 A1l

Answer:l+%+xil 4 marks
11 (4 marks)

4x% — 3X — 4=A(x — D)(x + 2) + Bx(x + 2) + Cx(x — 1) M1

Xx=0:—4=-2A,s0A =2 Al

x=1.-3=3B,soB=-1 Al

Xx=-—2:18=6C,s0C=3 Al

Answer: A=2,B=-=1,C=3 4 marks
12 (6 marks)

X+8=AKx+2)+B(x—1):A=3,B=-2 M1 A1l

Integral = [3In(x — 1) — 2 In(x + 2)],* M1 Al

=@8IN3—-2In6) — (0—21In4) M1

L 2Tx16 _

—InT—In 12 Al

Answer: In 12 6 marks
13 (6 marks)

5x+1=A(x+2)+B(x—l):A=2,B=3,sof(x)=XEl+X—§f2 M1 AlA1L

2 3

f'(x) = x—12  x+2p M1 A1

Both terms are negative for x > 1, so f'(x) < 0 and f is decreasing El

Answer: f(x) = % + ngz; f'(x) <0 6 marks
14 (5 marks)

X2 =3 +14=A(x — 2>+ B(x +1)(x — 2) + C(x + 1) M1

Xx=—=1:18=9A,s0A =2 Al

x=2.12=3C,s0C=4 Al

x? coefficient: 1=A +B,soB=—1 M1 A1

Answer: A=2,B==1,C=4 5 marks
15 (5 marks)

The numerator has higher degree, so divide: (x — 1)(x +2) = x?+x — 2 M1

XCH+2P = Xx+4=(X+1)X*>+x—2)+6 Al

6 _ A B  ._ _

(X_l)(x+2)—X_1+X+2.6—A(x+2)+B(x 1) M1

A=2andB=-2 A1 A1

Answer : X+l+i 2 5 marks

Xx=1 Xx+2
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16 (7 marks)
5—x:A(1+x)+B(l—2x):x:—1givesB:2;x:%give£A:3 M1 AlA1L
31— 2x)"1=3(1+2x+4x*+ 83+ ...) M1
20+x)7P=2(1 — x+x2 = x3+..) M1
Sum: 5+ 4x + 14x? + 22x3 Al
valid for |x| < % B1
Answer: 5+ 4x + 14x% + 22x3 + ...; |x|<% 7 marks
17 (7 marks)
3x+2:A(x2+1)+(Bx+C)(x+l):x:—1giv&eA:—% M1 A1l
x2:0=A+BsoB=%;constant:2=A+CsoC=g Al
S X 5
Integral —£ [ X+ D) + 262 + 1) + 2()(2+1)] dx M1
=[5 In(x+ 1) + 7 In6 + 1) + o arctan x],* M1 AL
_ 1 1 5m _ 5m 1
——Eln2+zln2+T—?—Zln2 Al
Answer: 5TH—%InZ 7 marks
18 (5 marks)
33 — 2x% + 9x + 1= (Ax + B)(x? + 4) + (Cx + D)(x? + 1) M1
x>A+C=3x4A+C=9,s0A=2andC=1 M1 A1
x>’B+D=—2;constant: 4B+ D=1, s0B=1andD = -3 M1 Al
Answer; 21, x=3 5 mark
. X2+l X2+4 marks
19 (4 marks)
X243 —4=(x — D(x +4) M1
Sotheexpronis%,givingA=l,B=O,C=O A1Al
B = C = 0 because the numerator has factors (x — 1) and (x + 4), which cancel with the El
denominator
Answer: A=1,B=0,C=0 4 marks
20 (6 marks)
2=A(y> -1 +By(y+1)+Cy(y—1):y=0:A=—-2,y=1:B=1y=-1:C=1 M1 A1A1L
Integral =[—2Iny +In(y — 1) + In(y + 1)],° M1 AL
a1 8 3_ .3
=In ¥ evaluated: Ing — Inz = In> Al
Answer: In% 6 marks
21 (7 marks)
The degrees are equal, so writeit as 1 + remainder: (x — 1)%(x + 2) = x> — 3x + 2 M1
XCHx2+4ax+3 - (3 =3 +2)=x®+7x+1 Al
xX2+7x+1 _ A .. B . C "
(x—1D%x+2) x—1 (x—1>% x+2
x=1:9=3B,s0B=3;x=-2.-9=9C,s0C=-1 A1A1
x? coefficient: 1=A +C,s0A =2 M1 A1
A 142 .8 _ 1
nswer: x—1" x=1?2 X+2 7 marks
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22 (8 marks)
3X2+X—2_A B C 2 _ 2
W—Y ?+m,$3x +X—2=AxX(X+2) +B(X +2) + Cx M1
Xx=0—-2=2B,s0B=—-1,x=—-2:8=4C,s0C=2 A1 A1
x? coefficient: 3=A +C,s0A =1 Al
2 1 1 2 1
j; (;—F+m)dx:[lnx+;+2In(x+2)]12 M1 Al
=(In2+5+2In4) — (0+1+2In3) M1
_n32_ 1
=lng -3 A
1 2 32 1
Answer: — 2t x¥ 2 |n?—§ 8 marks
23 (7 marks)
(a)le(1—2x)+B(1—x):x:lgivesA:—l;x:%givesB:Z M1 AlA1L
A 2 1
nswer.m—m 3 marks
(b) 7= =2 % (20", 50 the coefficient of X" is 2 x 2" = 2" M1 AL
1T1x =X x", with coefficient 1 B1
Coefficient = 2™ — 1 Al

Answer: the coefficient of x" in the expansion of m in ascending powers of x is 2™ — 14 marks

24 (9 marks)
(@ x*—1=(x— DX+ 1DX>+1) B1
1=AX+1)(x*+1) +B(x — 1)(x* + 1) + (Cx + D)(x* — 1) M1
—1a=2t. - _1.p=_1
x—l.A—Z,x— 1:.B = Z Al Al
x3:O=A+B+CsoC=0;constant:1=A—B—DsoDz—% M1 AL
A N T S |
nswer: ix = 1) a(x + 1) 2(X2 1) 6 marks
(b)f:%In|x—1|—%ln|x+l|—%arctanx+c M1 A1 A1
Answer: L=t — L arctan x +
nswer.4n|x+1| 5 arctan x + ¢ 3 marks
25 (7 marks)
(a) The repeated factor (x + 2)? also needs aterm ) El
With only A and B, the expression would not be able to match al of the numerator coefficients El
Answer: Missing <o lerm 2 marks
(b) 3x=A(X +2)? +B(x — 1)(x + 2) + C(x — 1) M1
x=1:A=%;x=—2:C=2 Al Al
x2:O=A+B,soB=—% M1 A1
Answer: ! L 2 5 marks

x—1)  3x+2) | (x+27
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26 (10 marks)
(X +2)(x*+ 1) =x3+ 2x*> + x + 2, 0 A = 1 and the remainder is 3x? + x M1 AL
3+ x=B(Xx*+1)+ (Cx+D)(x+2):x=—2¢gives10=5B,s0B =2 M1 A1
x>3=B+C,s0C=1; constant: 0=B +2D,soD = -1 M1 A1
Integral:[x+2ln(x+2)+lln(x2+1)—arctanx]o1 M1 AL
—l+2ln3—2ln2+ In2— M1
_ 3 I
—1+2In3—§ln2—z Al
3 n
Answer:l+2|n3—§ln2—z 10 marks
27 (10 marks)
@1l=AX—=b)(x—c)+BXx—2aXx—c)+Cx—a(x—Dh) M1
1
X:a:l:A(a—b)(a—C),SOA:m Al
o _ 1 _ 1
Similarly B = m andC= —(C— A —b) Al
_ A B c B 1
Answer.f(x)—x_a+x_b+X_C,WhereA—m 3 marks
(b) Multiply f(x) by x and let X = o: x f(x) = 0 M1
x f(x) = Axa+XB_Xb+XC_XC—>A+B+C M1 Al
Answer: A+B+C=0 3 marks
-1 _ 1 1 _ 1. 1 _1
OA=t3 3B w2~ 2" @r "% MLAL
1 1 .1_1.1_4
3x—1)  2x-2) " 8x—-4'3 276" ALBL
A 1 1 .1
nswer: 3x = 1) 2Xx—2) " Bx =) 4 marks
28 (12 marks)
(@ 23+ x> +5x+3=(Ax+B)(x*+ 1) +Cx+D M1
x3A=2x%B=1 ALAL
X:5=A+C,s0C=3;constant: 3=B+D,soD =2 A1 A1
Answer: A=2,B=1,C=3,D=2 5 marks
II
(b)£ 2+ldx-|2£ 2+1ol 7 M1 AL
_ X gy=[——3 q1_3
I (x2+1)2dx'[ 22+ "3 MLAL
1 2 1 o
£ (X2+1)2 —[2 1+arctanx]01:§+z M1 AL
. 3 1 m_5 o
TotaI.In2+ +Z+2+Z—Z+In2+§ Al
Answer: %+ In2+ % 7 marks
29 (12 marks)
(@1=A1-x)?+B(l1—x)(1—-2x)+C(1 - 2x) M1
x=1:C=—1;x=%:A=4 A1AL
x=0:1=A+B+C,s0B=-2 M1 A1
A 42 1
nswer: 1= ox T—x =72 5 marks
(b) == = 4Z(2X)" has coefficient 22, and 37— has coefficient 2 M1 Al
(1- x) ~2=3(n+ 1)x", coefficient n + 1 M1 AL
Coefficient=2"2 -2 — (n+1)=2"2 - n—-3 Al
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Answer: For |x| < % the coefficient of x" is2"? —n — 3

(c) 22 — 10 — 3 =409 — 13
= 4083
Answer: 4083

30 (12 marks)
(@x*+4=(x*+2x+2)(x* — 2x + 2)
1=(Ax +B)(X?> — 2x + 2) + (Cx + D)(X* + 2x + 2)
x>*A+C=0;x2A —2B+2C+2D=0,s0D =B

