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First-Order Differential Equations

1 (3 marks)

y=[(6x?—4x+3)dx=2x> — 2x*+3x + C M1 AL

At(1,5:5=2—-2+3+C,s0C=2 Al

Answer:y =2x3 — 2x> + 3x + 2 3 marks
2 (2 marks)

y:x2+3x‘1,so(;|—‘i:2x—3x‘2 M1

x%+y=2x2 — 31+ x%+3x71=3x? Al

Answer x% +y=3x? 2 marks
3 (3 marks)

f% dy = [5dx,solnly]=5x + ¢ M1 A1

y=Ae™; y=2whenx =0givesA = 2, soy = 2e* Al

Answer: y = 2e* 3 marks
4 (3 marks)

f% dy = [3x? dx M1

Inly| =x3+c Al

y=AeS Al

Answer: y = Ae¥’ 3 marks
5 (2 marks)

y = Jcos 2x dx M1

y=%sin2x+C Al

Answer: y:%sin 2x+C 2 marks
6 (4 marks)

Jy dy = [x dx M1

2 2

x=0,y=3:c=% M1

y=yx2+9 Al

Answer:y =yx*>+9 4 marks
7 (4 marks)

L dy=/id

fm y—f; X M1

Iny +1|=Inx+c Al

y +1=AXx Al

x=2,y=3A=2,0y=2x—-1 Al

Answer:y=2x — 1 4 marks
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8 (4 marks)
(a) dy = 3Ax? M1
Replace A by 3 de 3y Al
Answer: X =3y 2 marks
(b) & = 2Ae2x =2y — 1) M1 A1
Answer: dx =2y —-1) 2 marks
9 (4 marks)
e’ dy = e dx M1
=€e"+c Al
x=0,y=In2:2=1+c,s0oc=1 M1
y=In(e"+1) Al
Answer: y =In(e* + 1) 4 marks
10(4 marks)
f1+ > dy = [2x dx M1
tan"ly=x?+c Al
x=0,y=0:c=0 M1
y = tan(x?) AL
Answer: y = tan(x?) 4 marks

11 (3 marks)

f% dy=f§ dx M1
Inly| = 3Injx] + ¢, soy = Ax® Al
(1,2:A=20y=23 Al
Answer: y = 2x3 3 marks
12 (6 marks)
111, 1
ya-y -2ty 2=y e
%(Iny—ln(Z—y))=3x+c M1 Al
2—y =Ae®; x=0,y=1givesA=1 M1
y = 2e% — ye™ soy(1 + &%) = 2e%, givingy = ﬁ Al
Answer: y = 1%6_6)( 6 marks
13 (5 marks)
f dy = f1+ 2 M1
In|y|=§ln(1+x2)+c M1 AL
y=Ay1+x*x=0,y=3givesA=3 M1
y=3y1+x? Al

Answer:y =31+ x2 5 marks
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14 (5 marks)
Jy dy = [xe* dx M1
2
y7 =xe* — € + c (integration by parts) M1 A1
— —1.1__ _3
x-O,y—l.§— 1+c,soc—2 M1
y2=2(x — 1)e* +3 Al
Answer: y?=2(x — 1)e" + 3 5 marks
15 (5 marks)
(a) Gradient of OP = % so the gradient of the tangent is —§ M1 Al
Answer: % = —§ 2 marks
y2 X2
(b)fydy=—fxdx,so7=—7+c M1 A1
(3,4):0:2—25,sox2+y2:25 Al
Answer: x% +y? =25 3 marks
16 (5 marks)
@At D:1+1=2a(—2,1): —2+1=-1 B1B1
Answer: 2and =1 2 marks
(b)y:—x—1giv&%:—1,andx+y:x—x—1:—l B1
AnSNer:%:—1:X+y 1 mark
(c) Only one solution curve passes through each point, since the gradient there is fixed by the El
equation
so a crossing would give two different solutions through one point, which isimpossible El
Answer: Only one solution curve through each point 2 marks
17 (4 marks)
JATY2dA = [2dt M1
2(A=2t+c Al
t=0,A=4c=4 Mt
YA =t+2,50A = (t+2)? AL
Answer: A = (t + 2)? 4 marks
18 (5 marks)
fiy?+ 1) dy = f(2x + 3) dx M1
3
%+y:X2+3X+C Al1A1l
— _q.._4
x—O,y—l.c—3 M1
3
y?+y:x2+3x+% Al
y° 4
AnSNer:§+y:x2+3x+§ 5 marks
19 (4 marks)
fcos?y dy = fsin? x dx M1
cos’y = %(1 +cos 2y) and Sin x = %(1 — c0s 2X) M1
%y+%sin2y:%x—%sin2x+c Al
x=0,y=0givesc=0,s02y +sin2y = 2x — sin 2x Al
Answer: 2y +sin 2y = 2x — sin 2x 4 marks
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20 (7 marks)
du _ dy
(a) ax —2+d—X
=2+ (U —2) =12

du _ >
Answer: ax - Y

(b) fudu=f1dx S0~ =x+c
x=0:u=1lsoc=-1
— 2X

_ 1 _ 1
U= 7% OY=1=%x

Answer:y:1
21(7marks)
. dv
(a)dx v de
dV_ 2
v+xd—x—1+v+v
dv
XK =1+V?
An:aNer:xg—:l+v2
(0) S
— — - _H
x=1v=y3c=7

v:tan(lnx+%),soy:xtan(lnx+%)

1 _
dv = J dx, sotan lv=lnx+c

Answer: y = x tan(In x + %)

22 (5 marks)
(&) The error isin line 3: when exponentiating, the constant should multiply, not add
e "% = g%%e® = Ae®, because € " ¢ = €*€°, not e + €°
Answer: Constant added instead of multiplied
(b) 2y + 1= Ae*
x=0,y=1A=3

y =5 1)
Answer: y = %(3e2" -1

23 (7 marks)
(a)fy-zdyzfldx,so—§=x+c

x=0,y=a:c=—1

a
_ 1 a
Y=1T ~ T T1-=
a X
a
Answer:y = ——~

so the solution containing x = 0 isvalid for x < 1

(b)y = 1 isundefined at x = 5 :

2!

1
Answer: X < >
(c) Separating the variables involves dividing by y?, which assumesy = 0
y =0 gives % =0=y? soitisasolution that must be stated separately

Answer: Division by y? losesy = 0
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24 (7 marks)
(a)%:ZAx,andA:% M1
0] SZ = & , giving xOI =2y Al
dy _
Answer: Xax = 2y 2 marks
(b) The gradients multiply to —1, so the gradient of O is —% M1 A1
Answer . Si = ZLy 2 marks
(c) J2y dy = —[x dx M1
X2
y’=—%+c Al
x? + 2y? = 2c = k, as required Al
Answer: x* + 2y? =k 3 marks

S
25 (8 marks)
(a)Tangent:Y—y:%(X—x) M1
Atthey-axisX =0,s0Y = y—xOly M1 A1
Answer: y-coordinate of Q = y—xgi 3 marks
_ dy _y

(b)y—x& X2, O T x X M1
dy dv dv _ Lo dv

o = VX ,sov+x&—v—x,g|vmg&——l M1 A1
V=—=X+¢C 0y =X(C—X) M1
(4,0:c=1,50y=x(1 — x) Al
Answer:y =X(1 — X) 5 marks
26 (8 marks)

dz

(@y=¢, sogi—edx B1

Zd Z — Z

xe'q te =ze M1

- , dz _

Dividing by e* X =2-1 Al

dz
Answer: Xgx =2~ 1 3 marks
1 .1

(b)fZ 1dz-f;dx M1
Inz—=1=Inx+c,s0z— 1=AX Al
Iny =1+ Ax M1
x=1y=e3=1+A,s0A=2 M1
y:e1+2x Al
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1+2x

Answer:y=e 5 marks
27 (11 marks)

dy _ y2—x* _v?-1

(a)OI v+x and >y - M1 A1
— 2 2
2VX& =vi—1-—-2 M1
=—(1+Vv? Al
Answer: ZVX% =—(1+Vv? 4 marks
_ 1
()f1+2 ==Jx dx M1
In(L+v? =—=Inx+c Al
x(L+v?)=A M1
2
x+y7:A,sox2+y2:Ax Al
Answer: the general solution can be written x? + y? = Ax 4 marks
(©)(1,1):A=2s0Cisx?+y?=2x B1
(x — 1)? + y? = 1: the circle with centre (1, 0) and radius 1 (upper half, asy > 0) M1 AL
Answer: x? + y? = 2x, acircle centre (1, 0) radius 1 3 marks
3
28 (11 marks)
1 1

(a) 6053 =3G=3 -y MLAL

In| 1| =X+cC M1 Al
h=Ae2x;x=0,y=0:A=3 M1 A1

2X
y —3=3e*(y — 1), soy(1 — 3e*) = 3 — 3%, givingy:H Al
R
Answer:y = 3> — 1 7 marks
(b) Denominator zero when e* é,le X = ——In3 M1
The solution through x = 0 isvalid for x > —7 In3 Al
Answer: x>—%|n3 2 marks
SeZX 3

(c)Asx—»oo,y—»Q—l B1
The solution curve approaches the constant solution y = 1 (an asymptote) E1l
Answer:y -1 2 marks
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29 (10 marks)

@ g =1+ G
=1+ uill uz—ul
Answer: 33:%
(b)f du=f2dx

u—Inu=2x+c
x=0,y=2u=2,s0c=2—-1n2
X+y—Inx+y)=2x+2—=1n2
y—=X=2=Inx+y) —In2=In*Ax +vV))
Answer:y — x — 2=In(Y2(x +Y))

30 (12 marks)
(a) From the second equationy = 2x — 3'x+2(2x—3)—4:0,sox:2andy:1
X+2y —4=X+2V,2x—y—3=2X~Yad &L =T

X +2Y
Answer: (2, 1); W = X =Y

dy dv
(b) g =V + X%

dv _ 1+2v
VXX =2V
Xd_v_1+2v—2v+v2_1+v2
ax ~ 2—-V T2-V
dV 1+ V2
AnSNerX 5=V
()flwzdv I dX

2tan‘1V—§In(1+V2) InX +c¢

2tan™'V =InX + 5 In(1+V?) +c= 5 In(X? +Y?) + ¢
X =3, y—lgivesX=1,Y=0,soc=0
4tan‘1( 2) In((x = 2>+ (y — 1))

Answer: 4tan‘1( 2) =In((x = 2)2+ (y — 1)?)

First-Order Linear Differential Equations

1 (2 marks)
| = eJ’4d>< — e4x

Answer: e®

2 (3 marks)

dy 3

dx xy >
IzejSdex:eSInx:XS

Answer: g_y

3 _ ki _u3
X+;y—5,l—x

3 (2 marks)
| = ef—tanxdx — eIn(oos,x)

| = cosx
Answer: cos X
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4 (2 marks)

| = /& M1

= e Al

Answer: e/ = g€ 2 marks
5 (3 marks)

e¥y = [6e® dx = 26> + C M1 AL

y=2+Ce™¥ Al

Answer: y =2 + Ce™* 3 marks
6 (5 marks)

Integrating factor: | = /3% = e M1 AL

d—o)l((e3xy) =12e¥ s0 ¥y = [12e> dx = 4e* + C M1 AL

y=4+Ce™* Al

Answer: y = 4 + Ce™* 5 marks
7 (5 marks)

1

Integrating factor: | = e/x ® = " = x M1 AL

d—(i(xy) =3x?% soxy = [3x?dx=x3+C M1 AL

y=x2+ % Al

Answer:y = x% + % 5 marks
8 (5 marks)

Integrating factor: | = e/2% = &> M1 A1

d—i(ezxy) =e™ soe?y = fe*dx = %es" +C M1 AL

y= %e?’x + Ce & A1

Answer: y = %e:‘X +Ce 5 marks
9 (5 marks)

Integrating factor: | = /X & = g=In(c0sX) = goc i M1 Al

d—i(y%cx):seczx,soysecx:fseczxdx:for;))((+c M1 AL

y =sinx + C cos x Al

Answer:y =sin x + C cosx 5 marks
10 (5 marks)

L Ldy 3. _ .3
Divide by x: o Y =X
3

Integrating factor: | = ¢/ ~x ® = g=3Inx = X—13 M1 A1

%(%y):l,so%y:fldx:x+c M1 A1

y=x*+Cx3 Al

Answer: y = x* + Cx® 5 marks
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11 (5 marks)
Integrating factor: | = /@& = nSnX) = gip x M1 A1
dix(ysinx):3sin3xcosx,soysinx:f3sin3xcosxdx:%sin4x+C M1 A1
—E in3 +L
y=78nx+ g Al
. _3 . 3 C
Answer: y=z8n'x+ g~ 5 marks
12 (7 marks)
Integrating factor: | = /=1 % = g™ M1 A1
%(e‘xy):ex,soe‘xy:feX dx=¢e"+C M1 A1
y = eX + Ce* Al
x=0,y=3:C=2 M1
y = e + 2¢* Al
Answer: y = e + 2¢° 7 marks
13 (6 marks)
3
Integrating factor: | = e/x ® = g3Inx = %3 M1 A1
d—i(x3y) =x3Inx, s0x% = [x3Inx dx = %x“ Inx — 1—16x4+ C M2 A1
T SO
y = gxInx — gex+ 3 Al
_ 1 1 c
Answer.y=zx|nx—l—6x+; 6 marks
14 (7 marks)
Integrating factor: | = /X & = g=In(c0sX) = goc i M1 A1
d—i(y%cx):2cosx,soysecx:f2cosxdx:25inx+c M1 A1
y =2sinx cos x + C cos X Al
x=0,y=3C=3 Mt
y=2sinX cosx + 3cosx =sn2x + 3 cosX Al
Answer: y =sin 2x + 3 cos X 7 marks
15 (7 marks)
dx _ dx _
G XY, g —x=Y M1
Integrating factor: | = /1% =™ M1 A1
d—i/(e‘yx) =ye Y, s0ex=fyeYdy=(—y—1DeY+C M2 Al
X=—-y—1+C¢ Al
Answer: x = =y — 1+ C¢¥ 7 marks
16 (7 marks)
a) Integrating factor: | = =€ M1 Al
( )I ey ; gf [ ef2dx 2x
d—(])'((ezxy) =6x €, so ey = [6x e* dx = (3x — %)ez" +C M2 A1
y:3x—%+Ce‘2" Al
Answer: y = 3x — % +Ce ™ 6 marks
(b)Asx—»oo,e‘zX—>0,soy—>3x—% B1
Answer:y =3 —% 1 mark
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17 (5 marks)
(8) o [0 + 1yl = (<2 + 1) + 2xy (product rule) B1
Answer: %[(x2+ 1)y] 1 mark
(b) >+ 1y = Bx®+1) dx=x>+x+C M1 AL
x=0,y=2C=2 M1
X3+ x+2 2 AL
Tox%+1 x*+1
AnSNer:y=x+X2+l 4 marks
18 (5 marks)
Integrating factor: /& = gnsnhx — gnpy x M1 A1
Iy sinhx) = 2:sinh x cosh = sinh 2x M1
ysinhx=%costh+C Al
= (DSL.Z—n);];'A‘, where A = 2C Al
A . _cosh2x+A
nswer: y_—ZSinhX 5 marks
19 (6 marks)
Integrating factor; @/ + 10 & = g +Inx = yex M1 AL
%(xe"y) =xe*x e =x M1
xexy:%x2+C Al
1 y-3.3_1 _
x—l,y—z—e.§—2+C,soC—1 M1
x2+2
y=—>5 € Al
2
Answer: y=X2—;2 X 6 marks
20 (9 marks)
dz _  _,dy
(a)ﬁ— y ax M1
22 YNy L _ 2
=YY — ) = XAy = XY Al
Answer 92 _ 2 _
nswer: dx vl X 2 marks
1
(b) Integrating factor: | = &/ ~x ™ = g™!"x :% M1 A1
%(%z):—l,so%z:f—ldx:—x+c M1 A1
z=—x%+Cx Al
Answer: z=Cx — x* 5 marks
(c0)x=1,z=222=C—-1,0C=3 M1
=1-_1 Al
Y72 %%
L 1
Answer:y = Fg—— 2 marks
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21 (9 marks)
dz _ . dy dy 1dz
(a) - ZyW, soy& =50 M1
1ldz X .. dz
E&+xz—§,glvmg&+2xz:x Al
Answer: % +2Xx2=X 2 marks
(b) Integrating factor: | = /%% = g M1 AL
dix(e"zz) =xe’, s0ez=xe dx = %e"z +C M1 A1
_1 —x?
z=5+ Ce Al
1 -
Answer: z= > + Ce X 5 marks
(c)x=0,z=1:C=% M1

y = W/%(l +e7) Al
Answer: y = 1/%(1 +e™) 2 marks

22 (7 marks)

