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Differential Equations of Motion

1 (2 marks)
v=[(6t—2)dt=3t?—2t+c,andv=1whent=0soc=1 M1
Whent=3,v=27—-6+1=22 Al
Answer: 22m st 2 marks
2 (3 marks)
F:magivesa:%:Zt M1
v=[2tdt=t>(v=0whent=0) Al
Whent=2,v=4ms? Al
Answer: 4m st 3 marks
3 (3 marks)
v=[12e72dt=—6e"?+c M1
v=0whent=0,soc=6andv=6(1 — e %) Al
Whent:InZ,e‘Zt:%,sov:6><%:4.5ms‘l AL
Answer: 45ms™? 3 marks
4 (3 marks)
f%dv:f—Zdt,soInv:—2t+c M1
v=10whent=0givesc=1n10 M1
v =10e"% Al
Answer: v = 10e™2 3 marks
5 (3 marks)
_ dv_2
a—VW— X B1
_ 1o_2
fvdv-f2xdx,so§v =x“+cC M1
v:3atx:Ogivesc:%,sov2:2x2+9 Al
Answer: shown 3 marks
6 (3 marks)
dX _ o2
m—3t 4t + 2 M1
x =t3 — 2t + 2t (using x = 0 when t = 0) Al
Whent=2,x=8—-8+4=4 Al
Answer: 4 m 3 marks
7 (4 marks)
_F_ 6
A=W T A1 M
6
v=fmdt=3ln(2t+1)+c Al
v=1whent=0soc=1 M1
Whent=4,v=1+3In9=1+6In3ms™* Al
Answer: 1+6In3ms™t 4 marks
8 (5 marks)
(@) v=J[4cos2tdt=2sin2t+c M1
v=0whent=0s0c=0,v=2sn2t Al
Answer: v=2sn 2t 2 marks
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(b)x=J2sin2tdt= —cos2t +k

Xx=0whent=0sok=1,x=1— cos2t

Answer: x =1 — cos 2t

(c) Greatest value of 1 — cos 2t is 2 (when cos 2t = —1), so the greatest distanceis2 m
Answer: 2m

9 (5 marks)

(8) fgmmy dV=J1dt 50— In(6 — 2) =t+c

6 —2v
v=0whent=0givesc= —% In 6,so|n6_62V = -2t
6—2v=6e"% sov=31—e?
Answer: shown
(b) Ast> o, e*>0s0v—>3ms~
Answer: 3m st

1

10 (5 marks)

AN I

dx = (x +1)?

lpo-__8

2V = Tx+1 "¢

16 _ 16x
Xx+1 7~ x+1
Whenx =3,v2=12,s0v=2/3 = 346 ms™
Answer: 2V3 = 346 ms™*

v=0whenx=0:¢c=8,s0v?>=16 —

11 (5 marks)
F
a=— =2(t? — 5t +6)
v=f2(t2—5t+6)dt=§t3—5t2+12t(v=0att=0)
a=0firsswhen(t—2)t—3)=0,iet=2
16

_ _28 -1
v—?—20+24— 3 ms

28 _
Answer: =~ ms !

12 (4 marks)
v=[(4—2t)dt=4t -t
t3

x=[@t—t)dt=2 - =

x:OWhentz(Z—%):O,sot:GS

Answer:t=6s

13 (5 marks)
dv _
Vax = 12 — 3x
1

2v2=12x—%x2+c,andc=Osincev=Oattx=0

So v? = 24x — 3x° Greatest whena=0, i.e.x = 4
v =96 — 48 = 48, so the maximum speed is 43 = 6.93ms™*
Answer: 4V3 = 6.93m s~
14 (6 marks)
(a) vV = ge2 o Ly2= _ge2 4 ¢
dx ' 2
v=0atx=0gvesc=8,s0v?=16(1 — e *?
Answer: shown
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(b) Asx = ©,v?> - 16,s0v > 4ms? B1
Answer: 4m st 1 mark
(c) 4=16(1 — e‘x’z),soe‘X’Z:% M1
_ 4
x-2|n§ Al
Answer: x =2 In(%) =~ 0.575m 2 marks
15 (5 marks)
dv_ 2
Vax = 1+ x2 M1
%VZ:Ztan‘lx+c Al
v:1aIx:09ivesc:%,sov2:1+4tan‘lx M1 Al
Asx—»oo,tan‘lx—>%,sov—> 1+2m =270ms? Al
Answer: v =41+ 4tan™'x; limit Y1+ 2 = 270 m s™* 5 marks
16 (6 marks)
(@v= te'dt=—te '+ fe ' dt (by parts) M1 A1l
=—te'—e'+c Al
v=0at=0givesc=1,s0v=1— (L+t)e" Al
Answer: shown 4 marks
b)(1+tet->0,sov—>1ms? B1
Answer: 1ms™? 1 mark
() (1+t)e'>0foralt=0sov<1 El
Answer: (1+t)e™'>0 1 mark
17 (6 marks)
(a)v%:z,sofvdv:ﬁdt M1
%v2:2t+c,andv:1att:09iv&c:% M1
vi=4t+1 Al
Answer: shown 3 marks
(b) %:(4t+1)1’2,sox:%(4t+1)3’2+k M1 Al
_ A _ 1 ... _271—-1_13
x=0at=0givesk = 6,att—2.x— 6 -3 M Al
Answer . 1—;’ m = 433 m 3 marks
18 (6 marks)
(a)a—vﬂ— 4 X (— 4 )=— 16 M1 AL
Thdx T 1+x @+x2’ " @+x°
Atx=1a=-2ms 2 soF=3x2=6N directed towards O Al
Answer: 6 N towards O 3 marks
dx 4
(b)m=m,§)f(l+X)dx=f4dt M1
X2
[x + 510> = 4t Al
15 _ _ 15
7—4t,sot—§s Al
Answer: %—) S 3 marks
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19 (6 marks)
_te” 5. _p
a=-oz —21te M
v:gft e‘t’zdt:g[—Zte‘”2+2fe‘”2dt] M1 A1
= g[—Zt e — 4e7) +c= —5(t+2e P +c Al
v=0att=0gvesc=10,s0v =10 — 5(t + 2)e™"2 Al
Whent=2,v=10—20e ' = 264 ms™* Al
Answer: 2.64m st 6 marks
20 (5 marks)
1 = —
fm dV—f 1dt M1
tan"*v=—t+c Al
v=1att=09iv&sc=%,sov=tan(%—t) M1 Al
v=0whent= % S Al
Answer: v = tan(% —-t);t= % s 5 marks
21 (7 marks)
(@v=[(12t —3t)dt=6t2—t3(v=0att=0) M1 Al
4
x:f(6t2—t3)dt:2t3—tz Al
4
Answer: v =6t —t3 x=2t3 — tz 3 marks
(b)v=t%6—1t)=0givest=6 M1
X =432 — 324 =108 m Al
Answer: 108 m 2 marks
(c) Greatest whena=0: 3t(4 —1)=0,t=4 M1
v=96—-64=32ms™* Al
Answer: 32m st 2 marks
22 (6 marks)
(a) x varieswith t, so it cannot be treated as a constant when integrating with respect to t E1
Answer: x is not constant 1 mark
dv _ 1 2 _ 2
(b)vH—S—ZXSOEV =8X —X“+¢C M1 Al
v=0atx=0givesc=0, sov?=16x — 2x° AL
Answer: v? = 16x — 2x? 3 marks
(c) Max speed when a=0, x = 4: v = 64 — 32 =32, v = 42 M1
v =0 again when x = 8, so greatest x is8 m Al
Answer: max speed 4V2 = 5.66 m s™%; greatest x =8 m 2 marks
23 (7 marks)
(@) a= 12 CSSSt = 6 cos 3t M1
v=2sn3t(v=0att=0) Al
x:—%cos3t+k,x:0att:09ivesk:§ M1
X = %(1 — cos 3t) Al
Answer: X = %(1 — Cos 3t) 4 marks
(b) 1 —cos3t=0s0x = 0; thegreatestvalueis%m B1
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Answer: x = 0; greatestx:%m 1 mark
(c)25in3t:1,sosin3t:% M1
o
3t—6,t—18~0.1755 Al
Answer: t = % = 0.175s 2 marks
24 (7 marks)
1 1 1 1
(a)4_v2=2[2—v+2+v] MLAL
1 1
t:fmdv:Z[—In(Z—v)+In(2+v)]+c M1
v:Oatt:Oin&ec:O,sot:%Inzzi\\// Al
Answer: shown 4 marks
(b)t=%ln3z0.2753 B1
Answer: %In3=0.2753 1 mark
4 _ 2+V _2e™-1)
(€ =5y V—W M1
Ast— o, v—-2ms™? Al
a
AnSIVH:V:M; limit 2m s™* 2 marks
et +1
25 (6 marks)
_ dv _ 1d 2
(@ a= VH = EW(V ) M1
=%(12—2x)=6—xms‘2 Al
Answer: a=6 — X 2 marks
dx
(b) g7 =v12x — x2 =36 — (x — 6)° M1
1 . _1,X—6
t= [————dx=sin"}{—%— M1 A1
{36 — (x — 6)2 )
. _1,X—6 . - 1 o
[SnT (=) =snt0—sn(-3) =5 Al
Answer: shown 4 marks
26 (7 marks)
1 1.1 1
@ Ja—v ~alv 7=y MLAL
Hinv = In4 - v)] =t+c M1
_ .- 1 v 1 4
v=latt=0:c= 4In3,so—4_v—3e Al
— (4 — el a — paht —
v=(4—-v)e',sov(3+e")=4e" and v 11357 Al
Answer: shown 5 marks
___ 4 ; 4 _ 1
(b) 2= T+ 3® dvese =3 M1
t=7In3~0275s AL
Answer: %In3z0.2755 2 marks
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27 (8 marks)
dv
(@) Vg = —(2x +4x°) M1
%vzz—xz—x4+c Al
v=0atx=1c=2 s0v?=4— 2x> — 2x* Al
Answer: shown 3 marks
(b) 4 — 2x? — 2x* = =2(x* + x* — 2) = =2(x* — 1)(x* + 2) M1 Al
v = 0when x? =1 (x* + 2> 0), so the other rest positionisx = —1 Al
Answer: x = =1 3 marks
() Atx=0,v?=4sov=2ms* B1
The force always acts towards O, so P is pulled back each time it reaches £1: it oscillates between El
x=1landx=-1
Answer: 2m st 2 marks
28 (9 marks)
(a) Integrating factor /9! = ¢! B1
%(v e)=2e"e'=2 M1
ve'=2t+c,andv=0whent=0s0c=0 M1
v=2te™" Al
Answer: shown 4 marks
(b) 3¥ = 2¢7H(1 — 1) = O givest = 1 M1 AL
V= % ~ 0.736 ms tatt=1s(amaximum since v is increasing then decreasing) Al
Answer: max speed % mstatt=1s 3 marks
© [o*2tetdt=[—2te™ — 27, M1
=0—-(-2)=2m Al
Answer: 2m 2 marks
29 (8 marks)
(@a=2for0=x=<2s0v2=2x2x2=8(v?=2ax) M1 AL
x = t? (fromrest witha=2), s0 2=t?and t =2 = 1.41 s AL
Answer:v=2vV2mstt=v2s 3 marks
_ 4 dv _ 4
(b)a—;,sovﬁ—; M1
%v2=4lnx+c Al
v2:8atx:29ivesc:4—4In2,sov2:8+8ln% Al
Answer: shown 3 marks
_ X X _ 7
(c)36—8+8|n§,soln§—§ M1
x = 2e"? = 66.2m Al
Answer: x = 2" = 66.2m 2 marks
30 (8 marks)
_ta-n __
(a)a= —% = 2t > M1
t3
v=ti— & +c Al
3
v=0att=Ogivesc=0,sov=t2—% Al
Answer: shown 3 marks
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B 64 16 _,
(b)v-lG—?—?ms B1
t3 ot

