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Roots and Coefficients of Polynomials

1 The roots of the equation 2x3 — 5x*> + 4x — 7 =0 are a, B and y.
Write down the values of o + B + y, aff + By + ya and ofy. [3]

2 The roots of the quadratic equation x> — 6x + 4 = 0 are a and P.
Find the value of a2 + B2 [3]

3 The roots of the equation x® — 2x? + 5x — 4=0are o, P and .

Find the value of (o + 2)(B + 2)(y + 2). [3]
4 Therootsof X3+ px?+gx+r=0area, pand y, wherea + B +y =5, af + Py + ya = 2

and afy = —6.

Find the values of p, g andr. [3]

5 The roots of the equation 3x? + kx + 12 = 0 are & and B, where o + B = 4.
Find the value of k and the value of af. [3]

6 Therootsof x2 — 2x2+5x — 3=0are a, p and y.
. 1 1 1
Find thevalueofa+3+v. [2]

7 The roots of the equation 2x3 — x>+ 6x + 4=0are «, B and Y.

Find the exact values of
@ a?+pr+y? [3]
1 1 1
(b) o7 B + v [2]
8 Given that 2 isaroot of x3 — 6x? + 13x — 10 = 0, find the other two roots. [4]

9 The roots of the equation 3x?> — 15x + ¢ = 0 differ by 3.
Find the value of the constant ¢ and the roots of the equation. [5]

10 Find a cubic equation with integer coefficients which has roots % —3and 4. [4

11 A cubic equation with real coefficients hasroots2 and 1 + i.
Find the cubic equation, giving it in the form x3 + ax? + bx + ¢ = 0. (5]

12 A gquartic equation with real coefficients hasroots 1 +i and 3 — 2i.
Find the quartic equation in the form x* + ax3 + bx®> + cx + d = 0. [5]

13 Theroots of the equation 3x*> — 5x — 2 =0 are o and .
Without solving the equation, find the exact value of (ac — B)2. [4

14 Therootsof x3 — 4x?+x+5=0areq, P and y.
Find the value of o + B3 + y2. [6]

15  Therootsof x>+ 2x> —5x —1=0area, B and y.
Show that (o + B)(B + V)(y + &) = (ax + B + y)(aP + By + ya) — aPy, and hence find its
value. [6]

16 Theroots of the equation x* — 6x? + kx + 10 = 0 are in arithmetic progression.
Find the roots and the value of k. [6]
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17 Theroots of the equation x* — 7x* + kx — 8 = 0 are in geometric progression.
Find the roots and the value of k. [6]

18  Theroots of the equation x* — 3x? + px + g = 0 are a, —a and B, where p and g are
constants.
Show that q = —3p, and given that p = —4, find the roots. [6]

19  Therootsof 2x3+3x?> — 4x+ 1=0are a, P and y.
Find the value of a®B? + B2y? + y2a?. [5]

20 Two of the roots of the equation 6x® — 33x? + kx — 18 = 0 are reciprocals of each other.
Find the value of k and solve the equation. [7]

21  Therootsof x> — 2x>+3x+5=0area, B and y.

(@ Find the value of o + B% + y2. (3]
(b) Hence explain why the equation has exactly one real root. [2]
(©) Findthevaluesof o + B3+ y®and a* + B* + y*. [5]

22 Therootsof x> — 4x*+2x+3=0areq, B and y.

Find a cubic equation with integer coefficients whose roots are %, 1 and iz [8]

p? y

23 Theroots of the equation x* — 8x3 + 14x? + 8x — 15 = 0 are in arithmetic progression.
Find all four roots. [9]

24 Therea numbersx,y and z satisfy x +y +z=2, x2+y?+z? =14 and x> + y* + 2° = 20.

(@ Show that xy +yz + zx = —=5. [2]
(b) Usetheidentity x> +y3+2% —3xyz= (x +y +2)(x2+y?+ 2> — xy — yz — zx) to

find the value of xyz. [3]
(¢) Hencefind al the solutions for x, y and z. [5]

25  Therootsof x* — 3x®+ 4x?> — 5x — 3=0are a, B, y and 8, where o = —1.

(@ Find the value of y6. [2]
(b) Leta+Pp=sandy+06=t Showthats=2andt=1. [6]
(c) Hencefind al four roots. [3]

26 Therootsof 2x* — 3x? + 4x — 5=0are a, P and y. A student writes:
uz(xz%andz(szz’m(XZ_i_Bz+y2=(za)2+22aB:%+4=2745.u

(@ Identify the error in the student's working. [2]
(b)  Find the correct value of o + B2 + y?, and state what it shows about the roots of the
equation. [3]

27  Therootsof x>+ px+g=0area, B and y.

(@ Showthat o+ P +y=0anda®+p%+y>=—2p. [3]

(b) By using the equation to replace o, show that o + B3 + y* = 3aBy. [4]

(c) Show that o® + B° + y° = 5pq. [4]
28  The cubic equation x* + px + g = 0 has roots o, B and .

(@ Show that 3a® + p = (a — B)(ax — ). [3]

(b) Hence show that (o — B)?(B — y)?(y — a)? = —4p® — 27¢° [5]

(©) Find the range of values of k for which x® — 3x + k = 0 has three distinct real roots. [4
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29  Therootsof x> — 2x> — x+3=0area, Pand y. Let S, = a" + " + y".
(@ Show that S5 =2S,., + Sv1 — 3S,.
(b) FindS;, S,and S;, and hencefind S,
(c) Explainwhy S, isan integer for every positive integer n.

30  Theroots of the equation x*> — 6x* + kx — 8 = 0 are all real.

(@ By considering (o — )2+ (B — )2 + (y — a)?, show that (o« + B + y)? = 3(ap + By

+ yo) for rea «, B, y, and hence deduce that k = 12.
(b) Giventhat k = 12, find the three roots.

Transformations of Polynomial Roots

1 The roots of x> — 5x + 2 =0 are a and P.
Find a quadratic equation with roots 2ac and 2.

2 Therootsof x3 — 2x>+3x — 4=0area, P and y.
Find a cubic equation withrootsox + 1, + 1and y + 1.

3 Theroots of 2x> — 3x + 7 = 0 are a and .

Find a quadratic equation with roots é and %

4 Therootsof x3+2x?> — x+6=0area, p and y.
Find a cubic equation with roots 3o, 3B and 3y.

5 Theroots of X2 — 4x + 1 =0 are o and P.
Find a quadratic equation with roots o and B2.

6 Therootsof x* — 3x*+x+2=0area, B, y and 6.
Find a quartic equation withrootsa — 2, — 2,y —2and 6 — 2.

7 Theroots of x> — 6x + 7 =0 are o and P.
Find a quadratic equation with roots 3a + p and 3p + a.

8 Therootsof 2x* — 3x3+5x+1=0area, B, y and 6.

Q|-

Find a quartic equation with integer coefficients whose roots are —, % % and %
9 Theroots of 2x> — 5x + 1 = 0 are a and .