(a) The equation must first be divided by x to give (;—di + gy = 6X El
soP(x):g, not 3, and | = e/3% E1
Answer: P(x) should beg 2 marks
dy . 3, _

(b) d_X + ;y = 6X

Integrating factor: | = % & = g3INX = 3 M1 A1
d—(i(x3y) =6x*, sox® = [6x* dx = gx5 +C M1 AL

_6.2, C
y= gX + e Al
Answer: y = gxz + % 5 marks
23 (9 marks)
(a) Integrating factor: | = e/* & = ek M1 AL
d—i(eXky)=l,soeXKy=f1dx=x+C M1 AL
y=xe X+ Ce Al
Answer: y = (x + C)e™ 5 marks
(b)x=0,y=1givesC=1,s0y = (x + 1)e ™™ B1
Y e (1 - k(x+1) =0 M1
1 1-k
X+1= K OX=—— Al
y=Lea-u Al
_ k-1
Answer: (1Tk, eT) 4 marks
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24 (8 marks)
(a) Integrating factor: | = /2% = &> M1 AL
d—i(ezxy) =5e*sinx, s0 ey = [5e* sinx dx = 2e” sinx — €* cosx + C M2 AL
y=2sinx — cosx + Ce™* Al
Answer:y =2sinx — cosx + Ce™ 6 marks
(b) Asx = o, Ce™> - 0,50y =~ 2sinx — cosx =Rsin(x — ), Rcosa =2, Rsina =1 M1
R=15, a=tan"(3) = 0.464 AL
Answer: R =15, a = 0.464 2 marks
25 (7 marks)
| = ej2cot2xdx — eIn(sin2x) =gin2x M1 A1l
d—O)'((y Sin 2x) =4 sin 2x cos 2x = 2 sin 4x M1
ysin2x = —%cos4x+C Al
x=%,y=1;1=%+C,soC=% M1
ysinZX:%(l—cos4x):sin22x, using 1 — cos 4x = 2 sin®2x M1
y =s8in 2x Al
Answer: y = sin 2x 7 marks
26 (10 marks)
(a) The gradient of OP is%, S0 (;—'Z = % +x? B1
Integrating factor: e~ /1x & = % M1 A1
2
G === C g
x=2,y=21=2+C,s0C=-1 M1
y=%x3—x Al
Answer: y = %xs - X 6 marks
(b)%zg)@_l:o,sox: % M1 A1l
c(L2 =26
y—x(2x 1= 9 Al
dy _ . -
W—3x>0,50|t|sam|n|mum B1
Answer : (\/g, —%@), aminimum 4 marks
27 (12 marks)
(@) =e¥* =0 i(ee"‘z) =0,e¥z=C M1
dx
Xx=0,z=4z=4e* Al
Answer: z = 4= 2 marks
b) Substitute zz & + 3y = e~
( dx
Integrating factor: | = /3% = e M1 A1
d—c:((eg'xy) =4,s0e¥y=[4dx=4x+C M1 AL
y = (4x + C)e™* Al
x=0,y=-1C=-1 M1
y=4x e ¥ — g Al
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Answer: y = (4x — 1)e™* 7 marks
(© gi = e‘3x[4 —3(4x — 1)) =e 7 - 12x) M1 AL
d 4 e
y —0atx 12 Ly = 714 Al
Answer: (E’ %e‘”“) 3 marks
28 (12 marks)
: = In(l
(a) Integrating factor: | = /xmx & = N® = |n x M1 AL
d _ 6lInx _
&(ylnx)—T,soylnx— M2 Al
y= % +3Inx
Xx=ey=55=C+3,50C=2 M1
y=3InXx+ +— X Al
Answer:y=3Inx+ — X 7 marks
_y _3__2 _ 2_2
(b) =X T Xinw? =0,s0(Inx)" = 3 M1 Al
Inx = \/7 3\/7+2 =6 +46 =26 M1 A1
changes sign from negative to positive (as In x increases through \/7 ), SO a minimum El
Answer: 2\/_ 5 marks
29 (9 marks)
(a) Subtracting the two equations: dix(y1 =V, +2(y; — Y, =f(X) — f(X) M1
SO % +2u=0 Al
Answer: g—x +2u=0 2 marks
(b) I = €%, %0 o (1) = 0 and 2 u = A M1
u=Ae Al
u— 0asx — oo, S0 any two solution curves get arbitrarily close together El
Answer: Any two solutions conver ge 3 marks
(c) Solution: y = 2x — 1 + Ce™* (by an integrating factor) M1
yi:C=1y,C=2 Al
yi—y,=—e Al
When x = In 2: —e‘z'“2=—% Al
Answer:y, —y, = —e~ %, —% 4 marks
30 (8 marks)
(a) 1 = &, 50 o (€) = €'g(X) M1 AL
Integrating fromOtox: €y — 0= £X e'g(t) dt (y = 0 when x = 0) M1
Divide by & Al
Answer: y =e™* £X e'g(t) dt 4 marks
(b) 1; " ¢ cost dt: integrate by parts twice, or use the known result fe'cost dt = %e‘(cost +sint) M1 M1
:%ex(cosx+sinx) —% Al
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1 . _
y:E(cosx+smx—eX) Al

1 . _
Answer:yzf(cosx+smx—e ) 4 marks

Second-Order Differential Equations

1 (2 marks)

dy — 3x dzy — 3x

ax - 3e™, y =0e M1

9e* — 66> — 3e¥* =0 Al

d? d

Answer : d—X)g—Zd—i—?:y:O 2 marks
2 (2 marks)

m?+5m+6=0 B1

(m+2)(m+3)=0,som=—2o0orm= -3 B1

Answer: m>+5m+6=0;, m=-2, -3 2 marks
3 (3 marks)

%=—65in2x+20052x B1

dy _ : _ d’y _

ol 12 cos2x — 4sin 2x = 4y,soOIX2 +4y =0 M1 Al

. d¥y

Answer: e +4y =0 3 marks
4 (2 marks)

dy _ 5.2

o X+ A M1

y=x>+Ax +B Al

Answer:y=x3+Ax +B 2 marks
5 (2 marks)

m? —9=0,som=1+3 M1

y = Ae® + Be™™ Al

Answer: y = Ae* + Be™* 2 marks
6 (3 marks)

(a) Second order, linear B1

Answer: Second order, linear 1 mark

(b) First order, non-linear (the derivative is squared) B1

Answer: First order, non-linear 1 mark

(c) Third order, linear B1

Answer: Third order, linear 1 mark
7 (2 marks)

Auxiliary equation: m? — 5m + 6 = 0 M1

m = 2 or m = 3, so the complementary function isy = Ae* + Be* Al

Answer: y = Ae* + Be* 2 marks
8 (2 marks)

Auxiliary equation: m?> + 6m + 9=0 M1

Repeated root m = —3, so the complementary functionisy = (A + Bx)e™> Al

-3 2 marks

Answer: y = (A + Bx)e
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9 (2 marks)
Auxiliary equation: m?> + 2m+5=0 M1
m=—1 — 2i or —1 + 2i, so the complementary functionisy = e *(A cos 2x + B sin 2x) Al
Answer: y = e (A cos 2x + B sin 2x) 2 marks
10 (4 marks)
dy _ = dy _ 2
o - 2Ae* — Be vl = 4Ae” + Be™* M1 A1
2
ay _ ﬂ = 2AE® + 2Be™™ M1
dx
_ d2 dy
=2y, s0 v 2y=0 Al
d? d
Answer:d—é—d—i—Zy 0 4 marks
11 (4 marks)
%=4x3—2x+A;x=O:A=2 M1 A1
y=x*—x?+2x+B;x=0:B=1 M1
y=x*—x*+2x+1 Al
Answer:y =x*— x>+ 2x+1 4 marks
12 (3 marks)
2
% = me™ g g = m%e™ M1
(m*> —4m+3)e™ =0,s0m? — 4m+3=0 M1
m—1D(m—-3)=0,som=1orm=3 Al
Answer:m=1or m=3 3 marks
13 (4 marks)
The left-hand sidels (x ) M1
gy 2%+ A Al
dy _ A
e X+ — M1
y=x’+A In X+B Al
Answer:y=x>+AlInx+B 4 marks
14 (4 marks)
y'=ay," +By," andy' = ay,' + By, M1
y' =4y + 3y = afy," — 4y, + 3yq) + B(y," — 4y, +3y,) M1 AL
=a0+pB-0=0 Al
Answer: % —4==+3y=0for y = ay, + By, 4 marks
15 (6 marks)
dy = e[(A + 2B) cos 2x + (B — 2A) sin 2x] M1 A1
2
32 —&[(A+2B + 2B — 4A) cos 2x + (B — 2A — 2A — 4B) sin 2x] = €[(4B — 3A) cos 2X — M1 A1
(3B + 4A) sin 2x]
Theny" — 2y' + 5y = 0 (checking coefficients of cos 2x and sin 2x) M1 Al
Answer: % —2-+5=0 6 marks
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16 (5 marks)
%:%ZX—COSX+A M1 A1
x:0:3:%—1+A,soA:% M1
y:%ezx—sinx+%x+B;X:O:B:—% M1
1 5 . 71
yzz —S|nX+§X—Z Al
AnSNer:y:%eZ"—sinx+;x—% 5 marks
17 (5 marks)
(@ m?+16=0,50m=+4i and x = A cos 4t + B sin 4t M1 AL
t=0,x=0.5:A=0.5;%=—4Asin4t+4Bcos4t,soB=O M1 A1
Answer: x = 0.5 cos 4t 4 marks
b) Period = _1 seconds B1
4 2
II
Answer: >S 1 mark
18 (4 marks)
d 1 2
xd—5=2p,sof6dp=f;dx M1
Injp| =2 Inx + ¢, so p = Ax? Al
%:sz,soy:%x3+8 M1 AL
Answer:y =Px3+Q 4 marks
19 (6 marks)
(a) Auxiliary equation m? + km + 4 = 0 has discriminant k> — 16 M1
Distinct real roots need k> — 16 > 0, so k > 4 Al
Answer: k >4 2 marks
(b) Repeated root needs k? = 16, so k = 4 Al
Answer: k =4 1 mark
(c)k?—16<0,00<k<4 Al
kL K2 . K2
m=—3 =i 4—Z,sotheangularfrequency|s 4- 5 M1 Al
k2
Answer: 0<k < 4; 4—7 3 marks
20 (6 marks)
Lol dydy dy _
Substituting: e E) 254 t2y=0 M1
d? d
I)zl - d_)t/ +2y=0 Al
m?—3m+2=0,som=1orm=2 M1 A1
y = Ae' + Be” Al
e'=x:y=Ax + Bx? Al
Answer: y = Ax + Bx? 6 marks
21 (6 marks)
d, d d d?
(@ &(yd—i) = d_iéi_di + yd—x); (product rule) M1 Al
Answer: %(y%) 2 marks
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(b)yﬂ:A'x:O:A:Z M1 Al

Jydy = f2dxso —2X+CWIthC—% M1

y=vy4x+1 Al

Answer:y = \/4x +1 4 marks
22 (6 marks)

(a) Ae"> + Be % = (A + B)e™%, which has only one arbitrary constant E1

A second-order equation needs two independent arbitrary constants E1

Answer: Only one independent constant 2 marks

o O _

(b) dy = (1 — 2x)e™ > dx{ = (—4 + 4xX)e™ > M1 AL

(—4+4x+4—8x+4x)e>=0 Al

Answer: % +4dy +4y =0 3 marks

(©)y = (A + Bx)e™* B1

Answer: y = (A + Bx)e™* 1 mark
23 (7 marks)

dy = (U + 2u)e* MLAL

d2

F = (U" + 4u' + 4u)e* Al

(U"+4u +4u—4u — 8u+4ue*=u"e*=0,s0u"=0 M1 Al

u=A +Bx,soy = (A + Bx)e* M1 A1l

Answer: y = (A + Bx)e* 7 marks
24 (7 marks)

dx _dv _dv ok _ v
@ 4z =@ =& -V ML AL
A d’x _ dv
nswer: d dX 2 marks

(b)va—‘x=—4x,sofvdv=—f4xdx M1

v _ 24 ey — - =

7——2x +¢x=3,v=0:c=18 M1 Al

vZ=4(9 — x?) Al

Answer: vZ = 4(9 — x?) 4 marks

(c) Greatest when x = 0: v2=36,sov=6ms ! Al

Answer: 6 ms™t 1 mark
25 (8 mar ks)

p P dp

( ) = by & =Pgy M1 A1

|oo|—y=2y‘"’,80f|od|o=f2y3 dy, giving %p2=%y“+c M1

p=—landy=1:¢=0,s0p’=y* Al

Answer: p2=vy* 4 marks

d dy d
(b)d—i=iy2;atx=0,y=1andd —1sod§(/ —y? M1 AL
1 _ 1 _
dey— J1dx, so y = xte M1
x=0,y= lc——lsoy— 1 Al