x=[o'(t? — ) dt=[3 — 51o" M1

_64_2_

=3 3 =3 M Al

16 3

AnSNer.v—?ms  X=—7m 3 marks

(c) After t = 4 the speed is constant at %; need a further 40 — 3—32 = % m M1

Extratime=8—§+%6=5.5s,sot=9.55 Al

Answer:t=95s 2 marks
M otion with Resistance
1 (4 marks)

dv _ dv _

O.SF =—2v, S0 ar - —4v M1

f%dv:f—4dt,solnv: —4t+c v=8at=0givesv=_8e* M1 AL

t=|n2:v=8e“””2=8><1—16=0.5ms‘l Al

Answer: v=8e"* 05ms 4 marks
2 (2 marks)

At terminal velocity the acceleration is zero: 2g = 4v M1

v=2 x49'8 =49mst Al

Answer: 49m st 2 marks
3 (3 marks)

() N2L upwards: 3% = —3g — 0.6v M1

dv _

ar - —9.8 — 0.2v Al

Answer: shown 2 marks

(b)9.8+02x14=126ms? B1

Answer: 12.6 m s™2 1 mark
4 (3 marks)

dv 1

W=—0.4v2,sof7dv=f—0.4dt M1

1 . 1

—V:—0.4t+c;v:5att:09|ve£c:—§ Al

1_ _1+2t _ 5

v—O.4t+O.2—T,SOV—m Al

Answer: shown 3 marks
5 (3 marks)

dv _ dv _

Vax = —0.2v, so ax - 0.2 M1

v=-—0.2x+ 10 (v =10 when x = Q) Al

v=5whenx=25m Al

Answer: 25 m 3 marks
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6 (3 marks)

2002Y = —50v, 50 3¥ = — 1y ang v = 4e7

ac - 'S0 qp = —zvandv=4e M1 A1l

t=8v=4e2=0541ms! Al

Answer: 0541 m st 3 marks
7 (5 marks)

dv _ dv _ _
@ Mgt =Mg — 0.5mv, so qi - 9.8 — 0.5v M1
1

f—9_8_0_5vdv:fldt,so—ZIn(9.8—0.5v):t+c M1 A1

v=0at=0:98— 05v=98"" sov=19.6(1 — e % Al

Answer: shown 4 marks

(b)v=19.6(1— e ) =124ms™* B1

Answer: 124m st 1 mark
8 (4 marks)

dv _ _(98+02

Tc- 0. .2V) B1

1

t= fozom dv =5[In(9.8 + 0.2v)] 020 M1 A1l

_..138

—5InT8 = 171ls Al

Answer: 1.71s 4 marks
9 (5 marks)

(a) v% = —0.05v?, s0 f% dv=/-0.05dx M1

Inv=—0.05x +c;v=20at x =0givesc =1n 20 Al

v = 20g™ 00 Al

Answer: shown 3 marks

(b) 10 = 2067 %%, g0 0% = % M1

x=20ln2=139m Al

Answer: 20ln 2= 139m 2 marks
10 (4 marks)

(a) 800a = 1200 — 3 x 10° M1

_ 900 _ -2

a—m—l.lZSms Al

Answer: 1.125 m s™2 2 marks

(b) At maximum speed a = 0: 3v? = 1200 M1

v=20ms? Al

Answer: 20 m s™? 2 marks
11 (4 marks)

(a) Terminal speed when acceleration is zero: vZ = % =490 M1

v=1490 = 221 ms?! Al

Answer: 22.1m st 2 marks

(b) 9.8 — 0.02v% = 4.9, so v? = 245 M1

v=4245 = 15.7ms?! Al

Answer: 157 ms™! 2 marks
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12 (4 marks)
dv dv
2vd—— —0.6v sodx——0.3 M1 Al
v =12 — 0.3x Al
v > 0 requires X < 40, so v = 0 only when x = 40 and the particle travels at most 40 m El
Answer: shown 4 marks
13 (5 marks)
(a)m?j =mg sin 30° — 0.4mv, so il\t/ 4.9 — 0.4v M1 Al
Limitingspeedwhend—\tlzo:v £—1225ms ! Al
Answer: shown 3 marks
(b) v = 12.25(1 — e—°-‘“)- set equal to 6 M1
__1 ~
t——mln(l 1225) 168s Al
Answer: 1.68 s 2 marks
14 (6 marks)
@ % =9.8 - 0.5v B1
Separating variables and integrating: —2 In(9.8 — 0.5v) =t + ¢ M1
v=0at=0gvesv=19.6(1 — e *% Al
Answer: shown 3 marks
(b) x = [,*19.6(1 — e %) d t = 19.6[t + 2e7 %] * M1 AL
=19.6(4+2e7%—2)=196(2+2e7%) =~ 445m Al
Answer: 445 m 3 marks
15 (6 marks)
v% =—(9.8+0.4v) M1 Al
— 30 v
x=Jo"gg+0av 4V M1
v _ 1 1— 9.8
98+04v_04[ 98+04v] M1
X = 25[v — 245In(9.8 + 0.4v)], = 25[30 — 245 In 5] AL
=260m Al
Answer: 26.0 m 6 marks
16 (5 marks)
v% = —(9.8 + 0.01v?) M1 AL
— 25
x=Jo 98+001v dv M
=[50 In(9.8 + 0.01v?)],* Al
=50In"oe> ~ 24.7m AL
Answer: 24.7 m 5 marks
17 (6 mar ks)
(a)v—-98 0.02v? M1
; = _ —_ 2 =
f9.8—0.02v2 dv=/,1dx,s0—25In(9.8 —0.02v) =x +c¢C M1 A1
v=0at x=0:9.8 — 0.02v? = 9.8e %% 50 v2 = 490(1 — e~ %) Al
Answer: shown 4 marks
(b) v2 = 490(1 — e 1?) M1
v=185ms* Al
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1

