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Activity Networks

1 (2 marks)

(a) An arc represents an activity (atask which takes time), with its duration marked B1

(b) A node represents an event: a point in time at which activities start or finish B1

Answer: arc = activity; node = event 2 marks
2 (2 marks)

A dummy shows a dependency (or keeps two activities distinct) and takes no time B1

It is drawn as a dashed arc (with an arrow) and has duration 0 B1

Answer: Shows a dependency; dashed arc with duration 0 2 marks
3 (2 marks)

A and B have no activities before them, so they can start at once B1

E can only start when C and D are both complete B1

Answer: A and B; E 2 marks
4 (2 marks)

Activities (arcs): A,B,C,D,E, F,G,s0 7 B1

Events (nodes): 1to 6, so 6 B1

Answer: 7 activities; 6 events 2 marks
5 (2 marks)

A: none; B: none B1

C:A;D:B,C B1

Answer: A: -,B:-,C: A,D: B, C 2 marks
6 (2 marks)

A and B can both start at once: 2 activities B1

For example, C and D (C needs only A and D needs only B) B1

Answer: 2; eg. Cand D 2 marks
7 (3 marks)

A and B start from the first event B1

C follows A, and D follows B, with both meeting at the event from which E starts M1

E leaves that event to the fina event; the network has 5 events and no dummy Al

Answer: Arcs (event to event): A: 1to2; B: 1t03; C: 2to4; D: 3to4; E: 4t05 3 marks

8 (4 marks)
A and B start at the first event B1
C and D follow A (from the end of A) M1
E follows B M1
F follows C; G follows both D and E (they end at one node) Al

Answer: Arcs (event to event): A: 1to2; B: 1t03; C: 2to4; D: 2t05; E: 3to5; F: 4t06; G: 510 64 marks
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9 (3 marks)
Q must precede both R and S, but P must precede only R M1
If P and Q both ended at the same event, S would aso have to wait for P E1
So Q ends at a separate event from which S starts, and a dummy joins this event to the event Al
where P ends and R starts
Answer: Q ends at its own node, with a dummy to the node where R starts 3 marks
10 (4 marks)
A: none; B: none; C: A, B B1
D:B,E:C,FED B1
The dummy goes from the end of B to the start of C M1
It shows that C needs B to be complete (as well as A), while D needs B only El
Answer: A-,B-,CAandB,DB,EC,FD 4 marks
11 (3 marks)
Start by A or B B1
A,CFA DG M1
B,E G Al
Answer: A-C-F; A-D-G; B-E-G 3 marks
12 (3 marks)
Two activities with the same start and end events cannot be told apart by their start and end events El
(ambiguous, and often the network is not a proper activity network)
Put right by splitting one activity's finish into a new event M1
and joining that event to the original end event with a dummy activity Al
Answer: Make one of the activities end at a new event, and join that event to event 3 with a dummy aetaviey of duratic
13 (3 marks)
A, B leave the first node B1
C after A, D after B M1
C and D end at the same node, and E leaves it; durations 4, 5, 3, 2, 6 marked Al
Answer: Arcs (event to event): A: 1to2; B: 1to3; C: 2to4; D: 3to4; E: 4to5 3 marks
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14 (5 marks)
A and B start from the first event B1
C needs A and B, D needs B only M1
Event after A isthe start of C; B ends at an event where D starts M1
Dummy from the end of B to the start of C Al
E follows C, F follows D, and both end at the fina event Al

Answer: Arcs (event to event): A: 1to2; B: 1to 3; dummy: 3to2; C: 2to 4; D: 3to5; E: 4to 6; F: Hrharks one dumm

15 (6 marks)
A and B start from the first event; C follows A, D follows B B1
F and G need both A and D, so a dummy is needed from the end of A to the event at the end of D M1 A1
E follows C; F and G follow that event (A and D) M1
H needs E and F; | needs G; H and | end at the final event M1
Only one dummy is needed Al

Answer: Arcs (event to event): A: 1to2; B: 1t03; C: 2to4; D: 3t0o5; dummy: 2to5; E: 4to 6; F: &rharks G: 5t0 7; |

16 (4 marks)
A, B, C have no preceding activity: A: none; B: none; C: none M1 Al
D:A;E:B;F.B;G:C Al
H:D,E I.F, G, JH,I)K:F, G Al
Answer: A: none;, B: none; C: none; D: A; E:B;F: B; G:C;H:D,E; I: F,G; J: H,I; K: F, G 4 marks
17 (5 marks)
A, B, C start from the first event Bl
D, E, F and G start from the events at the ends of their preceding activities M1
H, | and the final activities join at common events, asinthetable: D: A; E: B; F. B; G: C M1
Theremaining activities: H: D, E; I: F, G; J H, |; K: F, G Al
The network has 8 events and no dummy activity Al