+1
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Answer:y = —
nSNer.y—X+1 4 marks
26 (9 marks)
d? d d? d d
(a)xzd—xg+3xd—§+y:(%—d—¥)+3d—¥+y M1 A1
_d_2y+2ﬂ+ and In x =t, asrequired Al
- dtZ dt y’ - b eq
d? d
AnaNer:d—tg+2d—)t/+y:t 3 marks
(b) m*+2m+1=0, m=—1twice y = (A + Bt)e™" M1 A1
Tryy=pt+q:2p+pt+qg=t,sop=1,q9=-2 M1 A1l
y:(A+Bt)e‘t+t—2,soy:%lnx+Inx—2 A1 AL
Anwa:y:%mxﬂnx—z 6 marks
27 (10 marks)
@y=xy=14y"=0,00—2x+2x=0 B1
Answer: (x*+ 1)(0) — 2x(1) +2x =0 1 mark
(b)y' =v+xv,y"'=2v' + xv" M1
(X% + 1)(2v' + xv") — 2X(V + XV') + 2xv M1
= X(X2 + V" + (2X% + 2 — 2OV = (X2 + V" + 2V Al
Answer: x(x? + 1)d—2V 28— 3 mark
. dXZ dX - marks
W __ 2 __2 ; ;
(c) Letw=V" W T D) x t @+ 1 (partial fractions) M1 Al
Inw=-=2Inx+In(x*>+1)+c,sow=A(L+x? M1 AL
v=A(X — %) +B Al
y=xv=A(x? — 1) + Bx Al
Answer: y = A(x*> — 1) + Bx 6 marks
28 (9 marks)
(a) % = e*(k sin 3x + 3 cos 3x) M1 AL
&y _ o2 :
W—e [(k* = 9) sin 3x + 6k cos 3X] Al
Substituting: €[(k? — 9 — 2k? + k? + 9) sin 3x + (6k — 6k) cos 3x] =0 M1 A1
d? d
Answer: d—;; - 2kd—§ +(k?+9y=0 5 marks
(b) m=k + 3i, s0y = €*(A cos 3x + B sin 3x) M1 A1
Answer: y = e*(A cos 3x + B sin 3x) 2 marks
(c)%=Ogivesksin3x+3c033x=0,sotan3x=—% M1
II II
X:E:tan(z):l,sok:—3 Al
Answer: k = =3 2 marks
29 (8 marks)
(a)$=p2,80fp‘2dp=fldx M1
—%=x+c;x=0,p=l:c=—1 M1 Al
p:lix,soy:—ln|1—x|+d M1 Al
x=0,y=0:d=0,s0y=-In(1 —x) Al
Answer:y = —=In(1 = X) 6 marks
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(b) Need1 — x>0,s0x<1 B1

Asx — 17,y — oo (vertical asymptote at x = 1) El

Answer: x<1l,y—>oasx—1 2 marks
30 (11 marks)

dz _ , dy dy _dz __dy

(a)&—e—z,so&—ax&—zﬁ M1 Al

dy _ d,_dy,__d _dy d __d

P —X(ZE) = ZE(ZE)’ because - lm M1

_ Oy oy ody | dy

—Z(E‘FZE —ZE'*'ZE Al

dy _ _dy dy _ od% . _dy
AnSNer.ﬁ—zEandW—zF+zE 4 marks
dy . _dy dy
2 2y, —
(b)zE+zE—zE—4zy—O M1
d?%y d%y

24y - -7 =

z (OIZZ 4y) =0, so e 4 =0 Al

y = Ae” + Be % M1

y=Ae* +Be AL

Answer: y = Ae** + Be % 4 marks

(c)x=0givesz=1: Ae? +Be2=1 M1

Y Y _gaz=12A¢ — 2Be?=0,50Ae = Be 2= = M1 A1

ax dz ’ ’ 2

Answer: y = cosh(2e* — 2) 3 marks
Homogeneous Differential Equations
1 (2 marks)

(m—=5(m+3)=0,som=50rm=-3 M1

y = Ae™ + Be™* Al

Answer: y = Ae™ + Be™ 2 marks
2 (2 marks)

m = £5j M1

y = A cos 5x + B sin 5x Al

Answer:y = A cos 5x + B sin 5x 2 marks
3 (2 marks)

(m—2)(m+5)=m?+3m— 10 M1

d’y | ody _

proes + 3& — 10y =0 Al

d? d

Answer: d_>()£+3d_)>:_10y=0 2 marks
4 (2 marks)

Auxiliary equation: m> — 6m+8=0 M1

m = 2 or m = 4, so the complementary function isy = Ae> + Be™ Al

Answer: y = Ae* + Be* 2 marks
5 (2 marks)

Auxiliary equation: 4m? — 4m+1=0 M1

1
Repeated root m = % so the complementary function isy = (A + Bx)e2* Al
1
Answer: y = (A + Bx)e2" 2 marks
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6 (3 marks)
(a) Discriminant 16 — 12 = 4 > 0, so the roots are real and distinct B1
Answer: No: real distinct roots 1 mark
(b) Discriminant 16 — 32 < 0, so the roots are complex (—2 * 2i) B1
Answer: Yes. complex roots —2 * 2i 1 mark
(c) Discriminant 16 — 16 = 0, so there is a repeated real root B1
Answer: No: repeated real root 1 mark
7 (2 marks)
Auxiliary equation: 3m? — 5m — 2=0 M1
1
m= —% or m = 2, so the complementary function isy = Ae”3* + Be* Al
1
Answer: y = Ae"3* + Be* 2 marks
8 (2 marks)
Auxiliary equation: m*> +2m+10=10 M1
m=—1 — 3i or —1 + 3i, so the complementary functionisy = e (A cos 3x + B sin 3x) Al
Answer: y = e *(A cos 3x + B sin 3x) 2 marks
9 (3 marks)
(M+1)?+4=0,som*+2m+5=0 M1 AL
2
g2+2—+5y:0;y:e‘x(Ac032x+Bsin2x) Al
Answer: %+2 +5y =0; y=€e7*(A cos2x + B sin 2x) 3 marks
10 (2 marks)
Auxiliary equation: m*> — 4m =0 M1
m = 0 or m = 4, so the complementary functionisy = A + Be® Al
Answer: y = A + Be* 2 marks
11 (4 marks)
m?+9=0, som—+3iandx—Acos3t+Bsin3t M1 A1
t=0:x=2givesA = 2; dt —3Asin3t+3Bcos3t=0at=0givesB=0 M1
X =2 cos 3t Al
Answer: x = 2 cos 3t 4 marks
12 (4 marks)
dv 1
xd—x=1,sof1dv=f§dx M1
=Inx+c Al
x=1v=2c=2 M1
y=x(Inx + 2) Al
Answer:y =x(Inx + 2) 4 marks
13 (3 marks)
= cosh x + sinh x and €™ = cosh x — sinh x M1
y =(A +B) coshx + (A — B) sinh x M1
SoC=A+BandD=A—-B Al
Answer:C=A+B,D=A —-B 3 marks
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14 (6 marks)
Auxiliary equation: m*> —m—6=0 M1
m = —2 or m = 3, so the complementary function isy = Ae™ + Be* Al
yO=1LA+B=1 M1
y'(0)=8 —-2A+3B =8 M1
Solving: A=-1,B=2 Al
y=2e¥ — g Al
Answer: y = 2e* — e 6 marks
15 (6 marks)
Auxiliary equation: m?> + 6m + 9=0 M1
Repeated root m = —3, so the complementary functionisy = (A + Bx)e™> Al
y0)=22A=2 M1
y'(0)=-1-3A+B=-1 M1
Solving: A=2,B=5 Al
y = (5x + 2)e™* Al
Answer: y = (5x + 2)e~* 6 marks
16 (6 marks)
Auxiliary equation: m?> + 2m+5=0 M1
m=—1— 2i or —1 + 2i, so the complementary function isy = e *(A cos 2x + B sin 2x) Al
yO0)=1A=1 M1
y(©0) =3 -A+2B=3 M1
Solving: A=1,B=2 Al
y = e7%(2sin 2x + cos 2x) Al
Answer: y = e *(2 sin 2x + cos 2x) 6 marks
17 (6 marks)
v+xﬂ=1+—3\/2 soxﬂzlJrV2 M1 A1
dx 2v dx 2v
flivvz dv:f%dx,soln(1+v2):lnx+c M1 AL
1+i—i=Ax,sox2+y2=Ax3 Al
(1, 1D):A=2s0x>+y?=2x3 A1
Answer: x% + y? = 2x3 6 marks
18 (6 marks)
(@m?+10m+9=0,som=—1orm=—9 M1
x = Ae~' + Be™®: overdamped Al
Answer: x = Ae™" + Be™®, overdamped 2 marks
(b) m? + 6m + 9= 0, so m = —3 (repeated) M1
x = (A + Bt)e™™: critically damped Al
Answer: x = (A + Bt)e™, critically damped 2 marks
(©m*+2m+9=0,s0m=—14% 2|2i M1
x = e"'(A cos 2y/2t + B sin 2/2t): underdamped AL
Answer: x = e”'(A cos 2y/2t + B sin 2/2t), underdamped 2 marks
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19 (5 marks)

m?+am + (a+ 3) = 0, equal roots: a®> — 4(a+ 3) =0 M1

a®—4a—12=0,0(a—6)(a+2)=0,anda=6asa>0 M1 AL

m? + 6m + 9 = 0, so m = —3 (repeated) M1

y = (A + Bx)e™™ Al

Answer: a=6; y = (A + Bx)e™ 5 marks
20 (5 marks)

% = e (cosx — 2sinx) ML AL

d 1 1,1

d—§=0:tanx=§,sox=tan Y(3) M1 Al

inx =L 1 2

sinx \/g,soy ‘/ge 2 Al

- tan-1(Ey L e-2an(3)

Answer: (tan (2), \/ge 2)) 5 marks
21 (7 marks)

(@m?>+4m+29=0,som=—2=5i M1 AL

x=e %A cos5t+Bsnbt);t=0,x=1A=1 M1

X = ¢2[(5B — 2A) cos5t + (~5A — 2B) N5 = 0a t=0:58=2, 0B = 2 M1 A1

x = e #(cos 5t + % sin 5t) Al

Answer: x = e~ %(cos 5t + é sin 5t) 6 marks

(b) The factor e — 0, so the oscillations decay and x — 0 (underdamped motion) B1

Answer: Decaying oscillations, x = 0 1 mark
22 (7 marks)

cvev e ® =y v, ox® <

Y S VXV +xXg SVHtaNV, soxg =tanv M1 A1

fcotvdv:f%dx,soln(sinv):lnx+c M1 A1

. _ o o, ., _1

smv—Ax,x—l,v—E.A—ﬁ M1

Y. X

sm(;) =3 Al

y:xsin‘l(%) Al

Answer: y:xsin'l(%) 7 marks
23 (6 marks)

Auxiliary equation: m® — 3m? + 4 =0 M1

(m+1)(m?> — 4m+4)=0 M1 A1

(m+1)(m — 2)?=0,som= —1or m = 2 (repeated) Al

y = Ae™* + (B + Cx)e* M1 A1

Answer:y = Ae™* + (B + Cx)e* 6 marks
24 (5 marks)

(@) A cos2x +B sin2x =R cos(2x — ) =R cos @ cos 2x + R sin ¢ sin 2x M1

Rcosp=A,Rsngp =B Al

B
— 2 2 —

R—\/A +B,tan(p—K Al

Answer: R =A%+ B? tan ¢p = % 3 marks

(b) Period 11, so the interval is1 B1
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Amplitude multiplied by ™™ B1
Answer: m; e ™ 2 marks
25 (5 marks)
y = x™ xZm(m — 1)x™ 2 + 5x-mx™t + 4xM = 0 M1
mm-—1)+5m+4=0,som?’+4m+4=0 M1 AL
(M+2)?=0,m=—2only Al
The root is repeated, so a second independent solution has the extra factor In x (y = x~2 In x), El
which is not a power of x
Answer: m = =2 only 5 marks
26 (7 marks)
(@m?>+2m+k=0 M1
m=—-1+y{1-k Al
Answer: m=—1#++41—k 2 marks
(b) Real rootsneed1 — k= 0,s0k = 1 B1
Both roots negative: =1 ++1 — k <0, s0y1 — k < 1, givingk >0 M1
O<k=1 Al
Answer: 0<k =1 3 marks
(gm=-1+ifk —1,s0y =€ (A cosyk — 1x + B sinyk — 1x) B1
Oscillations whose amplitude decays to O B1
Answer: Decaying oscillations 2 marks
27 (9 marks)
(@) % = e *(w cos wx — asin wx) M1 AL
&y e ¥[(a®> — w?) sin wx — 2aw oS WX] Al
dx®
Sum: e ¥[(& — w? — 2a% + a2 + w?) sin wx + (—2aw + 2aw) cos wx] = 0 M1 AL
d? d
Answer : d—xﬁ + Zad—i +(@+wdy=0 5 marks
dy _ . _w
(b)&—o.taan—E M1
tan has period 11, SO stationary points are % apart Al
At the first, wx = tan"(7) = o, with sin & = -=—— M1
a+w
_ w —(@w)a
= —e Al
’aZ + (1)2
Answer: Spacing —; y = ——_g~@w)tan”(wia) 4 marks
w’ /az + w2
28 (9 marks)
m+m?+4m+4=0som’(m+ 1) +4m+1)=(m+1)(m’*+4) =0 M1 A1
m=—lorm=x+2i,s0y =Ae *+ B cos2x + Csin 2x Al
y'= —Ae ™ — 2B sin 2x + 2C cos 2%, y" = Ae™* — 4B cos 2x — 4C sin 2x M1
X=0:A+B=3 —-A+2C=0,A—-4B=—-4 M1 Al
... _ 8 _ 7 _4
Solvmg.A—g,B—g,C—g M1 Al
y:gsin2x+%0052x+§e‘x Al
4. 7 8 _4
Answer.y—gsm 2x+§c052x+§e 9 marks
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29 (9 marks)

d dv dv
(a)d—i:v+xd—X,sox(v+xd—x):vx+\/x2+v2x2
2dV_ 2 dV_ 2
x&—x\/1+v (x>0),sox&—\/l+v

L adv 2
Answer: Xax —\/1+v
(b) f—— dv =1 dx, sosinhtv=Inx+c

y1+v2 X
x=1,v=0:¢c=0,sov=snh(Inx)

1 1
V—i(X—;)
gy = L2
y—vx—§(x -1

Answer: y = %(x2 -1

30 (8 marks)
(a) Roots o and B: y = Ae™ + Be®
A+B=0andaA +pB=1
1 3 1 e — e
A=G—p'B="a=p ¥N=w=p
. _ %X — el}x
Answer: y,; = a—_B
e _ ghx B 1 — B —ax
(b) a—_[_)’ - eotx(x—_B
1-—e™
—h
So y, — xe™, which is the second solution when the root « is repeated

Leeh=B—a—0: - X (sincee™ = 1+ hx)

Answer: xe™*

Non-Homogeneous Differential Equations

1 (2 marks)
y=2y'=y"=0,500+0+12=12
Genera solution: y = 2 + Ae"> + Be™*
Answer:y =2 + Ae™> + Be™¥

2 (2 marks)
y=xy'=1y"=0
y"+y=0+X=X, asrequired

2,

dy
A : +y=
nswer e y =X

3 (2 marks)
y=pety =y"=pe, so(p—2p— 3p)e* = 8¢*
—4p=8,s0p=-2
Answer: p = -=2

4 (2 marks)
The complementary function solves the homogeneous equation and the particular integral
produces the right-hand side, so their sum satisfies the full equation
A second-order equation requires two independent constants, which come from the
complementary function
Answer: General solution = CF + PI; two constants from the CF
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5 (2 marks)
y=CF+Pl M1
y=eX(Acos2x+Bsin2x) +3x — 1 Al
Answer:y=e (A cos2x+Bsin2x) +3x — 1 2 marks
6 (3 marks)
CF:m?+9=0,y=A cos3x + B sin 3x B1
Pl:y=p,9%=18,sop=2 M1
y =2+ A cos 3x + B sin 3x Al
Answer:y =2+ A cos 3x + B sin 3x 3 marks
7 (5 marks)
Auxiliary equation: m> + 3m+2=0 M1
m= —2or m= —1, o the complementary function isy = Ae™> + Be™* Al
Try y = p € substituting gives 6p € = 4€*, so p = % M1 AL

