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Paper: Further Pure Mathematics (120 marks)

1 (8 marks) Edexcel | AQA | OCR A | OCR MEI | CIE

(a)r—OcosG—— s0 0= Zgor%n M1
r <0 exactly for = <0<+ 3 , which traces the small loop Al
Answer: 0 = 211/3 4m/3; small loop for 2m/3 < O < 411/3 2 marks
(b) Area= 3 [ 1740 = 3 [ (1 + 4cosd + 4cos?0) o M1

= [ (2 + 20080 + cs26) dB = [ + 250 + 58in20] s ™ AL
:11—23+3ZE:H—%E Al
Answer: 1 — % 3 marks
(c) Key idea: the small loop lies wholly inside the large loop, because for r < 0 the points are on M1

the side of O facing 6 = 0 (the large loop is traced for —Z—H =0= ZTH). So subtract.

Area bounded by the large loop = ZIZ L r°de= [— +2sin0 + sm26] o= 2m + 23 — Al
2 =2m+ 2

Requiredarea=(2n+%g)—(n—%E)=n+3\/§ AL

Answer: m + 3/3 3 marks

2 (11 marks) Edexcel | OCR A | OCR MEI

(a) From the first equationy = 3x — x', soy' = 3x' — X" M1
Substitute into the second: 3x' — X" = x + (3x — X') + 4 M1
X" — 4x' + 4x = —4e* Al
Answer: shown 3 marks
(b) Auxiliary equation (m — 2)% = 0: CF = (A + Bt)e* M1 A1
Key idea: €* and te® are both in the CF, so the particular integral is kt?e*. M1
x = kt?e®: x' = k(2t + 2t2)e?, x" = k(2 + 8t + 4t?)e”; the left sideis 2ke?, sok = —2 Al
x(0) = 1 givesA = 1.x'(0) =3x(0) — y(0) = 3,and x' = (A +B)e* + .., s02A +B=3,B=1 M1
x=(1+t— 2t%e* Al
Answer: x = (1 +t — 2t%)e* 6 marks
(€) X' = (83— 2t — 4tH)e”, soy = 3x — X' = (5t — 2t%)e? M1
y =t(5 — 2t)e :Ofort>00nlywhent:g Al
Answer: y = (5t — 2t%)e*; t = 5/2 2 marks

3 (10 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
€)] % = 2arcsmx soy1— x? y' = 2arcsin x M1

Differentiate: {1 — x* y" — ‘= M1
4 \/1 -x? Y \/1 - x?

Multiply by {1 — x%: (1 — X?)y" — xy' = 2 Al
Answer: shown 3 marks
(b) Differentiate the result of (&) k times using the Leibniz rule for products M1
(1= Ay + k(=20y ) + KEZD ()00 eyt 4 g y®] = 0 theright side 2 M1
differentiates to 0)

Collect: —2kx — x = —(2k + 1)x and —k(k — 1) — k = —k?, asrequired Al
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Answer: shown 3 marks
(c) y(0) = 0, y'(0) = 0, y"(0) = 2 (from (a)); at x = 0 the result of (b) gives y**2(0) = k?y*(0), so M1
y@(0) =4 x 2=8, y®(0) = 16 x 8 = 128 and the odd derivatives vanish
24 x* N 8x° N
y=X 3t T Al
4 6
Answer: x* + % + % 2 marks
2
(d) Coefficient ¢, of x?": ¢,.,,/C,, = %; the stated formula gives the same ratio (using M1
C2n+2,n+1)=C(2n, n)%) and ¢, = 1 agrees
1.0, w 2™t 1 1 _n?
Atx =51 (F) _%m'ﬁ_iz'soz_l_s Al
2
Answer : L 2 marks

18

4 (10 marks) Edexce (FP1 option) | AQA (Discrete option) | OCR A (Additional Pure) | OCR MEI

(Extra Pure)
(a) xisodd, so x — 1 and x + 1 are consecutive even numbers, one of which isamultiple of 4: (x M1
— 1)(x + 1) isamultiple of 8
x isnot amultipleof 3, but oneof x — 1, x, x + 1is, soitisx —lorx+ 1 (x — 1)(x + 1) isa Al
multiple of 3
8 and 3 are coprime, so 24 dividesx* — 1 Al
Answer: proved 3 marks
(b) For elements a, b: (ab)> = e, so ab = (ab) ™* M1
(ab)™* = b*a™! = ba, because every element is its own inverse. So ab = ba Al
Answer: proved 2 marks
(c) Key idea: count pairs of non-identity elements.
Let a, b be distinct non-identity elements of U. By (a) and (b), {1, a, b, ab} is closed with ab ¢ B1
{1, a b}, soitisasubgroup of order 4 (and it is the smallest subgroup containing a and b)
Every subgroup of order 4 has 3 non-identity elements and so contains C(3, 2) = 3 such pairs; M1
there are C(7, 2) = 21 pairs atogether
21 + 3 =7 subgroups Al
Answer: 7 3 marks
(d) By Lagrange, subgroup orders divide 8, so are 1, 2, 4 or 8. Order 1 and 8: one each. Order 2: M1
each non-identity element generates one (seven in total)
Totd =1+7+7+1=16 Al
Answer: 16 2 marks