Constant:28+2D:1,soB:D:%
x2:—2A+B+2C+D=0,50A=%andcz_%
a=tp=tc=-_1p:-1
Answer: A=5,B=2,C=—-35,D=7
by —>+r2 -1 _=*2 1 1
8(X2+2X+2)_16X2+2x+2 8(X+1)2+1
—x-2 __1 x-2 _1 1
8x2—2x+2) 16 x2—2x+2 8 (x—12%+1

. . 1 X2+ 2x+2
Integrate each and combine the logarithms: 6 In(m
+cC

1 X2+ 2x + 2

. 1 _ 1 N
Answer: f de—EIn(x2_2X+2)+§(arctan(x+l)+arctan(x D)+c

I nequalities and M odulus Functions

1 (2 marks)
—5<2x —3<5
—2<2x<8,s0—-1<x<4
Answer: —1<x<4

2 (2 marks)
X+4=3orx+4<-3
XxX=-=-lorx<-—7
Answer: X = =7o0or x = -1

3 (3 marks)
Critical values =3, 1,5
Cubic with positive leading coefficient: negative for x < —3andfor 1 <x <5
Answer: x<=3o0r 1<x<5

4 (2 marks)
3X—1=8or3x—1=-8

7
x—30rx——§

Answer: x=30r X = —%
5 (3 marks)
V-shaped graph with vertex on the x-axis
Meets the x-axis at (2, 0)
Meets the y-axis at (0, 4)
Answer: Vertex (2, 0), y-intercept (0, 4)
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-2 o | 22,0) 4 6 X

6 (2 marks)
X=4Hx+2)=0
X< -—-20rx=4
Answer: x = —=2orx=4

7 (4 marks)
x—3:2x+1givesx:—4;or3—x:2x+1give£x:2

3
Check: x = —4 gives |—7| =7 but 2x + 1 = —7, so reject
2

2 T T
x-§g|ves§—§,valld

[SEN)

Answer: X =

8 (3 marks)
Square both sides: (x + 1)2 < (x — 3)2
X2+ 2x+1<x®?—6x+9
8x<8,s0x<1
Answer: x <1

9 (4 marks)
—5<x?2—-4<5
x? — 4> —5istruefor al x; x> — 4 <5 givesx*< 9
—3<x<3
Answer: —3<x<3

10 (4 marks)
x2—3=4(x—4)(x+1)=0,sox=4orx=—1
x? — 3x = —4: x?> — 3x + 4 = 0 has discriminant 9 — 16 < 0, no real roots
Answer: x=4or x=-1

11 (6 marks)
x? —x —6=(x — 3)(x + 2), s0 it meets the x-axis at (—2, 0) and (3, 0)
Meets the y-axis at (0, 6)
The part of the parabola between —2 and 3 is reflected in the x-axis; the minimum of the parabola

isat (12, —2745), so the local maximum is(%, 27?)
Correct overall shape (W-shape with cusps at the x-intercepts)
Answer: Axes (~2,0), (3,0), (0, 6); local maximum (3, )
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(1/2, 25/4)

12 (4 marks)
2X+5>1,s0x> -2
X?—x—12=(x —4)(x +3)< 0,50 —3<x <4
Both hold when —2<x <4
Answer: —2<x<4

13 (4 marks)

3 3—2(x+2) . o=2x =1
i 2<O,so—x+2 <0,|.e.—x+2 <0
2X+1 .. 1
m>o, critical values —2 and -5

1
x<—20rx>—§

1
Answer: x< —=2o0r x > -5

14 (6 marks)
Consider theintervalsx < —2, =2 = x<landx =1
x=zlx—1D)+x+2)=5s02x=4andx =2
—2=x<1(1-x)+(x+2)=3= 5 nosolution
X<=22(1—-X)+(—x—2)=—2x—1=5,s0x=-3
Answer: x=2or x = =3

15 (5 marks)
(2x + 1)% > (x — 4)?
A2 +4x+1>%x%—8x+16,503x*>+12x — 15> 0
x?+4x —5>0,50(x+5)(x —1)>0
XxX<—=5o0rx>1
Answer: x<=5o0r x>1

16 (7 marks)
Area: (X + 2)(x + 6) = 60, S0X°+ 8x — 48 =0
x+12)(x —4) =0,s0x = —120rx =4
Perimeter: 2(2x + 8) <= 44, so0x = 7
A length must be positive, so4 = x < 7
Answer:4=x=<7

17 (6 marks)

X —2=x+1givesx =

Bl Nw

2—3=x+1lgvesx <
These cover the values with x + 1 < 0 as well, since the left side is non-negative

<tox=2
X_4OrX_2

N| w

1
Answer:xszorxa
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18 (6 marks)
% = 0; critical values —1, 1, 3 M1 AL
Sign table: negative for x < —1, positive for —1 < x < 1, negative for 1 < x < 3, positive for x > 3 M1 Al
The value x = 3 is excluded B1
—l=x=1lorx>3 Al
Answer: —l=x=s1lorx>3 6 marks
19 (5 marks)
Letu= x|, withx?=u% u?—3u—4<0 M1
(u=—4)(u+1)<0,s0—-1<u<4 M1 Al
Sinceu=[x|=0, x| <4 Al
—4<x<4 Al
Answer: —4<x<4 5 marks
20 (6 marks)
y = [2x — 3| is V-shaped with vertex (%, 0) and y-intercept (0, 3); y = x + 1Lisaline through (0, B1B1B1
1) and (—1, 0)
Intersections: 3 — 2x =x + 1 givesx = %; 2X—3=x+1givesx=4 M1 Al
The V lies below the line between the intersections: % <x<4 Al
Answer: %<x<4 6 marks
y

8

6

2

2ol 2 4 6x

21 (7 marks)
Need 2x = 0,s0x = 0 B1
—2Xx = x*— 3 = X M1
X2 =3 =2xx(x—5=0s00=x<5 M1 AL
x2—3x2—2x:x(x—1)20,sox500rx21 M1 Al
Combineex=0o0orl=x<5 Al
Answer: x=0o0or1l=x=5 7 marks

22 (7 marks)
x # —1. Multiply by 2(x + 1)? (positive): 2]x — 2|(x + 1) < (x + 1)? M1
Casex>—-1:2x —2|<x+1 M1
X=2:2X—4<Xx+1,s0Xx<5 x<2:4—2x<x+1,s0x>1 Al Al
Case x < —1: dividing by the negative x + 1 gives 2|x — 2| > x + 1, which is always true M1 Al
x<—=lorl<x<5 Al
Answer: x<—=1or 1<x<5 7 marks

23 (8 marks)
(a) (ja + [o)* — |a+ b]> = @ + 2Jab| + b*> — (& + 2ab + b?) M1 A1
=2(|ab] — @) = 0 M1
Both sides are non-negative, so |a+ b| < |g] + || Al
Answer: |a+b| = |a] + |b| for all real aand b 4 marks
B)x=1+4d—-Xx=|x—-D+@A—-x)|=3 M1 Al
Equality holds when (x — 1) and (4 — x) have the same sign (or oneiszero),i.el=x <4 M1 A1
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Answer: [Xx — 1| + [x — 4] = 3for all real x; equality for 1l=x =4 4 marks
24 (6 marks)
(@) a®+b*+c?—ab—bc—ca= %[(a— b)?+ (b — ¢)? + (c — a7 M1 AL
Each square is non-negative, so the expressionis = 0 E1
Answer: a® + b? + ¢®> = ab + bc + ca for all real numbersa, b and ¢ 3 marks
(b) (a+b+c)?>=a?+Db?+c?+ 2(ab + bc+ ca) = 3(ab + bc + ca) M1 Al
36 = 3(@+bc+ca),soab+bc+cas 12 Al
Answer: ab + bc+ca =12 3 marks
25 (5 marks)
(a) Dividing by x isinvalid when X is negative (and the inequality sign would reverse), and x = 0 E1E1
islost
Xx=—1:1>—4istrue but —1lisnotinx >4 B1
Answer: Sign of x not considered; x = —1 satisfies the inequality 3 marks
(b) x> — 4x >0, s0x(x — 4) >0 M1
x<Qorx>4 Al
Answer: x<0or x>4 2 marks
26 (6 marks)
Square both sides: (x + 3)? < 4(x — 1)? M1
X2 +6x+9<4x>—8x+4 Al
3x*—14x —5>0 Al
Bx+1)x—5>0 M1
1
X<—z0rx>5 A1AL
AnSNer:x<—%orx>5 6 marks
27 (8 marks)
(@) x2 — 4x + 3= (x — 1)(x — 3), 0 it meets the x-axis at (1, 0) and (3, 0) B1
y-intercept (0, 3) B1
The part between x = 1 and x = 3 is reflected: the parabola's minimum (2, —1) becomes the local M1 Al
maximum (2, 1)
W-shaped graph with cusps at (1, 0) and (3, 0) B1
Answer: Axes (1, 0), (3, 0), (O, 3); local maximum (2, 1) 5 marks
(b) Intersections of y = k with the graph M1
(Yo<k<1 Al
(i) k = 1 (the line passes through the local maximum) Al
Answer: (i)0<k<1; (ihk=1 3 marks
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28 (8 marks)
1 1 1 a. b b ¢ a, c
Expand: (a+b+c)(5+6+E):3+(E+5)+(E+B)+(E+5) M1 Al
a b _a+b*—2ab _ (a— b)?
5+5_2_ D = =0 M1 A1
So each bracket is at least 2 (similarly for the others) Al
The expressionisat least 3+ 6=9 Al
Equality holdswhen (a— b)?=(b — ¢)>=(c — a?=0,i.e a=b=c M1 Al
Answer: (a+b + c)(% + % + %) = 9, with equality whena=b =c¢ 8 marks
29 (9 marks)
Square both sides: (x> — 4)> — 4(x — 1)>= 0 M1 AL
Difference of two squares: (x> —4 — 2x+2)(x? —4+2x—2) =0 M1 AL
X>*—2Xx—2)(x*+2x—6) =0 Al
Critical values: 1 ++3 and —1 + 7 M1 A1
Inincreasing order —1 — 7, 1 — /3, =1 + /7, 1 ++/3; sign table (positive, negative, positive, M1
negative, positive)
x<—-1-y7orl—y3=x=-1+{7Torx=1+43 Al
Answer: x = —1—+7orl—{3=sx=-1+{7orx=1+43 9 marks
30 (8 marks)
x # —2. Case x < —2: the numerator is non-negative and the denominator negative, so the left M1 Al
sideis = 0 and the inequality always holds
Casex > —2:multiply by x +2>0: [2x — 1| = x + 2 M1
—x+2)=2Xx—1=x+2 Al
2x—1sx+29ivesxs3;2x—12—x—2give$x2—% M1 Al
—% = x = 3 (withinx > —=2) Al
x<—20r—%sx53 Al
Answer: x < =2 or —%sxs3 8 marks
Summation of Series
1 (2 marks)
Zr=@withn=20: 20221 M1
=210 Al
Answer: 210 2 marks
2 (2 marks)
512 = n(n+1)é2n+1) with n = 10: 1O><161><21 w1
=385 Al
Answer: 385 2 marks
3 (2 marks)
Zr3=Mwithn=8'64><81 M1
4 ) 4
= 1296 Al
Answer: 1296 2 marks
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4 (2 marks)
S(2r+3) = 2_n(n2+ D 43y M1
=n’+n+3n=n(n+4) Al
n
Answer: > (2r +3) =n(n + 4) 2 marks
r=1
5 (2 marks)
azr+31=312518 4 1 M1
=234+ 12 = 246 Al
Answer: 246 2 marks
6 (2 marks)
Zr:j_lzo r= Zr:]_zo r— Zr:llo r= 210 - 55 M1
=155 Al
Answer: 155 2 marks
7 (4 marks)
>(r*+3r) = nn+ 1)é2n *h 3n(n2+ D) M1 A1
= W[(Zn +1) +9] M1
_nn+1)2n+10) _ n(n+1)(n+5)
= & = 3 Al
n
Answer: > (r?+3r) = w 4 marks
r=1
8 (4 marks)
62— 2%r+X1=n(n+1)@2n+1) — n(n+1) +n M1 Al
=n(n+1)(2n) +n M1
=n(2n+2n+ 1) Al
Answer: n(2n?+ 2n + 1) 4 marks
9 (5 marks)
Zr(r+2):2r2+22r:W+n(n+l) M1 Al
=n(n(;l)(Zn_‘_1_'_6)=n(n+1)6(2n+7) AL
n=15: 2220787 - 1480 M1 AL
n
Answer: > r(r +2) = w; 1480 5 marks
r=1
10 (4 marks)
2 2
T+ =" (n: D n(n2+ D M1 AL
=" D intn+ 1) + 2 M1
_n(n+ 1)(22 +n+2) Al
2
Answer: nn+ H("+n+2) 4 marks