Find a quadratic equation with integer coefficients whose roots are % and %

10  Therootsof x3 — 4x?+x+3=0areq, P and y.
Find a cubic equation whose rootsare o + B, p+ yand y + a.

11  Therootsof x3 — 4x +5=0area, B and y.
Find a cubic equation with integer coefficients and roots 2a + 1, 28 + 1 and 2y + 1.

12 Therootsof x> — 4x + 2 =0 are o and P.
1

Find a quadratic equation with integer coefficients whose roots are o + % and B + o

(3]
(7]
(2]

(6]
(4]

(3]

(3]

(3]

(3]

(4]

(3]
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(4]

(6]
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The roots of the equation x2 + 3kx + 2k = 0, where k is a non-zero constant, are o and P.
oa+p o+

Find a quadratic equation, in terms of k, whose roots are o and B [6]

Therootsof x* — 2x*+3x — 1=0area, B, y and 6.

(@ Find aquartic equation with roots %, % % and % [3]
. 1 1 1 1

(b) Hence find the value of oz + e + P + B [3]

Therootsof x3 — 4x? + x+3=0areq, B and y.

Find a cubic equation whose roots are By, yo and of. [5]

Therootsof x3 — 2x> — x+3=0area, B and y.

Find a cubic equation with integer coefficients whose roots are B%’ y% and alﬁ' [6]

Therootsof x3 — x> —x — 1=0areq, p and y.

Find a cubic equation whose roots are o®, B2 and 3. (6]

The cubic equation y® — 3y? + 7y + 9= 0 hasroots 2o — 1, 2B — 1 and 2y — 1.
Find a cubic equation with integer coefficients whose roots are a, B and y, and hence find the
value of o? + B2 + y2. (6]

Therootsof x3 — x> — 1=0area, B and y.
1 1

. . . . 1
(8 Find acubic equation with roots @=10 B=1 and v=0 [4]
. 1
(b) Hencefind the value of =D [3]
Therootsof x3 — 2x?>+3x — 1=0are a, P and y.
Find a cubic equation with roots a® — a, B% — B and y? — y. (6]
Therootsof x3 — 3x?+ 2x +4=0area, B and y.
Find a cubic equation with integer coefficients whose roots are B ;V , ¥ E ¢ and a; B . [8]
Therootsof x3 — 3x>+3x +3=0areq, B and y.
(@  Show that the equation with roots :ill, gill and \\;ill isy] —3y?+3y+1=0. (6]
(b) By writing the equation in part (a) in terms of (y — 1), find the value of Z(gill - 13 [4
Therootsof x3 — 4x?2+5x — 1=0area, p and y.
(@ Find acubic equation whose roots are a® + 1, B2 + 1 and y2 + 1. (7]
(b) Hence show that (o + 1)(B? + 1)(y? + 1) = 25. [2]

The equation 2x3 — 5x? + 4x — 7 = 0 hasroots o, B and y. A student writes: “Lety = % Then 2y® — 5y?

+4y —7=0 hasroots%, % and %

(@ Explain the error in the student's working. [2]

(b) Find the correct equation, and use it to write down the value of é + % [3]

1
o
Therootsof X3 — 2x> — x+3=0areqa, B and y.

Find a cubic equation with integer coefficients whose roots are B2 + y?, y2 + o and o + B2 [9]
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26

27

28

29

30

Therootsof x3 — 3x?2+ 2x +4=0area, B and y.
1

Find a cubic equation with integer coefficients whose roots are o + é, B+ % andy + v

Therootsof x3+ px>+ox+r=0area, B and y.
(@ Show that the equation with roots o, B2 and y2 isy® — (p? — 2q)y? + (¢° — 2pr)y — r?

=0.
(b) Usethisresult to find the cubic equation with roots 1, 4 and 9 giventhat p= —6,q=11
andr = —6.

(©) Giventhat a, B and y are all real, deduce that p?> = 2q and g2 = 2pr.

The roots of x* + px? + gx + r = 0 are in geometric progression.

(@ Show that g° = p°r.

(b)  Given that the roots of x* — 14x? + gx — 64 = 0 are in geometric progression, find q
and solve the equation.

The cubic equation x® — 6x? + 9x + k = 0 hasroots a, B and y.

(@ By substituting x =y + 2, show that the equation can be written asy® — 3y + (k + 2) =
0.

(b)  Show that the equation has a repeated root when k = 0 or k = —4, and find the repeated
root in each case.

(c) Hence state, with areason, the range of values of k for which the cubic has three
distinct real roots.

The roots of the equation x® — x — 1=0area, B and y.

(@ Find acubic equation with roots a2, B2 and y?.

(b) Hencefind the value of o* + B* + y*.

() LetS,=a"+p"+y". Show that S,.3 =S,.; + S,, and hence find S;.

Polynomial Equations

1

10

Show that x = 1 isaroot of x3 — 2x?> — 5x + 6 = 0 and solve the equation.

Solve the equation x> — 4x + 13 =0.

Factorise x® — 7x + 6 completely and hence solve x® — 7x + 6 = 0.

Given that x = —3isaroot of 2x* + x? — 13x + 6 = 0, find the other two roots.
Find a quadratic equation with real coefficients which has 2 + 3i as one of its roots.
Find al the roots, real and complex, of the equation x* — 16 = 0.

f(x) =x3 — 5x% + 17x — 13.
Show that f(1) = 0 and hence solve the equation f(x) = 0 completely.

Given that 1 + 2i is aroot of the equation x> — 5x? + 11x — 15 = 0, find the other two roots.
Given that 2i isaroot of x* — 2x3 + 6x®> — 8x + 8 = 0, solve the equation completely.

The equation x> + ax® + bx + 10 = 0, whereaand b arered, hasaroot 1 +i.
Find the values of aand b, and the other roots.

(9]

(6]

(3]
(2]

(5]

(4]

(5]

(3]

(4]
(2]

(2]
(3]
(3]
(3]
(3]

(5]

(5]

(5]
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25

26

f(x) =x3 — 5x> + 8x — 4.
Show that the eguation f(x) = 0 has a repeated root, and solve the equation.

x3 + ax? + bx — 6 hasfactors (x — 1) and (x + 2).
Find the values of a and b and the third factor.

Solve the equation x* + 3x?> — 4 = 0, giving all real and complex roots.

The equation x® + ax? + bx + 15 = 0, where aand b are red, hasaroot 2 — |i.
Find the values of a and b, and the other roots.

Show that x* + 4 = (x* + 2x + 2)(x?> — 2x + 2), and hence solve the equation x* + 4 = 0.

Solve the equation 2x* — 9x® + 14x%> — 9x + 2= 0.
[Hint: divide by x® and let 2= x + =]

The equation x* + ax® + 21x? + cx + 30 = 0, where aand c are real, hasroots 1 + 2i and 3.
Find the values of a and ¢ and the remaining roots.