Particular integral: y = %ex

General solution: y = %e" +Ae % + Be™* Al

Answer: y = %ex +Ae™> + Be™ 5 marks
8 (5 marks)

Auxiliary equation: m?> + 4=0 M1

m = —2i or 2i, so the complementary functionisy = A cos 2x + B sin 2x Al

Try y = p + gx: substituting gives4p + 4gx =8x,sop=0,g9=2 M1 Al

Particular integral: y = 2x

Genera solution: y = 2x + A cos 2x + B sin 2x Al

Answer: y =2x + A cos 2x + B sin 2x 5 marks
9 (5 marks)

Auxiliary equation: m*> — 1=0 M1

m = —1 or m = 1, so the complementary function isy = Ae™ + Be* Al

Try y = pcosx + g sin x: substituting gives —2p cosx — 2qsinx=2sinx,sop=0,g=-1 M1 Al

Particular integral: y = —sin x

General solution: y = —sin x + Ae™* + Be* Al

Answer: y = —sin x + Ae™* + Be* 5 marks
10 (5 marks)

Auxiliary equation: m? — 3m =0 M1

m = 0 or m = 3, so the complementary functionisy = A + Be* Al

The constant 6 is part of the CF (m = 0 isaroot), so try y = px:

Try y = px: substituting gives —3p=6,sop = —2 M1 Al

Particular integral: y = —2x

General solution: y = —2x + A + Be* Al

Answer:y = —=2x + A + Be* 5 marks
11 (5 marks)

Auxiliary equation: m> — 3m+2=0 M1

m =1 or m = 2, so the complementary function isy = Ae* + Be* Al

Try y = px €*; substituting gives —pe*=¢e",sop=—1 M1 A1

Particular integral: y = —x €*

General solution: y = —x € + Ae* + Be* Al

Answer: y = —x € + Ae* + Be* 5 marks
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12 (5 marks)
m?>—2m—3=0,som=30orm= —1; CF. y = Ae¥* + Be™* M1 AL
Tryy=px?+gx+r —3p=6,—-4p—3q=—4,2p— 29— 3r=0,50p=—-2,q=4,r=—4 M1 Al
y=Ae*+Be ¥ —2x*+4x — 4 Al
Answer:y=Ae* +Be™X — 2x>+4x — 4 5 marks
13 (6 marks)
Auxiliary equation: m> + 4m +3=0 M1
m = —3 or m= —1, so the complementary function isy = Ae™> + Be™* Al
Tryy=p+0ox M1
y'=0q,y'=0
Substituting and comparing coefficients: p=0,q=1 M1 A1
Particular integral: y = x
General solution: y = x + Ae™> + Be™™ Al
Answer: y = x + Ae™> + Be™* 6 marks
14 (6 marks)
Auxiliary equation: m>+9=0 M1
m = —3i or 3i, so the complementary functionisy = A cos 3x + B sin 3x Al
Tryy =pcos2x + qsin 2x M1
y'= —2psin 2x + 2q cos 2x, y" = —4p cos 2X — 4q sin 2x
Substituting and comparing coefficients: p=1,q=0 M1 A1
Particular integral: y = cos 2x
General solution: y = cos 2x + A cos 3x + B sin 3x Al
Answer: y = cos2x + A cos 3x + B sin 3x 6 marks
15 (6 marks)
Auxiliary equation: m?> — 4m+4=0 M1
Repeated root m = 2, so the complementary function isy = (A + Bx)e* Al
Try y = px%e* M1
y' = 2px%e® + 2px €%, y" = 4px%e™ + 8px e + 2p
Substituting and comparing coefficients: p = 4 M1 Al
Particular integral: y = 4x%e*
General solution: y = 4x%® + (A + Bx)e* Al
Answer: y = 4x%e” + (A + Bx)e* 6 marks
16 (7 marks)
Auxiliary equation: m> —m—2=0 M1
m = —1 or m = 2, so the complementary function isy = Ae™ + Be* Al
Tryy=pxe *+q+rx M1
y'=—pxeX+peX+r,y'=pxet—2pe”
Substituting and comparing coefficients: p = —%, q= % r=-3 M1 A2
Particular integral: y = —3x — %x e+ %
General solution: y = —3x — %x e+ % +Ae ™ + BeX Al
Answer: y = —3x — %x e + g + Ae™ + Be* 7 marks
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17 (5 marks)
y'=ay'=0,s02a—3(@x+hb)y=6x—1 M1
—3a=6,2a—3b=-1,s0a=—2andb=-1 M1 A1
CFEm?+2m—3=0,m=1orm=—3,s0y = Ae" + Be™* M1
y=Ae+Be ¥ —2x—1 Al
Answer:y = Ae*+Be > —2x -1 5 marks
18 (6 marks)
(@) y = pe*: y' = 2pe®, y" = 4pe™ M1
(4p — 6p + 2p)e* = 0 = e*, since e is part of the complementary function E1
Answer: LHSisO for every p 2 marks
(b) CF-m=1o0r2 soy=Ae + Be* M1
Try y = pxe®: y' = p(1 + 2x)e*, y" = p(4 + 4x)e> M1
(A+4x —3—6x+2X)pe*=pe*=e* 0p=1 Al
y = A€" + Be* + xe* Al
Answer: y = Ae* + Be* + xe* 4 marks
19 (6 marks)
Auxiliary equation: m?> + 4=0 M1
m = —2i or 2i, so the complementary functionisy = A cos 2x + B sin 2x Al
Try y =Xx(p cos 2x + q sin 2X) M1
y'= —2px Sin 2X + p €oS 2X + 20X €OS 2X +  Sin 2x, y" = —4px cos 2X — 4p sin 2x — 4gx sin 2x
+ 4q cos 2x
Substituting and comparing coefficients: p=—2,q9=0 M1 A1
Particular integral: y = —2x cos 2x
General solution: y = —2x cos 2x + A cos 2x + B sin 2x Al
Answer: y = —2x cos 2x + A cos 2x + B sin 2x 6 marks
20 (9 marks)
Auxiliary equation: m> — 3m+2=0 M1
m =1 or m = 2, so the complementary function isy = Ae* + Be* Al
Try y = p e substituting gives6p e =6e *,sop=1 M1 A1
Particular integral: y = €™
General solution: y = e ™ + Ae* + Be* Al
y0)=2:1+A+B=2 M1
V@O =1L -1+A+2B=1 M1
Solving: A=0,B=1 Al
y=eX+e* Al
Answer: y = e* + e 9 marks
21 (9 marks)
Auxiliary equation: m?> + 4m + 13=0 M1
m= —2 — 3i or —2 + 3i, so the complementary function isy = e (A cos 3x + B sin 3x) Al
Try y = p: substituting gives 13p = 26, sop = 2 M1 A1
Particular integral: y = 2
General solution: y = 2 + e (A cos 3x + B sin 3x) Al
y0)=3:2+A=3 M1
y'(0) =1 -2A+3B=1 M1
Solving: A=1,B=1 Al
y = e %(sin 3x + cos 3x) + 2 Al
Answer: y = e~%(sin 3x + cos 3x) + 2 9 marks
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22 (9 marks)
Auxiliary equation: m? + 6m + 9=0 M1
Repeated root m = —3, so the complementary functionisy = (A + Bx)e™> Al
Try y = px?e~*: substituting gives 2p e > = 12e™*, sop =6 M1 A1
Particular integral: y = 6x%e™>
General solution: y = 6x%e™> + (A + Bx)e™> Al
yO=1A=1 M1
y(0)=—-2.-3A+B=-2 M1
Solving: A=1,B=1 Al
y = 6x% > + (x + 1)e™* Al
Answer: y = (6x* + x + 1)e™* 9 marks
23 (8 marks)
(@) Try y = pcoskx + g sin kx: (9 — k?)(p cos kx + g sin kx) = sin kx M1 Al
~0.q= 1 OV = sin kx AL
P=90=9g 12 0Y=5 2
. _ sinkx
Answer:y = 9-K2 3 marks
(b) sin 3x isinthe CF (m = £3i), so try y = x(p cos 3x + q sin 3x) E1M1
y"+9y:—6psin3x+6qcos3x:sin3x,sop:—%,qzo Al
1
y = —gXxcos 3x Al
Answer:y = —%x Cos 3x 4 marks
(c) The amplitude of the term —%x cos 3x grows without bound in proportion to x (resonance) B1
Answer: Amplitude grows linearly 1 mark
24 (9 marks)
Auxiliary equation: m> + 2m+2=0 M1
m=—1—ior —1+i, sothe complementary functionisy = e (A cosx + B sin x) Al
Tryy =pcosx + qsin x: substituting gives —2p sinx + pcosx + qsSin X + 2q cos x = 5sin x, so M1 A1
p= -2, q= 1
Particular integral: y = sin x — 2 cos X
General solution; y =sinx — 2 cosx + € *(A cos X + B sin x) Al
y(0)=0.-2+A=0 M1
yO=11-A+B=1 M1
Solving: A=2,B=2 Al
y=e%2sinx +2cosx) +sinx — 2 cos X Al
Answer:y =e X(2sin X + 2cosX) +sin X — 2 coS X 9 marks
25 (6 marks)
Auxiliary equation: m> — 3m+2=0 M1
m =1 or m = 2, so the complementary function isy = Ae* + Be* Al
Tryy =pe*+qgx e* M1
y' = 3pe® + 3gx e + q e, y" = 9p > + 9gx e + 60
Substituting and comparing coefficients: p = —%, qg=1 M1 A1
Particular integral: y = x € — %e3x
General solution: y = x € — %e"‘x + Ae + Be> Al
Answer:y = x ¥ — %eg’x + Ae* + Be* 6 marks
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26 (10 marks)
)] Attheoriginy:Oand%:O,so%:lo M1
d?y -
W>O,soalocal minimum Al
d2
Answer: e 10>0 2 marks
(b)m?>+4m+5=0,som=—2=i; CF: € %(A cosx + B sin x) M1 AL
Tryy=px?+agx+r:5p=5,8p+5q=18, 2p + 4q + 5r = 10 M1 AL
p=109=2r=0s0y=e %A cosx +Bsinx) +x*+ 2x Al
y(0) =0givesA =0; % =e ¥Bcosx — 2B sinx) + 2x + 2, and% =0atx=0givesB+2= M1 M1
0
y=x?+2x — 2e"*sinx Al
Answer: y = x2+ 2x — 2" sin x 8 marks
27 (12 marks)
(a) The CFise™(A cos 2x + B sin 2x), which already contains e* cos 2x, so the usual trial form El
fails and afactor x is needed
Substituting y = xe™*(p cos 2x + q sin 2X) givesy" + 2y' + 5y = e ¥(—4p sin 2x + 4q cos 2X) M1 Al
=4e7*cos2x,sop=0andg=1 M1 A1
Answer: p=0,g=1 5 marks
(b) General solutiony = e (A cos 2x + B sin 2x) + xe™* sin 2x B1
y(0)=0:A=0 M1
WithA =0:y = (B + x)e " sin 2x, s0 % =e[(1 =B —x)sin2x + 2(B + x) cos 2x]; at x = O: M1 A1
2B=0,s0B=0
y =xe~*sin 2x Al
Answer:y = xe~* sin 2x 5 marks
(c) Thefactor sin 2x gives oscillation E1
xe™* hasamaximum at x = 1 and tends to O asx — o (exponential decay beats the linear growth) El
Answer: Exponential decay dominates 2 marks
28 (10 marks)
8 cosh 2x = 4e* + 4e™%: CF: m = +2, y = Ae* + Be M1 AL
Both exponentials in the right-hand side are in the CF, so try y = x(pe® + qe™%) M1
y" — 4y = 4pe* — 4ge”* M1 Al
p=1,9=—1s0aPl isx(e®* — e %) = 2x sinh 2x Al
y = C cosh 2x + D sinh 2x + 2x sinh 2x B1
y(0)=0:C=0;y(0)=2D=0,s0D =0 M1 Al
y = 2x sinh 2x Al
Answer: y = 2x sinh 2x 10 marks
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29 (10 marks)
Auxiliary equation: m*> —m—2=0 M1
m = —1 or m = 2, so the complementary function isy = Ae™ + Be* Al
Tryy = px e % + gx’e™* M1

y'=—pxeX+pe X —gxle X +2gxe X,y =pxe X —2pe *+ox’e X —dgxe X +2qe*

Substituting and comparing coefficients: p = —%, g=-1 M1 Al

Particular integral: y = —x%e™* — %x e™*

General solution: y = —x%e™ — %x e+ Ae™* + Be* Al
y0)=0:A+B=0 M1
y'(O)=O:—%—A+ZB=O M1
SoIving:A:—%,B:% Al
y=—x%*— %x e+ %ezx - %e‘x Al
Answer: y = —x%e™* — 2o 2 2o 10 marks
3 9 9
30 (10 marks)

(a) The difference of any two solutions of the non-homogeneous equation satisfies the El
homogeneous equation

(x+€)—x=€e"and(x +e*) — x =¥ E1
Answer: Differences of solutions are CF solutions 2 marks
(b) The auxiliary equation hasroots 1 and 2: m?> — 3m+2=0 M1
a=—-3,b=2 Al
Answer:a=-3,b=2 2 marks
©y=x:0—3+2x=f(x),s0f(x) =2x — 3 M1 Al
y =X +Ae* + Be* Al
Answer: f(x) = 2x — 3; y = x + Ae* + BeX 3 marks
(dA+B=1land1+A+2B=2,s0A+2B=1 M1
B=0,A=1 Al
y=Xx+¢ Al
Answer:y =x + € 3 marks

Complementary Functions

1 (2 marks)
Auxiliary equation: m> — 3m — 4=0 M1
m = —1 or m = 4, so the complementary function isy = Ae™* + Be* Al
Answer: y = Ae™* + Be* 2 marks
2 (2 marks)
Auxiliary equation: m? + 49 = 0 M1
m = —7i or 7i, so the complementary functionisy = A cos 7x + B sin 7x Al
Answer:y = A cos 7x + B sin 7x 2 marks
3 (2 marks)
Auxiliary equation: m?> + 4m + 4 =0 M1
Repeated root m = —2, so the complementary functionisy = (A + Bx)e™* Al
Answer: y = (A + Bx)e™* 2 marks
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4 (2 marks)

The complementary function solves é—‘i +4y=0 M1

y = Ae ¥ Al

Answer: y = Ae™¥ 2 marks
5 (2 marks)

Repeated root m=2: (m — 2)2=m? — 4m + 4 M1

Y L

a " Aax T =0 AL

d? d

Answer: d—X{— d—i+4y:0 2 marks
6 (3 marks)

@m=39—-3-6=0,s0yes B1

Answer: Yes 1 mark

(b)m=—-2.4+2—-6=0, soyes B1

Answer: Yes 1 mark

(com=2.4—-2—-6=—-4%0,0n0 B1

Answer: No 1 mark
7 (2 marks)

Auxiliary equation: 3m? + 10m+3=0 M1

1
m=-—-3orm= —%, so the complementary function isy = Ae™> + Be™ 3 Al
1

Answer: y = Ae"> + Be™3* 2 marks
8 (2 marks)

Auxiliary equation: m> + 6m + 25=0 M1

m = —3 — 4i or —3 + 4i, so the complementary function isy = (A cos 4x + B sin 4x) Al

Answer: y = e"¥(A cos 4x + B sin 4x) 2 marks
9 (2 marks)

Auxiliary equation: 4m? + 12m+9=0 M1

3
Repeated root m = —%, so the complementary functionisy = (A + Bx)e™2* Al
3

Answer: y = (A + Bx)e 2" 2 marks
10 (2 marks)

Auxiliary equation: m? + 2m+ 3 =0 M1

m=—1— iy2 or —1 + iy/2, so the complementary function isy = e (A cos(xy2) + B sin(xy2)) Al

Answer: y = e (A cos(xy2) + B sin(xy2)) 2 marks
11 (4 marks)

(a) Auxiliary equation: m? + 6m +5=10 M1

m = —5or m = —1, so the complementary function isy = Ae™> + Be™* Al

Answer: y = Ae"> + Be™* 2 marks

(b) Auxiliary equation: m? + 6m +9=0 M1

Repeated root m = —3, so the complementary functionisy = (A + Bx)e™> Al

Answer: y = (A + Bx)e™* 2 marks
12 (3 marks)

Rootsm=—landm=3: (m+1)(m—3)=m? —2m— 3 M1 Al

a=—2,b=-3 Al

Answer: a=—-2,b=-3 3 marks
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13 (3 marks)

d 1 2
Solved—i = %: fy dy:fy dx
Iny|=2Inx+c
y = Cx?