2
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11 (3 marks)
z:r:n+12n r= z:r:12n r— z:r:ln r M1
_ 2n(22 +1) n(n2+ 1) AL
_nédn+2—-n-—1 _n@Bn+1)
= 5 === Al
il n(3n + 1)
Answer: r:%l r=—ps5— 3 marks
12 (4 marks)
The rth term isr(r + 2), so the sumis =, r(r + 2) M1
20 x 21 x 47
== M1 A1
= 3290 Al
Answer: 3290 4 marks
13 (4 marks)
0D > 1000, s n(n + 1) > 2000 M1
n = 44: 44 x 45/2 = 990 < 1000; n = 45: 45 x 46/2 = 1035 > 1000 M1 A1
n=45 Al
Answer: 45 4 marks
14 (5 marks)
rr+1)(r+2)=r*+3r+2r B1
2 2
Z:n(n:].) +n(n+1)2(2n+1)+n(n+1) M1 A1l
= M0 Dinn+ 1)+ 2(2n + 1) + 4] M1
= —”(n: 2 (n>+5n+6) = % nin+21)(n+2)(n+3) Al
n
Answer: > r(r +1)(r +2) = % n(n + 1)(n + 2)(n + 3) 5 marks
r=1
15 (5 marks)
Y(2r — 1) =43r? — 4%r +n M1 AL
_ 2n(n+ 1%(2n +1) on(n +1) +n M1
= 3[2(n+1)(@n+1) — 6(n + 1) + 3] = 3(4n” — 1) M1
= gn@n - HEn+1) A1
Answer: 12+ 32+ ...+ (2n — 1) = %n(Zn —1)(2n +1) 5 marks
16 (6 marks)
(@ Z@r>—r)= nn + 1)2(2n *h n(n2+ ) M1 AL
= M(Zn) =n’(n+1) Al
Answer: > (3r? —r) =n*(n + 1) 3 marks
r=1
(b) n?(n + 1) = 1100 M1
n =10 gives 100 x 11 = 1100, and n?(n + 1) isincreasing, so n = 10 ALA1
Answer: n =10 3 marks
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17 (8 marks)
n
> r(r+p)(r+q) = Zr®+ (p+ q)=r? + pgZr M1
r=1
2 2
_n (n: D° , e+ an(n g DEn+1) pq-n(g +1) ML AL
= n(nl; Y [B3n(n+ 1) +2(p+ g)(2n + 1) + 6pq] M1
(n+ 2)(3n + 13) = 3n? + 19n + 26; coefficient of N: 3+ 4(p+ ) =19, s0p+q=4 M1 Al
Constant: 2(p + q) + 6pg = 26, so pg =3 Al
p=landg=3 Al
Answer: p=1,9=3 8 marks
18 (5 marks)
2 2
Z(r3+r2):n(n:1) + n(n+1)6(2n+1) ML AL
= n(nlz o) [3n(n + 1) + 2(2n + 1)] M1 Al
= M0 D (302 4 70+ 2) = 45 n(n + 1)(n + 2@ + 1) AL
n
Answer: > r3(r +1) = % n(n + 1)(n + 2)(3n + 1) 5 marks
r=1
19 (7 marks)
Y(2r)2 =432 = w M1 Al
=Znn+nEn+ D) AL
= 20: even sum = 2 x 20 x 21 x 41 = 11 480 M1 AL
= 20: odd sum = 3 x 20 x 39 x 41 = 10 660 M1
Difference = 820 Al
Answer: 22+ 42+ 6% + .. + (20)? = 2 n(n + 1)(2n + 1); 820 7 marks
20 (6 marks)
5 2= 2x13x% "
=650 Al
¥, Br*=819<1000and X, r* = 1015 M1 A1
So 14 layers are needed Al
Answer: 650 tins; 14 layers 6 marks
21 (7 marks)
Thefirst factorsare 5, 7, 9, ... and the second factorsare 2, 5, 8, ..., so the rth termis (2r + 3)(3r B1B1
—_ 1)
(2r+3)Br—1)=6r2+7—3 M1
Sum=n(n+1)(2n+1)+m —3n M1 Al
= S[2(2n? +3n+ 1) + 7(n + 1) — 6] M1
= g(4n2 +13n+3) = %n(n +3)(4n+1) Al
Answer: %n(n +3)(4n + 1) 7 marks
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22 (5 marks)
52 = n(n+ 1)(2n+ 1) 81
6
23" is geometric with first term 3, common ratio 3, n terms M1
3(3"—-1) _ 3*1-3
Sum= —3—— = 5 M1 Al
n+1 _
Tota|=n(n+1)6(2n+l)+3 . 3 AL
n+1 _
Answer: n(n + 1)652n *1) + 3 5 3 5 marks
23 (7 marks)
Therthtermisr(r+ 1)2=r3+2r2 +r B1M1
5 = n?(n + 1)2 LNn+@2n+1)  n(n+1) VL AL
4 3 2
= n(nl; ) [Bn(n+ 1) +4(2n+ 1) + 6] M1
= M0 D (302 + 110+ 10) = 75 n(n + 1)(n + 2)(3n + 5) ALAL
Answer: 1—12 n(n + 1)(n + 2)(3n + 5) 7 marks
24 (6 marks)
s "y, = m(m + 1)2(2m +1) 5m(r2 +1) +2m ML AL
simplify: = S [(m + 1)(2m + 1) — 5(m + 1) + 4] = Z(2m? — 2m) = m(m — 1) M1 AL
"= (20)%(2n — 1) — n?(n — 1) M1
=n’[4(2n — 1) — (n — 1)] =n*(7n — 3) Al
2n
Answer: > u, =n*7n — 3) 6 marks
r=n+1
25 (6 marks)
(@) (r + 1) = r? + 2r + 1 and the sum of the 1sis n, not 1; the middie term 2r has also been left E1E1
out
Answer: Terms 2r omitted and the constant summed incorrectly 2 marks
(0) Z(? + 20 + 1) = W DEED 4y 4 gy 4 M1 A1
= l(n+1)@n+1) + 6(n+ 1) + 6] = g(2n?+ 9n + 13) M1 AL
Answer %(an +9n + 13) 4 marks
26 (7 marks)
(2r+1)(r+2)=2r2+5r+2 B1
With upper limitn — 1: Zr = w and Xr? = w M1 AL
n—21n2n—1 5(n — )n
sum = & )3( ) 4 (2) +2(n—1) M1
=1 5 1[2n(2n — 1) + 15n + 12] M1 AL
==(n— n*+13n+ Al
L(n— 1)(@n® + 130 + 12)
n—-1
Answer: > (2r +1)(r +2) = %(n — 1)(4n? + 13n + 12) 7 marks

