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Differential Equations of Motion

1 A particle moves in a straight line. At time t seconds its acceleration is (6t — 2) m s™2 When

t = 0itsvelocity is1 ms™™.

Find the velocity of the particle whent = 3. [2]
2 A particle of mass 4 kg starts from rest and moves in a straight line under the action of a

single force of magnitude 8t N, wheret is the time in seconds.

Find the speed of the particle whent = 2. [3]
3 A particle moves in a straight line with acceleration 12e™# m s™2, where t isthe time in

seconds. The particle starts from rest.

Find its speed whent = In 2. [3]
4 A particle moves in a straight line with speed v m s™* at time't seconds. It satisfies %—\t/ =—2v

andv =10whent=0.

Find v in terms of t. [3]
5 A particle moves along the positive x-axis. When its displacement from the origin O is x

metres, its acceleration is 2x ms™2 and its speed isv ms™%, When x =0, v = 3.

Show that v2 = 2x2 + 9. [3]
6 A particle moves along a straight line. At time t seconds its displacement from a fixed point O

2

IS X metres,where% =6t — 4.Whent:O,x:Oand% =2

Find the value of x whent = 2. [3]
7 A particle of mass 2 kg movesin a straight line. At time t seconds the resultant force on the

particle is Ztl—fl N in the direction of motion. When t = 0 the speed of the particleis1 ms™.

Find the exact speed of the particle whent = 4. [4
8 A particle P moves in a straight line. At time t seconds its acceleration is 4cos 2t ms™2. Whent = 0, Pisat

the origin O with velocity zero.

(@ Find an expression for the velocity of P at timet. [2]

(b) Find an expression for the displacement of P from O at time't. [2]

(c) Find the greatest distance of P from O. [1
9 A particle movesin a straight line with velocity v m s~ at time t seconds. It starts from rest and satisfies

dv _

g7 -6 2v.

(@ Showthatv=3(1—e?). [4]

(b) State the limiting value of v ast becomes large. 1

10 A particle P moves along the positive x-axis. When P is at displacement x metres from the

origin O, its acceleration is ﬁ m s™2 directed away from O. P starts from rest at O.

Find the speed of P when x = 3. [5]

11 A particle of mass 0.5 kg movesin a straight line, starting from rest. At time t seconds the

resultant force on the particleis (2 — 5t + 6) N in the direction of motion.
Find the speed of the particle when the acceleration isfirst zero. [5]
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A particle moves along a straight line through a point O. At time t seconds its acceleration is

(4 — 2t) m s~ in the positive direction. When t = 0 the particleisat O and is at rest.
Find the time at which the particle returns to O. [4]

A particle P moves aong the positive x-axis. When P is at displacement x metres from the

origin O its acceleration is (12 — 3x) m s directed away from O. P starts from rest at O.
Find the maximum speed of P. [5]

A particle P moves along the positive x-axis. When P is at displacement x metres from O its acceleration is
4e72 m s™2 directed away from O. P starts from rest at O.

(@ Show that v2 = 16(1 — e ?), where v m s~ is the speed of P. [3]
(b) Find the limit of the speed of P as x increases. [1]
() Find the exact value of x whenv = 2. [2]

A particle moves along the positive x-axis. When its displacement from O is x metresits

acceleration is m s~ directed away from O. When x = 0 the speed of the particleis 1

1+ x2
ms~

Find an expression for the speed v m s™* of the particle in terms of x, and find the limit of v

as X — oo, giving your answer in exact form. [5]

A particle moves in a straight line, starting from rest. At time t seconds its acceleration ist e m s™2.

(@  Show that the velocity of the particle at timetis[1 — (1 +t)e” ] ms™. [4
(b) Find the limit of the velocity ast — o. [1
(c) Explain why the speed of the particle is aways less than this limit. 1

A particle P movesin a straight line, with speed v m s™* at time t seconds (v > 0). Its acceleration is% m

s™2 and P starts from the point O with speed 1 ms™.

(@ Show that v = 4t + 1. [3]
(b) Find the distance of P from O whent = 2. [3]

A particle P of mass 3 kg moves aong the positive x-axis. When its displacement from O is x metres, its

speed isv = 7~ ms™, directed away from O.
(@ Find the magnitude and direction of the resultant force on P when x = 1. [3]
(b) Find the time taken for P to move fromx = 0to x = 3. [3]

A particle of mass 0.4 kg is at rest at timet = 0. It movesin a straight line under the action of

aforce of magnitude t e7¥2 N, where't is the time in seconds.
Find the speed of the particle when t = 2, giving your answer to 3 significant figures. (6]

A particle moves in a straight line. Its velocity v m s™* at time t seconds satisfies % =—1+
v?),andv =1whent=0.
Find v as afunction of t, and find the time at which the particle first comes to rest. [5]

A particle moves in a straight line. At timet seconds, t = 0, its acceleration is (12t — 3t?) ms™2. Whent =
0 the particleis at the point O and is at rest.

(@ Find expressions for the velocity and for the displacement from O at time't. [3]
(b)  Show that the particle next comes to rest when t = 6, and find its distance from O at this
time. [2]

() Find the greatest speed of the particle. [2]
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A particle moves along the positive x-axis with acceleration (8 — 2x) m s™2 when its displacement from O
is X metres. It starts from rest at O. A student writes:

"a:%:S—Zx,sov:St—Zch."

(@ Explain the error in the student's working. 1
(b)  Find the correct expression for v2 in terms of x. [3]
() Find the maximum speed of the particle and the greatest value of x reached. [2]

A particle P of mass 2 kg moves along the x-axis. At timet seconds it is acted on by aforce 12cos 3t N in
the positive x-direction. Att =0, Pis at the origin O at rest.