Answer: 185 m s 2 marks
18 (6 marks)
(@) St = =005, 0 = dv = —0.05f1dt v
— - _00st+cv=20at=0gives T = 0.05t+005 A1
20
=177 Al
Answer: shown 3 marks
_ 10 20
(b) x = f, g dt M1
= 20[In(1 + 1)],*° Al
=20In11=480m Al
Answer: 48.0 m 3 marks
19 (6 marks)
dv _ dv _
(@ SOOW =600 — 40v, so ar - 1.2 — 0.08v M1
1
fmdv:fldt,so—12.5ln(1.2—0.08v):t+c M1 A1
v=0at=0gvesv =151 — e %% Al
Answer: shown 4 marks
(b) 10 = 15(1 — 70%), 50 e™0% = M1
_In3 _
t= m = 13.7s Al
Answer: 13.7 s 2 marks
20 (6 marks)
(a)%:—Zvﬂz,sofv‘”dv:f—Zdt M1
2= —2t+cv=16at=0givesc=8 s0(v=4—1 Al
v=0whent=4s Al
Answer: shown 3 marks
(b)v%=—2v”2,sofv”2dv=f—2dx M1
%v3’2:—2x+c;v:16atx:0:c:%><64 Al
v:O:x:%~21.3m Al
Answer : % =~ 21.3m 3 marks
21 (8 marks)
(a) Going up: v% = —(9.8 + 0.01v?) M1
— (20 v - 2y] 20
x= [ 9.8 7 001V dv =[501In(9.8 + 0.01v)], M1 A1
H=50Inoe ~17.1m A1
Answer: 17.1 m 4 marks
(b) Coming down: v% =9.8 — 0.01v? M1
v2 =980(1 — e %%) (v = 0 at the top) M1 AL
— . o—002H _ 98 2_ 4 . -1
Atx=H:e =138 SOV —980xm~284,v~16.9ms Al
Answer: 169 m st 4 marks
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22 (10 marks)
(a) Terminal speed: 9.8 = 0.04V?, so V2 = 245 M1
V=y245=7/5 = 157ms™" Al
Answer:V =7V5= 157ms™* 2 marks
dv _gq_ 2 _ 2 s 1
(b) g7 =98 — 0.04v" = 0.04(245 — v ),t—f0_04(245_vz) dv B1
Answer: shown 1 mark
1 1. 1 1
© v = wvlv=v * vyl MLAL
_ 1 V+v
O.Mt—wlnm'i'c M1 A1l
V=0at=0,c=0 yov =™, v =V tanh(0.04V1) where 0.04V ~ 0.626 AL
Answer: shown 5 marks
(d) tanh(0.6261) = 5, 50 0.626t = 5 In 3 M1
t=0.877s Al
Answer: 0.877 s 2 marks
23 (8 marks)
(a) v? is afunction of t, so it cannot be treated as a constant (the equation must be separated first) El
The claimed final result does not follow and is the solution of a different equation, % =—0.1v El
Answer: variable v 2 treated as constant; wrong model 2 marks
(b) f% dv=/-01dt -3 =—0lt+c M1
v=10at=0givesc=-0.1 Al
- 01t+01 s0v =2
v U 1,0V = T+1 Al
A . _ 10
nswer: v = T+t 3 marks
(©) v% = —0.1v?, s0 f% dv=/-01dx, givingv = 10e™ %% M1 AL
v > 0 for every finite x, so the particle never stops (v — 0 only asx — ) El
Answer: v = 10e™%%; never stops 3 marks
24 (9 marks)
(a) % = 9.8 — 0.8v; terminal speed V = % =1225ms™! B1
1 1
fmdvzfldt,so—ﬁIn(9.8—0.8v):t+c M1 Al
v=0at=0:v=12251— e %% Al
Answer: V =1225ms™t 4 marks
(b) e % =01 M1
_In10 _
t= 08 ~ 2.88s Al
Answer: 2.88 s 2 marks
(©) X = [,+12.25(1 — %) d t = 1225[t + g e °%] " M1 AL
=12.25(t; — 1.25 % 0.9) witht; = 2.88, giving X = 21.5m Al
Answer: 21.5m 3 marks
25 (7 marks)
(a) Driving force = @; N2L: 1000% = 24800 —3v? M1
Maximum speed when% =0:v¥=8000,s0v=20ms! Al
Answer: shown 2 marks
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dv 24000 , _dv _ 24000 — 3v3

(b)lOOO\/ ==V —&/,SOW—W M1 Al
10 1000v2

X=Jo Sa000 =37 9V M1

= [~ 292 In(24000 — 331,10 .
_ 1000 , 24000

=5 N3igp0 = 148m AL

Answer: 14.8 m 5 marks

26 (8 marks)

€)) m% =mg — mkv; terminal speed when % =0:V = % B1

fg_;kvdv:fldt,so—%ln(g—kv):t+c M1 Al

v=0at=0v=p(l—e™)=V(1-e™ L

Answer: shown 4 marks

1 Kt _ 1 In2

(b)E:l—ektglv&ee“—z,sot—T 81

Answer: shown 1 mark

©x=Jo"2@ - e dt= [+ re M1 AL
_In2 _7_1. n2 1 1, _ g _ 1

T=7e" =3 k(_ %K eln2=73) AL

Answer: shown 3 marks

27 (10 marks)

(a) Rising: vd—x = —(g + kv?) M1
=fo" g+kv dv M1
1

= lin(g + kv AL

2 2

=il%:ikln(l+%) Al

Answer: shown 4 marks

(b) Falling: v% =g — kv? M1

fg—vkvzdefldXQiVes——ln(g—kvz) Xx+cv=0ax=0 "

Atx=H:g—kv2=ge " soVv2=3(1 — e 2H Al

k
Answer: shown 3 marks
—2kH _ 1 _ 9

CAR 1+kU%g g+ ku? Mt
220, K _ g 1_ 1.k

V_"Xg+kU2_g+kU2’So VANV Al

k/g>030% U2,henceV<U El

Answer: shown 3 marks
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28 (10 marks)
() dt —(9.8 + 0.04v?) = —0.04(245 + v?) M1
1
— 15
t=Jo Soazas v ¢ Mt
_ 1 an-lY 115
004245 [tan /245 2510 AL
_ tan%(0.958) _
=~ o6~ 122s AL
Answer: 1.22 s 4 marks
(b) Falling: % = 9.8 — 0.04v? = 0.04(245 — v?) M1
1 _ 1 [ 1 N 1 ] Vi AL
245 — V2 22457245 —v {245 +v
_ 1 Bty
0.04t = 2@ ‘/ﬁ —; solveforvwithv=0att=0:v= 245 tanh(0.04y245t) with Al
0.04y245 = 0.626
Answer: shown 4 marks
1 1 _1,1, _ In3
(c) tanh(0.626t) = 5 sot= 0626 tan (5) = 1250 M1
t=0877s Al
Answer: 0.877 s 2 marks
29 (10 marks)
dv dv
(8) 12007 = 3000 — 300v, so 5 = 2.5 — 0.25v M1
1
fmdv:fldt,so—4ln(2.5—0.25v):t+c M1 A1
v=0at=0:v=101— e % AL
Answer: shown 4 marks
(b) x = [,210(1 — e™") d t = 10[t + 4e~¥4] M1 A1
=108 + 472 — 4) = 454 m Al
Answer: 454 m 3 marks
(c)Speedatt=8:u=10(1 — €% =~ 865ms* B1
1200v% = —300v, so gv —0.25and v = u — 0.25x M1
X = 0—35 =~ 34.6 m. The distance is finite: the resistance (linear in v) brings the boat to rest only at Al
this limiting point
Answer: 34.6 m 3 marks
30 (10 marks)
9.8 _
()dt—98 0.98v; '[ermlnalspeedV—m—lomsl B1
1 —
fm dv= fl dt M1
098In|98 0.98v|=t+c Al
v=25at=0:9.8 — 0.98v = —14.7e ** M1
v =10 + 15¢ %% Al
Answer: shown 5 marks
(b) The speed decreases from 25 towards 10 because the initial speed exceeds the terminal speed El
(resistance exceeds weight)
Answer: speed decreases towards 10 m s™* 1 mark
(c) 15=10+15e7%% soe™*® = = M1
In3
t= 098 = 112s Al
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Answer: 1.12 s 2 marks
(d) X = fo"(10 + 15e7°%8) d t = 101, + pop(1 — € 0%%) M1
=10 x 1.12 + 15.31 x % ~214m AL
Answer: 21.4m 2 marks

