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Paper: Further Mechanics (90 marks)

1 (11 marks) Edexcel | OCR A
(a) By symmetry A moves along its original line, with velocity w in its original direction (w may
be negative), and B and C have equal speeds. The line of centres from A to B makes 30° with the

path of A.

Let J be the impulse between A and B (and between A and C). If there is no impulse between B B1
and C then B moves aong the line of centres, so J=m v where v is the speed of B.

Momentum of A along its path: mu — mw =2Jcos30°, sou — w =3 V. M1
Restitution along the line of centres (A and B): v — w cos 30° = e u cos 30°. M1
Substitutinngu—\/§v:v+%v:32@(1+e) u,sov = 3(15+e) uandw=u— @ u= Al
(2 —536) u

Check on the assumption: B and C each have a velocity component of magnitude v sin 30° El

perpendicular to the path of A, B away from C and C away from B. So with no impulse between
them they separate at once, which is consistent; a contact impulse could only push them apart and
would not be needed.

Answer: A: velouty( ; B: speedw 5 marks
(b) A reboundsif and only if w <0, that ise > §. Alis brought torest whene = % Al
2 3_5 1
Fore=§:v=3g><3 TKEafter 2><2m( )- M1
KE before:%muz,sothefractionlostisl— % —%. Al
Answer: A reboundsiff e > 2/3; fraction lost = 1/3 3 marks
(c) Repeat with angle @: u — w =2v cos @ and v — w cos ¢ = e u cos ¢. Eliminating v: w(1 + M1 Al
2c0s’@) = u(1 — 2e cos’@).
A is brought to rest when cos?p = (2e) The spheres B and C cannot overlap so their centres are Al
at least 2r apart, which needs ¢ = 30°, that is cos’p < § ; hence 5= (28) =7 and e= Z Fore= %:
COS’Q = &
Answer: w = w u; need e = 2/3; cos’@ = 5/8 3 marks
(1 + 2cos’p)
2 (112 marks) Edexcel | AQA | OCR A |OCR MEI | CIE
_ dv _ mgv? v dv _ g
(8) Ascent: mv g = —mg — V2 ’SO(V2+VZ)W__W' M1
Integrating fromx =0 (v=U)tox =H (v =0): %[In(v2 +v9)] %= —%/—'j. M1
1 (V2+ U2) gH : 2
I (—)— V2’ soH = (29) In(1 + ) Al
2
Answer: H = (Zg) In(1+ =) 3 marks
dv mgv? w v - 1 w2, 1
(b) Descent: mvﬁ:mg— %so_g mdv:% H, giving —5 In(1 — W):E M1
U2
In(1 + W)'
w2 V2 , U2
S0l V2o T vy Al

uv

Answer: w = ﬁ 2 marks
us+V
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dv _  g(V?+v? _ V2 pu 1

(c) Ascent: dt: V2 ,wTup—E mdv M1
\% \%

=3 arctan(v) =— 9. Al

g(V -3 V2w 1 (V+w)
Descent: dt T SOTdO\Nn_EI mdv (29) In((V_W)). M1
_ (1+sm9) (1+sinB)? _ 2 _V

From (b), V \/7 =sin 0, and —Sn0) = o0 —(sec9+tan6).Sonown—E Al

In(sec O + tan 0).

Answer: T, = % 0; Tyoun = % In(sec O + tan 0) 4 marks

(d) Key idea: compare the two times as functions of 6. Let f(0) = In(sec © + tan 6) — 6 for 0 < 6 M1
I . d _ (secOtan © + sec?0) _

<5,50f(0) =045 In(sec 6 + tan B) = (sec 0 + @ 0) =sec 6.

Sof'(0) =sec O — l>0for0<9< , hence f(6) > 0 and T 4, > T, for every U > 0. El

Answer: (@) =sec @ — 1>O,sonown>Tup 2 marks

3 (11 marks) Edexcel | AQA | OCR A | OCR MEI | CIE

(a) Take O as origin and the axis of symmetry as the x-axis. H is formed by rotating y = M1

ya — x?,0 < x < a, about the x-axis; a slice of width 6x has volume mi(a® — x°) 6x.