Answer: 8 events. Arcs (event toevent): A: 1to2; B: 1t03; C: 1to4; D: 2to 5; E: 3to 5; F: 3 to 6; Gnafkin 6; H: 5to
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18 (4 marks)
X and Y both start from the event at which A and B finish M1
A and B must meet at a common event, but Z needs only B M1
So B ends at its own event, where Z starts, and a dummy runs from that event to the common Al
event where A ends
One dummy is needed Al
Answer: Yes. one dummy from the end of B to the start of X and Y 4 marks
19 (4 marks)
A and B both finish at the event where C starts: no other activity needs only one of them M1
C leads to a node from which D and E start M1
D and E end at the event where F starts Al
No dummy activity is needed Al
Answer: No dummy; chain A, B then C then D, E then F 4 marks
20 (3 marks)
S needs both P and Q, but R needs only P M1
If Pand Q finished at the same event, R would also depend on Q E1l
So P must end at its own event for R, with a dummy to the event where Q ends and S starts Al
Answer: R needs only P while Sneeds P and Q 3 marks
21 (3 marks)
(@ Larc (A) B1
(b) 2 arcs (A and B) B1
(c) A red arc A, and a dummy from the end of B: 1 real arc and 1 dummy arc, so 2 arcsin all, B1
one of them a dummy
Answer: 1; 2; 2 (one a dummy) 3 marks
22 (7 marks)
A and B start from the first event; C and D follow A; E and F follow B B1
G needs only C, so C ends at its own event where G starts M1
H needs C, D and E: a dummy from the end of C to the event where D and E finish, from which M1 A1
H starts
| needs C, D, E and F: adummy from that event to the end of F, where | starts M1
Jfollows G and H; K follows |; Jand K end at the final event Al
Two dummies are used Al

Answer: 2 dummies. Arcs (event to event): A: 1to2; B: 1to 3; C: 2to4; D: 2to 5; E: 3to 5; F: 3 toGhalkusnmy: 5to 6
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23 (5 marks)
From the network: C starts at the event where A ends, and a dummy joins the end of B to that M1 A1
event, so C needs A and B
D starts at the event where B ends and the dummy leaves that same event, so D needs B only M1
E follows C only (not D) and F follows D only; these agree with the student's F but not the M1 Al
student's E
Answer: C: A,B; D: B; E: C 5 marks
24 (4 marks)
The table lists only immediately preceding activities; A is before C, and C is before D, so D E1l
cannot start before A is finished
D's dependence on A isimplied through C (it is a redundant dependency) El
Listing A as well would add nothing: it would need a dummy that does not change the times E1
Hence A isnot listed for D B1
Answer: D depends on A only through C 4 marks
25 (7 marks)
A and B leave the first event; the end of A iswhere C starts B1
D leaves the end of B, and a dummy runs from the end of B to the start of C M1 A1
E follows C, F follows D, and both end at the final event M1 Al
Paths: A, C, E; B, dummy, C, E; B, D, F (3 paths) M1 Al
Answer: A-C-E; B-C-E; B-D-F 7 marks

26 (6 marks)
C needs A only, E needs B only and D needs both, so the starting events of C, D and E must be M1
different
A must end at an event where only A has arrived (for C), and B at an event where only B has M1
arrived (for E)
Neither of these events can be the start of D, because that event must be reached from both A and Al
B
So D's starting event needs a dummy from the end of A and a dummy from the end of B: at least M1 Al
2 dummies
Network: A (1to 2), B (1to 3), dummies2to4and 3to 4, C (2to5), D (4to5), E(3t05) Al

Answer: At least 2 dummies. Arcs (event to event): A: 1to 2; B: 1to 3; dummy: 2 to 4; dummy: 3 teddks2 1o 5; D: 4
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27 (8 marks)
(a) Reading the arrows: A: none; B: none; C: A B1
D:B;E:C;F.A,D M1
GADHEFIG Al
Answer: A-,B-,CA,DB,EC,FAD,GAD,HEF,IG 3 marks
(b) A and B start from the first event; C follows A; D follows B B1
F and G need both A and D, so a dummy is needed from the end of A to the end of D M1 Al
E follows C; H follows E and F; | follows G M1
One dummy only, and H and | end at the final event Al

Answer: One dummy. Arcs (event to event): A: 1to2; B: 1to 3; C: 2to 4; D: 3to 5; dummy: 2 to 55mask#o 6; F: 5 to

@ /D) EW
4 —/
AQ3) \ H(7)
AN F(5)
B(5) AN 166) °
D(6) ) . G(2)
/
28 (7 marks)
(@) A, B, Cfrom the first event; D after A; E after B; F after C B1
Gand | need D and E: D and E end at a common event M1
H needs B and F: a dummy from the end of B to the end of F M1 Al
Jfollows G only; K follows H and | M1
One dummy only, so the final event is reached by Jand K Al
Answer: One dummy. Arcs (event to event): A: 1to2; B: 1to 3; C: 1to4; D: 2to 5; E: 3to 5; dummyiasio 6; F: 4 to
(b) Counting paths through the network: 6 B1
Answer: 6 1 mark
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29 (8 marks)
(a) Counting arcs systematically from the start, A then C, D; B then E, F M1
Pahs A—-C—-1-K;A—-C—-H-JA-C-G—-JA-D-1—-K Al
A-D-H-J3B—-—E-I-K;B-E-H-JB—-F—-1-K Al
Total: 8 paths Al
Answer: 8 paths 4 marks
(b) The dummy joins the end of C to the start of H (and, via the other dummy, 1) M1
Without it, H would no longer need C, and | would no longer need C M1 Al
Only H and | would be affected B1
Answer: H and | would no longer need C 4 marks

30 (6 marks)
A needs C, C needs B, B needs A: acycle M1 A1
None of A, B or C can start, so the project can never begin (no activity starts at time 0) El
Correction 1: remove the requirement of A on C, so A: none, giving A, then B, then C, with D M1
after B
Correction 2: remove the requirement of B on A (B: none), so B, C, A in sequence, D after B M1
Network for correction 1: A, then B, then C and D from the end of B Al
Answer: A cycle of dependencies 6 marks