Factorise x® + 8, and hence find all three roots of x® + 8 = 0, giving them in the form a + bi
where aand b are real and exact.

f(x) = x® — 3x% + k, where k is a constant.
Given that the equation f(x) = 0 has a repeated root, find the two possible values of k and
solve the equation in each case.

By substituting u = x> — 2x, or otherwise, solve the equation x* — 4x3 + 7x®> — 6x + 2= 0.

The cubic equation z° — 6z + (12 — i)z + ¢ = 0, where ¢ is a complex constant, has a root z
=3
Find ¢ and the other two roots, and state why the non-real roots are not a conjugate pair.

Solve the equation 3x* — 10x® + 14x? — 10x + 3 = 0, giving the non-real roots in the form a
+ bi with aand b exact.

x? + 4x + 13 is afactor of x* + 4x3 + ax® + bx + 39, where aand b are real constants.
Find the values of aand b and solve the equation x* + 4x3 + ax? + bx + 39 = 0.

f(x) = 2x3 — X%+ 7x — 2.
(@ Show that if ac isaroot of f(x) =0, then sois é.

(b) Hence solve the equation f(x) = 0.

A student is asked to find a cubic equation with real coefficients that has roots 2 and 1 + i. The student
writes: “(x — 2)(x — 1 — i) =x®> — (3+i)x + 2 + 2i, so the equation isx*> — (3+i)x +2+ 2 =0.”

(@ Givetwo errorsin the student's answer.
(b) Find acorrect cubic equation.

Factorise x® — 1 into linear and irreducible quadratic factors with real coefficients, and hence
find all six roots of x® = 1 in exact form.

(5]

(5]

(4]

(5]

(6]

(6]

(9]

(8]

(4]

(2]
(3]
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27 Thecubic equation x® + px? + gx + r = 0 has real coefficients p, q and r, and has aroot of the form ki,
where k is real and non-zero.

(@  Show that r = pq. [5]
(b) Giventhatp=2andq=9, solvex®+ px?+qgx +r=0. [4]
(©) Show that x® + 2x? + 9x + 18 has the factor x> + 9 and state the compl ete factorisation. [2]

28  The cubic equation x> — 3x — 1 = 0 can be solved using the triple angle formula for cosine.

(@  Show that cos 30 = 4cos®0 — 3cosh. [4]
(b) By writing x = 2cosd, show that x> — 3x = 2cos 30. [2]
(¢ Hencesolve x® — 3x — 1 =0, giving the roots in the form 2cos o, where ac is a

multiple of 1. [5]

29  Theequation x* — 4x3 + 6x® — 4x + 17 = 0 has four complex roots.

(@  Show that the equation can be written as (x — 1)* = —16. [3]
(b) Lety=x— 1. Show that y* + 16 = (y? + 4y + 8)(y*> — 4y + 8), and hence solve the

origina eguation. [5]
(c) Thefour roots are plotted on an Argand diagram. Show that they are the vertices of a

square and find its area. [3]

30 Thepolynomia p(x) leaves remainder 7 when divided by (x — 1), and remainder 2x + 3 when divided by

(X% + 1).
(@ Find the remainder when p(x) is divided by (x — 1)(x* + 1). [7
(b)  Find the remainder when x® is divided by x? + 1. [3]

Rational Functions

1 2 +1

Find the equations of the vertical and horizontal asymptotes of the curvey = =3 [2]
2 Find the coordinates of the points where the curvey = :((TH; crosses the coordinate axes. 2]
3 . 3X-—5. B .

Write ——— in theform A + T 1 where A and B are constants, and hence write down the

eguations of the asymptotes of the curvey = % [3]
4 2

Write down the equations of the three asymptotes of the curvey = Z_a 2]
5 . . . _x2+1

Find the eguation of the oblique asymptote of the curvey = < 2]
6 . 1 2

Solve the eguation —1-%x+3 [2]
7 Sketch the curvey = ;:%12 showing clearly the equations of the asymptotes and the

coordinates of any points where the curve crosses the axes. [5]

24y —
8 The curve C has equation y = %Xle.

Find the equations of the asymptotes of C, and the coordinates of the points where C crosses
the axes. (6]
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11

12

13

14

15

16

17

18

19

20

2
The curve C has equation y = %

of Cisy =x+ 5 and C passes through the point (0, —2).
Find the values of b and c.

, Where b and ¢ are constants. The oblique asymptote

X2

x—1Dx—4)"
Write down the equations of the asymptotes of C, and find the coordinates of the point where
C crosses its horizontal asymptote.

The curve C has equation y =

. . . 1
Describe a sequence of two transformations which maps the curvey = % onto the curvey =

xX—-1 . Lo X —=1.
T after first writing ~i7 intheform A + Sl
A curve has equation y = ?;z(:f Its asymptotes are x = 2 and y = 3, and it passes through the
point (0, 1).
Find the values of b and c.
Sketch the curvey = Z_9’ stating the equations of the asymptotes and the coordinates of

the point where the curve crosses the y-axis, which is also a stationary point.

2
x2—1"
Find the equations of the asymptotes of C, and sketch C, showing the coordinates of any
stationary point and of any points where C meets the axes.

The curve C has equation 'y =

x% — 3x
x+1"’
Find the coordinates of the turning points of C.

The curve C has equation y = X # =1

X

can take.
xZ+1

Find the set of values of y which the functiony =

The curves C; and C, have equationsy = ; andy = i : é respectively.

Sketch C, and C, on the same axes, showing the equations of the asymptotes and the

coordinates of any points where each curve crosses the axes. Find the coordinates of the points
X+1
X+3°

. L2
where the curves meet, and hence solve the inequality x =

X

Solve the inequality % =

X+3°
The curve C has equation y = X-x-2
€ y_x2—4x+3'

Find the equations of the asymptotes of C, and the coordinates of the point where C crosses its
horizontal asymptote.

The curve C has equation y = % and theline | has equationy = x + 1.

3XxX+3
x—1

Find the coordinates of the points where C and | meet, and hence solve the inequality <

X+ 1.

(6]

(5]

(5]

(3]

(5]

(6]

(5]

[10]

(6]

(6]
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21 (x+2)(x = 3)

xX+)Yx—2)"
Find the equations of the asymptotes of C and the coordinates of the points where C meets the
axes. Show that C does not meet its horizontal asymptote, and sketch C.

The curve C has equation 'y =

2 _
22 The curve C has equation y = %
Find the eguations of the asymptotes of C, the coordinates of the turning points of C
(determining their nature), and sketch C.

2
23 The curve C has equation y = ﬁ X # 1

(@ Show that there are no points on C for which0 <y < 4.
(b) Hence find the coordinates of the turning points of C.

24 n® + 60n + 3600

A manufacturer’s average cost per item, in pounds, when n items are produced is A = n

wheren > 0.
(8 Showthat A=n+60+ 0

(b)  Find the number of items for which the average cost is least, and the least average cost.

n — 60)2
n

(© Showthat A — 180 = , and explain what this shows.