(@ Find the displacement of P from O at time't. [4
(b) Show that P never moves to the left of O, and state the greatest value of x. [1
() Find the first time at which the speed of Pis1 ms™. [2]

A particle moves in a straight line with velocity v m s™* at time t seconds. It starts from rest and ?ZI_\'[/ =4 -

v, with0 < v <2

(@ Use partia fractions to show that t = % Inzzi\\//. [4]
(b) Findthetimeat whichv = 1. 1
(c) Makev the subject of the formulain part (a) and hence state the limiting value of v. [2]

A particle P moves along the x-axis. When its displacement from the origin is x metres (0 < x < 12), its
speed v m s™! satisfies v2 = 12x — x%. When x = 3, Pis moving in the direction of x increasing.
(@ Find the acceleration of P when its displacement is X. [2]

(b)  Show that the time taken for P to movefromx =3tox =6is % S. [4
A particle moves in a straight line with speed v m s™* at time t seconds, where 3—\{ =v(4—v),0<v<4
Whent=0,v=1

4

(@ Showthatv= Tr3e [5]

(b)  Find the time at which the speed is2 ms™™. [2]

A particle P of mass 1 kg moves aong the x-axis. When its displacement from O is x metres, the resultant
force on Pis —(2x + 4x®) N, directed along the x-axis. P is released from rest at x = 1.

(@ Show that v2 =4 — 2x? — 2x* wherev m s~ is the speed of P. [3]
(b)  Show that v = 2(1 — x?)(2 + x?) and hence find the other value of x at which Pis

instantaneously at rest. [3]
() Find the speed of P asit passes through O, and explain why the motion is oscillatory. [2]
A particle movesin a straight line. At time t seconds its velocity v m s™* satisfies % +v=2e"andv=0
whent =0.
(@ Usean integrating factor to show that v = 2t e [4
(b)  Show that the greatest speed is % m s™, and state when it occurs. [3]

() Find the total distance travelled by the particle ast — . [2]
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A particle P of mass 3 kg moves along the positive x-axis, starting from rest at the origin O at timet = 0.
The resultant force on Pis 6 N in the positive x-direction while 0 = x < 2, and % N in the positive
x-direction when x > 2.

(@ Find the speed of P when x = 2 and the time taken to reach this point. [3]
(b) Show that forx >2,v>=8+8 In%. [3]
(c) Findthevaue of x whenv = 6. [2]

A particle P of mass 2 kg movesin astraight line. It starts from rest at the point O at timet=0. For0 < t

< 4 theresultant force on P in the direction of motion ist(4 — t) N, and for t > 4 the resultant force is zero.
3

(@ Show that for 0 < t < 4 the speed of Pisv = t* — %. [3]
(b) Find the speed of P and its distance from O when t = 4. [3]
() Findthetime at which Pis40 m from O. [2]

M otion with Resistance

A particle of mass 0.5 kg moves in a straight line on a smooth horizontal surface. The only

horizontal force on the particle is a resistance of magnitude 2v N, where v m s~ is its speed.

At timet = 0the speed is8 ms™™.

Show that v = 8e™*, and find the speed when't = In 2. (4]

A parcel of mass 2 kg falls vertically through air. The air resistance has magnitude 4v N when

the speed of the parcel isvms™. Takeg=9.8ms™2
Find the terminal velocity of the parcel. [2]

A particle of mass 3 kg is moving vertically upwards through aliquid. The resistance has magnitude 0.6v N
when the speed isv ms™ . Takeg=9.8 ms™.

(8 Showthat oY = —9.8 — 02v. (2
(b) Find the magnitude of the deceleration when v = 14. 1

A particle moves in a straight line with deceleration 0.4v> m s™2, wherev m s~ is its speed.
Att=0thespeedis5ms™™.

_ 5
Show that v = T+ 2t [3]
A particle moves in a straight line with deceleration 0.2v m s™2, wherev m s™* is its speed.
Itsinitial speedis10 ms™.
Find the distance the particle travels while its speed fallsfrom 10 ms *to5ms™. [3]

A boat of mass 200 kg moves through still water. With its engine switched off, the only
horizontal force on the boat is a resistance of magnitude 50v N, where v m s is the speed.

When the engine is switched off the speed is4 m s™2.
Find the speed of the boat 8 seconds later. [3]

A stone of mass m kg falls from rest through water. The resistance to its motion has magnitude 0.5mv N
whenitsspeedisvms™™. Takeg=9.8 ms™2

(@ Show that v = 19.6(1 — e ®¥), wherett is the time in seconds. [4]
(b)  Find the speed of the stone whent = 2. [1]
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A ball of mass m kg is projected vertically upwards with speed 20 m s™* through air. The air

resistance has magnitude 0.2mv N when the speed isv ms™. Takeg=9.8 ms™2.
Find the time taken to reach the highest point, giving your answer to 3 significant figures. [4

A particle moves in a straight line with deceleration 0.05v> m s™2, where v m s™* is its speed. The initial

speedis20 ms™h
(@ Show that v = 20e%%* where x metres is the distance travelled. [3]
(b) Find the distance travelled while the speed halves. [2]

A car of mass 800 kg moves along a straight horizontal road. The engine produces a constant driving force

of 1200 N and the resistance to motion has magnitude 3v? N when the speed isv ms™.

(@ Find the acceleration of the car when v = 10. [2]
(b)  Find the maximum speed of the car. [2]

A sky-diver falls vertically. Her acceleration is (9.8 — 0.02v?) m s™2 when her speed isv ms™.

(@ Find her terminal speed, correct to 3 significant figures. [2]
(b)  Find her speed when her acceleration is4.9 m s™2, [2]

A particle of mass 2 kg moves in a straight line on a smooth horizontal table. The only

horizontal force is a resistance of magnitude 0.6v N, where v m s is the speed. The initial

speedis12 ms™

Show that the particle cannot travel further than 40 m. [4]

A block of mass m kg slides down a smooth plane inclined at 30° to the horizontal. In addition to its weight
and the normal reaction, the block is subject to a resistance of magnitude 0.4mv N, wherev m s~ isits
speed, acting up the plane. The block starts from rest. Takeg = 9.8 ms™2.

(@  Show that the speed approaches 12.25 ms™. [3]

(b)  Find the time taken to reach a speed of 6 m s™2. [2]

A small sphere of mass m kg is released from rest in aliquid. The resistance has magnitude 0.5mv N when
thespeedisvms™™. Takeg=9.8 ms™2

(@ Show that the speed after t seconds is 19.6(1 — e **) ms™. [3]
(b) Find the distance fallen in the first 4 seconds. [3]

A particle of mass m kg is projected vertically upwards with speed 30 m s™* through a
medium which exerts a resistance of magnitude 0.4mv N when the speed isv ms™. Takeg =

9.8ms2
Find the greatest height reached above the point of projection, to 3 significant figures. [6]

A ball of mass m kg is thrown vertically upwards with speed 25 m s™. Air resistance has

magnitude 0.01mv? N when the speedisv ms™. Takeg=9.8 ms™2
Find the greatest height reached, giving your answer to 3 significant figures. [5]

A particle of mass m kg falls from rest through air. The air resistance has magnitude 0.02mv? N when its
speedisvms™t. Takeg=9.8ms 2

(@ Show that v2 = 490(1 — e~%%), where x metres is the distance fallen. [4]
(b) Find the speed after the particle has fallen 30 m. [2]

A boat moves on alake with its engine off. The only horizontal force on the boat is a resistance which gives

it a deceleration of 0.05v> m s™2 when its speed isv m s, The initial speedis20 ms™™.