r=1
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27 (6 marks)
@@ —12—(@)3=@—-1-=-2nN2r—1+2r)=—(4r—1) M1 AL
Answer: (2r — 1)> = (2r)?=1— 4r 2 marks
(b) Group the termsin pairs: the sumis Z,_," (1 — 4r) M1 A1
=n-—4 n(n2+ b M1
=n—-2n(n+1)=—n(2n+1) Al
Answer: 12 — 22+ 32 — 4%+ ... + (2n — 1)> = (2n)> = =n(2n + 1) 4 marks
28 (8 marks)
Therthtermisr(n+1 —r), sothesumisX,_,"r(n+ 1 —r) M1 A1
2
=(n+1)Zr — Xr?= n(n ; Y° _ nn+ 1)6(2n *1) M1 A1
= M0 Diain+ 1) - @n+ D) M1
_ n(n+ 1()5(n +2) L
n=20:%61><22=1540 M1 A1l
Answer: 1xn+2x(n— l)+3><(n—2)+...+nXl:%n(n+l)(n+2); 1540 8 marks
29 (10 marks)
Y(@2r — 1)3=%(8r° — 12r + 6r — 1) M1 AL
=2n’(n+1)?—2n(n+1)@2n+1) +3n(n+1) — n M1 AL
=n2n(n+1)? = 2(n+1)@2n+ 1) +3(n+1) — 1] =n2n® — n) M1 AL
=n?2n* — 1) Al
21 isthe 11th odd integer and 39 is the 20th: sum = 20%(799) — 10%(199) M1 AL
= 319 600 — 19 900 = 299 700 Al
Answer: n?(2n? — 1); 299 700 10 marks
30 (11 marks)
(@ Z.," @ = %(Zr2 +3r) M1 AL
1. nn+1)(2n+1 nn+1
=31 ( )6( ) . N . )] w1
nn+1 nin+1)(n+2
= (12 )(2n+1+3)=% M1 Al
Answer: a pyramid with n layers contains% n(n + 1)(n + 2) cannonballs 5 marks
(b) n(n + 1)(n + 2) = 1320 M1
n=10: 10 x 11 x 12 = 1320, and the expression is increasing, so n = 10 A1 A1
Answer: 10 layers 3 marks
(c)Layerslt05:5X2x7:35 M1 A1
220 - 35=185 A1
Answer: 185 3 marks
Method of Differences
1 (2 marks)
1 1 r+1)—r
TOor+1T r(r+1) M1
_ 1
Tr(r+1) Al
1 1 1
Answer: = - — 2 marks

r(r+1):r r+1
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2 (2 marks)

1 1 1 1 1 1 1 1 1
A=-N+G-+tGE D+ (G- *+E—3F)
The middle terms cancel, leaving 1 — % = %

.5
Answer: &
3 (2 marks)

Terms: (22 = 19+ (32 = 29) + ... + ((n+ 1)? — n?)
All the middle terms cancel, leaving (n + 1)> — 1 =n? + 2n

Answer i [f(r + 1) — f(r)] =n?+2n

r=1
4 (2 marks)
Iy = ingr+ 1) — Int

The sum telescopesto In(n + 1) — In1=In(n+ 1)

Answer: > In(: : l) =In(n + 1)
r=1
5 (2 marks)
1=A(r+2)+Br: r:Ogiv&A:%; r=—2givesB = _%

_tr 11 1
r(r+2)_2(r r+2)

1,1 1
Answer: (7 = 7+2)

6 (2 marks)
1
Asn— o, n+l -0
The sum to infinity is 1
Answer: 1
7 (4 marks)

. 1 1 1 1 1
Write out: (1 — E) + (E - §) +...0+ (ﬁ - n+1)
Cancelling consecutive terms leaves 1 — = i 1
_ n
T n+1
A - 1 n

nswer: 2 rr+1) " n+1
8 (6 marks)

. 1 1 1 1 1
Write out the terms: 5[(1 - §) + (5 - Z) + (§ - §) +..+(= -

1 1 .
Theterms 3, ..., ﬁ cancel, leaving 1 + Rl e

5 -

3 11 1.3 2n+3
S it ) el il CEENGE)
Sum to infinity = %

A .3 2n+3 . t'f"tg
nswer: 4 —2(n+l)(n+2),sum oinfinity
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9 (5 marks)

1=A@r+1)+B@ —1:A=5 B=—3 M1 AL
T25ll- P G-+ et — 7)) M1
1 n

=520~ o) T mmea ALAL

n

Ansmer:m 5 marks

10 (6 marks)
1 1

Z_1 (-Dr+D 2(r—1 +1) MLAL

1 1

2=3l0- D+ G =D+t o1~ ey L
1, 1 1 1

=20+ -5~ avD) MLAL
_3 2n+1

=47 2nn+ 1)) Al

- 1 3 n+1

Anwa.zﬁ—z—m 6 marks

11 (5 marks)

Multiply by the conjugate: fr+1 -4 r ' M1 AL

(\/+1+\/_)(\/r+1—\/_) (r+1)—r
=fr+1—1r Al
S=(2-D+{3—-y2)+..+(n+1—yn)=yn+1-1 M1 A1

Answer: \/n +1 -1 5 marks
12 (4 marks)
@FE+D'=(@r+1) xr! B1
r+)!'=r=rl(r+1—-2)=rxr! Al
Answer: (r + )l —rl=r xr! 2 marks
G Z[Fr+ =M= -1 +@B=2)+...+((n+ D! —nb) M1
=(n+1' -1 Al
Answer: (n+1)! =1 2 marks
13 (4 marks)
1 1 1
rr+1) "1 r+1 M1
> = 1—11 — 2—11 M1 A1l
_ 10
= ﬁ Al
A 10
nswer: 31 4 marks
14 (8 marks)
1 1 _ (r+2) =
(@) r(r+1) r+1)0r+2) " rr+D(r+2 MLAL
_ 2 . .
= EDE D) so the identity holds Al
A 1 1 1
NSWer T+ D +2) — 2[r(r +1) DL 3 marks
1
(b) Let f(r) = EL so the sumis EZ[f(r) —f(r+1)] M1
1 1.1 1
= E[f(l) - f(n + 1)] = 5[5 - m] M1 A1l
1 1

=4 T 2n+Dn+2) Al
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Sum to infinity = % B1
A 1 1 1
nswer: Z m, Z 5 marks
15 (6 marks)
fr+1) —f(=(@r— 12" - (r—2)2' M1
=22r—1)—(r—2)]=rx2" M1 AL
S[f(r+ 1) — f()] = f(n + 1) — f(1) M1
=(n—12""+2 AL AL
Answer: (n — 1)2" + 2 6 marks
16 (5 marks)
1 1 (1= ML AL
P+ 1)? r(r+1)?
-+l Al
T+ 1)2
—1-YHy,A_ 1 A1 -1
=01 I RAY 9)+...+(nz (n+1)2)_l 1) M1 A1
Answer: 1 — (n+ 1) 5 marks
17 (6 marks)
11,1 1
w9 -3 T rea) MLAL
1 1 1 1 1 1 1 1
223l -G -G -G a3 M1
Remaining terms: 1+1+1— 1 M1 A1
9 273 n+1 n+2 n+3
111 1,1
=g " 3rr Tz el Al
A 11 11
nswer.E—g(nJrl — n_'_3) 6 marks
18 (5 marks)
1 1 _(r+1)-—-1
mrrn T (r+ 1) MEAL
r
kG ™
1 1 1 1 1 1 1
Zz(F_7)+(ﬁ_§)++(ﬁ_m)=l_m M1 Al
1
Answer: 1 — GE] 5 marks
19 (6 marks)
(r+1)*—r*=3r+3r+1 B1
Sr+1)=rl=n+1°%-1 M1 AL
s =(n+1) - 1-3M 0 w1
_ n(n+ 1)2(2n *D oyr2= % n(n + 1)(2n + 1) M1 A1
Answer: > r?= % n(n + 1)(2n + 1) 6 marks

r=1
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20 (5 marks)
2= - 1 (from the partia fractlons 1 ril) M1 Al
n+l>099 son>0.99n + 0.99 M1
0.01n>0.99, son> 99 Al
Least nis 100 Al
Answer: n =100 5 marks
21 (7 marks)
1 1 2+ M1 A1
27t (r+1)2° rr+1)2
_r+2 AL
T+ 1)2r
Let f(r) = 2r ——; thesumis Z[f(r) — f(r + 1)] = (1) — f(n + 1) M1
1 1
=1 N+ 02" Al
Asn — o« the second term tends to 0, so the sum to infinity is 1 B1B1
a1 o
Answer: 1 CESER sum to infinity 1 7 marks
22 (7 marks)
(a) Common denominator r(r + 1)(r + 2)(r + 3): numerator (r + 3) — r M1 Al
=3 Al
A _ 1 _ 1 _ 3
W T+ D +2 ~ 0+ DT+ +3) 10 + D + 2 +9) 3 marks
. 1 .1
(b) With f(r) = m, thesumis §Z[f(r) — f(r+1)] M1
= 21f(1) — f(n + )] M1
_ _ 1
=3l ~ e+ Al
1 1
=18 T 3n+D(n+)(n+ 2 Al
Answer: — — !
nswer: 18 3n+ DN+ 2)(n +3) 4 marks
23 (6 marks)
(a) The terms cancel in steps of two, not one; l 2 cancels W|th ; two terms later El
So the terms 5 (from r = 2) and the last-but-on El
Answer: Two terms at each end do not cancel 2 marks
1 1
(b)z-z[“"m‘m] MLAL
11 1 1 1, _1_11_11
n—2.§+§ ﬁ,formula (1+__§_Z) 5 X =51 M1 A1l
1 1 1
Answer: 2(1+§_nTl_n+2) 4 marks
24 (9 marks)
(@) (r + 1)* =r*+ 4r> + 6r° + 4r + 1 by the binomial theorem M1 Al
Answer: (r + D)* —r4=4r3+6r2+4r +1 2 marks
G Z[r+D*—=r)=n+1* -1 M1 Al
43 =(n+1)*—1—-nn+1@n+1) —2n(n+1) —n M1 AL
Expand: (n+1)* —1=n*+4n*+6n’+4n,n(n+ 1)(2n+ 1) =2n*+3n?+n, 2n(n + 1) = 2n? + M1
2n
433 =n*+ 2n* + n? = n’(n + 1)? M1 Al
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Answer: > r®= % n?(n + 1)? 7 marks
r=1
25 (7 marks)
1 (+D)*=1_r(r+2
A R G A
In(1— T +11)2) =inr+In(r+2) —2In(r+21) =[In(r +2) — In(r + )] — [In(r + 1) — In ] Al
Letg(r)=In(r+1) —Inr,sothesumis X[g(r + 1) — g(N] =g(n + 1) — g(1) M1
n+2 n+2
:|n(m)— In2:ln(m),soa:2 Al
Asn— o, zii —>l,sothesumtoinfinityis|n%:—In2 M1 A1l
Answer: I”(z(nn;fl)); a=2; sumtoinfinity —In 2 7 marks
26 (5 marks)
Zr=n+l2n = Zrzlzn - z:rzln M1
__2n n
“2n+1 n+1 Al
_2n(n+1)—n(2n+1)
Zn+ D+ 1) MLAL
_ n
T (n+D@2n+1) Al
2n 1 n
Answer: r;ﬂ D) - e D 5 marks
27 (9 marks)
(a) Let A = arctan(r + 1), B = arctan r: tan(A — B) = % M1
_(r+)—r _ 1
TA+r(r+1) T P24r+1 M1 A1
. I _
A—BllesbetweenOandf,soA—B—arctan(—r2+r+1) Al
1
Answer: arctan(r + 1) — arctanr = arctan(m) 4 marks
(b) Z[arctan(r + 1) — arctan r] = arctan(n + 1) — arctan 1 M1 A1
=arctan(n + 1) — % Al
Asn-— oo,arctan(n+1)—>%,sothesum toinfinityis% M1 Al
Answer: arctan(n + 1) — %; % 5 marks
28 (11 marks)
(a) cos(A — B) — cos(A +B)=2sinA sinB M1
With A =10 and B = 3: cos{(r — 5)8) — cos((r + 5)6) = 2 sin 16 sin(3) AL
Answer: 2 sin(%) sin r@ = cos((r — %)9) — cos((r + %)9) 2 marks
(b) £ SO = — 5 [cos((r — 5)8) — cos((r + )6)] M1
2sin(z)
cos(3) — cos((n + 3)6)
Telescoping: = 5 M1 Al
2sin(z)
cosA — cosB = 2sin(252) sn(E5 ) with A = 5, B = (n+ 2)0 M1
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2 sin(( D9 gin()