Vqume=1'[‘£a (@ —-x)dx=n@@ - )—ZH—a Al

A

Volume x x = n£ x@ —x?)dx= H[ax —T]oa:%. M1

coma ona 3

X=—F—+—3 =73 Al

3a

Answer: -5 from O 4 marks

(b) Masses are proportiona to volumes: H is %1‘[ a, Cis %n a’h. The centre of mass of C is% M1

from its base Moments about O, with xg measured positive towards the apex of C:

(3na+ a’h) xg = 1Hah 2—%na3-%a. Al
2 2 _ 2 _ 12
a (§a+ h) Xg = (h12 3) , S0 Xg = —%: the distance quoted, on the side of H. Al

A (3a* — h?
Answer: dlstancem from O, on the side of H 3 marks
2
(c) For h=a, Gisadistance == 2a from O, on the axis, on the side of H (so G isbelow O B1

@23 -
when @ is acute).
The curved surface is part of a sphere of centre O, so the normal reaction at the contact point P M1
acts along PO and OP = ais perpendicular to the plane. Three forces act (weight, normal reaction,
friction), the last two at P, so the weight must act along the vertical through P: G is vertically
above P.

Pishorizontally asin 6 from O, on the up-slope side. G is horizontally % sin @ from O, also Al

up-slopewhenG|sbeIOW00nat|ItedaX|sEquatlng sm(p asin®,sosin@ =6sn0.

Thisneedssing < 1,s0sin0 < E' Frictionn F=Wsn6,R=W cos0,sotan 6 < g is needed. Al
a1 _ 1 1 o - U N

Atsin6 = 5 tan 0= 7 < £ (35> 25), sofriction is not the limit. Greatest 0= arcsin(g) =

9.6°.

Answer: sn@ =6sn0; 0, = arcsin(%) =~ 9.6° 4 marks
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4 (10 marks) Edexcel | AQA | OCR A | OCR MEI | CIE

(a) When the string goes slack, T = 0 and the speed v satisfies, resolving towards O, mg sin a = M1
mV 2 _
grsina.

Energy from the lowest point (arise of r(1 + sin «)): % mu?= % mvZ+mgr (1+sn ). M1
u’=grsna+2gr(l+sna)=gr(2+3sna). Al
Answer: u?=gr (2 +3sin «) 3 marks
(b) Take O as origin, x to the right, y upwards, and write s=sin a, c =cos a, k = \/c2 + 2. At M1
slackening Pisat (r ¢, r s) with velocity v(—s, c) andv>=grs. Sox=rc—vtsandy=rs+v
t Lyt

c— > gt-.
y = Oglves gtz—vct— rs=0, sot—\/rs/ (c + K) for the positive root. M1
X=—-rirc—vts=—r.Nowvts=rs¥c+k),soc—s¥(c+k)=—1.Usingc— sc=cc+ M1
1=(1-ck

Divideby (L+¢c):c2—c+1=(1—c) k. Square: (¢ — c+1)?2=(1 — 0)*c®+2),i.e c* — 2c3 Al

+3c2—2c+1=c*—2c3+3c?—4c+2,502c=1. Check c = %: both sides of the unsquared

equation equal %.

Socx=60°,sin(x=3§andu2=gr(2+%é)=(4ﬂ2@gr. Al
Answer: cos & = 1/2; u® = %@ agr 5 marks
(c) Energy from slackening to B (afall of r sin a): speed? =grsina+2grsina=3grsna = M1
%E gr, so the speed isy3y3 g 1/2.
The horizontal component is constant: v, = v2 sin“ac = g r sin®a, so tan®(angle) = % -1 Al
= Si:Za — 1= 3. The velocity is directed downwards at 60° to the horizontal.
Answer: speed \/3\/5 gr/2; 60° below the horizontal 2 marks
5 (11 marks) Edexcel | AQA | OCR A | OCR MEI

(a) Hanging part has weight %; part on the table has mass M so friction is M1
1 Mg(L—x
27 L

2 —
The chain is inextensible and moves as a whole: M 5 = Mgx Mgl X). Al

dt L (a)

dx g L
e =& -V =gk - 3 Al
Answer: shown 3 marks
(b) Let w? = (gﬁ) andy =x — Thengt);—w y withy = I'anddy Oatt=0.Genera M1

solution y = A cosh wt + B sinh wt.