5 (11 marks) Edexcel | AQA | OCR A | OCR MEI | CIE

d . 1 .
(8) gx(cos™ sinnx) = —n cos” x sin x sin nx + n cos"x cos nx M1
=ncos" x (cos x cosnx — sin x sin nx) = n cos" *x cos((n + 1)x) Al
Answer: shown 2 marks
., /2 n—1 _ Ny o /2 _
(b) Integrate (a) over [0, 7]. n _£ cos"x cos((n + 1)x) dx = [cos™x sin nx],"“ =0 B1
1 1 pur2 n—1
cos X cos nx = [cos((n + 1)x) + cos((n — 1)x)], 0 C, = 5 £ cos" x cos((n + 1)x) dx + M1

% L " cos™x cos((n — 1)x) dx

The first integral is 0 by the above, so C,, = %Cn_l Al

C0:£H/2 1dX:% B1
II

C,= W Al
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Answer: C, = m/2"** 5 marks
(© dix(cos“x cos NX) = —n cos" 1x sin x cos NX — n cos™ sin nx = —n cos™ x sin((n + 1)x) M1
So nfw cos™ Ix sin((n + 1)x) dx = —[cos"x cos nNx],™2 = 1, since cosx cos nx is 0 at % and 1 Al
ao
. 1. . . 11 1
cosx sinnx = 3[sin((n+ 1)x) +sin((n — 1)x)], s0 Ty = 5% + 5Ty M1
1 1 5 1
TO=O'50T1=§-T2=51T3=ﬁ!T4=§ Al
Answer: % 4 marks
6 (12 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
2 1 —6 -2
@d;xd,=|1|x| 2 |=|6|=3] 2 |, magnitude 9 M1 Al
2 -2 3 1
-1
A=({1,0 -onl;andB=(0,1,4)onl,;AB=| 1 B1
5
Distance = |AB - nJ/|n| = |(—=1)(—6) + 1.6 + 5:3)/9=27/9=3 Al
Answer: 3 4 marks
1 4 2 !
(b) Key idea: Volume = €|[PP', QQ', PQ]|, and PP = tz 1,,QQ'=+2| 2 M1
2 -2
[PP', QQ', PQ] = i%(d1 x d,) - PQ; moving P along |, or Q along |, changes PQ by a multiple Al
of d; or d,, both perpendicular to d; x d,, so the value is unchanged
Using PQ = AB: (d, x d;) - AB = 27, so volume = & x o x 27 = 12 AL
Answer: 12 3 marks
1+ 2A Il
() Py = A ,Qo=1[1+2n |; P,Q, perpendicular to d, and d, gives9 — 9A =0 and 9 — M1
—1+2)\ 4—2p
9=0
3 1
A=pu=1P,=(1|,Qy,=|3 Al
1 2
. -2
Key idea: with unit vectors u,, u, along the linesand e = P,Q/3 = 3 2 |, thecentreis M1
1

equidistant from P, P so lies in the plane through P, perpendicular to I;; similarly for |,. Hence it
is on the common perpendicular: C = P, + se, with 0 < s< 3 adong PyQ,.

CPP =4+, [CQP =9+ (3 — 9% equa when 4+ = 18 — 65+ 5%, 05 = « M1
3 -2 13
: 71 1 o, 49 8 . |85
C=|1|+ 33| 2 |=5|23| radius’=4+ o = -5, radius 5 Al
1 1 16
Answer: centre (13/9, 23/9, 16/9), radius85/3 5 marks
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7 (11 marks) Edexcel | AQA | OCR A | OCR MEI | CIE

7-An -6 |_., _
@] 5 _2_)\‘—)\ —5A+4=0
A=landA=4
1 2
reu(Yame ]

Answer: 1 with (1) 4 with (i)

(12 (10 ., (-1 2\ . .,
(b)P—(l 1),D—(0 4),P ‘(1 _1),A =PD"P

(1 24 (-1 2
J L I W R
An_(2-4”—1 2—2-4”)

-1 2-4

4"=-1 2-=4"
(c) Key idea: X commutes with X? = A, so X preserves each eigenspace of A.

24" =1 2—24"
Answer: ( )

If Av = Av then A(Xv) = X(Av) = A(Xv), so XV liesin the same one-dimensional eigenspace: Xv

= qv.
Thenp?=2A:p=+1lon 1 i . So X =Pdiag(py, p,) Pt

Exactly four matrices (any combination of signs), each valid since X2 = P diag(1, 4) P"* = A
3 =2 -5 6 5 -6 -3 2
0ot oo feral a2 Y
Anawer- |2 ~2) (5 6) (5 -6 (=3 2
NSVE-11 o) \-3 4) (3 -4/ |-1 0
8 (11 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
(@) Let A = arctan(r + 1), B = arctan(r — 1). tan(A — B) =

and p =+2on

r+1)—(r—=12
1+@r+D(r—-12)