(@ Showthatv = % at time t seconds. [3]

(b) Find the distance travelled in the first 10 seconds. [3]
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A boat of mass 500 kg is propelled by an engine which gives a constant forward force of 600 N. The water
exerts a resistance of magnitude 40v N when the speed of the boat isv m s™%. The boat starts from rest.

(@ Show that v = 15(1 — e %%, [4]
(b)  Find the time taken to reach a speed of 10 ms™1, [2]

A particle moves in a straight line with deceleration 2y'v m s™2 when its speed isv m s™%. The initial speed
is16ms™.

(@ Show that the particle comes to rest after exactly 4 seconds. [3]
(b) Find the total distance travelled before the particle comes to rest. [3]

A ball of mass m kg is thrown vertically upwards from ground level with speed 20 m s™*. Air resistance has

magnitude 0.01mv2 N when the speed isv ms™%. Takeg=9.8 ms™2.
(@ Find the greatest height H reached by the ball. [4
(b) Find the speed with which the ball returns to the ground. 4

A particle of mass m kg is released from rest and falls vertically. The air resistance has magnitude 0.04mv?
N when its speed isvms™. Takeg=9.8 ms™2

(@ Findthetermina speed V, giving its exact value and its value to 3 significant figures. [2]
(b)  Show that (é—\t/ = 0.04(245 — v?) and hencefind t as an integral in terms of v. [1
() Use partid fractions to show that v = V tanh(0.626t), where V isasin part (a), and the

constant 0.626 is correct to 3 significant figures. [5]
(d) Find the time taken to reach half of the terminal speed. [2]

A particle moves in a straight line with deceleration 0.1v2 m s™2 when its speed isv m s™2. Its initial speed
is10 ms™% A student writes:

% = —0.1v?, sointegrating, v = —0.1v?t + 10, which gives v = 10e™%.”

(@) Identify the errorsin the student's working. [2]
(b) Findvintermsof t. [3]
(c) Findv interms of the distance x travelled, and say whether the particle ever stops. [3]

A parachutist of mass m kg falls vertically from rest. The air resistance has magnitude 0.8mv N when the
speedisvms™t. Takeg=9.8ms2

(@ Find the terminal speed V, and show that v = V(1 — e™%%), [4]
(b) Find the time at which the speed reaches 90% of V. [2]
(c) Find the distance fallen in this time. [3]

A car of mass 1000 kg travels along a straight horizontal road with its engine working at a constant power

of 24 000 W. The resistance to motion has magnitude 3vZ N when the speed isv m s,

(@ Show that the car's maximum speed is 20 m s™2. [2]
(b) The car accelerates from rest. Find the distance it travels in reaching a speed of 10 m
s~ correct to 3 significant figures. [5]

A particle of mass m falls from rest through a medium which exerts a resistance of magnitude mkv, where v
is the speed and k is a positive constant. The terminal speedisV.

(@ ShowthatV = andthatv=V(1 - e™). [4]

(b)  Show that the time taken to reach a speed of %V is InTZ 1

(c)  Show tha the distance fallen in this time is - (In 2 — 2. (3
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A particle of mass m is projected vertically upwards with speed U in a medium which exerts a resistance of
magnitude mkv?, where v is the speed and k is a positive constant. The particle rises to a greatest height H

and then falls back to its starting point with speed V.

1 kU?
(@  Show that H = 5 In(1 + T).

(b) Show that V2= (1 — &),

- g and deduce that VV < U.

1 _
(¢) Hence show that VST

A particle of mass m kg is projected vertically upwards with speed 15 m s™* through a medium which

exerts a resistance of magnitude 0.04mv? N when the speed isv ms™. Takeg=9.8 ms™2,

(@ Find the time taken to reach the highest point, to 3 significant figures.

(b) After reaching the highest point the particle falls. Show that the speed t seconds after
leaving the highest point is v = /245 tanh(0.626t).

(c) Find the time after leaving the highest point at which the particle's speed is half of its
terminal speed.

A boat of mass 1200 kg is driven by an engine producing a constant forward force of 3000 N. The water
exerts a resistance of magnitude 300v N when the speed of the boat isv m s™*. The boat starts from rest.

(@ Show that v = 10(1 — e%¥), where't is the time in seconds.
(b) Find the distance travelled in the first 8 seconds.

(c) Whent = 8theengineis switched off. Find how much further the boat travels before it

comes to rest, if the resistance is unchanged. Comment on the answer.

A stone of mass m kg is thrown vertically downwards with speed 25 m s™* in a medium which exerts a

resistance of magnitude 0.98mv N when the speedisv ms™. Takeg=9.8 ms™2
(@  Show that the terminal speed isV = 10 m s™%, and that v = 10 + 15~ %%,
(b) Explain what the result shows about the speed of the stone asiit falls.

() Find the time at which the speed is15 m s™™.

(d) Find the distance travelled in this time.

Variable Mass and Force Models

The momentum of a particle of mass 5 kg moving in astraight lineis (3t> + 2t) kgms™* at
time t seconds.
Find the magnitude of the resultant force on the particle whent = 2.

A particle has weight 80 N on the surface of the Earth, whose radius is R. The gravitational
force on the particle isinversely proportional to the square of its distance from the Earth's
centre.

Find the weight of the particle when it is at a distance 3R from the centre of the Earth.

A rocket in deep space gjects burnt fuel at a constant rate of 5 kg s™*. The fuel leaves the

rocket at a speed of 800 m s~ relative to the rocket.
Find the thrust on the rocket.

Sand falls vertically onto a horizontal conveyor belt at a constant rate of 3 kg s™*. The belt
moves horizontally at a constant speed of 2 ms™2.

Find the horizontal driving force needed on the belt, ignoring friction in the machinery, to
keep it at this constant speed.