Variable Mass and Force Models

1 (2 marks)
F= %(momentum) =6t+2 M1
t=22F=14N Al
Answer: 14 N 2 marks
2 (2 marks)
Force « %: at 3R the force is% of its surface value M1
Weight = 5 ~ 889N A1
80
Answer : 9 = 8.89 N 2 marks
3 (2 marks)
Thrust = (rate of mass gjection) x (relative speed of €jection) M1
=5x 800 =4000 N Al
Answer: 4000 N 2 marks
4 (2 marks)
Sand gains horizontal speed 2 m s™*: rate of change of momentum = 3 x 2 M1
F=6N Al
Answer: 6 N 2 marks
5 (2 marks)
Distance from centreisx = 2R M1
gR® _9g_ -2
RE 4 245ms Al
Answer: 2.45m s2 2 marks
6 (3 marks)
Final mass = 800 — 300 = 500 kg B1
B 800
v = 2000 Inm M1
=940ms* Al
Answer: 940 m s™* 3 marks
7 (4 marks)
dv _  gRrR? 1, gRrR?
VH——7,SO§V _T+C M1 A1
2
v=uatx=R:v2=u2—2gR+ZgTR M1
v2>0asx — o requiresu? = 2gR, i.e. u = {2gR; {2 x 9.8 x 6.4 x 10° = 1.12 x 10* ms™* Al
Answer: 1.12 x 10*m s* 4 marks
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8 (5 marks)
d v _ gRrR?
d v 7 M1
vi=u? — ZgRZ(% — %) M1 Al
2
v=0:%=% uRz,glvmgx 7.99 x 10° m M1
Height=x — R = 1.59 x 10° m Al
Answer: 1.59 x 106 m 5 marks
9 (4 marks)
2
SX- %(xdecreasing);v=0a[x=2R M1
1 R? 1 1
V2= fXZRg? ds=gR¥(5 — »)) M1 AL
1 1 1
V2= gR(; — zr) @ X =R Vv?=20R* x 5= = gR, 0V ={gR = 7.92x 10° ms™* AL
Answer: 7.92 x 10 m st 4 marks
10 (5 marks)
(a) Mass at timet: m = 1500 — 10t B1
m = thrust = 10 x 1800 = 18000 M1
dv _ 18000
dt ~ 1500 — 10t Al
. 1500
v = —1800 In(1500 — 10t)+c;v=Oatt=0g|v&sv=l8OOInm Al
Answer: shown 4 marks
1500 1
(b) v = 1800 In-55- 900 = 919ms B1
Answer: 919 m st 1 mark
11 (4 marks)
Horizontal momentum is conserved: no external horizontal force E1l
Mass after 10s: 20 + 2 x 10 = 40 kg B1
20 x 6 = 40v M1
v=3ms? Al
Answer: 3ms™?t 4 marks
12 (4 marks)
_ 4 dv _ 8
0.5a= 2 OVax T T2 M1
1-, 8 .  _ e _
5V —;+c,v—0atx—4g|v&ec——2 M1 Al
X = 11v2=6,510v=2\/§z3.46ms‘l Al
Answer: 2V3 = 346 m s™! 4 marks
13 (5 marks)
(a) Thrust = 20 x 2500 = 50 000 N; N2L: 5000a = 50 000 — 5000 x 9.8 M1
a=02ms? Al
Answer: 0.2 m s™? 2 marks
(b) Mass = 5000 — 20 x 10 = 4800 kg B1
4800a = 50 000 — 4800 x 9.8 M1
a=0617ms? Al
Answer: 0.617 m s™2 3 marks
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14 (7 marks)
(a) m = 4000 — 25t; thrust = 25 x 2200 = 55 000 N B1
N2L: md"—55ooo mg M1
dv _ 55000
dt - 400025t 08 Al
v = —2200 In(4000 — 25t) — 9.8t + ¢ M1
_ _ . _ 4000 _
v-OaIt—ngesv-ZZOOlnm 9.8t Al
Answer: shown 5 marks
4000
(b) m = 4000 — 750 = 3250; v = 2200 Inz5z5 — 294 M1

~ 163 ms?! AL
-1

Answer: 163 m s 2 marks
15 (6 marks)
d
@ m(mv) =mg B1
dv + dm _
Mat *Var =M9 M1
dv
mm + 0.2mv = mg, o at +0.2v=9.8 Al
Answer: shown 3 marks
(b) c(jj_\t/ =9.8 — 0.2v givesv = 49(1 — e %%) M1 Al
t=5:v=49(1—e ') = 31.0ms™? Al
Answer: 31.0m s™! 3 marks
16 (5 marks)
(&) m= 1500 — 5t B1
Sand leaves with the lorry's vel ocity, so there is no thrust from it: md =600 M1 Al
Answer: shown 3 marks
600
(b) V= foloom dt= [—120 In(1500 - 5t)] 0100 M1
1500 -
=120 Ins7~7 1000 =~ 48.7ms Al
Answer: 487 m st 2 marks
17 (5 marks)
2
W = [gR* hmxg_2R dx M1
=m Rz[—l] Rth=m RZ(l - =) M1 A1
=mMgRl=sles  =MIRAR ~ R¥R
_ 2 h _ mgRh
=MgR" > RR+R) = R+h A
6
h=R, m=1000; W = 2200298 x04XI0 _ 5145 4000 AL
Answer: 3.14 x 10'° J 5 marks
18 (6 marks)
After stage 1 the mass is 6000 — 2500 = 3500 kg B1
Speed gained in stage 1 = 2000 Ingggg ~ 1080 ms™! M1 A1l
After dropping the casing the mass is 3000 kg, and after stage 2 it is 3000 — 1800 = 1200 kg B1
Speed gained in stage 2 = 2400 InSa00 =~ 2200 m s~ M1
Final speed = 1080 + 2200 = 3280 m s™* Al
Answer: 3280 m s™! 6 marks
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19 (6 marks)
(a) Rate of change of momentum =40 x 1.5 M1
F=60N Al
Answer: 60 N 2 marks
(b) Power = Fv =60 x 1.5=90 W B1
Rate of gain of KE:%><4O><1.52 M1
=45W Al
Answer: 90 W; 45 W 3 marks
(c) The other 45 W islost as heat and sound through friction as the sand accelerates to the belt's El
speed
Answer: dissipated as heat (friction) 1 mark
20 (6 marks)
(a) Each part of the chain still in the air falls freely from rest through distance x E1
vZ = 20X, SO V = 1/2gx Al
Answer: shown 2 marks
(b) Mass on the table = Ax, whose weight is Agx B1
Mass landing per second = Av; rate of loss of momentum = Av x v = Av? = 2Agx M1 AL
Total force= Agx + 2Agx = 3Agx =3 x2x9.8x 05=294N Al
Answer: 29.4 N 4 marks
21 (9 marks)
@ mdv = 20 x 2000 — mg with m = 3000 — 20t M1
dv _ 40000
dt - 300020t _ 08 Al
B 3000 B B
V—2000Inm—9.8t(V—0att—O) Al
3000 _ 1
t=50:v= 2000In2000 —490= 321 ms Al
Answer 321 ms™? 4 marks
(b) Use fine 2 cdt= (A - 9inl -9 +d, 5= M1
O
X = 2000 x 150 x [§ In§ + §] — 4.9 x 2500 Al
=~ 6660 m Al
Answer: 6660 m 3 marks
2
(c) Further rise = Z—g =~ 5250 m M1
Greatest height = 6660 + 5250 = 11900 m Al
Answer: 11900 m 2 marks
22 (9 marks)
(a) Mass per unit length A = 2 kg m™; mass raised = 2x B1
t(mv) =F—mgwithv=2: vd =F—mg M1
%—Tzhdx 4,502x4=F—2xx98 AL
F=19.6x +8 Al
Answer: shown 4 marks
(b) W = [,3(19.6x + 8) d x = [9.8x? + 8X],> M1
=882+24=1122J Al
Answer: 112.2 ] 2 marks
(c) PEgain=6x 9.8 x 1.5 =88.2 J (centre of mass at height 1.5 m) B1
KE = % x 6x2%=12J soenergy lost = 1122 — 88.2 — 12=12 M1 A1l
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Answer: 12 J lost (heat and sound as links jerk into motion)

23 (8 marks)
d B dv , dm _
(@) g7(mv) = mg, somm +Vgr =mg
dm_dm dv _ dv
gt = ax XV =0.02my, andd——vﬁ

) vW +0.02v2 =98
Answer: shown

(o) Withw =v% 2 9% 1 0.02w = 9.8 i.e. 3% +0.04w = 196

Integrating factor e*%%: w e®%%* = 490e®** + ¢
w=0at x = 0givesc = —490, so v> = 490(1 — e %9%)
Answer: shown

() v?=490(1 — e™*),sov=219ms?