Precedence Tables

1 (2 marks)

An activity which must be completed before the given activity can start B1

and which has no other activity that must come between them (it is the last one required before) B1

Answer: A direct prerequisite of the activity 2 marks
2 (2 marks)

A, B: none B1

C:A;D:B;E:C,D B1

Answer: A: none;, B: none; C: A; D: B; E: C,D 2 marks
3 (1 mark)

B and C both need only A B1

Answer: Band C 1 mark
4 (2 marks)

A and B have no preceding activity B1

D and E both need only C, so they can be done together B1

Answer: A, B; Dand E 2 marks
5 (2 marks)

E B1

No other activity needs E, and E needs both C and D (it comes after all others) B1

Answer: E 2 marks
6 (2 marks)

B must be complete B1

B needs A, so A must be complete too: A and B B1

Answer: A and B 2 marks
7 (3 marks)

A, B: none B1

C.AD:AEB M1

F.C, G:D,E Al

Answer: A: none, B: none; C: A; D: A;E:B; F: C; G:D,E 3 marks
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8 (3 marks)
A, B: none B1
The dummy joins B to the start of C, so C: A, B; D: B M1
E:C.F. D Al
Answer: A: none, B: none; C: A,B; D: B, E: C; F: D 3 marks
9 (3 marks)
P: nong; Q: P, R: P B1
SQ B1
TR, S B1
Answer: P-, QP,RP,SQ, TRand S 3 marks
10 (3 marks)
F needs C and D B1
Cneeds A; D needs A and B M1
So A, B, Cand D must all be complete Al
Answer: A,B,C,D 3 marks
11 (3 marks)
C needsonly A, so it can start once A is done M1
B and D are independent of C (they depend only on B), so C can run in paralel with B and D Al
F, G come after E which needs C, so they cannot B1
Answer: B and D 3 marks
12 (2 marks)
A needs B, B needs C, and C needs A: acycle M1
None of them could start, so the project could never begin El
Answer: Circular dependency 2 marks
13 (3 marks)
C needs B, and B needs A, so A is aready required before C starts M1 E1
Shorter table; A: none; B: A; C: B; D: C Al
Answer: C: B only 3 marks
14 (4 marks)
A, B, C have no preceding activity B1
D:AE:B;F.B;G:C M1
H:D,EI'F, G, JH, I K:F, G M1
K needs F and G, which need B and C: so B, C, F, G are complete before K Al
Answer: A: none;, B: none; C: none, D: A; E:B; F:B; G: C; H: D,E; I: F,G; J: H, I; K: F, G; beforerérk8, C, F, G
15 (5 marks)
A:none; B: none, C: A; D: B B1
E.C B1
F: A, D; G: A, D (the dummy from the end of A to the end of D) M1 Al
H: E, F; I: G. The dummy means that F and G need A aswell asD El
Answer: A: none, B: none; C: A;D:B;E:C; F: A,D; G:A,D;H:E,F; I. G 5 marks
16 (4 marks)
E must be last, and A must come before C, B before D M1
The first four are an arrangement of A, B, C, D with A before C and B before D M1
Orders;. ABCDE, ABDCE, ACBDE Al
BACDE, BADCE, BDACE (6 orders) Al
Answer: ABCDE, ABDCE, ACBDE, BACDE, BADCE, BDACE 4 marks
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17 (4 marks)
@ A,B,C B1
(b) Jand K B1
(c) KneedsH and I; H needs B and F; | needs D and E; D needs A; E needs B; F needs C M1
S0 A, B, C, D, E, F, H, | must be complete Al
Answer: A,B,C; J,K; A,B,C,D,E,F,H, I 4 marks
18 (3 marks)
X:B B1
D:B,C, X M1
B isnot needed in D's list any more, as X aready needs B: D: C, X Al
Answer: X: B; D: C, X 3 marks
19 (4 marks)
C needs A and B, but D needs only B M1
A dummy is needed from the end of B to the start of C Al
Without it, D would depend on A aswell as B M1
so D could not start until A was complete, which changes the project Al
Answer: Dummy from end of B to start of C 4 marks

20 (4 marks)