(4]
(3]
(3]

(4]

(4]

(2]

(4]
(3]

(3]

(5]
(1]
(2]
(2]

(2]

(2]

(2]

(2]
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5 The acceleration due to gravity at a distance x from the centre of the Earth (x = R) is gxiz,
where R is the radius of the Earth and g = 9.8 m s™2 is the value at the surface.
Find the acceleration due to gravity at a height R above the surface of the Earth. [2]

6 A rocket in deep space has initial mass 800 kg (including fuel). It gjects 300 kg of fuel at a
constant speed of 2000 m s™* relative to the rocket. The rocket starts from rest. It can be

shown that the final speedisv =c¢ In%, where c is the relative speed of gection, m, the

initial mass and m the final mass.
Calculate the final speed of the rocket. [3]

2
! The acceleration due to gravity at a distance x from the centre of the Earth (x = R) is gxiz,

where R = 6.4 x 10° m is the radius of the Earth and g = 9.8 m s™2. Ignore air resistance.
A particle is projected vertically upwards from the surface with speed u. By considering v%,

show that the particle escapes from the Earth (never returns) if u = y2gR, and calculate this
speed in m s™* to 3 significant figures. [4]

8 Take the Earth's radius as R = 6.4 x 10° m, g = 9.8 m s™2, and the acceleration due to gravity
2
at distance x from the centre as gxiz. A particle is projected vertically upwards from the

surface of the Earth with speed 5000 m s™2. Ignore air resistance.
Find the greatest height above the surface reached by the particle, to 3 significant figures. [5]

9 Useg=9.8ms?and R = 6.4 x 10° m, with the acceleration due to gravity at distance x
2
from the Earth's centre equal to gXiZ. A small meteor falls from rest at a height R above the

Earth's surface. Ignore air resistance.
Show that its speed on reaching the surface isy/gR, and calculate this speed. [4]

10 A rocket in deep space gects fuel at a constant rate of 10 kg s™* with speed 1800 m s™* relative to the
rocket. The initial mass of the rocket and fuel is 1500 kg and the rocket starts from rest. Assume the thrust
is the only force on the rocket.

1500

(@ Show that the speed of the rocket after t secondsisv = 1800 Inm. [4]
(b) Find the speed after 60 seconds. 1

11 A trolley of mass 20 kg moves on smooth horizontal rails with initial speed 6 m s™*. Sand
falls vertically into the trolley at a constant rate of 2 kg s™*. No horizontal external force acts
on thetrolley.
Find the speed of the trolley after 10 seconds. [4]

12 A particle P of mass 0.5 kg is attracted towards a fixed point O by a force of magnitude % N,

where x metresisits distance from O. P isreleased from rest at x = 4.
Find the speed of P when x = 1. [4]

13 A rocket of initial mass 5000 kg (including fuel) is launched vertically upwards from rest. It gects burnt
fuel at a constant rate of 20 kg s~ with speed 2500 m s™* relative to the rocket. Take g = 9.8 m s~ and
assume g is constant and there is no air resistance.

(@ Findtheinitial acceleration of the rocket. [2]
(b)  Find the acceleration after 10 seconds. [3]



StemUp | Further Mathematics | Further Mechanics: Differential Equations in Mechanics | Question Pack

14

15

16

17

18

19

20

A rocket islaunched vertically upwards from rest. Itsinitial massis 4000 kg and it ejects burnt fuel at a

constant rate of 25 kg s™* with speed 2200 m s™* relative to the rocket. Take g = 9.8 m s™2, assume g is
constant and ignore air resistance.

(@  Show that the speed of the rocket t seconds after launch isv = 2200 In% -
9.8t. (5]
(b) Find the speed after 30 seconds, given that fuel remains. [2]

A raindrop falls vertically from rest through still, saturated air and gains mass by condensation, so that its

mass m at time t satisfies c:j_rtn = 0.2m (t in seconds). The condensing water isinitially at rest. Takeg = 9.8

m s~2 and ignore air resistance.
(@ Using the equation %(mv) = mg, show that i—\t/ +0.2v = 9.8, wherev m s isthe

speed of the drop. [3]
(b) Hencefindv interms of t, and the speed whent = 5. [3]

A lorry of initial mass 1500 kg, including a load of sand, travels along a straight horizontal road. Sand leaks
steadily from the lorry at 5 kg s, leaving the lorry with the same velocity as the lorry at that instant. The
engine provides a constant driving force of 600 N and there is no other horizontal force. The lorry starts
from rest.

. . dv _ 600
(@  Show that the mass of the lorry at timet is 1500 — 5t, and that 9t = 1500 =& [3]

(b) Find the speed of the lorry after 100 seconds. [2]

Useg=9.8ms 2 R=6.4x 10° m, and the gravitational force on a body of mass m at

, R?
distance x from the Earth's centre as mgz .

Show that the work done against gravity in raising a satellite of mass m from the surface of

the Earth to a height h above the surface is rggfﬁ , and calculate this work for a satellite of

mass 1000 kg raised to a height R. [5]

A two-stage rocket in deep space starts from rest with total mass 6000 kg. In the first stage it

burns 2500 kg of fuel, gjecting it at 2000 m s™* relative to the rocket. The empty first-stage
casing of mass 500 kg is then detached (with no change in the velocity of the rest of the
rocket). In the second stage the remaining rocket burns 1800 kg of fuel, gjecting it at 2400 m
s™! relative to the rocket. The speed gained when a rocket of mass m, burns fuel to mass m

m,
with relative gjection speed cisc In—.

Find the final speed of the rocket. [6]

Sand is dropped vertically onto a horizontal conveyor belt at a constant rate of 40 kg s™*. The belt moves at
aconstant speed of 1.5 m s™*. Assume the sand isinitially at rest and ends up moving with the belt.