25 A student is asked to solve - f =2 and writes:

“Multiply both sidesby (x — 1): x = 2x — 2,s0x = 2.7

(@ Explain why the student's method is not valid, and show that the answer x < 2 iswrong
by giving a value of x which satisfies x = 2 but not the inequality.

(b) Solvetheinequality correctly.

26 The curve C has equationy = %

Find the exact values of the constant k for which theliney = k — x isatangent to C.

X # 2.

2
21 The curve C has equation y = %

—%) and has a stationary point at x = 5.

(@ Findthe values of p and g.
(b) Find the coordinates of both stationary points and state their nature.
(c)  Write down the equations of the asymptotes and the set of values which y cannot take.

28 ThecurveC has equation y = %.
(@ Write down the equations of the asymptotes of C, and show that C does not cross its
horizontal asymptote.
(b) Show that C has exactly one turning point, and find its coordinates.
(¢) Hencefind the set of values which y can take.
2
29 The curve C has equation y = );TJrf x> -1

(@ Showthaty=x-—1+ 4 and write down the equation of the oblique asymptote of

Xx+1’
C.
(b) Theregion R isbounded by C, the x-axis and the lines x = 1 and x = 3. Find the exact
areaof R.

, X # 2, where p and q are constants. C crosses the y-axis at (0,

(9]

[10]

(5]
(3]

(2]
(6]
(3]

(3]
(4]

(6]
(3]
(3]

(4]
(4]
(4]

(6]
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30

The curve C has equation 'y =

Xx=1
constant.
(@  Show that the x-coordinates of any points of intersection satisfy kx> — 3kx + 2k — 1=
0

(b) Find the set of values of k for which | meets C at two distinct points.
(c) Giventhat | isatangent to C, find the coordinates of the point of contact.

Partial Fractions

10

11

12

13

14

15

5 . . .
Express K=Dx+4) in partial fractions.
Express 7 in partia fractions.

x+1)x+3

Express )(Z—Eig in partial fractions.

. x—1 _ A B
Find the constants A and B such that K—Dx+D = x=1 t 5T

1

Express 0 in partial fractions, and hence find £1 ®FI)K+5) d x, giving your

1
X +2)(x + 5)
answer as a single logarithm.

Express X(X—2+2) in partial fractions, and hence find the value of

checking that your partia fractions give the same value.

2 _
mwhenx—z

24 +7 . . .
X_+ 10 72 in partial fractions.

EXpress T x+2)

I°+3x — 7
X+ —2(x+73)

Express in partial fractions.

X’ +x+8

EXpress o + 4)

in partial fractions.

X2+ 3x+1 B C

Expr%sw intheform A + < + - /.

. 42 —3x—4 _ A B C
Find the constants A, B and C such that XX = DX +2) =5 + X—1 + X+3

Express (

m in partia fractions, and hence show that _£ ’ x _X *8

Dix+2)

_ 5x+1
0= =D& +2
Express f(x) in partia fractions and hence show that f is a decreasing function of x.

x> 1.

x*=3x+14 _ A .. B C
x+Dx—22 x+1 x—-2 (x—12?%

Given that find the values of A, B and C.

in partial fractions.

stemup.co.uk | page 10

dx=1In12.

x # 1, and theline | has equation y = k(x — 2), where k is a non-zero

(2]
(4]
(4]

(3]

(3]

(3]

(3]

(5]

(4]

(5]

(4]

(4]

(6]

(6]

(5]

(5]
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16

17

18

19

20

21

22

23

24

25

26

Express in partia fractions, and hence find the series expansion of

5-x
1-2x)(1+x)
5—-x
(1 —2X)(1+x)
values of x for which the expansion is valid.

in ascending powers of x up to and including the term in x3. State the range of

X +2 . . . 1 3X+2 _ 51

Expr mln partial fractions, and henceshowthatl; mdx— 8
1
Zln2

3 — 2"+ +1 Ax+B  Cx+D

+

Express o DC+ ) in the form 21 Eea

X*+3x -4 . A B C . .
Expressm in the form X + X—1 + X+ finding A, B and C. Comment on

your values of B and C.

in partial fractions and hence show that .£ ’ y(yz—z_ >

Express D dy=In=.

2
y(y? — 1)

Express X = D2 +2) in partial fractions.
M+x—2 . . . . 2 3P+ x—2
Express X2 in partia fractions and hence find the exact value of .[ X2 dx.
_ 1
Let f(X) = m
(8 Express m in partial fractions.
(b)  Hence show that the coefficient of x" in the expansion of m in ascending

powers of x is2™! — 1.

_ 1
Let f(x) = a1
(@) Express X41_ 1 in partial fractions.
. 1
(b Hencefmdf 1 dx.
3X A B

A student writes X = Dx*2? =5 -7t X+ 27

(@ Explain why thisform isincorrect.
(b) Find the correct partial fractions.

M inthe form A + B + w
(X +2)(x*+1) X+2  x2+1

1;1 X3 +5x%+2x + 2
(x +2)(x*+ 1)

Express , and hence find the exact value of

stemup.co.uk | page 11

(5]

(4]

(6]

(8]

(3]

(4]

(6]
(3]

(2]
(5]

[10]



StemUp | Further Mathematics | Further Pure Mathematics: Further Algebra and Functions | Question Pack

27 The distinct real numbers a, b and ¢ are constants, and f(x) = X =K i X =0

A B c 1
(&  Show that f(x) = . — + *x—c WhereA = m—pE—g-

and write down

a x-—b
similar expressions for B and C.
(b) Showthat A+B+C=0.

(c) Hencefind the partia fractions of 0

X — 1)(x i DX — 4) and verify that the numerators

sum to zero.

3 2
28 The function f is given by f(x) = %

(@ Find the constants A, B, C and D such that f(x) = ~x+ 2 4 SX*D

+ .
x2+1 (X% +1)?

1 X . 1
(b) Given thatf rang 1)2 dx= §(X2+1 + arctan x) + ¢, find the exact valueof£ f(x) d
X.

29 - 1 1

Let f(x) = =020 2X),where|x|< 5

(@ Express == in partial fractions.

1
(b) Hence show that, for |x|< , the coefficient of x" in the expansion ofm

in ascending powers of x is2™? — n — 3.
()  Find the coefficient of x°.

30 ; ; —
Consider the function f(x) = i d
1 _ Ax+B Cx+D .
(& Show that 4+4=Xz+2x+2+)(2_2)(+2,andf|ndA,B,CandD.
x2+2x+2, 1
(b) Hence show that f F1a 4 dx= In(m) + g(arctan(x + 1) + arctan(x — 1))

+ C.

I nequalities and Modulus Functions

1 Solve the inequality [2x — 3| < 5.
Solve the inequality |x + 4| = 3.
Solve the inequality (x — 1)(x + 3)(x — 5) < 0.

Solve the equation |3x — 1| =

a b~ W DN

Sketch the graph of y = |2x — 4], showing the coordinates of the points where it meets the
axes.