2
2
Since A isin (0, %) and B isin [0, %) withA >B,wehave0<A — B < % sOA—-B=
arctan(r—zz) with no multiple of 1
Answer: shown
(b) Sum (a) fromr=1ton: X = i [arctan(r + 1) — arctan(r — 1)]

r=1

Cancelling in pairs leaves arctan(n + 1) + arctann — arctan 1 — arctan O

= arctan n + arctan(n + 1) — %

Answer: arctan n + arctan(n + 1) — %

(c)Asn—»oo,arctann—»%andarctan(n+1)—>%,sothesumi537rI
.3
Answer: —~
_ . 2, A _ o . 3
(d) Arg P, =Y arctan(F) =0, =arctann +arctan(n + 1) — 5, with0< 0, < -

r=1
P, is purely imaginary exactly when 6, = % (the only multiple of % of theright form in this

range, and this gives Im P, > 0)
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Soarctann+arctan(n+1):3TH, hence tan of it = —1: %: —-1,son’—n—-2=0 Al
n=2 (n=—1reected). Check: (1 + 2i)(4 + 2i) = 10i Al
Answer: n =2 only 4 marks

9 (12 marks) Edexcel | AQA | OCR A | OCR MEI | CIE

n
(@ (1+€9)"="> C(n, r)e"®; therea part of the right side is = C(n, r)cos rf M1
r=0
1+ eie — eiG/Z(e—iG/Z + eie/Z) — ZCOS(%)eielz, 0 (1 + eie)n — 2”COS”(%)eine/2 M1
Real part: 2“cos”(%)cos(%), as required Al
Answer: shown 3 marks
(b) 1+ w" + w? = 3if 3dividesr, and = 0 otherwise (geometric series with w® = 1) B1
S03S,=> C(n, N1+ w +w")=2"+(1+w)"+(1+w?)" M1
r=0
1+w=1—%+i3§=e‘“/3,andl+w2=e““’3 M1
So the last two terms sum to ZCOS(%H), giving the result Al
Answer: shown 4 marks
20261 I 20261 I 1
(© 3 = 675m+ =, S0 cos( 3 )= —cos(g) ==3 M1
Saoz6 = %(22026 -1 Al
2026 __

Answer : 2 3 1 2 marks
(d) Differentiating the left side of (a) gives —2 r C(n, r) sin r@ M1
Riaht sid dtI'2“—n n-1,0,._,0 nb, n__ .06 . nod

ight side, product rule: 2" 5C0S (E)S n(i)cos(T) 5C0S (5)9 n(7)] M1
Negate and factor: n-2”‘1cos”‘1(%)[si n(%)cos(%) + cos(%)si n(%)] = Al
n2"tcos Y )sin(E 1)
Answer: shown 3 marks

10 (12 marks) Edexcel | AQA | OCR A | OCR MEI

(@ x=sinhu,dx =coshudu,andx +yx*+ 1 =sinhu + cosh u = e B1
I, = £w e ™coshudu= %J;w (e~ DU 4 g=(™DY) g y M1
o . 1 1_e—(n—l)R 1_e—(n+l)R

Integrate up to alimit R: 5[ N ] ] M1

AsR — o the exponentials tend to O becausen = 2 (n — 1> 0) M1

T D S SENR)

=TTt D) T oy Al

Answer: shown 5 marks

(b)x=coshu(u2O),dx=sinhudu,x+\/x2—1=e“;|imitsu=0tooo M1

K= [~ e™sinhudu=3[" % - e ™) du M1

_1,1 11

_Z(n—l n+1)_n2_1 Al

Answer: shown 3 marks

L1 1,1 N 1.1 1 1. 3

(©) () e _§(n— 1~ n+l), the sum telescopes to 7(1+§ N —N+1)_ 7 M1 A1
2N +1

2N(N + 1)
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® -2
.. N _ 1
(i) Forx>1,r>1andn2ér =l
Integrating term by term, the integral = 2., K, = limy_, [% - %] :%
.3
Answer: 7

11 (12 marks) Edexcel | AQA | OCR A | OCR MEI

a xzi,dx:—l dt; limitsx: 0 = « becomet: o = 0
t t2

1 t4 ot 1
1+x4 7 t4+1’SOI_L 1+t4'(_t_2)dt

0 t2
Tt
Answer: shown

. o e 1+
(b)KeyldeaI+J—2l—£ 1+)(4dx
.. . 2 1+X_2
Divide numerator and denominator by x*: v

1 1
u:x—;,du:(l+7)dx

u2+2=x2+x—12;asxgo&fromOtow,ugoesfrom—ootOooincreasing
o 1 1 u I
2l = ——— du=[+= actan(=)]_.." = =
[ = [ actan()] 7
= 0L _y2n
22 4

II
Answer: —

22

2
(c) The substitution x = 1 sends ! dxto
X4 + X2

t . w
i1 dt, so theintegra equals_g

t +1 th+ 2
2
e 4%
Twicetheintegral=_£°° %dx;withu=x—%:x2+1+%=u2+3
:f: ljz—i?)du:%,sotheintegral is%

II
Answer: —

203
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