(@ Find the extra driving force the motor must provide to maintain the belt's speed. [2]
(b) Find the rate at which the motor does work, and the rate at which kinetic energy is given

to the sand. [3]
(c) Explain what happens to the remainder of the energy. [1

A uniform chain of mass 4 kg and length 2 m is held vertically with its lower end just touching a horizontal
table. The chain is released from rest and falls onto the table, the links coming to rest as they land. Take g =
9.8ms™2
(@ When the top of the chain has fallen a distance x, show that the part of the chain still in

the air has speed y2gx. (2
(b)  Show that the force exerted by the table on the chain is 3Agx, where A is the mass per

unit length, and calculate it when x = 0.5. [4]
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A rocket of initial mass 3000 kg is launched vertically upwards from rest. It burns fuel at a constant rate of

20 kg s, gjecting it at 2000 m s~ relative to the rocket, until burn-out at t = 50 s. Takeg = 9.8 ms™2,
assume g is constant and ignore air resistance.
3000
o~ 9.8t, and

(8  Show that for 0 < t = 50 the speed of the rocket isv = 2000 Inz555—>5

find its speed at burn-out. (4]
(b)  Show that the height of the rocket at burn-out is 300 000[(1 — s) In(1 — s) + 5] — 4.9 x

502, where s = % and evaluate it. [3]
(c) After burn-out the rocket moves freely under gravity. Find the greatest height reached
above the launch point. [2]

A uniform chain of mass 6 kg and length 3 misinitialy in a heap on a horizontal floor. One end is raised

vertically upwards at a constant speed of 2 m s™* by aforce F newtons. Take g = 9.8 m s™2. When the
raised end is at height x metres, the part of the chain off the floor is vertical.

(@ Show that F=19.6x + 8. [4]
(b) Find the work done by F while the whole chain is lifted clear of the floor (x from O to

3). [2]
(c) Calculate the gain in potential energy and the kinetic energy of the chain when it has

just left the floor, and hence find the energy lost in the process. Suggest where it goes. [3]

A raindrop falls vertically from rest through a still cloud of fine mist. It gains mass from the mist, which is

initially at rest, so that its mass m satisfies %—T = 0.02m, where x metres is the distance fallen. Let v m s™

be its speed. Take g = 9.8 m s™% ignore air resistance.

(@  Show that v% +0.02v*> = 9.8. [3]
(b) By writing w = v or otherwise, show that v = 490(1 — e~ %%%), [3]
() Find the speed after the drop has fallen 100 m, and the limiting speed. [2]

A spacecraft of initial mass 5000 kg descends vertically towards the Moon's surface. At theinstant t = 0 its
speed is 100 m s~ downwards. Its engine, pointing downwards, ejects burnt fuel at a constant rate of 4 kg
s~ with speed 3000 m s™* relative to the spacecraft. Assume that the Moon's gravitational acceleration is a
constant 1.6 m s™2 and ignore any other forces.

(@  Show that the speed v m s of the spacecraft at time t seconds (while fuel remains) isv

_ 5000
=100 + 1.6t — 3000 |nm (9]

(b) Find the speed when t = 60, and the deceleration at that instant. [3]

2

gxiz at distance x from
the Earth's centre. A projectileis fired vertically upwards from the surface of the Earth with speed u. Ignore
air resistance and the gravitational effect of the Moon.

Useg=9.8ms?andR = 6.4 x 10° m for the Earth, with gravitational acceleration

2
(@ Show that the greatest distance from the Earth's centre reached is x = % (for u® <
29R). (3]
(b) Show that if u=+/gR the projectile reaches a distance 2R from the Earth's centre. [1]

(c) The Moon's centre is about 60R from the Earth's centre. Find the minimum launch
speed needed to reach this distance, to 3 significant figures, and expressit as a

percentage of the escape speed 2gR. [3]
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An open truck of mass 800 kg (when empty) travels along a straight horizontal track. Rain falls vertically
into the truck at a constant rate of 2 kg s™*. The engine provides a constant horizontal driving force of 200
N and there is no resistance to motion. When t = 0, the truck is empty and moving at 5m s

(@ Show that the speed v m s~ at time t seconds satisfies %[(800 + 2t)v] = 200, and

4000 + 200t
hence that v = 80+ [4]
(b) Find the speed of the truck when t = 100, and its acceleration at that instant. [3]

A particle P of mass 1 kg is attracted towards a fixed point O by a force of magnitude % N, where x metres
is the distance OP. Pisreleased from rest at x = 4.

(@ Show that the speed of P at distance x from O is given by v? = 4(% - %). [2]
(b)  Using the substitution x = 4 sin®0, show that the time taken for P to move from x = 4 to

X = 2is (11 + 2) seconds. [6]
(c) Find the total time for P to reach O. [2]

A raindrop falls vertically from rest through a till, saturated cloud and gains mass so that its mass m at time

t satisfies %—T = 0.2m. The condensing water is at rest. In addition to its weight, the drop experiences a

resistance of magnitude 0.3mv N, wherev m s~ isits speed. Takeg=9.8 ms™2,

(8 Show that S¥ +0.5v = 9.8, (3
(b) Find v interms of t, and state the terminal speed. [3]
(c) Find the speed and the distance fallen at the instant the mass of the drop has doubled. [4

A uniform chain of length 2 m and mass 4 kg lies on a smooth horizontal table, with alength 0.5 m hanging
vertically over the straight edge of the table. The chain is released from rest. Let x metres be the length
hanging over the edge at time t seconds. Assume the chain stays straight and in contact with the table and its
edge. Takeg=9.8ms2.

d?x
(& Show that o 4.9x. [3]
(b)  Show that the speed v of the chain satisfies v2 = 4.9(x?> — 0.25). [3]
() Find the speed with which the end of the chain leaves the table, and the time taken for
the chain to leave the table. [4]

Two particles A and B, of masses 3 kg and 6 kg, are alone in deep space. They attract each other with a
force of magnitude % N, where r metres is their separation. They are released from rest whenr = 4.

(8 Explain why the centre of mass of the particles remains at rest, and write down the

accelerations of A and B in terms of r. [3]

2
(b)  Show that the rate of change of r satisfies % = —r—82. [2]
() Find the speed of each particlewhenr = 1. [4]
(d) Treating the particles as points, find the time until they collide. 2]

Simple Harmonic M otion

1

A particle moves in a straight line so that its displacement from O at timet secondsisx = 3

Sin 2t metres.

Write down the amplitude and the period of the motion, and find the maximum speed of the

particle. [3]
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A particle moves with simple harmonic motion of amplitude 0.5 m and angular frequency 4
rad s™2.
Find the period and the maximum acceleration.

A particle P movesin a straight line with simple harmonic motion about O. When P is at
displacement x metres its speed v m s™* satisfies v2 = 16(9 — x?).
Find the amplitude of the motion and the maximum speed of P.