Answer: y = Cx?

14 (4 marks)
(@m?+6m+25=0,som=—3=4i
x = e ¥(A cos 4t + B sin 4t)
Answer: x = e¥(A cos 4t + B sin 4t)
(b) The factor e — 0 ast — oo, s0 this part dies away whatever the values of A and B
Answer: It tendstoOast = «

15 (4 marks)
yI = yc| + yp| ar]d yll = yCIl + ypll
y'+py' +ay = (v pye tayl) (v Py tayp)
=0+ f(x) = f(x)

d? d
Answer: d_x); + pd—i +qy =f(X)

16 (6 marks)
(a) Auxiliary equation m? + 2km + (k + 6) = 0, discriminant 4k* — 4(k + 6)
Complex roots need 4k? — 4k — 24<0,i.e. k* —k —6<0
Answer: Complex roots when 4k? — 4(k + 6) <0,i.e. k> —k = 6<0
) (k—3)(k+2)<0
—2<k<3
Answer: —2<k <3

(©m?+2m+7=0,som=—-1+i/6
y = e (A cos6x + B sin6x)
Answer: y = e7¥(A cosy6x + B sin y6x)

17 (4 marks)
Auxiliary equation: m®* — 4m =0
mm—2)(m+2)=0,som=0, 2, =2
y=A +Be* + Ce™*
Answer: y = A + Be* + Ce™*

18 (7 marks)
(@ m=—2+3i,50y=e %A cos 3x + B sin 3x)
A=3;%=Oatx=0: —2A+3B=0,s0B=2
y = e (3 cos 3x + 2 sin 3x)
Answer: y = e~ (3 cos 3x + 2 sin 3x)
(b) R=413

tan @ = 5, ¢ = 0588
Answer: R =113, ¢ = 0.588

19 (4 marks)
(a) %—? +020=0,00=Ce %
Answer: @ = Ce %2
(b) e02 = %
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_In2 _ .
t= 7 - 3.47 minutes

Answer: 3.47 minutes

20 (5 marks)
(a) The auxiliary equationism?+9=0,not m?> — 9=0
The roots are m = £3i (complex), so the complementary function is oscillatory, not exponential
Answer: Roots are +3i
(b) y = A cos 3x + B sin 3x
Answer:y = A cos 3x + B sin 3x
(c) Try y = pe®™: 9p + 9p = 5, s0 18pe® = 5e*
— 5 — 5 3X
P=1g:OY=7g€

5
Answer: y = g%

21 (6 marks)
Complementary function hasrootsm= —2 + i
(M+2)2+1=0,som?>+4m+5=0, givinga=4andb=5
Particular integraly =2x — 1:y'=2,y"=0
f(x)=0+4(2) +5(2x — 1)
f(x) =10x + 3
Answer: a=4,b=5,f(x) =10x + 3

22 (6 marks)
Auxiliary equation: m® — 2m? + 5m =0
m(m? — 2m+5) =0
m=0orm=1%2i
y=A +€&*(B cos2x + Csin 2x)
Answer:y = A + e*(B cos 2x + C sin 2x)

23 (5 marks)
y = x™ x*m(m — 1)x™2 — xmx™ ! — 3x™ =0
mm-1)-m-3=0,som?>—2m—3=0
(mMm—=3)(m+1)=0,som=3orm=-—1

B

— 3
y=AXT+ —

Answer: m = 3 or —1;y=Ax3+%

24 (5 marks)
Suppose Ae* + Be™* = 0 for al x
x=00A+B=0

Differentiating: 2Ae®™ — Be ™ =0,andatx =0:2A — B =0
Adding: 3A =0,s0A=0andthenB =0
Answer: A=B=0

25 (7 marks)
(@m?>+2m+5=0,som=—1%2i
X =€ (A cos 2t + B sin 2t)
Answer: x = €"'(A cos 2t + B sin 2t)
(b) Tryx=pcost+qsint: (4p +2q) cost+ (49 — 2p)sint=10sint
p=-19g=2,s0x=2sint — cost
Answer: x =2sint — cost
(c) Amplitude = 2% + 1% =45

Answer: 5

stemup.co.uk | page 33

Al

2 marks

E1l

E1l

2 marks
B1

1 mark

M1

Al

2 marks

M1

M1 Al
M1

M1

Al

6 marks

M1

M1 A1l
M1 Al

Al

6 marks

M1

M1 Al
Al

Al

5 marks

M1
Al

M1 Al
Al
5 marks

M1

Al

2 marks
M1 A1
Al

3 marks
Bl

1 mark



StemUp | Further Mathematics | Further Pure Mathematics: Differential Equations | Model Answers

(d)e™'<0.01,s0t>1n100 = 4.61 B1
Answer: t > 4.61 1 mark
26 (5 marks)
m?+2m—2=0,som=—1%43 M1 A1
y = e7*(Pel* + Qe Al
" = cosh 3x + sinh /3x M1
y=e[(P+Q) coshy3x +(P—Q)sinhy3x],s0C=P+QandD=P—Q AL
Answer: y = e7(C cosh y/3x + D sinh y/3x) 5 marks
27 (8 marks)
(@ m* — 16 = (m? — 4)(m? + 4) M1
=(m— 2)(m+ 2)(m? + 4) Al
m=+20rm=z=2i Al
y = Ae* + Be ® + Ccos2x + D sin 2x Al
Answer: y = Ae* + Be™® + C cos 2x + D sin 2x 4 marks
(b) € isunbounded as x — o and e isunbounded asx - —o, s0 A =B =0 E1E1
y=Ccos2x+Dsin2x:y(0)=1givesC=1 M1
%=2Datx=0,soD=1andy=cost+sin2x Al
Answer: y = cos 2x + sin 2x 4 marks
28 (8 marks)
(a) Substituting y = u + iv and separating real and imaginary parts. (au” + bu' + cu) +i(av" + bv' + M1 Al
cv)=0
A complex number is zero only if both its real and imaginary parts are zero, so u and v are both El
solutions
~_da du _ d3v dv B
AnSNer.am+ba+w—0andaw+b&+cv-0 3 marks
(b) y'=(=1+2)y,y" = (=1+2)% = (-3 — 4i)y M1
(=3 —4i+(—2+4i)+5y=0 Al
2
Answer: % +2% +5=0 2 marks
(c) e1+ 2 = e™X(cos 2x + i sin 2x) M1
Real and imaginary parts: y = e * cos 2x and y = e sin 2x A1 A1
Answer:y=e *cos2xandy = e * sin 2x 3 marks
29 (9 marks)
@y =2xy"' =22 —6x* +4x* =0 M1 Al
Answer: 2x? — 6x%+ 4x>=0 2 marks
(b) y' = 2xv + X&', y" = 2V + 4xV' + X?V" M1 Al
X2(2v + 4xV' + X2V") — 3x(2xv + XV") + 4x%v M1
=xN"+x3 = x3(xv" +v) =0 Al
2,
Answer: x% + % =0 4 marks
(© dix(xv') =xv'+Vv'=0,s0xv' = A M1
v=Alnx+B Al
y =x*(A Inx + B) Al
Answer: y = x*(A In x + B) 3 marks
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30 (9 marks)
@ W'=y1Y, +Y1y2" = ¥1"Y2 = YaV2 =YY" — Y1y M1 AL
Usingy" = —py" — qy for each: y,(—py, — ay,) — (=py:' — ay.)y: M1
= =p(y1y2' — Y1Y2) = —PW Al
Answer: aw —-pW 4 marks
dx
(b) Sy AW = [—p dx, 0 W = Ce™ M1 AL
e P isnever zero, so W is zero everywhere only if C = 0, otherwise it is never zero El
Answer: W = Ce™™ 3 marks
() W = e"-3e*> — X = 2™ M1
p=—4,s0Ce™=Ce*withC=2 Al
Answer: W = 2e¥ 2 marks

Particular Integrals

1 (2 marks)
Try y = p: substituting gives2p =10, sop =5 M1 Al
Particular integral: y =5
Answer:y =5 2 marks
2 (3 marks)
@y=px+q B1
Answer:y =px +q 1 mark
(b) y = pe* B1
Answer: y = pe> 1 mark
(c)y=pcos3x +qsin 3x B1
Answer:y =p cos3x + ( sin 3x 1 mark
3 (2 marks)
Try y = p €% substituting gives 5p e* = 5>, sop =1 M1 AL
Particular integral: y = €
Answer: y = > 2 marks
4 (3 marks)
Tryy=p+0gx M1
y'=9q,y'=0
Substituting and comparing coefficients: p=0, q=2 M1 Al
Particular integral: y = 2x
Answer: y = 2x 3 marks
5 (3 marks)
Tryy=pcosx+qsnx M1
y'=—psSinXx+gcosx,y"=—pcosx — qsinx
Substituting and comparing coefficients: p = —% q=0 M1 A1

Particular integral: y = —g COS X

Answer:y = —g COS X 3 marks
6 (2 marks)

Try y = p e % substituting gives3p e > = 6e™>*, sop = 2 M1 AL

Particular integral: y = 2e™%*

Answer: y = 2% 2 marks
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7 (4 marks)

Tryy=p+ox + rx? M1

y'=q+2rx,y'=2r

Substituting and comparing coefficients: p=0,q=0,r=1 M1 A2

Particular integral: y = x>

Answer: y = x? 4 marks
8 (3 marks)

Tryy=pcosx+qsinx M1

y'=—psSinXx+gcosx,y"'=—pcosx — qsinx

Substituting and comparing coefficients: p=—2,q=1 M1 Al

Particular integral: y = sin x — 2 cos X

Answer: y =sin X — 2 cos X 3 marks
9 (3 marks)

e* is part of the complementary function (m = 1 is aroot), so multiply the trial form by x.

Tryy = px & M1

y=pxe+pe, y' =pxe +2pe*

Substituting and comparing coefficients: p = —3 M1 Al

Particular integral: y = —3x &

Answer:y = —=3x € 3 marks
10 (3 marks)

sin 3x is part of the complementary function (m = £3i), so include a factor x.

Try y =x(p cos 3x + q sin 3x) M1

y'= —=3px sin 3x + p cos 3x + 3gx cos 3x + g sin 3x, y"' = —9px cos 3x — 6p sin 3x — 9gx sin 3x

+ 60 cos 3x

Substituting and comparing coefficients: p=—1,q=0 M1 Al

Particular integral: y = —x cos 3x

Answer: y = —X €0s 3X 3 marks
11 (3 marks)

The constant term is part of the complementary function (m = 0 is aroot), so try a polynomial
with afactor x.

Try y = px + gx° M1
y' =p+20x y'=2q

Substituting and comparing coefficients: p = —%, qg=-1 M1 Al

Particular integral: y = —x* — %x

Answer:y = —x? — %x 3 marks
12 (3 marks)

Tryy=p+qe* M1

y'=2q€”,y" = 4qe*

Substituting and comparing coefficients: p=—3,q = % M1 Al

Particular integral: y = %ezx -3

Answer: y = %ezx -3 3 marks
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13 (6 marks)
Auxiliary equation: m?> + 2m+5=0 M1
m=—1 — 2i or —1 + 2i, so the complementary functionisy = e *(A cos 2x + B sin 2x) Al
Tryy =pcos2x + qsin 2x M1
y'= —2psin 2x + 2q cos 2x, y" = —4p cos 2x — 4q sin 2x
Substituting and comparing coefficients. p=1,q=4 M1 A1l
Particular integral: y = 4 sin 2x + cos 2x
General solution: y = 4 sin 2x + cos 2x + € (A cos 2x + B sin 2x) Al
Answer: y =4 sin 2x + cos 2x + e (A cos 2x + B sin 2x) 6 marks
14 (5 marks)
The auxiliary equation has the repeated root m = —2, so e~ and xe~* are both in the El
complementary function
Hencetry y = px%e™* E1
Try y = px’e™%* M1
y'= —2px%e > + 2px €, y" = 4px%e > — 8px e X + 2p e
Substituting and comparing coefficients: p = 3 M1 Al
Particular integral: y = 3x%e™*
Answer: y = 3x%e™* 5 marks
15 (4 marks)
Tryy=p+gx+re M1
y=q+re,y'=re
Substituting and comparing coefficients: p=2,q=2,r=2 M1 A2
Particular integral: y = 2x + 2e* + 2
Answer:y =2x + 2e" + 2 4 marks
16 (6 marks)
Auxiliary equation: m> + 2m+2=0 M1
m=—1—ior —1+i, sothe complementary functionisy = e (A cosx + B sin x) Al
Tryy =€*(pcosx + g sinx) M1
y'=—pe‘snx+pe‘cosx+qe‘sinx+qe cosx, Yy =—2pesinx+2q€e* cosx
Substituting and comparing coefficients: p=1,q=1 M1 Al
Particular integral: y = €*(sin x + cos X)
Genera solution: y = €*(sin x + cos x) + € *(A cos X + B sin x) Al
Answer: y = €*(sin x + cos x) + e (A cosx + B sin x) 6 marks
17 (6 marks)
Auxiliary equation: m>+4=0 M1
m = —2i or 2i, so the complementary functionisy = A cos 2x + B sin 2x Al
Tryy=pe*+gx € M1
y=pe+gxe+qe,y' =pe+gxe+2q€¢
Substituting and comparing coefficients: p=1,q=1 M1 AL
Particular integral: y = x € + €*
General solution: y = x € + €+ A cos 2x + B sin 2x Al
Answer:y =x e+ e+ A cos2x + B sin 2x 6 marks
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18 (4 marks)
Y = (X + %Xz)esx M1
y'=(1+6x+ %xz)e3x Al
y'—6y'+9y =[1+6x+ %xz —6x — X%+ %xz]e3X =¥ M1 A1l
d? d
Answer: d—x‘; - d—i + 9y = ¥ 4 marks
19 (6 marks)
y=x% 2+ 2ax + bx? = 6x2 + 8x + 2 M1
Comparing coefficients: b=6and a=4 A1A1
m?+4m+6=0,som=—2+iy2 M1 A1
y = X% + e (A cosy2x + B siny2x) AL
Answer: a=4,b =6; y = x*+ e *(A cosy2x + B sin y2x) 6 marks
20 (6 marks)
(@) m=1isaroot of the auxiliary equation (m = 1 or 2), so €* is part of the CF B1
Try y = pxe* B1
Answer: y = pxe* 2 marks
(b) m = £2i, so cos 2x and sin 2x are part of the CF B1
Try y = x(p cos 2x + q sin 2x) B1
Answer: y = x(p cos 2x + ¢ sin 2x) 2 marks
(c) m = 2 isarepeated root, so € and xe™ are both in the CF B1
Try y = px%e* B1
Answer: y = px%e> 2 marks
21 (6 marks)
Auxiliary equation: m>+m —2=0 M1
m= —2or m = 1, so the complementary function isy = Ae™* + Be" Al
m = 1isasimpleroot of m? + m — 2 = 0, so multiply the usual form (px + q)e* by x.
Try y = px € + gx?e* M1

y' = px €+ p e+ gx%e* +20x €, y" = px € + 2p € + gx%e* + 4gx € + 2 €*
Substituting and comparing coefficients: p = —%, qg=1 M1 Al