, which is the required result

B 2sin(3)

0 sin("2) sin(12 19y
Answer: > sinr@ = )

r=1 Sln(i)
() UseB =30°, n=5: %

sin 75° = cos 15°, so the value is cot 15° = 2 ++/3
Answer: 2 +43

29 (11 marks)

@r=Ar+2)(r+3)+Br+1(r+3)+C(r+1)(r+2)
f=—1 —1=2A SOA=—2:r=—2 —2=—-B 90B=2r=-3 -3=2C,0C= —2

2
_ 1 N 2 3
2r+1) r+2 2(r +3)

Answer :
. 1. 1 1 3. 1 1
(b) Writeas —5[5=7 — 7531 + 30757 — 773l

11 1 3,1 1
2==3G 52 " 23 T aee)

1 1 1 3 1 1 3

= + =2+

At o2m+2 T2 T 2n+3) T 4
r 1 1 3

2h+2)  2(n+3)

Answer 2 T I R R G

(c) Asn — « both fractions tend to 0
sum toinfinity = 7

1
Answer: —

4
30 (9 marks)
r _rr+2
(@ (r+2)! = (r+2)!
rr+2)—@+1) _rP+2r—r—1
(r+2)! - (r+2)!

CrP+r—1
T+
A r?4r—=1_ r r+1
NSWEr- =52 S+ — [ +2)
(b) Letf(r)=ﬁ:thetermisf(r) —f(r+1)
1 1
Z:f(l)—f(n+1):§—(:+—+2)!

Asn— oo, (:+—+21), — 0 (factorial grows faster than n)

So the sum to infinity is 1

2
A Sl _n+l 1
NSWEr- 5 = m+2)1 2

Recurrence Relations

1 (3 marks)
u,=2(3)—1=5
u;=25)—1=9,u, =209 —1=17
Answer: 5,9, 17

stemup.co.uk | page 44

Al

5 marks

M1 A1l

M1 Al

4 marks

M1

E AlA1Al
4 marks
M1 Al

M1 Al

Al

5 marks

M1

Al

2 marks

M1

M1 A1
Al

4 marks
M1

M1 A1
M1

Al

5 marks

Bl
B1B1

3 marks



StemUp | Further Mathematics | Further Pure Mathematics: Further Algebra and Functions | Model Answers

2 (2 marks)
Arithmetic sequence with first term 2 and common difference 4 M1
u,=2+4n—-—1)=4n-2 Al
Answer: u,=4n — 2 2 marks
3 (2 marks)
TheIimithatisfiasL:%L+3 M1
L=6 Al
Answer: 6 2 marks
4 (2 marks)
Each term is 3 more than the previous term, so u,,,; = U, + 3withu; =2 B1
u,=2+3h—1)=3n-1 B1
Answer: U,,; =u,+3,u;=2,u,=3n—-1 2 marks
5 (2 marks)
u; =33 —2(1) =7 B1
u, =3(7) — 2(3) =15 B1
Answer: 7 and 15 2 marks
6 (3 marks)
mMm—=—2)(m—-—3)=0,som=2o0orm=3 M1 Al
u,=Ax2"+Bx3" Al
Answer: u, =A-2" +B-3" 3 marks
7 (5 marks)
Particular solution (constant): L =3L +2,soL = -1 M1 A1
Complementary function: u, = A x 3"%; general solutionu, = A x 3"t — 1 M1
uu=L:A—-1=1s0A=2 M1
u,=2x3"t—-1 Al
Answer: u,=2x3""t =1 5 marks
8 (4 marks)
U,=u, +=,.,"t 2k M1
=3+2x w M1 AL
=n’—n+3 Al
Answer: u,=n*—n+3 4 marks
9 (5 marks)
Auxiliary equationm? — 5m+6=0,som=20r3;u,=A x 2"+ B x 3" M1 A1l
Uy=1A+B=1Lu,=0:2A+3B=0 M1
A=3andB=-2 Al
u,=3x2"—=2x3" A1
Answer: u, =3 x 2" = 2x 3" 5 marks
10 (5 marks)
Auxiliary equation m? — 6m + 9 = 0, so m = 3 (repeated) M1 A1
u, = (A + Bn)3" M1
Up=20givesA=2,u;=9¢gives3(2+B)=9,s0B=1 Al
u,=(n+23" Al
Answer: u, = (n +2)3" 5 marks
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11 (7 marks)
u,=3k -2
U;=k(Bk —2) —2=3k>— 2k — 2
3k?>—2k—2=19,50(3k+7)(k—3)=0
k:3ork:—%
Fork=3u,=3x19—-2=55

Answer : k=30rk=—%; u, =55

12 (3 marks)
Upg =27+ 1
2u,—1=22"+1) —1=2"+1
These are equal, so the recurrence relation is satisfied
Answer: u, = 2" + 1 satisfiestherecurrencerelation u,,; = 2u, — 1

13 (3 marks)
U =3%x 2™ +5=2(3x2"M+5
3x2"=u,—550U,;=2u,—5+5
Uy =20, — 5
Answer: u,,; =2u, — 5

14 (6 marks)
n=1:2>—-3=1=u, sotheresultistrueforn=1
Assume u, = 21 — 3 for somek = 1
Ugy = 2u, +3=2(21 = 3) + 3
— 2k+2 -3

Truefor n =1, and if true for n = k then true for n = k + 1, so true for al positive integers n

Answer: u, = 2™ — 3for all positive integers n

15 (8 marks)
(@) 3yn = Yy t+ 2

_yn+1+2
Yn= "3

at2
Answer: yn=y”1T

82+ 2
(b) yo= 5= =28

y3=10,y,=4,y, =2

Answer:y,=28,y;=10,y,=4,y, =2

(c) The constant solutionof y =3y — 2isy=1,s0y,=1+A x3"*
y,=2givesA=1s0y,=3"1+1

Answer:y,=3"1+1

16 (8 marks)
Complementary function: m> — 5m+6=0,s0 A x 2"+ B x 3"
Try aparticular solutionu, =an+b:aln+2) + b — 5[an + 1) + b] + 6(an + b) = 4n
2an — 3a+2b=4n,soa=2andb =3
General solutionu, =A x2"+B x 3"+ 2n+ 3
U=1A+B+3=1u,=7.2A+3B+5=7
A=-8B=60u,=6x3"—8x2"+2n+3
Answer: u,=6x3"—=8x2"+2n+3

stemup.co.uk | page 46

B1
M1
M1 Al

Al

M1 Al

7 marks

Bl

M1
Al

3 marks

M1

M1
Al

3 marks

B1
M1
M1 A1l

Al
El

6 marks

M1

Al

2 marks

M1 Al
Al

3 marks
M1 A1
Al

3 marks

M1 Al
M1

M1 A1l
Al
M1
Al

8 marks



StemUp | Further Mathematics | Further Pure Mathematics: Further Algebra and Functions | Model Answers