A particle moves with simple harmonic motion of period 2 s and amplitude 0.4 m.
Calculate the maximum speed of the particle.

A particle of mass 0.5 kg lies on a smooth horizontal table attached to one end of alight

spring of stiffness 8 N m™2. The other end of the spring is fixed. The particle oscillatesin a
straight line along the spring, which stays taut. Find the period of the oscillations.

Show that x = 2cos 3t satisfies the equation ek —9x. State the period of the motion.

A particle moves with simple harmonic motion with amplitude 5 m and angular frequency 2

rad st
Find its speed when it is 3 m from the centre of the motion.

A particle P moves with simple harmonic motion with period 6 s and amplitude 0.8 m about a
point O. Attimet =0, Pisa O moving in the positive direction.
Find the time taken for P to travel from O to a point 0.4 m from O.

(2]

(3]

(2]

(2]

(3]

(4]

A particle of mass 0.4 kg hangs in equilibrium from the lower end of alight elastic spring of natural length

0.6 m and modulus of easticity 24 N. The upper end is fixed.

(@ Find the extension of the spring in equilibrium.

(b) The particleis pulled down a small distance and released. Find the period of the
resulting oscillations.

A particle P of mass m lies on a smooth horizontal table, attached to one end of alight elastic
string of natural length | and modulus of elasticity A. The other end of the string is fixed to a
point A on the table. P is released from rest with the string stretched, and moves along the line
through A. At timet the extension of the string is x.

Show that, while the string is taut, P moves with simple harmonic motion, and find the period
interms of m, | and A.

A particle moves on a straight line with displacement x = 4cos(3t + %) metres from O at timet seconds.

(@ Find the displacement and velocity when t = 0.
(b)  Find the maximum acceleration.

A particle moves with simple harmonic motion between two points A and B, 0.8 m apart. The

maximum speed is 1.2 m s,

Find the period of the motion and the magnitude of the acceleration at A.

A particle P moves with simple harmonic motion along a straight line about a centre O. When
Pis2m from O its speed is6 m s™%, and when Pis 3 m from O its speed is4 ms™.

Find the amplitude and the period of the motion.

(2]

(2]

(4]

(3]
(2]

(4]

(5]
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A particle of mass 0.5 kg hangs in equilibrium at the lower end of alight elastic string of natural length 1.2
m and modulus of elasticity 30 N. The upper end of the string is fixed. The particleis pulled down 0.1 m

from the equilibrium position and released from rest. Take g = 9.8 m s™2.

(8 Show that the extension in equilibrium is 0.196 m. [2]
(b)  Show that while the string is taut the particle performs simple harmonic motion, and

find the period and maximum speed. [4]
(c) Explain why the string remains taut throughout the motion. [1

A particle P moves with simple harmonic motion aong a straight line with centre O,

amplitude 0.5 m and period 4 s. P passes through O at time t = 0 moving in the positive

direction.

Find the time taken for P to travel directly from the point 0.2 m from O to the point 0.4 m

from O, to 3 significant figures. [5]

A straight smooth narrow tunnel is bored through the Earth's centre. Assume the Earth is a uniform sphere
of radius R = 6.4 x 10° m, so that the gravitational force on a particle of mass m at distance x from the

centre (X = R) is m, directed towards the centre, where g = 9.8 m s™2. A particle is released from rest at

one end of the tunnel.
(@  Show that the particle moves with ssmple harmonic motion, and find the period in

minutes, to 3 significant figures. (4]
(b) Find the speed of the particle as it passes through the centre of the Earth. [2]

A uniform cylinder of mass 0.2 kg and cross-sectional area 20 cm? floats in water with its axis

vertical. The density of water is 1000 kg m™~3. The cylinder is pushed down slightly from its

equilibrium position and released. Take g = 9.8 m s~2. Assume the cylinder remains partly out

of the water and ignore water resistance.

Show that the cylinder moves with simple harmonic motion, and find the period of the

oscillations. (6]

A particle P of mass 0.8 kg lies on a smooth horizontal table between two fixed points A and

B. Pisattached to A by alight spring of stiffness 12 N m~ and to B by a light spring of

stiffness 20 N m~. Both springs are in line and are stretched (taut) when Pisin its

equilibrium position. P is displaced a small distance along the line AB and released.

Show that P performs simple harmonic motion and find its period. [6]

A simple pendulum consists of a small bob of mass m attached to a light inextensible string of length 0.98
m. It oscillates in a vertical plane. The angle 0 radians that the string makes with the downward vertical

2
satisfies Lg—g = —gsin0.Takeg=9.8ms™2

(@ For small oscillations sin 6 = 6. Show that the motion is approximately simple
harmonic and find its period. [3]
(b) The bob isreleased from rest with 6 = 0.1. Find its greatest speed. [3]

A particle P moves with simple harmonic motion of amplitude 0.5 m and period 2 s about a
centre O.
Find the fraction of each period for which P iswithin 0.25 m of O. [5]

A particle of mass 0.5 kg hangs in equilibrium at the end of alight elastic string of natural length 1.2 m and
modulus of elasticity 30 N, the other end of the string being fixed. The particle is pulled down 0.4 m from
the equilibrium position and released from rest. Takeg=9.8 ms™2,
(@ Show that the string becomes slack during the motion, and find the speed of the particle

at the instant this happens. [5]
(b) Find the greatest height of the particle above the equilibrium position. [3]
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A particle P of mass 0.5 kg lies on a smooth horizontal table. It is attached to one end of alight elastic
string of natural length 0.4 m and modulus of elasticity 10 N, whose other end is fixed to a point O on the
table. A smooth vertical wall on the table is perpendicular to the line OP, at distance 0.15 m on the O side
of the point N where OP = 0.4 m, so that P can reach it when the string is dlack. P is held with the string
stretched to atotal length of 0.7 m and released from rest. The collision with the wall is perfectly elastic.
(@ Show that P moves with simple harmonic motion while the string is taut and find the

speed of P at N. [4]
(b) Find the time for P to return to its starting position for the first time. [4]

A particle moves with simple harmonic motion of period 2 s and amplitude 0.5 m. A student writes: “The
angular frequency is 2, so the maximum speed is0.5x2=1ms™1”

(@ Identify the error and give the correct maximum speed. [3]
(b) The particleis at the centre O at t = 0 moving in the positive direction. Find the first

time at which it is moving towards O with speed exactly 1 m s™*. [4]
() Find the displacement of the particle at the time found in part (b). [2]

A particle A of mass 0.2 kg is attached to the lower end of alight vertical spring of stiffness

50 N m™?, whose upper end is fixed, and rests in equilibrium. A particle B of mass 0.3 kg is

released from rest 0.1 m above A and falls onto A. B sticksto A on impact. Takeg=9.8 m

s

Find the amplitude of the subsequent simple harmonic motion, to 3 significant figures. [8]

d?x

A particle moves on a straight line so that its displacement x metres from O at time t seconds satisfies e +

_ _ _ dx _
4x=0.Whent=0,x=1and g3 = —23.