C needs only A but D needs both A and B M1
so C and D cannot start from the same event E1
A must end at C's start event, and a dummy from there to the end of B (start of D) M1
One dummy is needed Al
Answer: One dummy 4 marks
21 (5 marks)
A,B:none, C.:A;D:A;E:B;F. B B1
G C B1
H: C, D, E (using the dummy from C's end event to the end of D, E) M1 Al
I:C,D,E F J G, H; K: |. Before J: G, H, C, D, E, A, B: 7 activities Al
Answer: A: none; B: none; C: A; D: A; E:B; F: B; G: C; H: C,D,E; I: C,D, E, F; J: G, H; K: |; 7 awsiivikies before J
22 (6 marks)
The dummy joins the end of B to the start of C, so C needs both A and B (the student wrote C: A) M1 A1
E starts at the end of C only, so E: C (the student included D) M1 Al
Correct table: A: none; B: none; C: A, B; D: B; E:C; F. D Al
The student ignored the dummy arc when reading the dependencies E1
Answer: C: A,BandE: C 6 marks
23 (5 marks)
The conditions are: A before C, B before C, C before E, B before D, D before F M1
Case 1, A before B: then A and B must be first and second (every other activity needs B) M1
The other four, C, D, E, F, have C before E and D before F: % =6 orders Al
Case 2, B before A: B isfirst (nothing else can come before B). The other five have A, C, Ein M1
that order and D, F in that order: choose the places of D, F in 5 positions: C(5,2) = 10
Total =6+10=16 Al
Answer: 16 5 marks
24 (6 marks)
Earliest finishtimes: A 3,B5 C=3+4=7 M1
D starts at max(3, 5) = 5, finishing at 11 M1 Al
E=7+2=9 Al
F starts at max(11, 9) = 11, finishing at 16 M1
The shortest time is 16 days, with B, D, F the longest path (5 + 6 + 5) Al
Answer: 16 days, B, D, F 6 marks
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25 (4 marks)
No activity needs F or G, so both are finishing activities E1
F needs D and E; D needs B; E needs B and C; B and C need A M1
Activitiesneeded: A, B, C,D, E Al
That is5 activities Al
Answer: 5 4 marks
26 (4 marks)
X:A,B B1
F:D,E X M1
E needs B and C, C needs A: so X's requirements A, B are already needed before E M1
But X is not needed by E, so F must keep X: no simplification Al
Answer: X: A,B; F: D, E, X 4 marks
27 (7 marks)
(a) E needs both A and B, but C needs only A and D needs only B M1
If A and B both ended at the start of E, then C (starting from that event) would also need B, and D M1
would also need A
So A and B cannot both end at E's starting event, and a dummy is needed El
Answer: Dummies are needed 3 marks
(b) A must end at an event where only A has arrived (the start of C), and B at an event where M1
only B has arrived (the start of D)
Neither event can be the start of E, since E must be reached from both A and B M1
So E starts at a new event, reached by a dummy from the end of A and a dummy from the end of Al
B: 2 dummies
C, D and E all end at the event where F starts, so no more dummies are needed Al
Answer: 2 dummies: from the end of A and from the end of B to the start of E 4 marks
28 (7 marks)
Earliest finish: A 3,B5,C4 B1
D=3+6=9E=5+2=7F=4+7=11 M1 Al
G, | start at max(D, E) =9: G=13; | =12; H startsat max(B, F) =11: H = 16 M1 Al
J=13+6=19; K startsat max(H, 1) =16: K = 18 M1
Time 19 days; the longest path is A, D, G, J Al
Answer: 19 days, A, D, G, J 7 marks
29 (6 marks)
C needs B, which needs A: so C needs B and A M1
FneedsE, C; Eneeds D, B; D needs C: all of A, B, C,D, E M1 Al
E: D, B: D needs C which needs B, so B isredundant in E's list M1 AL
F: E, C: E needs D which needs C, so C isredundant in F's list Al
Answer: Bin E'slist; Cin F'slist 6 marks
30 (5 marks)
C needs B, and B needs A, so A isredundant in C's list; the same applies to every earlier activity M1
Reduced table: A: none; B: A; C: B; D: C,E:D; F. E Al
Each activity needs the previous one, so only the order A, B, C, D, E, Fispossible: 1 order M1 A1l
For n activities the activities again form a chain, so there is exactly 1 order B1
Answer: 1 order (achain); also 1 for n activities 5 marks
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Earliest and Latest Event Times

1 (2 marks)

(a) The earliest time at which all the activities leading into the event can be complete, so that B1

activities leaving it can start

(b) The latest time at which the event can occur without delaying the completion of the project B1

Answer: Earliest time activities from the event can start; latest time without delaying the project 2 marks
2 (2 marks)

The earliest event timeis 11 B1

All three activities must be complete before activities leaving the event can start, so we take the El

largest value

Answer: 11 2 marks
3 (3 marks)

Viathefirst: 20 — 6 =14 M1

Viathesecond: 24 — 3=21 M1

The latest time is the smaller value, 14 Al

Answer: 14 3 marks
4 (2 marks)

Event2:.0+4=4 B1

Event3:0+5=5 B1

Answer: 4and 5 2 marks
5 (2 marks)

The minimum completion time is 27 days B1

The latest time at the finishing event is al'so 27 days B1

Answer: 27 days; 27 days 2 marks
6 (2 marks)

Event 4 B1

Its earliest and latest times are equal, so there is no slack at that event; event 5 has slack of 4 E1

Answer: Event 4 2 marks
7 (4 marks)

Forward pass. Event 1. early time O; Event 2: 0+ 4=4; Event 3: 0+ 5=5; Event 4: max(4 + 3,5 M1 Al

+2)=max(7,7)=7; Event5: 7+ 6 =13

Backward pass. Event 5: late time = 13 (the minimum project time); Event 4: 13 — 6 = 7; Event A1 A1

3:7—2=5Event2: 7 —3=4; Event 1: min(4 — 4,5 — 5) =min(0, 0) =0
Answer: Earliest times1: 0, 2: 4, 3: 5,4: 7, 5: 13; latest times 1: 0, 2: 4, 3: 5, 4: 7, 5: 13; minimum timed&days
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8 (3 marks)
Event 1. early time O
Event 2. 0+3=3
Event 3:0+4=4
Event4:3+5=8
Event 5: max(3 + 2, 4 + 6) = max(5, 10) = 10
Event 6: max(8 + 4, 10 + 3) = max(12, 13) = 13
Answer: Earliest times1: 0, 2: 3, 3: 4, 4: 8, 5: 10, 6: 13; minimum time 13 hours