6 Solve the inequality x> — 2x — 8 = 0.
7 Solve the equation [x — 3| = 2x + 1.
8 Solve the inequality [x + 1| < [x — 3.

9 Solve the inequality [x* — 4| < 5.
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(3]
(3]

(4]

(5]

(5]

(5]
(2]

(5]

(2]
(2]
(3]
(2]

(3]
(2]
(4]
(3]
(4]
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10

11

12

13

14
15
16

17
18

19

20

21

22

23

24

25

26
27

Solve the equation [x? — 3x| = 4.

Sketch the graph of y = [x?> — x — 6|, showing the coordinates of the points where it meets the
axes and of the local maximum point.

Find the set of values of x for which both 2x + 5> 1 and x> — x — 12< 0.

3

x+2 <2

Solve the inequality

Solve the equation [x — 1] + [x + 2| = 5.
Solve the inequality |2x + 1| > [x — 4.

A rectangle has sides of length (x + 2) cm and (x + 6) cm. Its areais at least 60 cm? and its
perimeter is at most 44 cm.
Find the set of possible values of Xx.

Solve the inequality [3x — 2| = x + 1.

x2—1
—1=0.

Solve the inequality

Solve the inequality x> — 3jx| — 4 < 0.

On the same axes, sketch the graphs of y = |2x — 3| and y = x + 1, showing the coordinates of
where each meets the axes. Hence, or otherwise, solve [2x — 3| <x + 1.

Solve the inequality [x*> — 3x| < 2x.

x-2 _1
X+1 2°

Solve the inequality

The triangle inequality is a fundamental result about moduli.

(@ Provethat Ja+b| < |9 + |b| for al real aand b.

(b) Hence show that [x — 1| + |[x — 4] = 3 for al real x, and state the values of x for which
equality holds.

Let a, b and ¢ be real numbers.

(@ Provethat a® + b?+ c¢? = ab + bc + cafor al real numbersa, b and c.
(b) Giventhata+ b+ c=6, deducethat ab + bc + ca = 12.

A student is asked to solve x? > 4x and writes: “Divide both sides by x: x > 4.”

(@) Explain the error, and show by substituting a suitable value that the student's answer is
incomplete.

(b) Solvetheinequality correctly.

Solve the inequality |x + 3| < 2|x — 1].

Consider the function f(x) = [x? — 4x + 3.

(@  Sketch the graph of y = |[x? — 4x + 3|, showing the coordinates of the points where it
meets the axes and of the local maximum point.

(b) Hencefind the set of values of k for which the equation [x? — 4x + 3| = k has (i) exactly
4 real solutions, (ii) exactly 3 real solutions.

(4]

(6]

(4]

(4]

(6]

(6]

(6]

(5]

(6]

(4]

(4]

(3]
(3]

(3]
(2]

(6]

(5]

(3]
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28 Prove that, for all positive real numbersa, b and c,

(a+b+G+5+9) =9

and state when equality holds. (8]
29  Solvetheinequality [x*> — 4| = 2|x — 1], giving your answers in exact form. [9
30 solve the inequality |2))(( +—le <1 [8]
Summation of Series
20
Evaluate > r. [2]
r=1
2 10
Evaluate > r. [2]
r=1
3 8
Evaluate > r°. [2]
r=1
4 n
Show that > (2r + 3) = n(n + 4). [2]
r=1
5 12
Evaluate > (3r + 1). (2
r=1
6 20
Evaluate > . [2]
r=11
7 L _n(n+1)(n+5)
Show that > (r*+3r) = ———5———. [4]
r=1
8 : N . L,
Find afully simplified expression for 2 (6rc—2r+1). [4
r=1
9 A _nn+1)(@2n+7) . >
Show that > r(r +2) = ——%— and hence find the value of > r(r+2). [5]
r=1 r=1
10 : N o : Lo,
Find a simplified expression, in factorised form, for E r(rc+ 1). [4
r=1
11 2 n@n+1)
Show that r:%l r=——5—. (3]
12 Find the sum of theseries1 x 3+ 2 x4+ 3 x5+ ... + 20 x 22, [4]
13 Find the smallest positive integer nsuchthat 1 + 2 + 3 + ... + n> 1000. [4]
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14

15

16

17

18

19

20

21

22

23

24

25

Show that E (r+ (1 +2) = 7 n(n+ D(n +2)(n+3).

Show that the sum of the squares of the first n odd positive integers, 12 + 32 + 52 + ... + (2n
~ 12 is 3 n(2n — 1)@n + 1),

n
Consider thesum > (3r* — ).

r=1

(@  Show that i @Brr=rn=n*n+1).

r=1

ence find the value of n for whic ~-—=r)= A
(b) Hencefind the value of n for which S, (3> — r) = 1100

r=1

It is given that 2 rr+p)(r+q) = 1—12n(n + 1)(n + 2)(3n + 13) for all positive integers n,

r=1
where p and q are positive integers with p < g.
Find the values of p and .

Show that S r(r + 1) = 7 n(n + 1)(n + 2)(3n + 1).
r=1

Show that 22 + 4 + 62 + ... + (21)? = 2 n(n + 1)(2n + 1).

Hence, using the result for the sum of the squares of the first n odd numbers, find the value of
(22+ 4%+ ... +40%) — (12+ 3%+ ... + 399,

[The sum of the squares of the first n odd numbers is% ni2n — 1)(2n + 1).]

A display of tinsis arranged in layers. The rth layer from the top is a square arrangement
containing r? tins.

Find the total number of tinsin a display with 12 layers, and the least number of layers
needed for the display to contain more than 1000 tins.

Find, in fully factorised form, an expression for the sum of the first n terms of the series
5x2+7x5+9x8+11x11+ ...

n
Find an expression, in terms of n, for > (r* + 3").
r=1

Find the sum of the first n terms of the series 1 x 22 + 2 x 32 + 3 x 4% + ..., giving your
answer in fully factorised form.

The rth term of aseriesisu, = 3r> — 5r + 2.

2n
Show that > u, = n*(7n — 3).

r=n+1

A student writes: “Z,_," (r + 1) = w +1.”
(@) Explain the error.

(b) Find the correct sum, in the form %(an2 + bn + c).

(5]

(5]

(3]

(3]

(8]

(5]

(6]

(6]

(2]
(4]
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26

27

28

29

30

n—-1

Show that S, (2r + 1)(r + 2) = =(n — 1)(4n? + 13n + 12). [7
r=1

6(

Consider the alternating sum 12 — 2% + 32 — 42+ ... + (2n — 1) — (2n)%
(@ Showthat (2r — 1) — (2r)?> =1 — 4r. [2]
(b) Henceshow that 12 — 22+ 3?2 — 4%+ ... + (2n — 1) — (2n)* = —n(2n + 1). [4]

Showthatlxn+2><(n—1)+3><(n—2)+...+nx1=%n(n+1)(n+2).
Hencefind thevalueof 1 x20+2x 19+ 3 x 18+ ... +20 x 1. [9]

Show that the sum of the cubes of the first n odd positive integersis n(2n? — 1), and hence
find the sum of the cubes of the odd integers from 21 to 39 inclusive. [10]

Cannonballs are stacked in atriangular pyramid. The rth layer from the top is atriangular arrangement

containing r(r; D cannonballs.