17 (7 marks)
Auxiliary equationm?® — 2m+2=0,som=1+i M1 Al
1+i=2(cosy *isins), sou, = 2"%(A cos + B sin'5) M1 AL
T X 4/ n 4 4
U, =0givesA =0 Al
. II
u=1y2Bsny; =B=1 M1
u, = 2"2 sinnTH AL
Answer: u, = 2"? sinnT11 7 marks
18 (8 marks)
B,.; = 1.03B,, — 3000 B1
Particular solution: L = 1.03L — 3000, so L = 100 000 M1 A1
B, = A(1.03)" + 100 000; B, = 20 000 gives A = —80 000 M1 A1
B,, = 100 000 — 80 000(1.03)" Al
In 1.25
B, =< Owhen (1.03)" = 1.25,son = Tiog = /-55... M1
The loan is repaid after 8 years Al
Answer: B,, = 100 000 — 80 000(1.03)"; 8 years 8 marks
19 (9 marks)
(@) (N +2)2™2 — 4(n + 1)2™! + 4n x 2" M1
=2"4(n+2) — 8(n+ 1) + 4n] M1 AL
=2"[0]=0 Al
Answer: u, =n x 2" satisfies the recurrencerelation u,,,, — 4u,,, + 4u, =0 4 marks
(b) Auxiliary equation (m — 2)>=0, sou, = (A + Bn)2" M1 A1
Uy=30givesA=3,u;=2:23+B)=2,s0B=-2 M1 Al
u, = (3 —2n)2" Al
Answer: u, = (3 — 2n)2" 5 marks
20 (9 marks)
1 1
@u,=71-3=-3 B1
1 2 1
Uz = T =3 W= 5 =3 B1B1
1+ 3 1- 3
1 2
Answer: U= —5,U3= 3, u,=3 3 marks
(b) u, = uy, so the sequence repeats with period 3 M1
100=3%x33+1,S0Ujpp=U; =3 Al
Answer: Uqyg =3 2 marks
1 2 _19
(c) Each block of three terms sumsto 3 — 5t3=% M1 Al
99
Eur:33xl—::2—(2m,and adding u100:3giv&82—;5 M1 AL
r=1
Answer: 2—;5 4 marks
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21 (7 marks)
Define uy = 0 so that u, = u; + U, B1
. . ) a _1+45
Auxiliary equationm“—m —1=0,som = 5 M1 Al
un:A(p'”+B\yr‘where(p:1+2‘/§,\|;:1_2\/g M1
U,=0givesB=—A; u; =1givesA(p — y) =1 M1
1 1
—y=y5,0A=~=,B=—+=
®—-w=15 7 G AL
1 n n
u. = — — Al
n ﬁ(cp v
Answer: u = (2B _ (155 7 marks
\/g 2 2
22 (10 marks)
@u=1<2 B1
Assume Uy < 2; then Uy,; =2 + U, <4 =2 M1 AL
Hence true for al n by induction El
Answer: u, < 2for all positiveintegersn 4 marks
(b) un+12 - un2 =2+u, — un2 =(2-u)@+uy) M1AlL
Thisis positive since 0 < u,, < 2, SO U1 > U, M1 Al
Answer: u,,; >u, for aln 4 marks
(OL=y2+L,s0L?—L—-2=0 M1
(L—=—2(L+1)=0,andL>0s0L =2 Al
Answer: 2 2 marks
23 (6 marks)
1 3- Un
vnﬂ:m: U =3v,—1 M1 A1l
Particular solutionL =3L — 1, soL =%;vn=A ><3“‘1+% M1 A1
vlzlgivesA:% M1
_ 1 oon-1 __ 2
Vn—§(3 +l),SOUn—W Al
. _ 2
Answer: u, = 41 6 marks
24 (7 marks)
(@) A x2"+B x 2" = (A + B)2" has only one arbitrary constant, so it cannot match two initial E1E1
conditions
Answer: Only one independent constant 2 marks
(b) u, = (A + Bn)2" M1 AL
Up=1lgivesA=1u; =42(1+B)=4,s0B=1 M1 A1
u,=(n+1)2" Al
Answer: u, = (n + 1)2" 5 marks
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25 (9 marks)
Complementary function: m> — 3m+2=0,s0A + B x 2" M1 Al
2" is part of the complementary function, so try u, = kn x 2" M1 Al
k(n + 2)2™2 — 3k(n + 1)2™ + 2kn x 2" = 2" M1
kx 2'[4(n+2) — 6(n+1) +2n] = 2k x 2", 0k = 5 AL
Uy, =A+Bx2"+nx2"hyy=1landu, =2giveA=1,B=0 M1 A1
U,=1+nx2"1 Al
Answer: u, =1+nx 2"t 9 marks
26 (7 marks)
Complementary function A x 2" B1
Try aparticular solutionu, =an+b:an+1)+b=2an+2b+n M1
na=2a+1 soa=—1; constant: a+b=2b,sob=-1 A1 AL
u,=Ax2"—n-1 M1
u1:1:2A—2:1,soA:% M1
u,=3x2"t—n-1 Al
Answer: u,=3x2"t=n-1 7 marks
27 (10 marks)
(@n=0adn=1aetrue sin0=0andsinb B1
Assume u, = sin kB and u,,; = sin(k + 1)0 M1
U =2cos O sin(k + 1)0 — sin kB M1
2 cos 0 sin(k + 1)0 = sin(k + 2)0 + sin kO M1 A1
S0 Uy, = sin(k + 2)6; true for all n by induction A1E1
Answer: u, =sin n@ for all integersn = 0 7 marks
(b) Terms: O, g 3@ 0, —@, —g, 0 B1B1
The sequence is periodic with period 6 B1
Answer: 0, 325 3@ 0, —@, —g, 0; period 6 3 marks
28 (12 marks)
41— 3
@b, = a“—zan M1 Al
1+ -3 +
Then b,,, = &, + 2b, gives w =a,t+a,; — 3a, M1 Al
8. = 58y — 48, Al
Answer: a,., = 5a,,; — 44, 5 marks
(b) Auxiliary equationm? —5m+4=0,som=1o0r4;a,=A +B x 4" M1 A1
aO:1anda1:3:A+B:1,A+4B:3,soB:%,A:% M1 A1
an:%(ZX4”+l) Al
= 3aﬂ 1
bn=1T=§(4n_ 1) M1 A1l
Answer: a, = %(2 x4"+ 1), b, = %(4n -1 7 marks
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29 (11 marks)
(@) Length 1: 0, 1 s0 8, = 2; length 2: 00, 01, 10soa, = 3 B1B1
A valid string of length n + 2 ends in O (preceded by any valid string of length n + 1: a,,; ways) M1E1E1
or endsin 01 (preceded by any valid string of length n: a, ways)
So A2 = 8np T 8, Al
Answer: a; =2and a, = 3 6 marks
(bya;=5,a,=8,a=13,8,=21,a,=34 M1 A1
ag =55, a5 = 89, a,p = 144 Al
Answer: 144 3 marks
(c) Each of the 21° = 1024 sequences is equally likely; 1 represents a head M1
..o 144 9
Probability = 1074 = 64 Al
Answer: % 2 marks
30 (10 marks)
1_ 2 _2B8-4y5 _3-45
(a)a_3+\/§_ 5-5 =3 M1 A1
1_3+y5  3-45_
a+tg ==z t—7 =3 M
Answer:(x+%=3 3 marks
byn=La+at=3=u, B1
Assumeu, = o+ a2 M1
Uy = (02 + a7 27)2 = 2 M1
—a?+2+a % -2=a% +a? Al
Trueforn=21and n=k impliesn=k + 1, so true for al n El
Answer: u, = a?” + a2 for all positive integersn 5 marks
©Qu,=9—2=7,u;=49—2=47 M1
u, = 472 — 2 = 2207 Al
Answer: 2207 2 marks
Maclaurin and Taylor Series
1 (2 marks)
2 3
Replace x by 2x: 1 + 2x + (2)2() + (22) M1
=1+2x+2x2+%x3 Al
Answer: 1+ 2x + 2x% + %X"‘ 2 marks
2 (2 marks)
3
sinu=u—%withu=2x M1
_ 4 3
=2X — 3X Al
Answer: 2x — %x3 2 marks
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3 (2 marks)
uwooud .
In(1+u):u—7+?W|thu:3x M1
=3x — %xz +9x° Al
Answer: 3x — %xz + 9x° 2 marks
4 (2 marks)
wooout
cosu:1—7+ﬂW|thu:3x M1
4 _ 9.0 27 4
= 5X°+ X Al
Answer: 1 — %xz + %x“ 2 marks
5 (3 marks)
f, _ 1 n_ 1 fm _ 2 M1
TLlex T @+ T @a+x?
f(0)=0,f(0) =11 (©0)=-11"(0)=2 Al
X2 x3
fx) =x — > t3 Al
N
Answer: X — > + 3 3 marks
6 (3 marks)
2 3
X =1 _ x _x
e*=1—x+ 5 5 B1
x=0.1:1— 0.1+ 0.005 — 0.000167 M1
=0.9048 Al
Answer: 0.9048 3 marks
7 (4 marks)
x? X3
(1+x+7+...)(x—€+...) M1
2. 2.3 X _ X_3
XTXXX=XG XD 5 XX = M1 Al
=X+ X2+ %x3 AL
Answer: X + x° + %xs 4 marks
8 (5 marks)
X2  x
In(cosh x) = In(1 + u) whereu=7+ﬂ M1
U2
In(1+u):u—7+... M1
_x? . x*ox*
= ? ﬂ ? M1 Al
_xx Xt
= 7 - E Al
A x2 Xt
nswer . > - 12 5 marks
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9 (4 marks)
x> x3 x?
L+x+5+5)1 - F) M1
201 1 _ . .31 1
X% 5 2—0,x.6 5 M1 A1l
_ 1.3
=1+x 3X Al
Answer: 1+ x — %x3 4 marks
10 (5 marks)
= sec?x, f” = 2 sec® tan x M1 A1
7 = 4 sec?® tan’x + 2 sec’x, so f"(0) =0+ 2 =2 M1 AL
f(0)=0,1(0) =1 1(0) = 0 tanx =x + 2x° = x + X AL
Answer: x + %x3 5 marks
11 (7 marks)
1+x
(@) In(7=) = In(1 +x) — In(1 — x) M1
x* X3 x2 X3
(X—7+§—...)—(—X—7—§—...) M1 Al
The even powers cancel and the odd powers double Al
1+x 2 2
Answer: In(7 =) = 2x + 5x° + 2x° + ... for [x| <1 4 marks
(b)%:3whenx:% B1
1, 2,1, 2,1, _ 101
2)+3@+5(R) =1+ 5+ g ML
= 1.096 Al
Answer: 1.096 3 marks
12 (5 marks)
x2  x* . x2  x*
cosx=1—7+ﬂ,soln(cosx)=In(1+u)W|thu=—7+ﬂ M1 Al
u2
In1+uw=u-=+.. M1
x2 x* x4
R 7 "
x*  x*
-T2 12 Al
x2 X
Answer: In(cos x) = -5 =1zt 5 marks
13 (6 marks)
1—x—2*=(1—-2X)(L+x) B1
In(1 — 2x) = —2x — 2x*> — %x3 M1 AL
x2 X3
In(1+x):x—7+§ M1
ey _5902_1.3
Sum: —x 5X 3X Al
In(1 — 2x) needs |2x| < 1 and In(1 + Xx) needs |x| < 1, so [X| < % B1
5 7 1
Answer: =x — 5x* = 2x% x| < 5 6 marks
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14 (5 marks)
_—1\n+1 _1\n+1
The nth term is ( n-lz)” = %]) (%)n M1 A1
x> X8 . . 1
IN(L+x)=x— S t3 = isvalidfor —1<x = 1,sox:§maybeu%d M1 B1
sum=In(1 + 3) = In3 AL
Answer : Ing 5 marks
15 (6 marks)
e2><=1+2x+2x2+%x3,sin3x=3x—%x3 B1B1
X2 2x3=6,x%2x3=6— 2 M1 AL
x4:%><3—2><%:4—9 M1
= 3x + 6x% + %x"‘ — 5x* Al
Answer: 3x + 6x° + %x3 — 5x* 6 marks
16 (4 marks)
01 2, 3.3 4 _13.2 3, 3.4 5 01
1: (3x + 6x +§x—5x)dX—[§x + 2x +§x—x]O M1 Al
= 0.015 + 0.002 + 0.0000375 — 0.00001 M1
=0.01703 Al
Answer: 0.01703 4 marks
17 (6 marks)
y(0)=0+1=1 B1
y'=1+y,s0y’(0)=2 M1 Al
y =y, 0y’ (0)=2y?=y", s0y¥(0) =2 M1 A1
S1ex+ o2+ A4 Axt =L x 3+ o+ X Al
y 2 6 24 3 i
Answer: 1+ X + x2 + %x3 + 1—12x4 6 marks
18 (6 marks)
3 3
sinx:x—%;letu:x—% B1
2 3 4
u— v ou _ u
e—1+u+2+6+24 M1
4
u2:x2—%,u3:x3,u“:x4 M1 Al
o3 1.1, 1 1 1
Collect terms: x*: 6+6—0,x. 5t =38 M1
2 4
=1+x+ X7 - % Al
x> x*
AnSNer:1+x+7—§ 6 marks
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19 (4 marks)
x> x* X
(1+X)(X—7+§—T) M1
_ 1, 13 14
=X+ 5X5 = EX7+ 5X A1
(I+x)Inl+x)—x _1 1
2 =3 6X + ... M1
o1
The limit is > Al
Answer: x + %xz - %x3 + 1—12x4; limit % 4 marks
20 (6 marks)
1 o_ 1 ., _ 3
f= 2‘/;,f = —4X3,2,f rvr M1 A1
f(4) =2, F(4)= =, F'(4) = —ms, F"(4) = mon
()_1 ()_41 ()_ 32! ()_256 Al
_ x—4 _ x-4> x-4°
=2+ 55— = T Al
x=4.4:2+0.1— 0.0025 + 0.000125 = 2.097625 M1
=2.0976 (4 d.p.) Al
Answer: 2.0976 6 marks
21 (12 marks)
dy _  cosx
(@ Tx = T#snx M1 AL
dy _ —sinx(1+sinx) —cos’ _  1l+sinx 1 AL
dx? (1 + sin x)? ~ (1+sinx)?
_ 1 N
——1+—sinx,§)(1+5|nX)W——l Al
: N
Answer: (1+sin x)d Z- -1 5 marks
(b) Differentiate: (1 + sinX)y” + cosxy” =0 M1 A1
Again: (1+sinx)y® +2cosxy” —sinxy” =0 M1 A1
y(0)=0,y(0) =1,y"(0) = —=1,y"(0) = 1, y¥(0) = -2 M1 AL
x2 x  xt
y=X—73%% " 12 AL
x2 x* X
AnaNer:x—7+€—E 7 marks
22 (7 marks)
= sec?x, f” = 2sec? tan x, f” = 4sec?x tan®x + 2sec’x M1A1A1
At%:tan=1,se02=2:f=1,f’=2,f”=4,f”’=8+8=16 M1 A1
tanx:1+2h+2h2+§h3,whereh:x—% M1 A1
I o 8 n
Answer: 1+2(x — 7) +2(x = 7)* + z(x = %)? 7 marks
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23 (7 marks)
1+e =21+ withv=25+ X+ X 4 X
e (1 + V) wi VESs+ ot 8 M1 Al
2 3 4
INL+€e)=In2+v — 7 %—VZ M1
NSNS SUM . SN S SN S
V=72 "7 "V "8 16V T 16 MLAL
3. 1 1 1 _
X195~ gt =0 M1
L1 7 1 1 1
‘28T 9% 16 64 122 Al
A cIn(1+€) =1 2+X+X2 X4+
nswer: In( )=1In 5t ~ g T 7 marks
24 (8 marks)
(@ f' =cosx, f" = —sinx, f” = —cos x M1
m,._1 £ 1 .., _ E
Atg.f—i,f f— i'f == Al
1 43 V3,3 o
S|nx—§+2h—7— h®, withh=x — 3 M1 Al
2
Answer: £h - h— %hs 4 marks
(b) 31° = 30° +1° s0 h =0.0174533 B1
0.5 + 0.866025(0.0174533) — 0.25(0.00030462) — 0.144338(0.0000053166) M1
= 0.5+ 0.015115 — 0.0000762 — 0.0000008 M1
=0.51504 Al
Answer: 0.51504 4 marks
25 (6 marks)
(a) The third term has not been treated like the second: (2x)* should replace x* E1E1
Answer: x should be (2x)3 2 marks
(b) In(1+ 2x) = 2 — 2 + 9x° M1 AL
. 1 1
Vajldfor—§<x 5 B1B1
Answer: 2x — 2x2 + %x3, —% <X = % 4 marks
26 (7 marks)
Atx=0:y"(0) = —y(0) = -1 M1 A1
Differentiate: y” + xy" +2y"=0,s0y”(0) =0 M1 Al
Differentiate again: y® + x y” + 3y” =0, o0 y¥(0) = 3 M1 A1
x?  x
y=1-5+% Al
2
Answer: 1 — X7 + % 7 marks
27 (11 marks)
d y — 1 arctan x
@ ax =172 € M1 A1
d
So(1+ xz)d—i =y A1
Answer: (1 + XZ)% -y 3 marks
(b) Differentiate: (1 + x2)y” + 2xy’ =y’ M1 A1
Again: (1 +x3)y” + (4x — 1)y” + 2y’ = 0, and once more: (1 + x?)y™ + (6x — 1)y” + 6y =0 M1 A1
y(0)=1,y(0) =1y (0)=1y"(0) = —1,y?0) = -7 M1A1AL
—14+ +x2_x3_7x4
y=ltx+5-% -~ At
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x> x2