A:%,B:o,sox:£+

L
3 + & cosh wt. Al

Lastlinkleaveswhenx=L:%coshwt- 23L,socoshwt—4 M1
_1 -
t = arcosh 4 =/2L/(3g) In(4 + {/15). AL
Answer: t =42L/(3g) In(4 + {15) 4 marks
. . . _Magx Mg(L —x) 1 2
(c) Net force along the chain when x is hanging: F = L~ O Work-energy: s Mv M1
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=" Fdx
12
. . rL Mgx P _3MglL
Gravity term: LZ —dx (2L) (L 4)——8 . Al
. . Mg (L —x) _ Mg (L _MglL
Frictionterm: | 0 dx @) 22 16 Al
3 MgL MgL _5MglL _
—M ) 6 - 16 ,sov—\/SgLIS. Al
Answer: v =4/5gL/8 4 marks
6 (12 marks) Edexcel | AQA | OCR A | OCR MEI | CIE
(8 0<x<I: APisslack, BP has extension 2| — x, som g; = %(ZI — X): SHM about x = 21, M1
s_ A
Lo (ml)
2
| <x < 2l: both taut: m 3); = —%(x -+ %(ZI —X) = _2|_)x(x - 37'): SHM about x = %I w,? Al
2x
= m, SO W, = \/5 W;.
2l <x<3l: BPdack: m jt); = —IA(X — 1): SHM about x = | with angular speed w;. Al
Answer: outer ranges: centres 2| and |, angular speed w,; middle: centre 2|,w2 :\/5 w; 3 marks
2
(b) Energy from x = 0 (BP extension 2|, AP slack) to x = | (BP extension I) 5 mv2 2\((22:)) - M1
A2 _ 3l
@ 2~
v2=%=3wlzlz,v=\/§wll. AL
In the middle range v2 = w,?(&® — (X — 37')2); ax=Ix-— %I = —I§. 03w, ?12=2w, X & — M1
7)-
, 32 12 £
a = > + Z = 4 , l. Al
Answer: v =43 w I=\/3)\I/m'a=ﬂl 4 marks
. 1 y 2
(c) Range0<x<Il:x — 2l = =2l cosw,t (x =0and at rest at t = 0). x = | when cos w,t; = % M1
t, = SN Al
(Bw,)
2
Middlerange: u=x — %l =asny, fromu= —|§ tou= l—z; siny, = 2%1 = i? Timet, = ml: M1
arcs( )—£arcsm( —=). Al
= an " a
The motion is symmetrical about x = 7: Preaches x = 3| at rest after t; + t, + t; and returns, so T Al
= 4, + 2, = (R[5 + 2|2 arcsin(%)] ~ 5.29m/A.
Answer: T =m I/a [4%[ +2/2 arcsin(%)] ~ 529 /m I/a 5 marks
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7 (12 marks) Edexcel | OCR A | OCR MEI | CIE