Limiting speed /490 = 22.1ms™*

Answer: 21.9ms™ 221 ms™

24 (8 marks)
(&) m =5000 — 4t; thrust 4 x 3000 = 12 000 N upwards

Taking downwards as positive: mc(jj—\t/ =mg,, — 12 000

dv 12 000
at - 18- s00—a
v = 1.6t + 3000 In(5000 — 4t) +
v=100a t=0:v =100+ L6t — 3000 Ingeoo -
Answer: shown
(b) v = 100 + 96 — 3000 IN2X ~ 484 m s
4760
12 000

Acceleration (downwards) = 1.6 — ~4=g5~ =

Answer: speed 48.4 m s™*; deceleration 0.921 m s~
25 (7 marks)
(@ vi=u®— ZgRZ(— - 1

ZQR 29R?

=0 20R — u?

=29R — U, sOX =
Answer : shown

__29R*
(0= 2R —gr = R
Answer: shown

2gR?
© _Or”

20R — u?
=2gR - B = R |- [BIGRI0 ~ 1.11x 10° m s~

ui/2gR =/59/60 = 99.2%

Answer: 1.11 x 10* m s™% 99.2%

2= R

= 60R gives2gR — u° = 20

26 (7 marks)
() Mass at time t: 800 + 2t; rain has no horizontal momentum

Rate of change of horizontal momentum = driving force: %[(800 + 2t)v]

(800 + 2t)y =200t + c; v =5at t = 0 gives ¢ = 4000
4000 + 200t
T 800+ 2t

Answer: shown
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_ 24000 _ 1
(b) v(100) = W =24ms B1
dv _ 200 — L
T - m (from the equation in (a)) M1
. 200—48 _ _2
t = 100: ~1000 0.152ms Al
Answer: 24ms % 0152 m s™? 3 marks
27 (10 marks)
dv _ 2 1,_2,
(a)vﬁ— F’SOEV =% C M1
Datx=4c=—2 0v2=>—1=4
V= X=4c=—5,0V = — (; - ) Al
Answer: shown 2 marks
dx 4 4 —x X
(b)m:—v:—\/;—l:—\/ — S0t= [N dx M1 A1
X =4sin’0, dx = 8sind cosd d O; 4fxztan6 M1
Integrand becomes 8 sin29 = 4(1 — cos 26) Al
Limits: x—Zglvase— ;X = 4g|v&se— B1
t=[40 — 2sin20],,?=2n1— (M —2)=m+2 Al
Answer: shown 6 marks
(¢) O runs from 0 to %: t=[40 — 2 sin 20],"2 M1
t=2ms=6.28s Al
Answer: 211 s 2 marks
28 (10 marks)
(@ %(mv) =mg — 0.3mv M1
((jj\t/ + VddT =mg — 0.3mv with %—T =0.2m Al
dv+02v 98—03vsodv+05v 9.8 AL
Answer: shown 3 marks
(b) Integrating factor > v e®* = 19.6e** + ¢ M1 AL
v=0at=0:v=19.6(1 — e *%); termina speed 19.6 ms™* Al
Answer: v =19.6(1 — e %); 196 ms™* 3 marks
() m=mye®® =2mywhent=5In2 = 347 s M1
e 0% =2"%y=196(1-2"%) =161ms™! Al
X = [,119.6(1 — e dt=19.6[t + 2e7%%]," M1
=196(5In2+2x2™% —2)=357m Al
Answer: 16.1ms % 35.7m 4 marks
29 (10 marks)
(a) Mass per unit length = 2 kg m™; the only external force along the chain is the weight of the B1
hanging part, 2xg
Whole chain accel erates together: 43 2= 2xg M1
d2
W =4.9x Al
Answer: shown 3 marks
(b) ve¥ = 4.9 M1
%vz =2.45x% + ¢ Al
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v=0a x =0.5: v’ = 49(x* — 0.25) Al
Answer: shown 3 marks
() x=2:v*=49x375 v =429ms* M1 AL
dx 1 _
t=fo5° = cosh™1(2X)] 052 M1
o oz~ yas O @
_cosh™4 _
=%z = 0.932s Al
Answer: 429 m st 0932 s 4 marks
30 (11 marks)
(a) The only forces are internal and equal and opposite, so total momentum stays zero and the E1
centre of mass stays at rest
Acceleration of A: ;—2 towards B B1
. 16 8
Acceleration of B: o3 towards A B1
: =16 -8
Answer: a A = 32 aB= 32 3 marks
(b) Relative acceleration = sum of the two accelerations (they approach each other) M1
E + i ol g d_zr = _E Al
37 3,2 2T dr T P
AnSNer: shown 2 marks
(c) ,dz—fl dr—8(l——)—6 SO V,4% =12 M1 AL
Momentum zero: 3v, = 6vg, and v + Vg = 2//3 M1
(2\/_) £~231m31v3 JEzl.lSms‘1 Al
Answer: A: 22 = 231 m s B: &~115ms 4 marks
(d) Using x = 4 sin®0 as for asingle particle attracted with K = 8 from rest at r = 4 M1
t=1 o 3.14
Sxg “HS= s Al
AnsNer. ms 2 marks
Simple Harmonic M otion
1 (3 marks)
Amplitude:3m;w:230period:27n:Hsz3.14s B1B1
Maximum speed =aw =3x2=6ms* B1
Answer: 3m; ms 6ms™? 3 marks
2 (2 marks)
_2n_m
T—T—§S~1.57S B1
Maximum acceleration = aw? =0.5x 16 =8 ms™? B1
Answer % s, 8ms—? 2 marks
3 (3 marks)
Compare with v? = w*@* — x?): w =4anda=3 M1 AL
Maximum speed aw = 12 ms™* Al
Answer: amplitude3m; 12m s™* 3 marks
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4 (2 marks)
w = 2711 =mrads? M1
Vimax = 80 = 0411 = 1.26 ms™* Al
Answer: 0.4 = 1.26 m s™* 2 marks
5 (2 marks)
2= K-8 15 0=4
W =m=o5 =2 W= M1
_2m _m o
=g =5 = 157s Al
Answer : % s=157s 2 marks
6 (3 marks)
dx _ . d>x _
m——6sm3t,ﬁ——180053t M1 Al
. 21
= —9(2 cos 3t) = —9x; period = 3 S B1
Answer: shown; period Z?H S 3 marks
7 (3 marks)
vZ = w?(@ — x?) M1
=4(25—-9) =64 Al
v=8ms™ Al
Answer: 8ms™! 3 marks
8 (4 marks)
2t _ 1 . I
:?:g,x:0.8sn(§t) M1 A1l
. 11 . . I 1
04=0.8 sm(§t) gives sm(gt) =3 M1
on,._o _
§t—6,sot—0.55 Al
Answer: 0.5s 4 marks
9 (4 marks)
(a) Tension = 2€ = 2% - yoe= 04 x 9.8 M1
e=0.098 m Al
Answer: 0.098 m 2 marks
b) w?=+ =20 =100, =10
()w—m-0.4— , W = M1
A S
T—E—§~O.6285 Al
Answer: % = 0.628 s 2 marks
10 (4 marks)
. AX
Tension = T B1
2
Equation of motion: m% = —¥ M1
d>x _ A _ . o 5> A S
92 - ms which is of the form X = —w*x with w* = ' so the motion is SHM Al
_2m _ ml
T= o 21 N Al
Answer: T = 2mv(ml/2) 4 marks
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11 (5 marks)
II
(@) t=0:x=4cosg =23 = 346 m B1
dx . o
m:—12sm(3t+€) M1
t = 0: velocity = —12 sin% =—6ms? Al
Answer: x=2V3m;v=—6ms! 3 marks
d> m,
(b) —% = —36 cos(3t + =) = —9x M1
dt 6
Maximum magnitude = 36 m s™2 Al
Answer: 36 m s2 2 marks
12 (4 marks)
Amplitudea=0.4m B1
vmaxza»giv&m:%:&T:ZTsz.OQs M1 Al
Acceleration at A = aw?=0.4x9=36ms? Al
Answer : 2?11 ~ 209s,36ms™2 4 marks
13 (5 marks)
36 = w(@® — 4) and 16 = w*(@ — 9) M1 AL
Subtracting: 20 = 5w?, so w = 2 M1
36
=4+ =13,a={13 =361 m Al
= 2711 =u=314s Al
Answer: a=v13=361lm; T=ms 5 marks
14 (7 marks)
(@ ? =mg: % =05x%x98 M1
_49%x12
e=—%55 = 0.196 m Al
Answer: shown 2 marks
. o dX 30(e+x) _
(b) At displacement x below equilibrium: O'SW =mg— —q5 = —25X M1 Al
— . _ _ _ 2 ~
% = —50x 50 SHM with w =450 = 7.07, T 75 0.889 s Al
Vina = @0 = 0.14/50 = 0.707 ms™* Al
Answer: T = 0.889s; v_max = 0.707 m s™* 4 marks
(c) The amplitude 0.1 mis less than the equilibrium extension 0.196 m, so the extension never E1
fallsto zero
Answer: a<e 1 mark
15 (5 marks)
2t _ 1 . I
w:Tzf,x:O.Ssm(7t) M1 Al
x=0.2: sin(%t) =04,t, = % sn~t04 M1
x=04t,= % sn~t0.8 Al
t, —t; = 0328s Al
Answer: 0.328 s 5 marks
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16 (6 marks)
)] m% = —%, so i:; = —%x, which is SHM M1 Al
w = % soT =2 % M1
= 2om| 42 1% _ 5080 5 ~ 846 minutes AL
Answer: T = 84.6 minutes 4 marks
(b)vmaX:Roo:R%:\/g_R M1