Particular integral: y = x%€* — %x e

General solution: y = x%e* — %x €+ Ae " + Be" Al
Answer: y = x%* — %x e+ Ae™> + Be* 6 marks
22 (7 marks)

e Lo dy L 11

sin“x = 2(1 COos 2X), SO o +4y =5 2cost M1
1 1 1

Fori:tryy:p,4p:§,p:§ M1 Al

Ccos 2x is in the complementary function, so for —%cos 2x try y = x(g cos 2x + r sin 2x) M1

y"+4y=—4qsin2x+4rcost=—%cost,soqu,rz—% M1 Al
1 1 .

y=g — gXxsn 2X Al

1 1 .
AnSNer:y:§ — gXsn 2X 7 marks
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23 (6 marks)
(@) Try y = pe®: p(a® — 2a+ 1)e™ = * M1 A1
1 L
p——(a_l)z,valldsncea;tl Al
. — eax
Answer:y = @a-17 3 marks
(b) € and xe* are both in the complementary function (repeated root m = 1) El
Try y = px?e y" — 2y' +y = 2pe* M1
— 1 — 1 2 X
p= 5 SOy = EX € Al
Answer:y = %xzeX 3 marks
24 (6 marks)
Auxiliary equation: m? + 6m + 13=10 M1
m= —3 — 2i or —3 + 2i, so the complementary function isy = e (A cos 2x + B sin 2x) Al

The right-hand side has the same form as the complementary function, so include a factor x in the
trial.

Try y = x e (p cos 2x + g sin 2x) M1

y'= —2px e ¥ sin2x — 3px e ¥ cos 2x + p e * cos 2x — 3gx e ¥ sin 2x + 2gx e ¥ cos 2x + q

e ¥ sin2x, y" = 12px e * sin 2x + 5px e * cos 2x — 4p e > sin 2x — 6p e cos 2x + 5gx

e ¥ sin 2x — 12gqx e~ cos 2x — 6q e~ sin 2x + 4q e * cos 2x

Substituting and comparing coefficients: p=—2,q=0 M1 A1

Particular integral: y = —2x e cos 2x

General solution: y = —2x e cos 2x + e (A cos 2x + B sin 2x) Al

Answer: y = —2x e~ cos 2x + e~ (A cos 2x + B sin 2x) 6 marks
25 (7 marks)

(@) y' =ipe”, y" = —pe* M1

(-1+2i+5p=10,s0p= 4102 = 10(420_ 2) —p M1 AL

Answer: y = (2 — i)e 3 marks

(b) €* =cosx +isinx, so (2 —i)e*=(2cosx +sinx) +i(2sinx — cosx) M1

Taking real parts: y =2 cos X + sin x Al

Answer:y =2 cosXx + sin X 2 marks

(c) Taking imaginary parts of the result in part (4): y =2 sin X — cos X M1 A1

Answer:y =2sin X — C0S X 2 marks
26 (6 marks)

(a) e > is part of the complementary function Ae™>*, so try y = (px? + gx)e™* M1

y' = (2px + q — 3px?® — 3gx)e” M1

y' + 3y = (2px + q)e” > = 4xe™* M1 AL

p=2q=0,s0y=2x%"* Al

Answer: y = 2x%e™¥ 5 marks

(b) y = 2x%e™> + Ae™* Al

Answer: y = (2x% + A)e™* 1 mark
27 (9 marks)

@y = (U +ue,y" =(U"+2u +ue M1 A1

(U"+2u +u—2u — 2u+u)e =u'e = 12xe M1 A1

Answer: d—ZL; =12x 4 marks

dx
(b) u'=6x2+ A M1
u=2x*+Ax+B Al
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y = (2x3 + Ax + B)e* Al
Answer: y = (2x* + Ax + B)e" 3 marks
(c) A particular integral isy = 2x3e* B1
e* and xe* are both in the complementary function (repeated root), so the trial must start at x? El
Answer: y = 2x%e* 2 marks
28 (11 marks)

Auxiliary equation: m> — 1=0 M1
m = —1 or m = 1, so the complementary function isy = Ae™ + Be* Al
m=1isasimpleroot of m* — 1 =0, sotry y = x(px? + gx + r)e*.

Try y = px € + gx?e* + rx3e* M1

y' = px € + p e+ gx%e* + 20x € + rx3e* + 3rx%e’, y" = px € + 2p € + xe + 4gx €€ + 2q € +
rx3e* + 6rx°e* + 6rx e*

Substituting and comparing coefficients: p = %, gq= —%, r= % M1 A2
Particular integral: y = %xgeX - %xzeX + %x e
General solution: y = %x3ex — %xzeX + %x €+ Ae * + Be* Al
y0)=0:A+B=0 M1
y'(O)=O:%—A+B=0 M1
U R |
SoIvmg.A—§, B=-3 Al
y= %xe'eX — %xze" + %x e - %e" + %e‘x Al
- Loax 1o 1 x_1 1
Answer: y = #Xx’e —erx+zxe —§ex+§e 11 marks
29 (9 marks)
1
(@) Tryy = pe™: p(a@® — 3a+ 2)e™* =e™, sop= [CERCER) M1 A1
2X
e is asolution of the homogeneous equation, so subtracting (a_le)m still gives a particular El
integral
e — o
Answer: y, = m 3 marks
e™ — e2x : er(a—z)x -1
(b) a=o -—¢© a7 M1
. eh)( -1
Asa— 2 — - xwhereh=a— 2 M1 A1
Andail—>1,soya—>xe2x Al
Answer: y = xe* 4 marks
(© Y = (1+2x)e*, y" = (4 + 4x)e* M1
(4+4x — 3 — 6x + 2x)e* = e~ Al
2
Answer % - 3% +2y =X 2 marks
30 (10 marks)

(@) y"+2y' + 5y =[(5— w?)p + 2wq] cos wx + [(5 — w?)g — 2wp] Sin wX M1 Al
(5— w)p+2wg=1and (5— wdg— 2wp=0 M1

_ 2wp 2 40? . _5—w? _ 2w
q—m,sop[(S w)+5_w2]—l,g|vmgp— 5 —adq=-5 Al
A . _5-w 2w

nswer: p = D ,q—T 4 marks
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(b) Amplitude = \/p2 +0° = \/(5 - w?%? + 4w?D? = IDE = % M1 A1
Answer: Amplitude = % 2 marks
(c)D=w4—6w2+25,soS—8=4oo3—12w=Ogiv%w2=3 M1 AL
D =9 — 18 + 25 = 16, so the greatest amplitude is% M1 Al
Answer: w =13; amplitude% 4 marks

Initial and Boundary Conditions

1 (2 marks)
5=Ae’, s0A =5 M1
y = 5e* Al
Answer: y = 5e* 2 marks
2 (3 marks)
X=0,y=3A=3 B1
y'=—2Asin2x+2Bcos2x;atx=0,2B=4,s0B =2 M1 A1
Answer: A=3,B=2 3 marks
3 (3 marks)
A+B=3andA-B=1 M1 Al
A=2,B=1 Al
Answer: A=2,B=1 3 marks
4 (3 marks)
(a) Initial conditions: both are given at the same value of x B1
Answer: Initial 1 mark
(b) Boundary conditions:. given at two different values of x B1
Answer: Boundary 1 mark
(c) Initial conditions. both givenat x = 1 B1
Answer: Initial 1 mark
5 (2 marks)
A second-order equation has a general solution with two arbitrary constants El
A first-order equation has only one, and each condition fixes one constant E1
Answer: Number of conditions = number of arbitrary constants 2 marks
6 (2 marks)
y=x’+C M1
(0,3:C=3,s0y=x2+3 Al
Answer:y = x?+3 2 marks
7 (3 marks)
1=3+C,s0C=-2 M1
y=3— 2% Al
Asx— ®,e>*—>0,s0y - 3 Al
Answer:y=3—2e"%>y—>3 3 marks
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8 (4 marks)
A+B=1 M1
2A+3B=0 M1
B=—-2,A=3 Al
y = 3e* — 2e* Al
Answer: y = 3 — 2e* 4 marks
9 (4 marks)
y0O=1A=1 M1
y(%)::a: B=3 M1 A1
y =CoSX +38inx Al
Answer:y =cosx + 3sin X 4 marks
10 (4 marks)
y(0)=0:A+B=0,s0B=-A M1
y() =Ae’ — Ae?=¢e’—e 3 20A=1 M1 AL
y=eX — e ¥ Al
Answer: y = e* — g% 4 marks
11 (4 marks)
%:3XZ+A;X:1:3+A:2,SOA:—1 M1 A1
y=x>—x+B;(1,5:5=1—1+B,s0B=5 M1
y=x>—x+5 Al
Answer:y=x3—x+5 4 marks
12 (3 marks)
e* — o asx — o, s0 B = 0 for a bounded solution El
y(0)=3:A=3 M1
y=3e"* Al
Answer:y = 3e™* 3 marks
13 (4 marks)
y0)=3A+B=3 M1
%:ZAeZX—Be‘X:OaIx:O:ZA—B:O M1
A=1B=2 A1 A1
Answer: A=1,B=2 4 marks
14 (6 marks)
Auxiliary equation: m? + 4 =0 M1
m = —2i or 2i, so the complementary functionisy = A cos 2x + B sin 2x Al
yO=1A=1 M1
y(%n) =3B=3 M1
Solving: A=1,B=3 Al
y =3sin 2x + cos 2x Al
Answer: y = 3sin 2x + cos 2x 6 marks
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15 (6 marks)

Auxiliary equation: m> — 2m+1=0 M1

Repeated root m = 1, so the complementary function isy = (A + Bx)e* Al

yO=1A=1 M1

y(1) =3e: (A +B)e=3e M1

Solving: A=1,B=2 Al

y = (2x + 1)e* Al

Answer: y = (2x + 1)e* 6 marks
16 (6 marks)

Auxiliary equation: m> + 2m+5=0 M1

m=—1— 2i or —1 + 2i, so the complementary functionisy = e *(A cos 2x + B sin 2x) Al

y(0=0:A=0 M1

1 1 1 1

y(zm) = e 7 Be i"=¢g 2" M1

Solving: A=0,B=1 Al

y =e*sin2x Al

Answer: y = e *sin 2x 6 marks
17 (7 marks)

i Ldy Ly
Divide by x: o™ x" 2
) 1
Integrating factor: | = e/x ® = " = x M1 A1
%(xy):ZX,soxy:fZde:x2+C M1 A1l
C

y=x+— Al

x=1,y=3C=2 M1

y=X+ % Al

2

Answer:y =X+ X 7 marks
18 (4 marks)

(a) y = Ae® + Be™**; bounded as x — o requiresA =0 M1 E1

y(0)=4:B=4,s0y = 4e™* Al

Answer: y = g™ 3 marks

(b)aﬂx=—12e‘3x=—12atx=0 B1

Answer: =12 1 mark
19 (5 marks)

(@ y=Acosx+Bsnx; y0) =0givesA=0 M1

y(m=Bsnm=0#1 M1

S0 no solution exists El

Answer: No solution 3 marks

(b) y = B sin x satisfies y(0) = 0 and y(11) = O for every value of B El

so there are infinitely many solutions El

Answer: y = B sin x, infinitely many 2 marks
20 (5 marks)