9 (3 marks)
Event 6: late time = 13 (the minimum project time)
Event5: 13— 3=10
Event4:13—-4=9
Event3: 10— 6=4
Event 2: min(9 — 5, 10 — 2) = min(4, 8) = 4
Event 1: min(4 — 3,4 —4)=min(1,0) =0
Answer: 0, 4, 4, 9, 10, 13

10 (4 marks)
Event 1. early time O
Event3: 0+3=3
Event 2: max(0 + 4, 3+ 0) = max(4, 3) =4
Event5:3+6=9
Event4:4+5=9
Event 6: max(9 + 2, 9 + 3) = max(11, 12) = 12
Answer: Earliest times1: 0, 2: 4, 3: 3,4: 9,5: 9, 6: 12; minimum time 12

D(6)
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11 (3 marks)
Viathefirst: 6 +5=11
Viathe dummy: 11 + 0 = 11, so the earliest event timeis 11
The dummy shows that activities leaving the event also depend on the earlier event
Answer: 11

12 (3 marks)
First: 19 — 6=13
Second: 19 — 4=15
The latest start event times are 13 and 15 respectively
Answer: 13 and 15

13 (4 marks)
Event 6: late time = 12 (the minimum project time)
Event4:.12 — 2=10
Event5:12 — 3=9
Event2: 10 —5=5
Event 3: min(5 — 0,9 — 6) =min(5,3) =3
Event 1: min(5 —4,3—3)=min(1,0) =0
Critical events (early = late): 1, 3, 5, 6
Answer: 0, 5, 3,10, 9, 12

D(6)

14 (6 marks)
Forward pass. Event 1: early time O; Event 220+ 4=4; Event 3: 0+ 6 =6; Event 4: 0+ 5=5;
Event 5: max(4 + 7, 6 + 3) = max(11, 9) = 11; Event 6: max(6 + 8, 5 + 4) = max(14, 9) = 14,
Event 7: max(11 + 5, 14 + 6) = max(16, 20) = 20; Event 8: max(20 + 4, 14 + 9) = max(24, 23) =
24
Backward pass. Event 8: late time = 24 (the minimum project time); Event 7: 24 — 4 = 20; Event
6: min(20 — 6, 24 — 9) = min(14, 15) = 14; Event 5: 20 — 5 =15; Event 4: 14 — 4 = 10; Event
3: min(15 — 3, 14 — 8) = min(12, 6) = 6; Event 2: 15 — 7 =8; Event 1: min(8 — 4,6 — 6, 10 —
5)=min(4,0,5) =0
Minimum project time: 24; critical events: 1, 3,6, 7, 8

M1
Al
El

3 marks

M1
M1
Al

3 marks

M1

Al

Al
B1

4 marks

M1 A1l

Al1Al

AlAl

Answer: Earliest times1: 0, 2: 4, 3: 6,4: 5, 5: 11, 6: 14, 7: 20, 8: 24; latest times 1: O, 2: 8, 3: 6, 4: 10smaltks 6: 14, 7: 2C
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15 (6 marks)
Forward pass. Event 1. early time O; Event 2.0+ 3=3; Event 3: 0+ 5=5; Event 4: 3+ 4 =7, M1 Al
Event 5: max(5 + 6, 3 + 0) = max(11, 3) = 11; Event 6: max(7 + 4, 11 + 5) = max(11, 16) = 16;
Event 7: 11 + 2 = 13; Event 8: max(16 + 7, 13 + 6) = max(23, 19) = 23
Backward pass. Event 8: late time = 23 (the minimum project time); Event 7: 23 — 6 = 17; Event A1 A1
6: 23 — 7 =16; Event 5: min(16 — 5, 17 — 2) = min(11, 15) = 11; Event 4: 16 — 4 = 12; Event
3:11—-6=5; Event 22 min(12 — 4,11 — 0) = min(8, 11) = 8; Event 1: min(8 — 3,5 — 5) =
min(5, 0) =0
Minimum project time: 23; critical events: 1, 3,5, 6, 8 A1A1L
Answer: Earliest times1: 0,2: 3,3: 5,4: 7,5: 11, 6: 16, 7: 13, 8: 23; latest times 1: 0, 2: 8, 3: 5, 4: 12pmalds 6:| 16, 7: 17

2\ cw  a\ E@ 6\
38 W 616

D(6) 5 G(2)

16 (3 marks)
Critical events have equal early and latetimes: 1, 3, 6, 7, 8 M1 Al
A difference of 4 shows the event could be delayed by up to 4 without delaying the project El
Answer: 1,3,6,7,8 3 marks
17 (4 marks)
The event before E has early time max(4 + 3, x + 2) M1
Thisequals11,and4+3=7 = 11,sox+2=11 M1 Al
Xx=9 Al
Answer: x =9 4 marks
18 (7 marks)
Forward pass. Event 1. early time O; Event 2.0+ 3=3; Event 3: 0+ 5=5; Event 4: 0 + 4 = 4; M1AlAL

Event 5: max(3 + 6,5+ 2) = max(9, 7) = 9; Event 6: max(5 + 0, 4 + 7) = max(5, 11) = 11; Event

7: 9+ 4=13; Event 8: max(11 + 5, 9 + 3) = max(16, 12) = 16; Event 9: max(13 + 6, 16 + 2) =

max(19, 18) = 19

Backward pass: Event 9: late time = 19 (the minimum project time); Event 8: 19 — 2 = 17; Event Al AL