= \/9.8 x 6.4 % 10° = 7920 ms™* Al

1

Answer: 7920 m s~ 2 marks

17 (6 marks)
Area=20x107*=2x 1073 m? B1
Extra depth x below equilibrium gives extra upthrust = 1000 x 2 x 10™3x x g = 19.6x N M1 A1

2
N2L: 0.2% = —19.6x M1
% = —98x, s0 SHM with w =+/98 Al

-
T= 758 0.635s Al
Answer: T = 0.635s 6 marks

18 (6 marks)
Let P be displaced x towards B from equilibrium. Tension in spring AP increases by 12x; tension M1 Al

in spring BP decreases by 20x
Resultant force towards equilibrium = 12x + 20x = 32x M1
0.8x = —32x, S0 X = —40x Al
SHM with w =40 = 210 Al
-2 0

T_2\/1_0_\/1_0 0.993 s Al
Answer: T =m/v10 = 0.993 s 6 marks

19 (6 marks)

0 g, _

(a)W ~ —re_—loe M1 A1
w:\/l_O,T:%zl.QQS Al
Answer: T = 1.99s 3 marks
(b) Amplitude of 6 is0.1, s0 © = 0.1 cos(y/10t) M1
Greatest angular speed = 0.1y/10 AL
Greatest speed = LWy, = 0.98 x 0.1/10 = 0.310 ms™* AL
Answer: 0.310m s™* 3 marks

20 (5 marks)
x=05snmot, w =11 B1
x| = 0.25 when jsin mit] < 3 M1
In one quarter period: 11t < E, iet< % S Al
Timeinoneperiod:4><%:%s M1

o2 . ,_1

Fraction = 37 2= 3 Al
Answer . % 5 marks
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21 (8 marks)
(a) Equilibrium extension e = 0.196 m < 0.4 m, so the string goes slack (the particle rises above El
the natural length point)
SHM about equilibrium with w? = % =50 B1
String slack when the particle is e = 0.196 m above equilibrium M1
v2 = w?(@® — e%) = 50(0.16 — 0.038416) M1
=6.08,v=247ms? Al
Answer: v = 247ms™* 5 marks
2
(b) After the string goes slack the particle moves freely: further rise = _g =0.310m M1 Al
Height above equilibrium = 0.196 + 0.310 = 0.506 m Al
Answer: 0.506 m 3 marks
22 (8 marks)
(a) With extension x: 0.5% = %)04 , 0% = —50x: SHM with w =450 M1 AL
Amplitude 0.3 m, so speed at N (centre) = 0.3/50 M1
~212ms™ Al
Answer: 2.12m st 4 marks
. _ . ,_ o . RS
(b) Time from release to N = quarter period = 5o 750" and the same on the return: total 750 M1 Al
0.444 s
Time slack (to wall and back) = 25 251> = 0.141 s M1
Total = 0.586 s Al
Answer: 0.586 s 4 marks
23 (9 marks)
(a) The student has used the period as w; in fact w = 2711 E1
W=T1 M1
Vi = @0 = 0,50 = 1.57 ms™* Al
Answer: w =1; 1.57 ms™* 3 marks
(b) x =0.5sin 1t, v = 0.511 cos 1t M1 Al
Moving towards O means v < O; speed 1 needs 0.511 cos it = —1, cos it = —% M1
mt = cos‘l(—é) ~226rad, t = 0.720 s Al
Answer: 0.720 s 4 marks

() x = 0.5 sin(rt) with cos Tt = — =, so sinmt = +|1 - % M1

X = 0.5\/1 - % ~0.386m AL
Answer: 0.386 m 2 marks

24 (8 marks)

Speed of B beforeimpact: u=y2x9.8x 01 =14ms™* M1 Al
1

Conservation of momentum' O 5v=03x%x14,v=084ms" M1 Al
Old equilibrium extenson 50 =0.0392 m; new equilibrium extension 5?)9 = 0.098 m, so after M1 Al
impact the particle is 0.0588 m above the new equilibrium

w?= oo =100 B1
a?=x +w—2—005882+0007056 soa= 0.103m Al
Answer: 0.103 m 8 marks

stemup.co.uk | page 24



StemUp | Further Mathematics | Further Mechanics: Differential Equations in Mechanics | Model Answers

25 (7 marks)
(@ x=Acos2t+Bsin2t; x(0)=1givesA=1 M1 AL
X0 =28=-2/3,0B=—3 AL
. II II
x:c052t—\/§sm2t:2cos(2t+3),R:2,(x:§ Al
Answer: X = 2cos(2t + %) 4 marks
(b) Amplitude 2 m; maximum speed 2 x 2=4ms™! B1
cos(2t+%):0firstwhen 2t+%:% M1
—-— 11 o~
t=15 = 0.262 s Al
Answer: 2m; 4ms™ % s 3 marks
26 (9 marks)
_1 2 42|40
(@ 20 = 5 X 9.8t° t= 98 = 202s M1 Al
v=gt=12x98x20 ~ 198 ms™* Al
Answer:t = 2.02s,v=198ms™ 3 marks
(b) Take x downwards from equilibrium: 70x = 70g — %(9.8 +X) = —70x M1
SoX = —x: SHM withw =1 Al
Equilibrium: 70x = 70 x 9.8, extension 9.8 m Al
Answer: w = 1; extension 9.8 m 3 marks
(c) At the instant the rope becomes taut she is 9.8 m above equilibrium with speed 19.8: a® = 9.87 M1 AL
+19.8% (w=1)
a= 22.1m; greatest depth=20+9.8+a= 51.9m Al
Answer: 51.9 m below the platform 3 marks
27 (11 marks)
(@) Friction F=0.2 x 0.5 x 9.8 = 0.98 N opposes mation B1
0.5% = —50x + 0.98 where x is the extension, i.e. X = —100(x — 0.0196) M1 A1
So SHM about x = 0.0196 with w = 10, period 20 = = s AL
Answer: shown 4 marks
(b) First half: amplitude about 0.0196 is 0.2 — 0.0196 = 0.1804, so it stops at 0.0196 — 0.1804 = M1 A1
—0.1608
Next half (friction reverses): centre —0.0196, amplitude 0.1608 — 0.0196 = 0.1412, so it ends at Al
0.1412 — 0.0196 = 0.1216; again a drop of 0.0392
Answer: shown 3 marks
(c) Stops when |x| = 0.0196 (spring force < limiting friction): |x,| = 0.2 — 0.0392n M1
n =5 gives |x| = 0.004 < 0.0196, so there are 5 half-oscillations Al
Time:SX%:%le?s Al
Swings have lengths 0.2 + 0.1608, 0.1608 + 0.1216, 0.1216 + 0.0824, 0.0824 + 0.0432, 0.0432 + Al
0.004; total = 1.02 m
Answer: t = % s= 157 s; distance = 1.02 m 4 marks

stemup.co.uk | page 25



StemUp | Further Mathematics | Further Mechanics: Differential Equations in Mechanics | Model Answers