(& Show that a pyramid with n layers contains = 1 n(n + 1)(n + 2) cannonballs. [5]
(b) A pyramid contains 220 cannonballs. Find the number of layers. [3]
(c) Find the number of cannonballsin layers 6 to 10 inclusive of the pyramid in part (b). [3]

M ethod of Differences

1 1
Show that —— I‘(I’ 1) = - — TF1 [2]
21
Evaluatez (T - 1) by writing out the terms. [2]
Let f(r) = r® Show that > [f(r + 1) — f(r)] =n*+ 2n. [2]
r=1
Use the method of differences to show that 2 In(#) =In(n + 1). [2]
r=1

Express G 1 % in partial fractions. 2]
Giventhat S~ =1 — —L_find the sum to infinity of the series s + >z +

iven ;r(wl)‘ — 1 find the sum to infinity of the series 755 + 553

1
g+ 2

1 1 1 1 n

Usethe result ——< I’(I’ 1) = - - T+1 to show that gl’ m =hE1l [4]
Use the identity r(riz) = 5(— - 2) to find 2 r(riz) and state the sum to infinity. (6]
Show that 75— = 5(z—7 — 5r=7) adh find'S, b

ow thal Z—zr+ 1) _(2r 7+ 1) and hencefin 2 =D +0) 5
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10 o1 3 n+1
Showthat,fornzZ,;m—Z—m. [6]
= Show that ——— = yr + 1 — 4r, and hence find 2 [5]
fr+qrel \/'+\/rT
12 Let r be a positive integer.
(& Showthat (r+ 1)l —rl=rxrl 2]
(b) Hencefind > rxrl. [2]
r=1
13 20
Find the exact value of > TR [4]
r=11
14 N
Consider the series 2 m
r=1
Show that ———+ L L 3
@ ow r(r + 1)(r + 2) 2[r(r +1) T+ + 2)]' (3]
and the sum to infinity of the series. [5]

(b) Hencefind ; —r(r DG

15 n
Let f(r) = (r — 2)2". Show that f(r + 1) — f(r) = r x 2', and hence find 2 rx2, [6]
16 Show that vl 11 and hence find é _a+l [5]
Pr+02 2 (r+ 1) rir+ 1)
17 TR R
Find ; Ty interms of n. (6]
18 1 1
Show that ——=+ (H o7 = 7 — g and hencefind 2 (H N (5]
19 3 1
By considering (r + 1)® — r®, show that 2 r’== n(n + 1)(2n + 1). You may usez r==
r=1
n(n + 1). (6]
20 "1 . . _
Show that E ) > 0.99 when n = 100, and find the least value of n for which thisis
r=1
true. [5]
2 Show that —— 2___t __ 1 and hence find E r+2 and the sum to infinit [7]
rr+12" — 2’7t (r+1)2"” r(r + 1)2" Y
22 . e 1
Consider the series Z T EIEEL
Show that —————— — = = 3
@ Showthal rre s ~ Tr D903 - T E DT+ T+ 3 (3]
i~ 1
(b) Hence find 2 AR EER [4]
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23 .1 1,1 1 Lo 1 ,
A student writes: Gy 5(F — 33 O rz &) 2(1 =37, because al the middle terms
cancel.”
(8 Explain the error. [2]
(b)  Find the correct sum, and check it for n = 2. [4

24 This question derives the sum of the cubes of the first n positive integers.

(@ Showthat (r+1)*—r*=4r®+6r2+4r+1 [2]
(b)  Hence show that > r®= % n?(n + 1)2. (7]
r=1
% show that In(1. =Inr+In(r+2) — 2In(r + 1), and hence find S In(1 — —~
ow n( )2) nr+in(r+2) n(r + 1), and hence fin 21 n( T +1)2)
in the form In(m), stating the value of a. Find also the sum to infinity of the series. [7]
26 1 n
Using the result E r(r+ o= e 1, show that 211 (S IRRGES e [5]
27 Consider the series whose rth term is arctan(— ).
rr+r+1
(8 Show that arctan(r + 1) — arctanr = arctan(r . l) [4
(b) (5]
r=1
28 Let © be area number which is not amultiple of 2.
(@& Show that 2 sin(%) sin r@ = cos((r — —)9) — cos((r + 2)6) [2]
0 sm(—) n((n+ 1)6)
(b)  Hence show that > sinrf = ) [5]
r=1 sm(E)
() Find the exact value of sin 30° + sin 60° + sin 90° + sin 120° + sin 150°. [4
29 _ e r
Consider the series 21, R L
r . . .
(@) Express ERNER(EE) in partia fractions. [4
(b) Hence show that 2 r =1, 13 5
2 D0+ 90+9 4 An+d  Zn+d 5
(c) Findthe sum to infinity of the series. [2]
30 24—
Consider the series E %
+r—1 _ r r+1
(2)  Show that - (r I R ERE [4]
(b) Hencefind 21 (r*+—2‘)|1 and show that the sum to infinity is 3. [5]
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Recurrence Relations

10

11

12

13

14

15

16

17

A sequence is defined by u; =3 and u,,; = 2u, — 1.
Find u,, uz and u,.

A sequence is defined by u; = 2 and u,,,; = u,, + 4. Find an expression for u,, in terms of n.

A sequenceis defined by u; = 10 and U4, = %un + 3. Given that the sequence converges, find

its limit.

Find a recurrence relation of the form u,,,; = u,, + d, with first term, for the sequence 2, 5, 8,
11, ... and hence write down u,,.

A sequence is defined by u; =1, u, = 3 and u,,,, = 3Up,; — 2U,.
Find u; and u,.

The recurrence relation u,,, = 5u,,,; — 6u,, has auxiliary equation m?> — 5m + 6 = 0. Solve
this equation and write down the general solution of the recurrence relation.

A sequence is defined by u; = 1 and u,,,; = 3u, + 2. Find an expression for u,, in terms of n.
A sequence is defined by u; = 3 and u,,,; = u,, + 2n. Find an expression for u, in terms of n.

A sequence is defined by u, = 1, u; = 0 and u,,,, = 5u,,,; — 6u,. Find an expression for u, in
terms of n.

A sequence is defined by uy = 2, u; =9 and u,,,, = 6u,,; — 9u,. Find an expression for u, in
terms of n.

A sequence is defined by u; = 3 and u,,,; = ku, — 2, where k is a constant.
Given that u; = 19, find the two possible values of k, and find u, when k is positive.

Show that u, = 2" + 1 satisfies the recurrence relation uy,,, = 2u, — 1.

A sequence has nth term u, = 3 x 2" + 5. Find a recurrence relation of the form u,,;, =au, +
b which the sequence satisfies.

A sequence is defined by u; =1 and u,,; = 2u, + 3.
Prove by induction that u,, = 2™ — 3 for all positive integers n.