y=(A+Bx)e¥* y(0)=2:A=2 M1 AL

%:(B—sA—3Bx)e—3X:0arx:1:B—6—3B:o,so|3:—3 M1 AL

y=(2-3)e > ax=1Ly=—e" Al

Answer:y = (2 — 3x)e™*; y=—e3 5 marks
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21 (9 marks)
Auxiliary equation: m> — 6m+9=0 M1
Repeated root m = 3, so the complementary functionisy = (A + Bx)e* Al
Try y = p: substituting gives9p =18, sop =2 M1 Al
Particular integral: y = 2
General solution: y = 2 + (A + Bx)e® Al
y(0)=3:2+A=3 M1
y(0=13A+B=1 M1
Solving: A=1,B=-2 Al
y=(1-2x)e*+2 Al
Answer:y = (1 — 2x)e® + 2 9 marks
22 (6 marks)
y = A cosykx + B sinykx; y(0) =0 givesA =0 M1 AL
y' = Byk coskx; y'(1) = 0: Byk cosyk =0 M1
B = 0 for anon-zero solution, so cosyk =0 Al
\/F:(n—%)n,nzl,z,& M1
k=(n-— %)21'[2 Al
Answer: k = (n — %)an, n=123 .. 6 marks
23 (9 marks)
Auxiliary equation: m*>+1=0 M1
m = —i or i, so the complementary functionisy = A cos x + B sin x Al
Try y = p: substituting givesp=2,sop =2 M1 Al
Particular integral: y = 2
General solution: y =2+ A cosx + B sin x Al
y0)=0:2+A =0 M1
y(3m)=32+B=3 M1
Solving: A=-2,B=1 Al
y=s8sinx — 2cosx + 2 Al
Answer: y=sinX — 2CoSX + 2 9 marks
24 (7 marks)
(a) Differentiate: y" + 2y" + 5y' = 0, soy" = —=2y" — 5y' M1
yIllI = _Zylll — 5yll Al
AnS/ver: ylll e _2yll — 5yl; yIllI e _2ylll — 5yll Zmarks
(b) y'(0) =1, y"(0) =10 — 2(1) — 5(0) = 8 M1
y"(0)=-16 —5=-21;y"(0) =42 — 40=2 Al
Answer: 1, 8, —21, 2 2 marks
(c)y:x+4x2—%x3+l—12x4+... M1 AL
y(0.1) = 0.1 + 0.04 — 0.0035 + 0.0000083 = 0.1365 Al
Answer: y(0.1) = 0.1365 3 marks
25 (7 marks)
(a)f4_—12ydy:f1dx,so—%In|4—2y|:x+c M1 A1
4—2y=Ke * andx=0givesK =4 — 2a M1
y=2-— %(4 —2ae =2+ (a— 2e * Al
Answer:y =2+ (a— 2)e"* 4 marks
(b) % = —2(a— 2)e"*>0requiresa< 2 M1 AL
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When a= 2,y =2 for al x (aconstant solution) B1
Answer: a<2;y=2 3 marks
26 (6 marks)
y =€ *(A cosx + B sinx); y(0) =0 givesA =0 M1 Al
%:Be‘x(cosx—sinx):O,sotanleandx:% M1 AL
v =B Zemi=1 v
B =12e" s0y =42e" " *snx Al
Answer: y =42e™ "% sin x 6 marks
27 (9 marks)
@A=0y=Ax+B;y(0) =0givesB =0and y(r1) =0 givesA =0 M1 A1
A=—n?<0y=Ae™+Be ™; y0)=0givesB = —A, y(m) =A™ — e ") =0s0A =0 M1 A1
Answer: Onlyy =0 4 marks
(b) y = A cosyAx + B sinyAx; y(0) =0 givesA =0 M1
y(r) = B sin(fAm) = 0with B = 0, soyAm = nn M1 AL
A=n%n=1,2 3, .. withy=Bsnnx AL1AL
Answer: A =n? y =B sin nx 5 marks
28 (10 marks)
(@ CF.y=Acosx +Bsinx M1 A1
sinxisintheCF, sotryy =x(pcosx + qsinx): y"+y =—2psin X + 2q COSX = Sin X M1 Al
1 . 1
p=—§,q=0,soy=Acosx+Bsmx—Excosx Al
AnSNer:y:Acosx+Bsinx—%xcosx 5 marks
(b) y(0O) =0givesA =0 B1
y(H):BSinH—%HCOSH:%?ﬁO M1 Al
Answer: y(m) = % # O for every B 3 marks
(c) y(0) = 0: A = 0; (1) =  holds for every B M1
soy:Bsinx—%xcosx,foranyB Al
AnSNer:y:Bsinx—%xcosx 2 marks
29 (7 marks)
(@) y = Ae* + Be* B1
A+B=0andA+2B=0 M1
soA=B=0 Al
Answer:y =0 3 marks
(b) Let u=y,; — y,. Subtracting the equations givesu" — 3u' + 2u =0 M1 A1
u(0) = 0and u'(0) =0, so by part (8) u=0 for al x M1
Hencey; =V, Al
Answer: y, =Y, for all x 4 marks
30 (10 marks)
(@m’+m—2=0,som=1orm=—2,andy = Ae* + Be™* M1 A1
A+B=3andA —2B=Kk M1
_6+k 3—Kk _o
—Te"+ 7€ Al
AnSNer:y:GEKex+35ke‘2X 4 marks
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(b) Need the coefficient of € tobe zero: 6+ k=0,s0k = —6
Answer: k = —6; y = 3™

dy _ 6 + k 3 - k —2X
© =73 € —2A=—75)e

_1 26+k) 33—k _

— . — —2
Atx=In2:e*=2e% =72 3 3 0
46+K) — (3 - K =0,505k=—2landk=—2
Answer: k = —2—51
Coupled Differential Equations
1 (3 marks)
x = Ae*, with x(0) = 4 giving x = 4e™
y = Be ™, with y(0) = 5 givingy = 5e™*
Answer: x = 4e*,y =572
2 (2 marks)
%X:Zetand3x—4y:6et—4et:2e‘
d??t/:etandx—y:zé—e‘:eI
dx d
Answer: E:Zet:3x—4yandd—¥:et:x—y
3 (1 mark)
_dx
Y=g — X

Answer: y=% - 2X

4 (2 marks)
2 -1
m=(3 7
2 -1
Answer: M = (3 4 )
5 (2 marks)

. . . . dx _ _dx dy
Differentiate the first equation: P S t ZE
Substitute % =X+ 4y

d?x dx
Answer: Gz Sagr t 2(x + 4y)
6 (3 marks)
x+4=Aex(0)=1:A=5s0x=5¢"—4

y = 3e*
Answer: x = 5e' — 4,y = 3%
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7 (5 marks)
Differentiate the first equation and substitute for and y: 3:2( 4dx +3x=0 Al
Auxiliary equation: m> — 4m+3=0 M1
m=1orm=3 s0x=Ae +Be* Al
:(i—d)t(—Zx——Ae+Be M1 A1
Answer: x = Ae' + Be®, y = —Ae' + Be™ 5 marks
8 (5 marks)
. . : . . dy _d%x dx _
Differentiate the first equation and substitute for G andy: @ ZE —3x=0 Al
Auxiliary equation: m> — 2m — 3=0 M1
m=—lorm=3,s0x=Ae"'+Be* Al
y—%)t( — x=—2Ae'+2Be® M1 AL
Answer: x = Ae~' + Be®, y = —2Ae™" + 2Be™ 5 marks
9 (5 marks)
2
Differentiate the first equation and substitute for i Y and y: (;tz 60IX +5x=0 Al
Auxiliary equation: m? — 6m + 5=0 M1
m=1orm=5,s0x=Ae" + Be™ Al
y—%—4X——3Ae+Be M1 A1l
Answer: x = Ae' + Be™, y = —3A¢€' + Be™ 5 marks
10 (5 marks)
Differentiate the first equation and substitute for and y: 3:2( +4x=0 Al
Auxiliary equation: m?> + 4=0 M1
m=—2ior2i,sox=Acos2t+Bsin2t Al
:%)t(:—ZAsinZHZBCOSZt M1 A1
Answer: x =A cos2t + B sin 2t,y = —2A sin 2t + 2B cos 2t 5 marks
11 (5 marks)
. . : : . dy d dx _
Differentiate the first equation and substitute for i andy: e 3 +2x=0 Al
Auxiliary equation: m> — 3m+2=0 M1
m=1orm=2,s0x=Ae +Be* Al
;((:;t( 3x) = —Ae' — %Be2t M1 AL
Answer: x = Ae' + Be?, y = —Ae' — %Be2t 5 marks
12 (5 marks)
Differentiate the first equation and substitute for and y: d 2 +9% =0 Al
Auxiliary equation: m? + 9=0 M1
m=—3ior 3i,s0x=A cos 3t + B sin 3t Al
_1,dx 3, . 1 1, . 3
2(dt x)—EA sin3t+ A cos3t+ 5B sin3t — 5B cos 3t M1 Al
Answer: x=A cos3t +Bsn3t,y= %A sin 3t + %A cos 3t + %B sin 3t — gB cos 3t 5 marks
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13 (5 marks)
Differentiate the first equation and substitute for and y: 3:2( - 9% +14x =0
Auxiliary equation: m? — 9m + 14 =0
m=2orm=7,s0x=Ae* + Be"

1,dx a2, 2non
3(dt 5x) = —Ae +3Be

Answer: x = Ae* + Be™, y = —Ae® + %Be7t

14 (7 marks)

d?x dx

Differentiate the first equation and substitute for % andy: e 24 +x=0

Auxiliary equation: m? — 2m+1=0
Repeated root m = 1, so x = (A + Bt)e'
X(0)=2.A=2
X0)=22A+B=2
Solving: A=2,B=0
x = 2¢'
1 dx
—2(@
Answer: x = 2",y = €

—3x)=¢

15 (7 marks)

Differentiate the first equation and substitute for and y: 3:2( - 2% — 3x =8¢

Auxiliary equation: m> — 2m — 3=0
m=—lorm=3,s0x=Ae'+Be®

Try x = p €' substituting gives —4p €' = 8¢', sop= —2
Particular integral: x = —2¢€'

x(0)=1 —2+A+B=1

xX0)=1-2-A+38=1

P _3
SoIV|ng.A—§,B—§

X = g 3 — 2e' + ge !
y= oG ~0 =3¢ - ge
Answer: x = %eg‘t -2+ %e“, y= %e"“ - ge“
16 (7 marks)
Differentiate the first equation and substitute for and y: % - 4 +3x=-12

Auxiliary equation: m?> — 4m+3=0
m=1orm=3,s0x=Ae"+Be*
Try x = p: substituting gives3p=—12, sop = —
Particular integral: x = —4
Xx(0)=0: —=4+A+B=0
X(0)=6:A+3B=6
SoIving: A=3B=1

=et+3e — 4

_dx

Rk _ _ t
= gt 2X— 6=t —3e' +2

Answer: x=e* +3e' — 4 y=e* —3e' +2
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17 (5 marks)

Differentiate the first equation and substitute for and y: 3:2( - 5% +6x=0

Auxiliary equation: m> — 5m+6=0
m=2orm=3,s0x=Ae* +Be™

1,dx a2ty Looa
2(Olt ax) = Ae +>Be

Answer: x = Ae* + Be®, y = Ae” + %Be3t
18 (4 marks)
(a) dt = 4Ae™ + 2Be”

3x +y = 4Ae™ + 4Be” :td—unlasB 0

dt
AnaNer' OnIy worksif B=0
(b)y= — 3x = (4A — 3A)e™ + (2B — 3B)e*
y = Ae" — Be?

Answer: y = Ae* — Be?
19 (9 marks)
d?x dx d dx
(@) g = —2q * 33 = 2—+3(4x—3y)

From the first equation 3y = L 2X, S0 9y = 3— + 6x

d? dx dx .
pro =24 t12x — 3 — bx = _SE + 6, giving the result
Answer: (21 )2( + 5 —6x=0

(b)m2+5m—6=0,s:om=lorm=—6andx=Ae‘+Be‘6t
x(0)=3 A+B=3x(0)=—23) +3(1)=—3 A — 6B=—3

A=2B=2
- de20- B o
Answer: x = ge‘ + ge““, y= ge‘ - ge‘ﬁt
20 (9 marks)
(a) Rate of change of salt in A =ratein — rate out =5 x == 100 — 5% = 100,
= 0.05x — 0.05y

Answer: % = —0.05x + 0.05y and 3—¥ = 0.05x — 0.05y
(b) Adding the equations: %(x +y)=0,s0x+y =20

%‘ = —0.05x + 0.05(20 — x) = 1 — 0.1x

x — 10 = Ce % x(0) = 20: C =10
X =10+ 10e” %" y =10 — 10e7 %4
Answer: x = 10 + 10e™%, y = 10 — 10e™%"

(c) Ast— oo, x = 10andy — 10; x — y =20e™*" =5 sot = 10 In 4 = 13.9 minutes

Answer: 10 kg each; 13.9 minutes

stemup.co.uk | page 49

and similarly for B: —

Al

M1
Al

M1 A1l

5 marks

M1

Al
2 marks
M1

Al

2 marks

M1 Al

M1

Al

4 marks

M1 A1l
M1

Al

Al

5 marks

M1 Al

2 marks

M1 Al

M1

M1
Al
5 marks

M1 Al
2 marks



21 (8 marks)

(@ 0=4p+2q+10and0=p+3q,s0p=—3q
—12q+29+10=0,s0q=1landp=—3
Answer: x=-=-3,y=1

du _ dv _
(b)a—4u+2vanda—u+3v

d%u du a a a
F—7E+lOU—O,som—20rm—5
— A2 5 ,_ 1,du — a2t B s
u=Ae +Be,v—2(—O|t 4u) = e+ e

x:—3+Ae2t+Beg’t,yzl—Ae2t+%e5t

Answer: x = =3+ Ae? + Be™, y =1 — Ae? + %e&

22 (9 marks)

2
Differentiate the first equation and substitute for % andy: %
Auxiliary equation: m> — 3m+2=0
m=1orm=2,s0x=Ae +Be*
x(0)=1A+B=1
X(0)=3A+2B=3
Solving: A=—-1,B=2
x =2e* — ¢
_dx

y =g — 3x=—2¢"+2¢

Answer: x = 2e? — ¢!, y = —2e* + 2¢

23 (9 marks)

. . . . . dy Cd%
Differentiate the first equation and substitute for i andy: @
Auxiliary equation: m> — 2m+5=0
m=1—2iorl+2isox=¢e(Acos2t+Bsn2t)
X(0)=2.A=2
X(0)=6:A+2B=6
Solving: A=2,B=2
x = €'(2 sin 2t + 2 cos 2t)
y= %(% —x)=—€e'sin2t + €' cos 2t
Answer: x = 2e' sin 2t + 2e' cos 2t, y = —e' sin 2t + €' cos 2t

24 (9 marks)
d*x

Differentiate the first equation and substitute for % andy: — —

dt?
Auxiliary equation: m> — 2m — 3=0
m=—lorm=3,s0x=Ae'+Be®
Try x = p €®: substituting gives —3p e* = 3¢*, sop= —1
Particular integral: x = —e?
x(0)=0:-1+A+B=0
x(0)=5:-2—A+3B=5
Solving: A=—-1,B=2
x=2e"—¢e* — ¢
y= %(% —x—3e")=2e" - 2%+

Answer: x=2e* — e — e y=2e% — 2e% + 7!