28 (10 marks)
(a) The string has length 2/0.64 + y?, so extension 2/0.64 + y? — 1 B1
Tension = ¥ = 20(2\/0.64 +y? —1) M1

y

Each half makes angle @ with AB wheresin ¢ = ——— M1
10.64 + y?
. 2Ty
Forcetowards M = 2T sin p = ——— Al
10.64 +y?
Answer: shown 4 marks
(b) For small vy, w/0.64 +y?=08,s0T=2016—1)=12N M1 A1l
2x1
Force = T82y = 30y M1
0.4y = —30y, § = —75y: SHM with w =75 AL
- _

T—\/7_5—5\/5 0.726 s Al
Answer: T = 0.726 s 5 marks
(c) Because0.64 + y2 = 0.8 requires y? << 0.64; for larger y the tension and angle change E1
significantly and the force is no longer proportional toy

Answer: force not proportional toy for largey 1 mark

29 (10 marks)
5 k _ 60 _
(a)w—m—7—30 M1
-
T= @ 115s Al
Answer: T = 1.15s 2 marks
(b) B moves with the same acceleration as A: |a| = w?x = 30x M1
Friction on B = mgjal = 0.5 x 30x = 15x N Al
Answer: shown 2 marks
(c) Bdoesnot dlipif 15x = pR=0.4x0.5x% 9.8 =196 M1 Al
Greatest amplitude: x = 1'1—%6 ~ 0.131m Al
Answer: 0.131 m 3 marks
(d) Slipping begins at |x| = 0.131 m B1
v2 = w?(@® — x?) = 30(0.04 — 0.131?) M1
v=0829ms* Al
Answer: 0.829 m s™* 3 marks
30 (11 marks)

(a) Equilibrium extension: % =0.59,e=0.196 m B1
Displacement x below equilibrium: 0.5% = 0.5g — w = —25x M1
% = —50%, s0 w =450 Al
Answer: e=0.196 m 3 marks
(b) x = 0.4 cos(y/50t); the string becomes slack when x = —0.196 M1
cos(y/50t) = —0.49, s0/50t = cos™(—0.49) = 2.08, t = 0.295 s M1 AL
v2 =50(0.4°> — 0.196%),v = 247 ms™! Al
Answer: t = 0.295s;, v = 247 m st 4 marks
(c) Time taut going up = 0.295 s, the same time again on the way down B1
Time slack: projected upwards at 2.47 m s™* under gravity, time % =0.503 s M1 A1
Period =2 x 0.295 + 0.503 = 1.09 s Al
Answer: 1.09 s 4 marks
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Damped and Forced Motion

1 (3 marks)
Auxiliary equationm? + 5m+6=0,s0(m+2)(m+3)=0and m= —2 or —3 M1 Al
x = Ae"? + Be™™; two distinct real roots so overdamped B1
Answer: x = Ae™? + Be™™; overdamped 3 marks
2 (2 marks)
Forces along the line: spring —8x and resistance —4% B1
d* _ dx d?x dx _
ZW——SX—4F,SOW+ZW+4X—O M1
Answer: shown 2 marks
3 (3 marks)
m? + 6m + 9 = (m + 3)? = 0 has a repeated root m = —3 (discriminant 36 — 36 = 0), so critically M1 AL
damped
x = (A + Bt)e™ B1
Answer: x = (A + Bt)e™ 3 marks
4 (3 marks)
m?+2m+5=0givesm=—1%2i M1
x = e ‘(A cos 2t + B sin 2t) Al
Period = 2711 =n B1
Answer: x = €™'(A cos 2t + B sin 2t); period mm 3 marks
5 (2 marks)
Critical damping: discriminant c> — 4 x 16 =0 M1
c=8 Al
Answer: c=8 2 marks
6 (3 marks)
d?x
x:Z:W:O,so0+4><2:8 B1
Complementary function: A cos 2t + B sin 2t B1
X=Acos2t+Bsin2t+2 B1
Answer: x =A cos2t +Bsin2t+2 3 marks
7 (5 marks)
m?+7m+12=0,m= -3, —4 M1 Al
x=Ae *+Be ™ andA+B=1 B1
%:—3Ae—3t—4|3e—4t:0att:o: 3A +4B=0 M1
A=4,B=-3 s0x=4e % — 3™ Al
Answer: x = 4e™ — 3e™# 5 marks
8 (5 marks)
(a) Repeated root m= —2, so x = (A + Bt)e™? M1
X(0) =3 givesA =3 Al
OX =(B-2A-2BYe® andat=0:B — 6= —2 M1
B=4,s0x=(3+4t)e™? Al
Answer: x = (3 + 4t)e™? 4 marks
(b)3+4t>0ande *>0fort>0,s0x>0 E1
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Answer: x > 0for all t 1 mark
9 (5 marks)

m=—1+2i,s0x=e'(Acos2t+Bsin2t) M1 A1l

X(0) =2 givesA =2 B1

% =e [(-A+2B)cos2t+ (=B — 2A) sin2t]; att=0: —A +2B =0 M1

B=1sox=e'(2cos2t+sin2t) Al

Answer: x = e7'(2cos 2t + sin 2t) 5 marks
10 (5 marks)

2

Tryx=pcost+qsnt: (;t-—psmt+qcost d)§=—pcost—qsint M1

Coefficientsof cost: —p+3q+2p=0,i.e.p+39=0 Al

Coefficientsof sint: —q — 3p+2g=10,i.e.q—3p=10 Al

p=-3,g=1 Al

x=Ae'+Be ?+sint — 3cost Al

Answer: x = Ae”' + Be™® + sint — 3cost 5 marks
11 (5 marks)

05X = —18x — 3X,S0X +6X +36x =0 M1 Al

Discriminant 36 — 144 < 0, so underdamped B1

m=—32iy27 = -3+ 3/3i M1

x = e"*(A cos 33t + B sin 3/3t) AL

Answer: underdamped; x = e"*(A cos3v3t + B sin 3vV3t) 5 marks
12 (4 marks)

Maxima of x occur approximately at the maxima of cos 3t, spaced apart (the factor e % only El

scales each value)

—0.2(t + 211/3)

MaX|mumvaluesa¢tandt+—haveratlow M1

= @~04n/3 — g—2m/15 A1

= 0.658 Al

Answer: 0.658 4 marks
13 (6 marks)

Complementary function: A cos 3t + B sin 3t B1

Try x =acos 2t: —4a+ 9a= 18 M1 Al

a= 1:,sox AcosSt+Bsm3t+%cosZt Al

X(0) =0 givesA = —18 d)t((O) OgivesB=0 M1

X = %(cos 2t — cos 3t) Al

Answer: X = %(cos 2t — cos 3t) 6 marks
14 (7 marks)