A sequenceis defined by y,.; =3y, — 2forn= 1, and y; = 82.
(@) Expressy,intermsofy,,;.

(b) Hencefindyy,, ys, ¥, andy;.

(c) Findy,intermsof n.

A sequence is defined by u, =1, u; = 7 and u,,,, = 5u,,; — 6u,, + 4n.
Find an expression for u,, in terms of n.

A sequence is defined by u, =0, u; =1 and u,,,, = 2U,,; — 2U,.
Find an expression for u,, in terms of n, giving your answer in terms of trigonometric
functions.

(2]

(2]

(2]

(2]

(3]

(4]

(5]

(3]

(3]

(6]

(3]
(3]

(8]
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18 A loan of £20 000 is taken out. At the end of each year interest of 3% is added to the
outstanding balance, and then a repayment of £3000 is made. Let B, be the balance, in

pounds, after n repayments, so B, = 20 000.
Find a recurrence relation for B, solve it, and find the number of years needed for the loan to
be fully repaid. (8]

19  Consider the recurrence relation u,,,, — 4u,,, + 4u, = 0.

(@ Show that u, = n x 2" satisfies the recurrence relation u,,,, — 4u,,, + 4u,, = 0. [4
(b) Hence find the solution of this recurrence relation with u, = 3 and u; = 2. [5]
20 . . _ 1
A sequence is defined by u; =3and u,,,; = T
(& Findu,, uzand u,. [3]
(b)  Hence write down the value of u. [2]
100
(c) Findthevalueof > u,. [4]

r=1

21  The Fibonacci sequenceisdefined by u; =1, u, =1 and U,y = Upyq t+ U,

1.,1+y5., ,1—45,

stowthat u, = I35 - 51 m
22 A sequenceis defined by u; = 1 and u,,; =12 + u,.

(& Proveby induction that u, < 2 for all positive integers n. [4

(b) Show that u,,, > u, for al n. [4

(c) Given that the sequence converges, find its limit. [2]
23 : . _ _ Un

A sequenceis defined by u; =1and u,,, = 30

By letting v, = uin or otherwise, find an expression for u,, in terms of n. [6]

24 A student is asked to solve u,,,, — 4u,,; + 4u, = 0 with u, = 1 and u, = 4. The student writes: “The
auxiliary equationis(m — 2)2=0,som=2andu,=A x 2"+ B x 2"”
(@ Explain why this general solution isincorrect. [2]
(b) Find the correct solution. [5]

25 A sequenceisdefined by uy =1, u; = 2 and u,,, = 3U,,; — 2u, + 2".
Find an expression for u,, in terms of n. [9]

26 A sequenceisdefined by u; =1 and u,,; = 2u, +n.
Find an expression for u,, in terms of n. [7]

27 A sequenceisdefined by uy; =0, u, =sin® and u,,, =2 cos0 x u,,, — u,, where0< 6 <1I.
(@ Prove by induction that u, = sin nO for al integersn = 0. 7

(b) ForB= % write down the first seven terms of the sequence and describe its long-term
behaviour. [3]

28  The sequences (a,) and (b,) are defined by a, = 1, b, = 0 and
Ay = 3a, + 20, by = 8, + 20,
(@  Show that a,,, = 5a,.; — 44, (5]
(b) Hence find expressions for a, and b,, in terms of n. [7



StemUp | Further Mathematics | Further Pure Mathematics: Further Algebra and Functions | Question Pack

29

30

Let a, be the number of binary strings of length n (strings of Os and 1s) which contain no two consecutive
1s.

(& Showthat a; =2anda, =3, and explain why a,,, = a,,; *+ a,. [6]
(b) Find ay. [3]
(c) A fair coinistossed 10 times. Find the probability that no two consecutive tosses are

both heads. [2]

. . _ _ 0 _3+45

A sequence is defined by u; = 3 and Uy.y = U,” — 2. Let oo = ——.
(@ Show that o + é =3 [3]
(b)  Prove by induction that u, = o + o2 for all positive integers n. [5]
(¢) Findu,. [2]

Maclaurin and Taylor Series

1

10

11

12

Use the standard series for €* to write down the Maclaurin series of € up to and including
the term in x°. [2]

Write down the Maclaurin series of sin 2x up to and including the term in x3. [2]

Write down the series expansion of In(1 + 3x) in ascending powers of x up to and including
the term in x°. [2]

Write down the Maclaurin series of cos 3x up to and including the term in x*. [2]

f(x) = In(1 + x). Find f(0), f'(0), f"(0) and f”(0), and hence write down the Maclaurin series of
f(x) up to the termin x°. [3]

Write down the expansion of € up to and including the term in x3, and hence find an
approximation to e %* to 4 decimal places. [3]

By multiplying standard series, find the Maclaurin series of € sin x up to and including the
term in x>, [4]

2 4
Giventhat coshx =1+ X7 + % + ..., find the Maclaurin series of In(cosh x) up to and

including the term in x*. [5]
Find the Maclaurin series of € cos x up to and including the term in x3. [4]

f(x) = tan x. Find f'(x) and f”(x), and show that f”(0) = 2. Hence find the Maclaurin series of
tan x up to the term in x°. [5]

The Maclaurin series for In(1 + x) and In(1 — x) can be combined to give a series which converges quickly.

(8  Using the series for In(1 +x) and In(1 — x), show that In(1 <) = 2x + 2x° + 2x° +
... for x| < 1. (4]
(b) By choosing x = % estimate In 3 using the first three terms. [3]
. x2 X
Use the series for cos x and In(1 + u) to show that In(cosx) = =5 — =5 + ... [5]

2 12
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13 Find the Maclaurin series of In(1 — x — 2x?) up to and including the term in x3, and state the
range of values of x for which the expansion is valid. [6]

14  Usethe Maclaurin series for In(1 + x) to find the exact sum to infinity of the series
1 1 1 1

278 w T wm [5]
15  Find the Maclaurin series of €* sin 3x up to and including the term in x*. (6]
16 - e 02X _ 2, 3.3 4 : —— 01 o

Using the series @™ sin 3x = 3x + 6x° + X7 = b5x™ + ..., find an approximation to j; e

sin 3x d X, giving your answer to 4 significant figures. [4
17 Given that % =x+yandy=1whenx =0, find the Maclaurin series for y up to and

including the term in x*. (6]
18  Find the Maclaurin series of €"* up to and including the term in x*. (6]

19  Find the series expansion of (1 + x)In(1 + x) up to and including the term in x*, and hence

evaluate lim XN+ = X [4]
x—0 X
20 f(x) =+/x. Find the Taylor series of f(x) in ascending powers of (x — 4) up to and including
the term in (x — 4)°. Hence estimate y/4.4 to 4 decimal places. [6]
21  y=In(1+snx).
2
(@  Show that (1 +sin x)% = -1 (5]
(b) By differentiating this result twice, find the Maclaurin series of y up to and including
the term in x*. [7]
22  f(x) =tanx.
Find the Taylor series of f(x) in ascending powers of (x — %) up to and including the term in
II
x— 7). [7]
23 « X  x? x4
Showthatln(1+e):ln2+§+§—@+... 7
24  f(x)=sinx.
(@ Findthe Taylor series of f(x) in ascending powers of (x — %) up to and including the
termin (x — %)3. [4]
(b) Useyour seriesto estimate sin 31° to 5 decimal places, taking % =0.0174533. [4]
2 3 3
2 A student writes: “In(1 + 2x) = 2x — % + % =2x — 22 + %
(@ ldentify the error in the student's working. [2]