-2

StemUp | Further Mathematics | Further Pure Mathematics: Differential Equations | Model Answers

adx _
_3E+2X—0
dx _
E"‘SX—O
dx _ ot
ZE—3X—3E
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25 (11 marks)
(a) f% dx = —0.5f1 dt, so x = Ae %% M1
X =40 whent =0, so x = 40e™ %% Al
Answer: x = 40e”%% 2 marks
(b) Y = 0.5(40670%) — 0.2y = 20670% — 0.2y B1
Integrating factor e®%: %(ye”‘) = 20e70% M1 A1
ye®2 = _2_(3)0e—0.3t +C Al
t=0y=0:C=2° v
y = g(e—oa _ gm0 AL
Answer: y = 2—2,0(e‘°'2t — e 0% 6 marks
© ¥ = 22(—02e79% + 05e°%) = 0 "
e™*=250t= In()% = 3.05 hours M1 AL
Answer: 3.05 hours 3 marks
26 (9 marks)
d’> _ dy
@ F i M1
d?x
:2t—x,soF+x:2t Al
2
Answer : % +x=2t 2 marks
(b) CF:x=Acost+Bsint B1
Tryx=pt+q:pt+g=2t,sop=2andq=0 M1 Al
X=2t+A cost+Bsint;x=1att=OgiveﬁA=1.%=y+2=5att=09iv&2+8=5,soB M1
=3
x=2t+cost+35intandy=%—2=3cost—sint Al
Answer: x =2t + cost + 3sint,y =3 cost — sint 5 marks
(c)x —2t=cost+3sintandy =3cost — sint M1
(x — 2t)2+y?=(cos’t+6sintcost+9sin’t) + (9cos’t — 6sint cost +sin’t) = 10 Al
Answer: (x — 2t)2+y? =10 2 marks
27 (11 marks)
d> _dy _ B dx
(a)F—E——X—Zy——X—ZE M1 A1l
m = —1 (repeated): x = (A + Bt)e™ M1 A1l
y:0|?|)t(:(B—A—Bt)e‘t M1 A1
Answer: x = (A +Bt)e™',y=(B — A — Bt)e™ 6 marks
b)A=1,B—-—A=1s0B=2 M1 Al
x=(1+2)e " y=(1L- 2t)e™" Al
%X zy=0at= % and y changes from positive to negative M1 A1
Answer: x = (1 + 2t)e™"; maximum at t = 1 5 marks

2
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28 (10 marks)
Differentiate the first equation and substitute for and y: 3:2( x=0 M1 Al
Auxiliary equation: m*>+1=0 M1
m=—iori,sox=Acost+Bsint Al
x0)=1A=1 M1
x(0)=0:B=0 M1
Solving: A=1,B=0 Al
X = cost Al
y:—(%—ZX):sinHzcost M1 Al
Answer: x =cost,y =sint + 2 cost 10 marks
29 (10 marks)
9% oW s sox=Acos2t+Bsin2t
(@ G2 - "t - 4 S0X=A cos sin M1 A1
X0 =1A=1x0)=-y(0)=0B=0 M1 Al
x=cosZt,y=—%=25in2t M1 A1l
Answer: x =cos2t,y =2sin 2t 6 marks
(b) 4cos?2t + 4 sin%2t = 4 M1 AL
The path is the ellipse 4x? + y? = 4, so both populations oscillate with period I B1EL
Answer: 4x? +y? = 4: ellipse, period 4 marks
30 (12 marks)
dzx_dx+dy x .
(a)?—aa G Cag —Xtay M1 Al
dx d>x _ _dx LA o
ay = a(O|t ax) , sodt2 ag —Xtag —ax M1
= 2aa — (& + 1)x, giving the result Al
2
Answer: % - Za% +(@+1)x=0 4 marks
(bym=a+i,sox=e*Pcost+Qsint) M1 Al
x0)=1P=1x0=aaP+Q=a0Q=0 M1 Al
x =¢e* cost,y = OI——ax——e sint Al
Answer: x = e™ cost,y = —e™ sint 5 marks
(c) e* > Orequiresa<0 B1
a=0: x> +y?=cos’t + sin’t = 1, acircle of radius 1 traversed clockwise M1 Al
Answer: a< 0; unit circle 3 marks
Differential Equation Modelling
1 (3 marks)
P = 500e%%* M1 Al
t = 10: P = 5006 = 675 Al
Answer: P = 500e°%; 675 3 marks
2(2 marks)
fe dO J—kdt M1
In|® — 20| =—kt+c,s00 —20=Ae ™™ Al
Answer: @ =20 + Ae™® 2 marks
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3 (2 marks)

N = Noe ™ half-life: 5 = e M1

_In2
A= 5 Al
In2

Answer: A = 5 2 marks
4 (2 marks)

v=98t+c,withv=0at=0soc=0 M1

v(3) =294 ms™ Al

Answer: 29.4m s™! 2 marks
5 (2 marks)

2
Comparing with % = —w’X givesw =4 B1
.o, 2m _ 1

Period = > -3 seconds B1

Answer: w = 4; period % S 2 marks
6 (4 marks)

0 —20=Ae ®"; t=0: A =70,5060 =20+ 70e " M1 A1

50 = 20 + 70e0%, s 04 = 3 vt

t=10 In(%) = 8.47 minutes Al

Answer: 8.47 minutes 4 marks
7 (4 marks)

1

fde:fldt,so—SlnE—0.2C|:t+c M1

5 — 0.2C = 5 Al

C=25(1— e %% Al

Ast — o, C— 25 mg per litre Al

Answer: C = 25(1 — e™%%); 25 4 marks
8 (4 marks)

Terminal velocity: de\t/ =0,s0v=19.6 M1 Al

f9.8——10.5v dv = f1dt, giving 9.8 — 0.5v = 9.8e™ %% M1

v =19.6(1 — e %% Al

Answer: v =19.6(1 — e™%%); 196 ms™* 4 marks
9 (4 marks)

Xx=Acos5t+Bsin5;A=02B=0 M1 A1l

x = 0.2 cos 5t; d?l)t( = —sin 5t, S0 maximum speed 1 m s™* Al

Period %H s Al

Dy : -1, 200

Answer: x =0.2cos5t; 1ms -, 5 S 4 marks
10 (4 marks)

P — 500 = Ae®"; t = 0: A = —100, so P =500 — 100e*" M1 A1

P=0:e"=5st=10In5=16.1 years M1 AL

Answer: P =500 — 100e®; 16.1 years 4 marks
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11 (5 marks)
dv _ av _
ZOOE = —40v, S0 o 0.2v

f% dv=—-02f1dt, sov=Ae **v=8at=0,s0v=28e%%

Distance = £ “ 8e 0% it = [—40e %] between 0 and

=0~ (—40)=40m
Answer: v=8e"%%: 40 m

12 (6 marks)
(a) Ratein =4 x 0.5 = 2; rate out = 4 x
dx X
AnSNer.E—Z 9
1

. X -—
(b) fm dx: =50 1Inj2 — %|—t+c
X =100(1 — e ") usingx=0att=0

X X

200 ~ 50

50 = 100(1 — e %Y%), so t =50 In 2 = 34.7 minutes
Answer: x = 100(1 — e™¥%%); 34.7 minutes

13 (6 marks)
1 _1 1

(@ BT —pro00) = P T T000=P
InP — In(1000 — P) = 0.2t + ¢, so

1000
- 1+ ge—O.Zt
1000

(b) 1+9e %% =2 s0e %% = %

t=5In9=11.0
Answer: 11.0

Answer: P =

14 (5 marks)

1000 — P

m?+6m+8=0,som=—2o0r —4; Pl x=2

x=2+Ae 2 +Be ™
A+B=-2 —-2A —-4B=0

A=—4,B=2s0x=2— 4e"%+2e™* long-term value 2

Answer: x =2 — 472 + 2¢74: 2

15 (5 marks)
do

i 050 =75+05ttry0 =at+ b:a+ 0.5a + 0.5b =75+ 0.5t

0.5a=0.5givesa=1,anda+ 0.5b=7.5givesb =13

CF:0=Ce* s00=t+13+ Ce o™

t=0,06=5:C=-8
it

O0=t+13—8e 2

1
Answer: @ =t + 13 — 8e™ 2

16 (7 marks)
(a) Volume after t minutesis 100 + 2t, so
_dx 2
Answer: at + 50+t 3

(b) | = efZ(50+t)dt — (50 + t)2

o _

5 =6(05) — 4

x X =
100+ 2t -
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S1(B0+ )] = 3(50 + )2, 0 (50 + ) = (0 + )° + C

125000

— -0 C=_£&n3 — — e
t=0,x=0:C=—50% sox = (50 +t) (50+ 1)

125000
3600

Answer: x = (50 +t) —

t=10: x =60 — =25.3 kg

125000

Go syt 253k

17 (5 marks)
0 =20 + 60e™

50 = 20 + 60e™, 0 &% = 3 and k = In2

5
0(10) = 20+ 60 x 7 =35°C

Answer: k = .2, 35 °C

18 (5 marks)
B — 30000 = Ae>*
t=0: A = —10000, so B = 30000 — 10000e”%*
B=0:e"=3 s0t=25In3=275years
Answer: B = 30000 — 10000e°%*; 27.5 years

19 (7 marks)

(a) Newton's second law: 2de = (Xi—ol)z

fvav= f 1)2 dxso;vz— X2+01+c
x:1,v:l:E:—10+c,soc:%andv2:21_X”fl
Answer: vZ =21 — X401

(b) v? = l——:16

v=4ms?

Answer: 4m st

% -0,s0v:—-21
Answer: {21 m s™*

(c) Asx — oo,

20 (9 marks)
(a) % =0:v?=98,sov=72ms™*
Answer: 72 ms™

dv _ 2
(b) G = 0198 — v3), 50 [ o2

: —; dv=fo.Ldt

1 7 2+v : —
ﬁ o - |—O.1t+c,W|thC—O
A2V aaft gy = 742 tanh(0.721)

7\/5 -V

Answer: v = 72 tanh(0.7/2t)

(c) tanh(0.7y/2t) = 0.9, s0 0.7/2t = tanh™ 0.9 = 1.472
t=149s

Answer: 1.49 s
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21 (9 marks)
(8) X' = —2psin 2t + 2q cos 2t, X" = —4p cos 2t — 4q sin 2t M1
(p+4qg)cos2t+(q—4p)sin2t=10cos2t,soq=4pand 17p =10 M1 A1
- 2t + D 2t
X = 47 COs 17 Sin Al
Answer: x=i—$cosZt+i'—(7)sin 2t 4 marks
(b) CF-m=—142i,s0x=e '(A cos2t + B sin 2t) + steady state M1
_ . _ 10
x(O)—O.A——ﬁ Al
0) = 0: 80 _ __ 0 g %
x'(0) = 0: A+ZB+17—O,SOZB— 17andB— 17 M1 Al
Answer:A=—1—(7),B=—% 4 marks
10
2 + 2 - = = )
() (10/17)? + (40/17 T 2.43 B1
Answer: 2.43 1 mark
22 (8 marks)
(a)m2+6m+8=0,som=—20r—4;quzg M1 AL
q:%+Ae_2‘+Be_4‘;A+B:—g,—2A—4B:0 M1
S _3 3 _ a2, 3 a4
A= 3,B—2,soq—2 3e + e Al
Answer: q = g —3e %+ ge““ 4 marks
(b)i=6e"% —6e™™ B1
o 12e 24246 =006 %=1 t=21n2 M1 A1
dt ! 2’ 2
. 1 1
i= 6(5) - 6(2) =15A Al
Answer: t = % In2; 1.5A 4 marks
23 (9 marks)
d* _ dx
(@ 0'5? = —16x — 44 M1 A1
Multiplying by 2 gives the result Al
Answer: £X 4 8% 4 300 =
nswer: W at X = 3 marks
(b) m?>+8m+32=0,50m=—4+ 4i; x = e (A cos 4t + B sin 4t) M1 AL
A=01x0=—-4A+4B=0,s0B=0.1 M1 A1
Answer: x = 0.1e"%(cos 4t + sin 4t) 4 marks
(c) The oscillation has period ZTH = % M1
Ratio = e7**™2 = g7%* = 0,00187 Al
Answer: e”™ = 0.00187 2 marks
24 (7 marks)
(@ fh™2dh = —fkdt, so 2/h = —kt + c M1 A1
t=0,h=4:c=4,h=0at=10:0=—-10k +4,s0k =04 M1 A1
t t
th=2-02t=2~-¢,s0h=(2 - ¢)? AL
Answer: k =0.4; h=(2 - %)2 5 marks
t
(b)h=2:2— ¢ =42 M1
t=52— \/5) = 2.93 minutes Al
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Answer: 2.93 minutes 2 marks
25 (7 marks)
1 1 1 1
(@ Nrmooo =~y = 000N 000 =N M1
ﬁ[ln N — In(1000 — N)] = kt + ¢, S0 ﬁ = Ael®0K A = % M1 A1
1000
= Taoe At
Answer: N = % 4 marks
1000 _ 1 1
(b) 400=m,506 2°°°k=€,and 1000k=§ln6 M1 Al
e 0% = 2 o N = 0 =800 a1
1+ 36
Answer: 1000k = 3 In 6; 800 3 marks
26 (9 marks)
(8) fg—g- d0 = —kfldt 01N — B = —kt+c M1 AL
0
0 —0,=Ae M t=0,0=290gives A = 90 — 0, hence the result Al
Answer: @ =0, + (90 — 0,)e™ 3 marks
60— 6 45— 6
—5k — 0 —10k — 0
(b) e ‘90—90ande =30-19, M1
45 - 90 _ 60 - 90 2
50-19, ~(90-9,) M1
(45 — 0,)(90 — 0,) = (60 — )2, s0 4050 — 1350, = 3600 — 1200, Al
0,=30 Al
Answer: 0, =30 4 marks
(c)e = % = % M1
_In2
k=75 A
Answer: k = IHTZ 2 marks
27 (12 marks)
(a) CF: x = A cos 2t + B sin 2t, which already contains the form of the right-hand side M1
Tryx=t(pcos2t+qsin2t): x"+4x=—4psin2t+4qcos2t=8cos2t,sop=0,9=2 M1 Al
X(0)=0:A=0;x(0)=2B=0,s0B=0 M1 Al
X=2tsin2t Al
Answer: x =2t sin 2t 6 marks
(b)z—)t(=25in2t+4tc032t=0,sotan2t=—2t M1 Al
Solving numerically in (%, %): t=1.014 M1
X=2tsin2t=182 Al
Answer: tan 2t = =2t; 1.82 4 marks
(c) Thefactor 2t in x = 2t sin 2t grows without bound, so the oscillations have an ever-increasing E1E1
amplitude (resonance)
Answer: Amplitude grows without limit 2 marks
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28 (9 marks)
1 1,1 1
(@ (4—x)(2—x)_§(2—x_4—x) MLAL
%[—In(Z—x)+In(4—x)] =01t+c M1 Al
% = 2e°? (using x = 0) M1
4 — x = 2e"%(2 — x), so x(2e** — 1) = 4e** — 4 Al
)
Answer: X = PR 6 marks
480.21
(b)Ast*w,x*W:Z B1
1.5(2e%% — 1) = 4e%% — 4, 50 3e®* — 1.5=4e>* — 4 and ®* =25 M1
t =51n 2.5 = 4.58 minutes Al
Answer: 2 g; 4.58 minutes 3 marks
29 (10 marks)
(a) CF: = Ce %% for the constant try © = 10 M1 AL
For2sinttry ® =pcost+qsint: (q+ 0.5p) cost+ (—p+ 0.50) sint=2sint M1
g=—0.5p and —1.25p:2,sop:—%,q:g M1 AL
6=1O—gcost+gsint+Ce‘°'5‘;t=O:C=—é M1 A1
L 8 4 . 2
AnaNer.9—10—§c03t+§smt—§e 7 marks
(b) The exponential term tendsto 0, leaving 6 = 10 — g cost + g sint, so the mean is 10 °C B1
, 8 4 0 [64 16 _ 45 _
Amplitude of —g Cost+ g sintisy 5 + 5z = & = 1789 M1
Gresatest temperature = 10 + 1.789 = 11.8 °C Al
Answer: Mean 10 °C; greatest 11.8 °C 3 marks
30 (10 marks)
(a) Newton's second law: % = —9.8 — 0.1v? M1 AL
dv _  dv
o V& Al
Answer: V% = —(9.8 + 0.1v?) 3 marks
# e — 2 e pe—
(b)f9.8+0.1v2 dv J1dx, s05In(9.8 + 0.1v?) X+cC M1 A1
Xx=0,v=20:c=5In49.8 M1
V:O:x:5ln(%):8.l3m Al
Answer: 8.13 m 4 marks
(c) Greater, because there is no resistive force opposing the motion El
200
Height = 2x908 20.4 m M1 Al
Answer: Greater; 20.4 m 3 marks
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