Answer: 1+ X+ 5 3 > 8 marks
28 (9 marks)
(@n=1:f= 1T1x matches (—1)° 0!//(1 + x) B1
Assume true for n = k; differentiate: f&V = (= 1)* "}k — 1)I(=Kk)(1 + x) ! M1 AL
—1)*k!
= (l—)l:ﬂ whichisthe formulaforn=k + 1 Al
(1+x)
Hence true for al n by induction El
n) (=1)"n = 1)! L
Answer: f0(x) = T for all positive integersn 5 marks
(b) f™(0) = (—=1)"}(n — 1)! M1 A1
(n) _1\n—1 _ |
Terminx" is ! Eo)x” = (=D n(,n Dl M1
— (_1)n_1 n
= X Al
_ . . (=)"x"
Answer: the Maclaurin series of f(x) has general term — 4 marks
29 (10 marks)
x3 x3
(a)ex—e‘X=2x+§+...,sonumerator=§+... M1 A1
. x3
X—snx=-5+.. B1
Limi x3 2
mit = m = M1 Al
Answer: 2 5 marks
. x2 X
(b)In(cosx)-—?—E+... B1
X4
2In(cosx) + x*= =% + ... M1 AL
1
Limit = -5 M1 A1
Answer : —% 5 marks
30 (9 marks)
. x* x8
(a) Replace x by —x2|ne":1—x2+7—€ M1 Al
4 6
Answer: 1—x2+x7—% 2 marks
v2 NS X7 "
(b)£ =x=3+15 — o M1 A1
-1_1,1 __1
=27 247320 " 536 M1
=0.4613 Al
Answer: 0.4613 4 marks
(c) The terms alternate in sign and decrease in magnitude, so the error is smaller than the first El
omitted term
@ _ 1 9x10°<10° M1 AL
2)%216 110592
Answer: Error <9 x 107° 3 marks
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Further Binomial Expansions