(b)  Find the correct expansion up to the term in x® and state the values of x for which the
full seriesisvalid. [4
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26 : e d%y dy e . .
Given that y(0) =1, y'(0) =0 and o tXgx TY = 0, find the Maclaurin series of y up to
and including the term in x*. [7]
27 y - earctan x.
(8 Showtha (1+x)3¥ =y. 3
(b) Hence find the Maclaurin series of y up to and including the term in x*. [8]
28  f(x) =In(1 + x).
—1)" Y —
(@ Prove by induction that f™(x) = W for al positive integers n. [5]
__1\h—1yn
(b) Hence show that the Maclaurin series of f(X) has general term (DTX [4
29 Use Maclaurin series to evaluate the limits
. ef—e =2
@ lm——gnx [5]
2 In(cos x) + x2
o i 2
30 fx)=e™,
(@ Find the Maclaurin series of f(x) up to and including the term in x°. 2]
(b) Hence find an approximation to j; v e dx, giving your answer to 4 decimal places. [4]

9
(c) The next term in the integrated seriesis +%. Explain why the error in your

approximation is less than 0.00001. [3]

Further Binomial Expansions

1 Write down the expansion of (1 + x) ™t in ascending powers of x up to and including the term

inx3. (2]
2 Expand (1 — 2x)~Y2 in ascending powers of x up to and including the term in x>, [3]
3 Expand (1 + 3x) 2 in ascending powers of x up to and including the term in x3. [3]

4 Expand (1 + 4x)¥® up to and including the term in x2, and state the range of x for which the
expansion is valid. [4]

5 Expand /4 + x in ascending powers of x up to and including the term in x?, and state the
range of validity. [4

6 Expand y1 + x up to and including the term in x3, and use x = 0.02 to find an approximation

to \/1.02, to 6 decimal places. [4]
7 Expand (8 + 3x)"® in ascending powers of x up to and including the term in x?, and state the

range of validity. [5]
8 Find the first four termsin the expansion of (1 — x) ™2 and state the coefficient of x" in terms

of n.

Verify your formulafor n = 3. [5]
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9 Expand (2 — x) ™2 in ascending powers of x up to and including the term in x. [4]
10 Expand (1 + x) ™2 up to and including the term in x°, and use x = 0.1 to estimate ﬁ to 4

decimal places. | (4]
11 Find thefirst three termsin the expansion of (1 + 2x)~¥2 in ascending powers of x. [3]
12 Find the coefficient of x® in the expansion of (1 — 3x)Y. (4]

13 Expand (2 + 3x)* up to and including the term in x?, and state the set of values of x for

which the expansion is valid. [4]
14 Expand Q in ascending powers of x up to and including the term in x, and state the

range of validity. [6]
15 5+x . . . N L .

Express [ in partia fractions and hence find its expansion in ascending powers

of x up to and including the term in x3. State the set of values of x for which the expansion is

valid. (7]
16 Find the expansion of (1 + 2x)(4 — x) Y2 in ascending powers of x up to and including the

term in x2. [5]
17 Expand (1 — x?)~Y2 up to and including the term in x*. By taking x = 0.1, estimate ! 05

' \/0.99
decimal places. [4]

18 Use the binomial expansion of (1 + x)¥® up to and including the term in x3, with x = 0.06, to
find an approximation to the cube root of 1.06, giving your answer to 5 decimal places. [4

19  Theexpansion of (1 + ax) 2 contains the term 12x?, where a> 0. Find the value of a and the
coefficient of x3. (5]

20 In the expansion of (1 + ax)", where n is a negative integer, the first three terms are 1 — 6x +
24x?. Find the values of aand n. [6]

21 Consider the function (1 — x?)~Y2,

(@ Expand (1 — x?)~¥2 up to and including the term in x*. [3]

(b) Hence, by integration, find the series for arcsin x up to and including the term in x°. [4
22 1+x . : : , I e

Expand T—x N ascending powers of X up to and including the term in x°, by writing it as

(1 +x)Y3(1 - x)~12 [7]
23  Thebinomia expansion can be used to approximate sguare roots.
7 1
(@ Show that 2 = (1 + z5)"% [2]

(b) Usethe binomial expansion of (1 + x)Y2 up to and including the term in x? to find an
approximation to \/§ , giving your answer to 5 decimal places. [4
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24

25

26

27

28

29

30

— X+ x2”

A student writes: “(2+x) "t =271+ (=1)x + LZ(_Z)XZ = %

(@) Explainthe error.
(b)  Find the correct expansion up to the term in x?, and its range of validity.

1
T E=—% = 5oyt
up to and including the term in x3. State the set of values of x for which the expansion is
valid.

Show that

1 X), and hence expand it in ascending powers of x

Consider the expansion of (1 — 4x)~ Y2,

(@ Expand (1 — 4x) Y2 up to and including the term in x°.

(b) By squaring your answer to part (a), verify that the first four terms agree with the
expansion of (1 — 4x)~L.

Prove that the coefficient of x" in the expansion of (1 — 4x)™*?is (e

Consider the binomial seriesfor (1 — x) ™2 and (1 + x) 2.
(@ Expand (1 — x)"¥2 and (1 + x) Y2 in ascending powers of x up to and including the
term in x*.

y multiplying these series, show that the coefficients of x“ and x” in the product are
(o) B Itiplying th ies, show that the coeffici f x2 and x* in th d ;

3
(c) Explain how this confirms the expansion of (1 — x?)~2,
. . 11 2, 1x3x5 1.3
Consider the series 1 + § Z 2x4( ) m(4)
(8 Showthat 1+ 5 + 3xo(3)? + 2o 2(2y3+ .. isthe binomial expansion of (1 —

y) Y2 for avalue of y to be found, and find the exact sum of the series.
(b)  Find the sum of the first four terms and compare it with the exact sum.

In special relativity, a particle of rest mass m moving at speed v has kinetic energy K = mc?[(1 —

1], where c is the speed of light.

2
(@ By expanding, show that for v much smaller than ¢, K = %mvz(l + %).

4

(b)  Whenv =0.1c, find the ratio of the second term, 38 >, to the first term, ;mv in the
two-term approximation for K. Give your answer as a percentage.

(©)  Whenv = 0.6¢, find K exactly as a multiple of mc?, and find the percentage error in the

two-term approximation in part (a), to 3 significant figures.

(3]

(4]

(8]

(5]
(2]

(6]
(3]

2
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(3]

(3]

(6]