(@ Findxintermsof tintheform x =R cos(2t + «), whereR>0and 0 < «a < % [4
(b) State the amplitude and maximum speed, and find the first time the particleis at O. [3]

A bungee jumper of mass 70 kg steps off a platform attached to an elastic rope of natural length 20 m and
modulus of elasticity 1400 N, fixed at the platform. She falls vertically from rest. Model her as a particle,

the rope as light and ignore air resistance. Take g = 9.8 ms™2

(@  Show that the rope becomes taut after about 2.02 s and find her speed at that instant. [3]
(b)  Show that, once the rope is taut, the jumper moves with ssmple harmonic motion with w

=1, and find the extension of the rope in equilibrium. [3]
() Find the amplitude of the SHM and the greatest distance she falls below the platform. [3]

A particle P of mass 0.5 kg is attached to one end of alight spring of stiffness 50 N m™2, the other end
being fixed, and lies on a rough horizontal table with coefficient of friction 0.2. The spring isin line with
the motion. P is held with the spring extended by 0.2 m, released from rest, and moves aong the line of the

spring. Take g = 9.8 m s™2. P stays at rest if the spring force does not exceed the limiting friction.
(& Show that while P is moving towards the natural-length position, it performs SHM

about a point 0.0196 m from that position, with period % S. [4

(b)  Show that the greatest displacement from the natural-length position decreases by

0.0392 m in each successive half-oscillation. [3]
() Find the total time for which P moves and the total distance it travels before coming to

rest permanently. [4
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A particle P of mass 0.4 kg lies on a smooth horizontal table. It is attached to the midpoint of alight elastic
string of natural length 1.0 m and modulus of elasticity 20 N. The ends of the string are fixed to points A
and B on the table, where AB = 1.6 m, and P rests at the midpoint M of AB. P is given a small displacement
y metres perpendicular to AB, and the string stays taut.

(@ Show that when Pisat distancey from M the tension inthe string is T =

20(2y0.64 + y2 — 1) N, and that the magnitude of the force on P directed towards M is

Y0.64 +y
(b) Hence show that, for small y, P performs approximate simple harmonic motion, and find

the period. [5]
(c) Explain why the approximation is valid only for y small compared with 0.8 m. [1

A block A of mass 1.5 kg lies on a smooth horizontal table, attached to one end of a light spring of stiffness

60 N m™2, the other end being fixed. A block B of mass 0.5 kg rests on top of A. The coefficient of friction
between A and B is 0.4. The blocks move together along the line of the spring with simple harmonic

motion. Takeg=9.8 ms™2.

(@ Find the period of oscillations when the blocks move together. [2]
(b)  Show that the frictional force on B when the displacement from the centreis x is 15x in

magnitude. [2]
() Find the greatest amplitude of the motion for which B does not slip on A. [3]
(d) The blocks are released from rest with the spring extended by 0.2 m. Find the speed at

which B starts to dlip. [3]

A particle of mass 0.5 kg hangs in equilibrium at the end of alight elastic string of natural length 1.2 m and
modulus of elasticity 30 N, the other end of the string being fixed. The particle is pulled down 0.4 m from
the equilibrium position and released from rest at time't = 0. Take g = 9.8 m s™2 and ignore air resistance.
The motion is periodic.

(@ Find the equilibrium extension and show that, while the string is taut, the motion is

simple harmonic with w = 4/50. [3]
(b)  Show that the particle reaches the natural-length position after approximately 0.294 s,

and find the speed there. [4
(c) Hence find the period of the complete motion, to 3 significant figures. [4]

Damped and Forced Motion

1

d?x

Find the genera solution of the differential equation T + 5% + 6x = 0, and state whether

the system is underdamped, critically damped or overdamped. [3]

A particle of mass 2 kg is attached to a spring of stiffness 8 N m~* and moves in a medium
which exerts a resistance of magnitude 4v N, where v m s~ is its speed. Show that the

2
displacement x metres from the equilibrium position satisfies % + 2(3—): +4x =0. [2]
2
Show that the motion described by % + 6% + 9x = O is critically damped, and write down
its general solution. [3]
2
Find the genera solution of % + 2% + 5x = 0 and state the period of the oscillations in the

solution. [3]
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5 Find the value of the constant ¢ for which the equation % d X +16x=0 (c>0)

represents critical damping. [2]
6 . . . d’x _ .

Show that x = 2 is a particular integral of 92 + 4x = 8, and hence write down the general

solution. [3]
! SolveOIX 7dx+12x 0, g|ventharLX—1and —Owhent:O. [5]
8 d’  dx _

A critically damped system satisfies — FT t4q7 +4x=0. Whent=0, x = 3and— =-2.

(@ Findxintermsof t. [4]

(b) Explain why the system never passes through the equilibrium position for t > 0. [1
° SolvedX ZdX + 5x = 0 given that x = 2and —Owhent=0. [5]
10 X dx

Find a particular integral of d + 3—+ + 2x = 10 sin t, and hence write down the genera

dt
solution. [5]

11 A particle of mass 0.5 kg moves on the x-axis attached to a spring of stiffness 18 N m™, and
is subject to aresistance of magnitude 3v N wherev m st is the speed. Show that the

equation of motion is g X+ 6 + 36x = 0, and decide whether the motion is underdamped,

critically damped or overdamped. Find the general solution. [5]

12 A damped oscillation is modelled by x = e %% cos 3t.
Show that successive maximum displacements are separated in time by s, and that the

ratio of each maximum to the previous one is e”2"%5, Evaluate this ratio. (4]

13 Solve d — + 9x = 18 cos 2t, given that x = Oand =0whent=0. [6]

14 The suspension of a car of mass 1000 kg is modelled by a spring of stiffness 40 000 N m~* and a damper

which exerts a resistance of magnitude cv N when the vertical speed isv m s™*. The car's vertical
displacement x metres from equilibrium satisfies 1000x + cx + 40 000x = 0.