7:19 — 6=13; Event 6: 17 — 5=12; Event 5: min(13 — 4, 17 — 3) = min(9, 14) = 9; Event 4:

12— 7=5; Event 3: min(9 — 2,12 — 0) = min(7, 12) = 7; Event 2: 9 — 6 = 3; Event 1. min(3 —

3, 7—55—-4)=min(0,2,1) =0

Minimum project time: 19; critical events: 1, 2,5, 7, 9 A1 A1

Answer: Earliest times1: 0,2: 3,3: 5,4: 4,5: 9,6: 11, 7: 13, 8: 16, 9: 19; latest times 1: 0, 2: 3, 3: 7, 4nfkarks 9, 6: 12, 7;

D(6)

A(3)

C(4)
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19 (4 marks)
Backward pass from 16: event 5: 16; event 4. 16 — 6 = 10 M1
Event2: 10 —3=7;event3: 10 —2=8 Al
Event 1: min(7 — 4,8 —5)=3 Al
Every latest time is 3 more than before, equal to the extra time allowed; no event is now critical E1
Answer: 5: 16; 4. 10; 2: 7; 3: 8; 1. 3 4 marks
20 (4 marks)
The latest time is found using the project's finish time and the earliest time is found using the M1
longest path from the start
The earliest time at an event is the length of the longest path to it, and the finish timeis at least M1 E1
that plus the longest path from it
A smaller latest time would mean that the target finish time was less than the minimum possible, Al
so the project could not be finished on time
Answer: Early = late; otherwise the deadline isimpossible 4 marks

21 (7 marks)
Forward pass. Event 1. early time O; Event 2.0+ 4=4; Event 3: 0+ 5=5; Event 4: 4 + 3= 7, M1 Al AL
Event 5: max(4 + 6,5+ 2, 7 + 0) = max(10, 7, 7) = 10; Event 6: max(5 + 4, 10 + 0) = max(9, 10)
=10; Event 7: max(7 + 5, 10 + 3) = max(12, 13) = 13; Event 8: 10 + 6 = 16; Event 9: max(13 +
4,16 +5) = max(17,21) =21
Backward pass: Event 9: late time = 21 (the minimum project time); Event 8: 21 — 5 = 16; Event A1AL
7:21 — 4=17; Event 6: 16 — 6 = 10; Event 5: min(10 — 0, 17 — 3) = min(10, 14) = 10; Event
4: min(10 — 0, 17 — 5) = min(10, 12) = 10; Event 3: min(10 — 2, 10 — 4) = min(8, 6) = 6; Event
2: min(10 — 3, 10 — 6) = min(7, 4) = 4; Event 1: min(4 — 4,6 — 5) =min(0, 1) =0
Minimum project time: 21; critical events: 1, 2,5, 6, 8,9 A1 A1
Answer: Earliest times1: 0, 2: 4, 3: 5, 4: 7,5: 10, 6: 10, 7: 13, 8: 16, 9: 21; latest times 1: 0, 2: 4, 3: 674alks; 5: 10, 6: 1(

22 (8 marks)
Forward pass. Event 1. early time O; Event 22 0+5=5; Event 3: 0+ 4 =4; Event 4: 0 + 6 = 6; M1 AlAl
Event 5: max(5 + 3, 4 + 7) = max(8, 11) = 11; Event 6: max(4 + 0, 6 + 2) = max(4, 8) = 8; Event
7:11 + 4 =15; Event 8 max(8 + 5, 11 + 6) = max(13, 17) = 17; Event 9: max(15 + 3, 17 + 5) =
max(18, 22) = 22
Backward pass. Event 9: late time = 22 (the minimum project time); Event 8: 22 — 5 = 17; Event A1A1AL
7:22 —3=19; Event 6: 17 — 5= 12; Event 5: min(19 — 4, 17 — 6) = min(15, 11) = 11, Event
4: 12 — 2=10; Event 3: min(11 — 7,12 — 0) = min(4, 12) = 4; Event 2: 11 — 3=8; Event 1:
min(8 —5,4—4,10—-6)=min(3,0,4) =0
Earliest start = early time at the start event; latest finish = late time at the end event: A: 0, 8; B: O, A1 A1
4,C:0,10;D:5,11; E: 4,11; F: 6, 12; G: 11, 19; H: 8, 17; I: 11, 17; J. 15, 22; K: 17, 22
Answer: A: (0, 8); B: (0, 4); C: (0, 10); D: (5, 11); E: (4, 11); F: (6, 12); G: (11, 19); H: (8, 17); I (11,&lmfrkk (15, 22); K
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(22
“v D(3)
A(5)
1 B(4)
0|0
c(6)
[ 2
\e |1y
23 (7 marks)
Forward pass. Event 1. early time O; Event 2.0 +5=5; Event 3: 0+ 3= 3; Event 4: 0 + 6 = 6; M1 A1l AL

Event 5: max(5 + 4, 3 + 7) = max(9, 10) = 10; Event 6: max(3 + 2, 6 + 5) = max(5, 11) = 11;

Event 7: max(10 + 4, 11 + 6) = max(14, 17) = 17; Event 8: max(17 + 3, 11 + 8) = max(20, 19) =

20

Backward pass: Event 8: late time = 20 (the minimum project time); Event 7: 20 — 3 = 17; Event A1AlL