(a) Triangle OAP isisosceles (OA = OP =a): AP = 2asin(%). Extension = 2asin(%) —a M1 Al
V=mgacos0 + %(Zasin(%) —a?=mgafcos0 + %(2 sin(%) — 1)?]. Expand: %(4 Al
sind(3) — 4sin(3) + 1) = 3(1 — cos6) — 6sin(3) + 3,50V =mgaly — 6sin(y) — 2cos
0].
Answer: shown 3 marks
(b) For0<0 < % thestringisslack andV =mgacosf,s0V' = —mgasn6 # 0. no B1
equilibrium there.
For 6 = %: V'=mga[—-3 cos(%) +2sinBl=mg acos(%)(4 sin(g) - 3). M1
0
V' =0 cos(%) =0givesO =11 or sin(?o) = %, i.e. 0, = 97.2° > 60°, which is valid. Exactly two Al
equilibria.
” 3 ..6
V'=mgal3 sn(§)+2cose]. M1
AtBy cosB,=1—2x = =—= 0V’ =mga(e — 2) =+ mga>0: seble. AtO =1r: V" = AL
0. C0S 0y = 6-"g oV = ga(8 4)—8 ga>0: e =mV' =
mg a(% —-2)= —% m g a< 0: unstable.
0
Answer: sin(To) = E; 0, stable, © = mm unstable 5 marks
2
(© Energy: > m al ( )2 + V(0) = constant. Differentiating with respect to t: m a? It 2 = M1
-V'(0).
Put © = 0, + € with € small and V'(8,) = 0: V'(B) = V"(0,) € = % mgaec. M1
de _ 79 2_ 19
Tl (Sa) €: SHM with w ) Al
Period T = — = 21 y/8a/(79). Al
Answer: T = 2m y8a/(79) 4 marks
8 (12 marks) Edexcel |AQA | OCR A | OCR MEI | CIE
(a) Energy: 2 mv,2+ 5 M Vgl = 2(X2 +Y?) is conserved (elastic). M1
Momentum: mv, + M vg =m X ++M Y is conserved, i.e. (X, Y)-n is unchanged, where n = M1
Gm, YM)Am + M.
S0 |(X, Y)| and the component along n are unchanged; the component perpendicular to n can only Al
change sign (it must change because the velocities change): reflection in the line along n.
Answer: shown 3 marks
(b) After an A-B impact the particles separate, so v, < Vg; the only possible next impact is A-W, B1

needing v, < 0. After an A-W impact v, > 0, so the next impact can only be A-B, needing v, >

V. SO impacts aternate, the first being A-B.

Hence no further impact occurs exactly when 0 < v, < vg: after an A-B impact v, < vg aready M1
holds, and after an A-W impact v, > 0 aready holds.

Vp = % and vg = % giving X = 0 andyM X < ym Y. The line through O with direction AL
(ym, yM) hastan y =+M/m = cot 6, that is y = 90° — 0, so the region is the sector 90° — 6 <

W < 90°.

Answer: shown 3 marks
(c) Key idea: each impact is a reflection, so w moves by afixed pattern. Reflection in aline M1

through O at polar angle A sends y to 2A — y. An A-W impact (X = —X) isreflection in the
Y-axis: y — 180° — y. An A-B impact isreflection in the line y = 90° — 0: y — 180° — 20 —
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W.
Initialy (X, Y) = (O, —\/V u), SO Yy, = —90°. The impacts go A-B, A-W, A-B, ... so gy, = 270° — Al
20, y, = —90° + 20, Wy, = 270° — 46, y, = —90° + 40. By induction (each step is one of the

two reflections above): y, = —90° + kO for even k and y, = 270° — (k + 1)0 for odd k.

By (b) the process stops at the first k with y, in the sector 90° — 6 < y < 90°. For even k thisis M1
kO € [180° — 6, 180°]; for odd k it is (k + 1)0 € [180°, 180° + O], which is again k6 € [180° —

0, 180°]. While kB < 180° — 0, y, liesin [—90°, 90° — 6) for even k and in (90°, 270°) for odd

k, outside the sector.

kO increases in steps of 0, so the first k with k6 = 180° — 0 has kb < 180°. So N is the least Al
integer with (N + 1)6 = 11, which is the greatest integer with N© < 1.

Answer: N = greatest integer with NO <1 4 marks
(d) N = 10 = 100 < 1 = 0 < 18°. Since M/m = cot?0 is decreasing for 0 < 8 < 90°, thisis M1
M/m > cot?18°.

2900 = (1+€0536°) _ (5+y5) _ (5+{5)3+y5) _ ~

COt*18° = 1 —cos 36 = G=y5) " 2 =5+ 2/5. So M/m>5 + 2[5 (= 9.47). Al
Answer: M/m > 5+ 2,5 2 marks
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