.. 2 -

(@x+ 1000X + 40x = 0; critical when (1000) =4 x40 M1 Al

c = 1000y160 =~ 12600 N sm™* Al

Answer: 12600 N sm™* 3 marks

(b) X + 10x + 40x = 0; discriminant 100 — 160 < 0 so underdamped M1 A1

m=-52i15 M1

Period = L 162s Al

5
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Answer: T = 1.62s 4 marks
15 (7 marks)
(a) Complementary function: m?> +4m+5=0,m=—2+1i,s0e %(A cost + Bsint) M1 A1
Tryx=pcost+qgsint: costterms4p + 4qg =10 M1 A1l
sintterms:4q—4p:0,sop:q:% Al
Answer: x = e (A cost + B sint) + %(cost +dnt) 5 marks
(b) The e term decays to zero, so x — %(cost +sint) B1
Amplitude = 22 = 1.7 B1
, . 5v2
Answer: steady state amplitude —— = 1.77 2 marks
16 (7 marks)
(a) These terms are part of the complementary function, so they would give 0 on the left-hand side El
Answer: part of the complementary function 1 mark
2
(b) Try x = at cos 2t: % = acos 2t — 2at sin 2t, % = —4asin 2t — 4at cos 2t M1 A1
Substituting: —4asin2t=8sin2t,a= -2 Al
X=Acos2t+Bsin2t— 2t cos2t; x(0) =0givesA =0 M1
%(O):Ogiv&eZB—2:0,B:1,sox:sin2t—2t0052t Al
Answer: x =sin 2t — 2t cos 2t 5 marks
(c) The amplitude grows without limit (resonance), approximately 2t El
Answer: grows without limit 1 mark
17 (7 marks)
(@) 2x = —8x — 4x + 10 cost M1
X +2x +4x =5cost Al
Answer: shown 2 marks
(b) Tryx=acost+bsint M1
cost: —a+2b+4a=5,i.e.3a+2b=5sint: —=b—2a+4b=0,i.e 3b=2a M1 A1l
_15,_10
a= 3' =13 Al
. 5
=Ja?+bh?=— =
Amplitude = ya* + b NiE] 1.39m Al
Answer: x = 2cost + sin t; amplitude o = 1.39
nswer: x = gzcost + gzsin t; amplitude 7z = 1.39m 5 marks
18 (6 marks)
(@m=—-1+3i,x=e'(Acos3t+Bsin3t),A=3 M1 A1l
9 = e[(~A + 3B) cos 3t + (~B — 3A) sin 3 M1
—A+3B=0givesB=1 Al
Answer: shown 4 marks
(b)3cos3t+sin3t=0,tan3t=—3,3t=m — tan"' 3 M1
_ -1
=271 % < oe31s AL
Answer:t = 0.631s 2 marks
19 (7 marks)
(@ x=e'(Acos2t+Bsn2t),x(0)=0s0A =0 M1 A1l
%(0):28:4,308:2 Al
Answer: shown 3 marks
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(b) ?:i_)t( =2e'(2cos2t —sin2t) =0, tan 2t = 2 M1 Al
t=2tan"'2~ 05545 AL
X = 1.03m Al
Answer:t = 0554 s, x = 1.03 4 marks
20 (6 marks)
(a) Oscillatory when k? — 36 < 0 M1
O0<k<®6 Al
Critical damping: k =6 Al
Answer: 0<k<6; k=6 3 marks
(b) m*+2m+9=0,m=—1+22i; w =22 M1
iod=2E - O _
Per'Od_z\/E_\/E 222s Al
Factor e = ™" ~ 0.108 Al
Answer: T =m/vV2 = 2.22 s, factor 0.108 3 marks
21 (9 marks)
(8 Try x =acos wt + b sin wt M1
cos: (25 — w?a+ 2wb = 20; sin: (25 — w)b — 2wa=0 M1 AL
. ) 2 _ 400
Multiply and add: a“ + b” = 25— 0?7+ 40’ M1
A=qa+b’= 20 Al
(25 — w?)? + 4w?
Answer: shown 5 marks
(b) Minimise g = (25 — w?)? + 4w? withu = w% g = (25 — u)® + 4u M1
%=—2(25—u)+4=09iv&eu=23 Al
0(23) =4 + 92 = 96 (aminimum, since g is a positive quadratic in u) M1
-2 _
Anx = 7% 2.04 Al
Answer: w?=23; A_max = 728_6 = 2.04 4 marks
22 (7 marks)
Complementary function: m*+3m+2=0,m=—1, —2, so Ae ' + Be™® M1 Al
Tryx=ae > 9a— 9a+2a=4 M1 Al
a=2,s0x=Ae'+Be ?+2e® Al
XO)=LA+B=—1 2X(0)=0. ~A - 28 - 6=0 M1
A=4B=-5x=4e"'—-5e?+2e¥ Al
Answer: x = 4e”' — 5e™% + 2™ 7 marks
23 (7 marks)
(@) Ae"* + Be % = (A + B)e™? has only one arbitrary constant, so it cannot satisfy two initial E1
conditions; the general solution is (A + Bt)e
Answer: only one arbitrary constant 1 mark
(b) x = (A +Bt)e™?,x(0)=0s0A =0 M1 A1
% =B(1l—2t)e™® at=0:B=3 sox=3te™ Al
Answer: x = 3te™® 3 marks
(©) c(jj—)t( =3(1 — 2t)e"* =0 givest = % s M1 AL
X = %e‘l ~ 0.552 m Al
Answer:t=05s x = 0.552 m 3 marks
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24 (8 marks)
(@ m=-1—4;x=Ae'+Be™™ M1
x(O):O:A:—B;%(0):—A—4B:6,303A:6 M1
x=2e"'— e Al
Answer: x = 2(e™"' — e™%) 3 marks
(b) 3% = 2(—e—t +4e™¥)=0 ML
e‘3t:‘11, = In4 0.462's Al
X = 2(47Y — 4-4’3) =2x 471~ 3) M1
~ 0945 m Al
Answer: t = % In 4; x = 0.945 4 marks
(e 't>e ™ fort>0,0x>0; x> 0ast— « E1
Answer: x > 0; limit O 1 mark
25 (8 marks)
(@ Tryx=acos2t+bsin2t M1
cos 2t: (13 — 4)a+ 12b = 26; sin 2t: (13 — 4)b — 12a=0 M1 A1
9 = 12asob—— 9a + 16a= 26 M1
_26 104
a=25"=75 Al
Answer: X = ggcos 2t + 1043m 2t 5 marks
(b) R=ya?+b? = 16 5 M1 AL
tan(p—a—scp~0927rad Al
Answer: R = 15, ¢ = 0.927 3 marks
26 (8 marks)
(a) 4x = —100x — 16x (the weight is balanced by the equilibrium tension), so X + 4x + 25x = 0 M1 AL
m = —2+iy21; x = e ?(A cosy21t + B siny21t) M1 A1
. d x
x(0) = 0.2 gives A =02, 7(0) = —=2A +21B =0 M1
_ 04 —2t + 04
B= o Ox=e (0.2 cos /21t sm\/_t) Al
Answer: x = e"%(0.2cos V21t + (0.4/\/21) snv21t) 6 marks
(b) 0.2cos\/ﬁt+%sin\/ﬁt:0, tan 2t = — 12 "
Y2lt=m — tan‘“@, t=~0433s Al
Answer:t = 0433 s 2 marks
27 (10 marks)
(a) cos 3t and sin 3t appear in the complementary function (resonance), so multiply by t El
d—)t(:acos3t+bsin3t+t(—3asin3t+3bcos3t) M1
2
g—t——6a9n3t+6bcos3t—9x M1 A1
Hence —6asin 3t + 6bcos3t =6 cos3t,a=0,b=1; Xp =t sin 3t Al
Answer: x_p=tsin 3t 5 marks
(b) x =Acos3t+Bsin3t+tsin3t; x(0) =0givesA =0 M1
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%(0):38:0,sox:tsin3t

Answer: x =t sin 3t
(c) x =t sin 3t, so the oscillations are bounded by +t and the amplitude increases linearly

Displacement is largest in magnitude when |sin 3t| =1, i.e. 3t = % + n1; the first of these witht =

10 hasn=10
_ (@
2) + 10m1/3
Answer:t = 110s

t= =~ 110s

28 (10 marks)
(a) Newton's second law: X = —kx — cx + 10 cos 2t
Answer: shown
(b)x=—4cos@sin2t+4sin@cos2t,Xx = —8cos cos2t — 8sing sin 2t
cos 2t terms. —8 cos ¢ + 4c sin @ + 2k cos @ = 10
i.e.2(k —4)cos@+4csing=10- (k — 4) cos@ + 2c sin @ = 5; sin 2t terms give the second
equation
Answer: shown

(c)Fromthesecondequationtan(p:k2_(:4:%,sok—4:%
~4 =2

cosQ=g,sNQ=¢

8 _ 4 3 _ 32c , 18c _

3 X5 TAXFILD I 5 =0

c=15k=4+4=8

Answer: c=15k=8

29 (9 marks)

(@ x=(A+Bt)e ™ A=a

dx

m:(B—|oA—th)e‘Pt;att:O:B—pa: —Vv,s0B=pa—v
Answer: shown
(b) x = 0 requires a + (pa — V)t = 0 (since e™™ > 0)

t= a . " v if v >
= v —pa 'SPostiveonly if v>pa
(if v = pathefactor a+ (pa— v)t > Ofor al t > 0, so no zero)
e a
Answer: t = mwhenv> pa
__05 _
(ot= 2-15 " 0.2s
X = (05— 25067, 3% = (~25— 15+ 750e ¥ = 0 givest =
x = (0.5 — %)e‘l'6 ~ —0.168 m (i.e. 0.168 m on the far side)
Answer:t=0.2s; x| = 0.168 m
30 (9 marks)
(a) Complementary function A cos 5t + B sin 5t; try x = acos 4t: (25 — 16)a= 10

a= %; X(0) =0givesA = —%

%(0) =5B=0,50x = %(cos 4t — cos 5t)

Answer: shown
(b) cos 4t — cosbt =2 sing sini
2 2

10 .o .t _ 20 . 1. . 9
x—gXanisnE—?sn(Et)sn(Et)

Answer: shown
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(c) Rapid oscillation sin(31t) with sowly varying amplitude % |sin(31) E1
Maximum amplitude % = 222 B1
Envelope is zero when sin(%t) =0,i.e every 21 = 6.28 s B1
Answer: beats, max amplitude %; envelope zer os 211 s apart 3 marks

stemup.co.uk | page 33