1 (2 marks)
Q+x)1=1-x+x2-x3 M1 AL
Answer: 1 — x +x2 — x3 2 marks
2 (3 marks)
1+ (—1)(—2x) P G (—2x)% + S o (—2x)® M1 A1
2 (=322 2)(—32)(—5/2)/6
_ 32,953
=1+x+ X7+ 5X Al
. 32,53
Answer: 1+ X+ X7+ 5X 3 marks
3 (3 marks)
1+ (-2)3) + T2 (302 4 FACIA (553 M1 AL
=1 — 6x +27x* — 108x® Al
Answer: 1 — 6x + 27x? — 108x° 3 marks
4 (4 marks)
1+ l(4x) + (—l(4x)2 M1 AL
3 (=232
_ 4 16 ,
=1+ §X — ?X Al
valid for (4 < 1, i.e ) < = B1
Answer: 1+ %x - lgxz; x| < % 4 marks
5 (4 marks)
Va+x = 2(1+3)%2 M1
1,x 1,x x X2
=A+ 57 - 5@1=2r g - VAL
Valid for [x| < 4 B1
Answer: 2+ % = X <4
nswer : 7 x| 4 marks
6 (4 marks)
B x x* X3
1+x=1+5 -5 *+35 M1 A1
x =0.02: 1 + 0.01 — 0.00005 + 0.0000005 M1
=1.009950 Al
Answer: 1.009950 4 marks
7 (5 marks)
(8+3) %= 2(1 + 2) M1
1,3x 1, 3x
=21+ 3(5) — 5(g)7 MiAL
: x %2
=2+ 23 Al
valid for x| < B1
Answer:2+§—%; |X|<% 5 marks
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8 (5 marks)
1+3x+ (_3)2(_4) X2 + (_3)(_64)(_5) (=x)% =1+ 3x +6x% + 10x>

(n+Y(n+2)
2

Coefficient of x" is

_ o Ax5 _
n=3: 5 =10

(n+1)(n+2)

Answer: 1+ 3x + 6x? + 10x%; >

9 (4 marks)
-¥7?=70-3"

= 211+ 2(5) + 3(3)7 + 45)7]

10 (4 marks)
1— 5 + 3i2 — 5i3
2 8 16
x=0.1: 1 — 0.05 + 0.00375 — 0.0003125
=0.9534

Answer: 0.9534

11 (3 marks)
1+ (- 920 +

1 15 5
=1 3x+2x

(-3

=572 %)’

15
Answer: 1 — 3x + ?xz

12 (4 marks)
Coefficient =
_ 10
162
_ 5

3

1
S =56’

x (=27)

.5
Answer: -3

13 (4 marks)
(2+3)7 = 5(1+ 2)

Jlg o, 94 1 % 9¢
=5l >t l=2 -7 %3

2
Xl <3

A -1_§+9i2- <g
nswer: 5 7 8,|x|
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14 (6 marks)
2 3
\/1+X—l+)2( 8 16 A=—x"t=1+x+x2+x3 B1B1
2. 1 _1_11 s 1.1

x.1+§ 8_8,x.1+2 8+16 M1 Al

14342, 235

=1+ 5X+ g X"+ X Al

Valid for [x| < 1 B1

Answer 1+% +%x2+i—g :Ix<1 6 marks
15 (7 marks)

5+x:A(1+2x)+B(1—x):legivesA:2;x———g|V%B 3 M1 A1 Al

21— x) =21+ x + x>+ x5) M1

3(1+2x)71=3(1 — 2x + 4x% — 8xd) M1

=5 — 4x + 14x* — 22x3 Al

valid for x| < 5 B1

Answer: 5 — 4x + 14x% — 22x3; x| < % 7 marks
16 (5 marks)

_ 1 X\ —
(4 — x) 1’2=§(1—Z) vz M1
14X X 1 X 3x*
2[ 128] 16 256 MLAL
. 1 3 1

Multiply by (1 + 2x): E + (35 + DX+ (555 + §)x2 M1

_ 1, 1x 350

~27 716 T %6 Al

A N 35x?

nswer: 2776 * 256 5 marks

17 (4 marks)

(1) u2_1+1 2 %x“ M1 A1

x =0.1: 1 + 0.005 + 0.0000375 M1

=1.00504 Al

Answer: 1.00504 4 marks
18 (4 marks)

gy X _ X, 5

Q+x) =l+z -5 +31 M1 A1

x =0.06: 1 + 0.02 — 0.0004 + 0.0000133 M1

=1.01961 Al

Answer: 1.01961 4 marks
19 (5 marks)

Coefficient of x2 is (=23 )( 9= a3 M1 A1

3a°=12,s0a=2 Al

Coefficient of x* = TACICD 50 - 55 M1 A1

Answer: a=2; —32 5 marks
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20 (6 marks)

na=—=6 M1 A1l

Maz =24, son(n — 1)a’ = 48 M1

Divide by (na)? = 36: 2~ ! %,son— -3 M1 AL

a=2 Al

Answer:a=2,n=-3 6 marks
21 (7 marks)

Ny e Lo
(a) 1+ ( E)( X ) + 2)(_3/2)/2( X ) M1 Al
2
2 4

Answer : 1+X7+3% 3 marks

(b) arcsinx = [ (1 — )2 dt, sincearcsin 0=0 M1

=X+ 5+ 75 M1A1A1

x3  3x°

Answer: X + — 6 +4_0 4 marks

22 (7 marks)
x x2 X8
(1+X)1/2=1+§—§+1—6 Bl
2 3

(l—x)_”221+%+3%+51i6 M1 A1

1,1_,..3,1 1_1

X5+5=LXig+7 573 M1 A1

3. 5,38 1 ,1_1

16716 1616 2 M1

_ x2 X3

=1+x+ > + > Al

2

Ansmer:l+x+x7+X7 7 marks
23 (6 marks)

a) £(1+ =)¥? = L x /50149 M1

5 49 5

Answer: \/_— 1+—)]J2 2 marks

(b) X = g5 (1+X)"2 = 1+ g — £(25)° M1 AL

=1+ 0.010204 — 0.0000521 = 1.010152 M1

Y2 = 1.4 x 1.010152 = 1.41421 Al

Answer: 1.41421 4 marks
24 (6 marks)

(a) The 2 must be factored out first, giving 274(1 + %)~ E1

The binomia theorem was applied to (1 + x), not to (1 + %) El

Answer: Did not factor out 2 2 marks

1 X  x?
(b) 5(1 -5t T) M1 Al
2
—%—%+X§;validfor|x|<2 A1B1
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2

1 X X

Answer: 5—zt3g IX| <2 4 marks

25 (7 marks)
1 + 1 _2=-x+@+x) _ 3
T+x " 2=x_ ([@+02-x ~[@+02-x MLAL
L+x)t=1—-x+x*-x3 B1
41 X X2 X
(2—x)1:§(1+§+7+§) M1
3 3, 9x* 15x

Sum-5—7+?— 16,d|V|deby3 M1

1_x, ¥ 5x°

27278 716 Al

validfor x| <1 B1

1 x  3x* 5

AnSNer:ﬁ—Z+T—E; x| <1 7 marks

26 (7 marks)
1+ 2(4x) + S(16x2) + —(64X°

(8) 1+ 5(4x) + 5(16x?) + 5(64x°) M1 AL

=1+ 2x + 6x% + 20x3 Al

Answer: 1+ 2x + 6x% + 20x3 3 marks

(b) (1+2x + 6x% + 20x3)% x: 4; x%: 4+ 12 =16 M1 Al

x%40+24=64 Al

(1 — 4x)71 = 1 + 4x + 16x2 + 64x°, which agrees B1

Answer: (1 + 2x + 6x2 + 20x%)? = 1 + 4x + 16x2 + 64x3 + ..., which isthe expansion of (1 — 4x)™ 4 marks
27 (8 marks)

Coefficient = (@ 4" M1 A1

232)6/2)...(22 Ly
:l><3><5><h.!.><(2n—1)X2n ML AL
_ (2n)! _ (@n)!
lx3x"'x(2n_l)_2><4><...><2n_2nng M1 A1
Lo (2n) n_ (2n)!
Coefficient = i ¥ 2" = )7 Al Al
|
Answer: the coefficient of x" in the expansion of (1 — 4x)~¥2 (2n)! 8 marks

(n)?

28 (10 marks)

T S - &
(@ (1 —x) =145+ 5t T 8 M1 Al

RTINS G- SN .
L+x)"F=1-5+3 6 128 Al

-2 g, 1,3 5.3, 35 4 —2_q_1,,32_ 5.3, 35 4
Answer: (1—x)""“=1+ SX+ 8x Xt 128x Q+x)"7 = 5X+ gX™ = X7+ 95aX 3 marks
3 1 1

(b) x*: —+§ Vi 5 M1 Al
X' 2(50) + ()7 — 2(3)(13) M1 A1
_%, 9 _0_2_3

“64 764 64 64 8 Al
Answer: the coefficients of x* and x* in the product are> 1 and 5 5 marks
©@A-x)""A+x)2=1-x)"12 M1

: . 1 3 x?  3x*
Odd powers cancel in the product and the even coefficients 5 and 3 match 1 + >t 5 Al
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Answer: Theproduct is(1 — x3)™Y2=1+ %xz + gx“ + ..., which matches the expansion of (1 — x?) Farks
29 (9 marks)
@@1- )_1/2‘1+1 F 3y 2y M1 A1
) EAr YTty Ty e
1x3 _ 3 1x3x5 5 . . _1
2x4—§andm—E,sotheserl%matcheswnhy—z M1 Al
L2 23
Sum = (1 4) —\/5— 3 M1 Al
Answer:y = %; sum £3E 6 marks
(b) 1 +0.125 + 0.0234375 + 0.0048828 = 1.15332 M1 A1
Exact sum 1.15470, so the four-term sum is too small by about 0.0014 (0.12%) Al
Answer: 1.1533 against 1.1547 3 marks
30 (12 marks)
T B I T
@@a-1 =l+5+3 +...W|tht—c2 M1 Al
~mez Y L 3
K = mc (202 + 8C4)
_ 1 2 :.))rnV4 _ 1 2 3V2
= Emv + sz Emv 1+ 4_02) Al
i 1 2 3V2
Answer: for v much smaller than c, K = Smv 1+ e 3 marks
.3 _3
(b) Ratio = el Z(O.Ol) M1 Al
=0.75% Al
Answer: Second term : first term = 0.75% 3 marks
(c) K =mc?[(1 — 0.36) Y2 — 1] = mc?(1.25 — 1) = 0.25mc? M1 AL
Approximation: (0.36) + < (0.1296) = 0.18 + 0.0486 = 0.2286 ML AL
Error = % = 8.56% M1 AL
Answer: K = 0.25mc?; error 8.56% 6 marks
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