6: min(17 — 6, 20 — 8) = min(11, 12) = 11; Event 5: 17 — 4 = 13; Event 4: 11 — 5= 6; Event 3:

min(13 — 7,11 — 2) =min(6,9) =6; Event 2: 13— 4=9; Event 1: min(9 — 5,6 — 3,6 — 6) =

min(4, 3,0) =0

Minimum project time: 20; critical events: 1, 4, 6, 7, 8 A1 AL

Answer: Earliest times1: 0, 2: 5, 3: 3,4: 6,5: 10, 6: 11, 7: 17, 8: 20; latest times 1: O, 2: 9, 3: 6, 4: 6, BnikskH: 11, 7: 17,

A(5)

/1\43)

0|0

u/\C(G)

24 (6 marks)

Event 4 has early time 4 + 3 =7, and event 5 has early time 10 M1
Event 7 early time = max(7 +y, 10 + 3) = max(7 + vy, 13) M1 Al
ViaJ (duration 4) the finishing event has time max(7 +y, 13) + 4; the other route, vial and K, M1
gives16+5=21
The project time stays 21 provided 7 +y + 4 < 21 M1
y=<10,sofor0O<y =10 Al
Answer: 0<y = 10 6 marks
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25 (6 marks)
Forward pass. Event 1. early time O; Event 2. 0+ 6 =6; Event 3: 0+ 2=2; Event 4. 6 + 5= 11; M1 Al
Event 5: max(2 + 3, 6 + 0) = max(5, 6) = 6; Event 6: max(11 + 4, 6 + 6) = max(15, 12) = 15;
Event 7: 6 + 3=9; Event 8 max(15 + 5, 9 + 4) = max(20, 13) = 20
Backward pass. Event 8: late time = 20 (the minimum project time); Event 7: 20 — 4 = 16; Event A1 A1
6: 20 — 5=15; Event 5: min(15 — 6, 16 — 3) = min(9, 13) = 9; Event 4: 15 — 4=11; Event 3: 9
— 3=6; Event 22 min(11 — 5,9 — 0) = min(6, 9) = 6; Event 1. min(6 — 6, 6 — 2) = min(0, 4) =
0
Minimum project time: 20; critical events: 1, 2, 4, 6, 8 A1A1L
Answer: Earliest times1: 0,2: 6,3: 2,4: 11,5: 6, 6: 15, 7: 9, 8: 20; latest times 1: 0, 2: 6, 3: 6, 4: 11, By 15, 7: 16, ¢

2\ e a0\ E@ 60\
6|6 W 5]15

D(3) 5 G(3)

26 (5 marks)
Path A, C,E=4+5+2=11; path B, C, E (viathedummy) =3+5+2=10 M1
PahB,D,F=3+z+3=6+2 M1
z = 9: thelongest is 15, so the project takes 15 days Al
Thetimeis1l dayswhen6+z < 11,s0z=<5 M1
Sofor 0 <z < 5thetimeis 11 days Al
Answer: 15days, 0<z=5 5 marks

27 (8 marks)
(@ A,C,Ehaslength4 +x +6; B, D, Ehaslength5+3+6=14 M1
Equal when 10+ x =14, s0x =4 Al
Answer: x =4 2 marks
(b) Event 4 early time = max(4 + x, 8) M1
Project time=max(4 + X, 8) + 6 M1
=14forO<x =4,and 10+ x for x >4 Al
Answer: 14 for x = 4; 10+ xfor x> 4 3 marks
(c) Minimum time 14; event 4 latetime=14 — 6=8 M1
Event 2 late time =8 — x = 6, early time 4: C can start up to 2 days late M1 Al
Answer: 6; C has 2 days of dack 3 marks

28 (7 marks)
Paths: A,C,F=3+5+4=12;A,D,G=3+2+3=8,B,E,G=4+x+3=7+X M1 A1l
The minimum project time is the longest path: max(12, 8, 7 + x) M1
7+x>12whenx>5 M1 A1l
Sothetimeis 12 daysforO<x = 5and 7 + x daysfor x > 5 Al
Check: x = 2 gives 12; x = 6 gives 13 B1
Answer: 12for 0<x =5; 7+ xfor x>5 7 marks
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29 (10 marks)
(a) Event 1: early time O M1
Event2:.0+6=06
Event3:0+3=3

Event4:6+5=11 Al
Event 5: max(6 + 4, 3+ 7, 11 + 0) = max(10, 10, 11) = 11
Event 6: max(3 + 2, 11 + 0) = max(5, 11) = 11 Al

Event 7: max(11 + 6, 11 + 4) = max(17, 15) = 17
Event8:11+3=14

Event 9: max(17 + 5, 14 + 8) = max (22, 22) = 22 Al
Answer: 1. 0,2:6,3: 3,4: 11,5: 11,6: 11, 7: 17, 8: 14, 9: 22 4 marks
(b) The backward pass starts from the deadline 26 at event 9, and every latest time is 4 more than M1
in the 22-day version

Using the 22-day backward pass: Event 8: 22 — 8 = 14; Event 7: 22 — 5= 17; Event 6: 14 — 3= M1
11; Event 5: min(11 — 0, 17 — 4) = min(11, 13) = 11

Adding 4 to each: event 1: 4; event 2: 10; event 3: 8; event 4: 15; event 5: 15; event 6: 15; event A1AL
7: 21; event 8: 18; event 9: 26

Answer: 1: 4, 2: 10, 3: 8, 4: 15, 5: 15, 6: 15, 7: 21, 8: 18, 9: 26 4 marks
(c) Early and late times differ by 4 at events on the old critical path, and by more elsewhere M1
So every event has slack of at least 4 days El
Answer: At least 4 days 2 marks