(@ Find the value of c for which the suspension is critically damped. [3]
(b)  When c = 10 000 show that the motion is underdamped and find the period of the
damped oscillations. [4]
15 d x d X
The motion of a damped, forced system is modelled by + 447 +5x=10cost.
(@ Find the general solution. [5]
(b) Describe the long-term behaviour of the system, giving the amplitude of the steady state
oscillation. [2]
16 An undamped system is modelled by +4x 8sin 2t, withx = Oand —Owhent=0.
(@) Explainwhy atrial particular mtegral of theformx =acos 2t + b sin 2t is not suitable. [1
(b) Find the particular solution. [5]

(c) Describe how the amplitude of the oscillation behaves ast increases. [1]
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17 A particle of mass 2 kg is attached to a spring of stiffness 8 N m~* and moves on a horizontal table, subject
to aresistance of magnitude 4v N. A periodic force 10 cost N acts on the particle along the line of the
spring. Let x metres be the extension.

(@ Show that dt2 + 2 X + 4x = 5 cost. 2]

(b) Find the steady state soI ution, and its amplitude. [5]
18 _ . _ dx _ _

An underdamped system SatISerS 2 X +10x = 0, withx =3 and qr - Owhent=0.

(@ Show that x = e~'(3 cos 3t + sin 3t). [4]

(b) Find thefirst time at which the particle passes through the equilibrium position. [2]

2

19 A damped system satisfies% +29% 4 5= 0, withx = 0and 3X = 4 whent =0,

(@ Show that x = 2e™"' sin 2t. [3]

(b) Find the time and the value of the first maximum displacement. [4
20 The displacement x of a system setlsfles d X + k + 9x = 0, where k > 0 is a constant.

(@ Find the range of values of k for WhICh the motion is oscillatory, and the value of k for

which it is critically damped. (3]
(b)  Whenk = 2, find the period of the oscillations and the factor by which the amplitude of
the oscillation decreases during one period. [3]

21 d x dx

A damped system is driven by a periodic force and setlsﬁes + 2 ar t 25x = 20 cos wt, where w > 0is

a constant.

(@ Show that the steady state solution has amplitude A(w) = 20 . [5]

(25 — w?)? + 4w?

(b) Show that A is greatest when w? = 23, and find the greatest value of the amplitude. [4]
22 SolveGIX 3dX +2x = 4e™ % given that x = 1and -0whent=0. [7]
23 d’x dx

A student solves — Fre +taAgr tAX= 0 and writes: “The auxiliary equation has repeated root m= —2, so x =

Ae ? +Be 2"

(8 Explain why thisis not a general solution. [1

(b) Giventhat x = Oand% =3whent =0, find x in terms of t. [3]

() Find the greatest displacement and the time at which it occurs. [3]

2

24 An overdamped system satisfies% SdX +4x =0, withx=0 and —— =6whent=0.

(@ Findxintermsof t. [3]

(b)  Show that the greatest displacement occurs when t = % In 4, and find this displacement. [4

(c) Explainwhy x>0 for al t >0, and state the limit of x ast — oo, [1
25

2
A forced damped system satlshes 5 + 6 X+ 13x = 26 cos 2t.

(@ Find the steady state solution in theform X=acos2t+bsn2t. [5]
(b)  Write the steady state solution in the form R cos(2t — @), giving R exactly and ¢ to 3
significant figures. [3]



StemUp | Further Mathematics | Further Mechanics: Differential Equations in Mechanics | Question Pack

26

27

28

29

30

A mass of 4 kg hangs in equilibrium from a vertical spring of stiffness 100 N m™?, and movesin afluid
which exerts a resistance of magnitude 16v N when its speed isv m s™. The mass is pulled 0.2 m below the
equilibrium position and released from rest. Let x metres be the displacement below equilibrium at time t
seconds.

(@ Show that 5+ 4 X 4 25x = 0, and find x in terms of t. [6]
(b) Findthe t| me at WhICh the mass first passes through the equilibrium position. [2]
2

A bridge is subject to a periodic force and its vertical displacement x metres at time t seconds satisfies : t)é
+ 9x = 6 cos 3t. Damping is negligible. Initially x = 0 and % =
(@ Explain why the particular integral must be of the form x = t(acos 3t + b sin 3t), and

find it. (5]
(b) Find the solution satisfying the initial conditions. [2]
(c) Explain why the amplitude of the oscillation grows linearly, and find the first time at

which the displacement has magnitude 10 m, giving the time to 3 significant figures. [3]

A particle of mass 1 kg is attached to a spring of stiffness k N m~ and moves in a medium which exerts a

resistance of magnitude cv N when its speed isv m s™. A driving force 10 cos 2t N is applied along the
line of motion. After along time the displacement is observed to be x = 2 cos(2t — @) metres, where tan ¢

_3 o
—Zand0<cp<§.
d’x d

(@  Show that the equation of motion is — e X + kx = 10 cos 2t. [1
(b) Usingx=2cos@ cos2t+2snsin2t, showthat (k—4)cose +2csin@ =5and

(k—4)sing —2ccosg =0. [4
(c) Hencefind the values of ¢ and k. [5]

2

A critically damped system satisfies — dx + 2p dt + p?x = 0 where p > 0 is constant. At t = 0 the

dt?
displacement isa > 0 and the velocity is —v, where v > 0.
(@ Show that x = [a+ (pa— v)t]je ™. [3]
(b)  Show that the system passes through the equilibrium position for somet > 0 if and only
if v > pa, and find that time. [3]
(c) Forp=3,a=0.5andv =4, find the time when the system passes through equilibrium,
and the greatest displacement on the other side of equilibrium. [3]

An undamped system satisfies gt + 25x = 10 cos 4t, with x = 0 and % =0whent=0.

(8 Show that x = %(cos 4t — cos 5t). [4
(b) Using cosP—cosQ:ZSinP;Q st showthatx— 20 sin(%t)sin(%t). [2]

(c) Describe the motion, giving the maximum possible amplitude and the time between
successive times when the amplitude is zero (the “beat” envelope). [3]