30 (7 marks)
(a) Let P be alongest path from the start to v, of length e(v), and Q any path from v to the finish, M1
of length g
Then g(v) + q = T (since thisis a path from start to finish) M1
[(v) =T — (longest path from v to finish) = e(v) El
Answer: g(V) = [(v) 3 marks
(b) I(v) =T — g* where g* is the longest path from v to the finish M1
ev) =1(v) givese(v) +q* =T M1
The longest path from the start to v, followed by the longest path from v to the finish, has length M1
ev) +qr=T
So v lies on a path of length T, which is a critical path El
Answer: ev) +q* =T 4 marks

Critical Paths

1 (2 marks)
(a) The longest path through the activity network, whose length is the minimum time for the B1
project
(b) An activity on a critical path: any delay to it delays the whole project B1
Answer: Longest path; delay delays the project 2 marks
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2 (2 marks)
The minimum time is the length of the longest path: 19 days
The path of length 19 is the critical path
Answer: 19 days, the path of length 19

3 (1 mark)
The project time increases by 3 days
Answer: 3 days longer

4 (2 marks)
Thelonger pathisB, D, E
Minimum completion time 12 days
Answer: B, D, E; 12 days

5 (2 marks)
Yes
Two (or more) different paths can both have the greatest length, so both are critical
Answer: Yes, if paths have equal greatest length

6 (2 marks)
A critical activity has no spare time: earliest finish=8+5=13
Latest finish = 13
Answer: 13

7 (4 marks)
PahsB—-E—-G:13;A-C—-F12A-D—-G:8
Thelongest is B, E, G of length 13
Critical path B, E, G; minimum time 13 days
Answer: B, E, G; 13 days

8 (4 marks)
Pahs B—C—-E 13;B—-D—-F.12A—-C—-E 11
The longest path isB — C — E with length 13
Minimum time 13 days
Answer: B — C — E; 13 days

9 (3 marks)
PathsA,C,E:4+3+6=13;B,D,E:5+2+6=13
Both are critical; the critical activitiesare A, B, C, D, E
Answer: A-C-E and B-D-E; all five activities

10 (3 marks)
An activity is critical if latest finish — earliest start = duration
A:5—-0=5(=5),D:11-5=6(=6),G: 16 — 11=5(=5)
Critical activities: A, D, G
Answer: A, D, G

11 (3 marks)
An activity is critical if its start event and end event are both critical (early = late)
and the activity's duration equals the difference between the event times
Critical activities. A, D, G; time 16 days
Answer: A, D, G; 16 days

12 (3 marks)
Paths: A, C, E=10; B, D, E = 12; critical path B, D, E
D delayed by 2: B, D, E= 14
New minimum time 14 days
Answer: B-D-E; 14 days
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13 (4 marks)
Path B, D, F becomes3 + 4 + 3 =10 M1
But path A, C, E=4+5+ 2 =11, so the minimum time is 11 days Al
A different path becomes the longest, so the saving is only 1 day El
New critical path: A, C, E B1
Answer: 11 days, A, C, E becomes critical 4 marks
14 (6 marks)
Forward pass. Event 1. early time O; Event 2.0+ 4=4; Event 3: 0+ 6 =6; Event 4: 0 + 5=5; M1 A1l

Event 5: max(4 + 7, 6 + 3) = max(11, 9) = 11; Event 6: max(6 + 8, 5 + 4) = max(14, 9) = 14;

Event 7: max(11 + 5, 14 + 6) = max(16, 20) = 20; Event 8: max(20 + 4, 14 + 9) = max(24, 23) =

24

Backward pass: Event 8: late time = 24 (the minimum project time); Event 7: 24 — 4 = 20; Event M1 Al
6: min(20 — 6, 24 — 9) = min(14, 15) = 14; Event 5: 20 — 5 =15; Event 4: 14 — 4 = 10; Event

3: min(15 — 3,14 — 8) =min(12, 6) = 6; Event 2: 15 — 7=8; Event 1. min(8 — 4,6 — 6, 10 —

5) =min(4,0,5) =0

Critical activities: early = late at both ends and duration = difference: B, F, |, J M1
Minimum time 24 days, critical pathB — F —1 —J Al
Answer: B — F — | — J; 24 days 6 marks

A4)
/1\46)
0|0
u/\C(S)
15 (5 marks)
Paths with lengthss B— D —F—H: 23, B—-D—-G—-1:19,A—-C—-—E—-H:18 A—-F—H: M1 AlA1L
15A-G—-1:11
Critical pathB — D — F—H Al
Minimum time 23 days Al
Answer: B — D — F — H; 23 days 5 marks
16 (5 marks)
Original minimum time 19 days, critical path A, D, G, J B1
E increased from 2 to 8 days M1
PathB, E,G,J=5+8+4+ 6 =23 (was17) M1 Al
The new minimum time is 23 days, so the project is delayed by 4 days; B, E, G, Jis now critical Al
Answer: 23 days (4 days later) 5 marks
17 (5 marks)
All pathsthrough I: A, D, I, K =21; B, F, I, K=20; A,C,I,K=18;B,E, I, K =18 M1
The longest path not containing | isA, D, H, J= 17 M1 A1l
Shortening | by r days gives atime of 21 — r while thisis at least 17, so up to 4 days M1
Then the minimum project time is 17 days Al
Answer: 4 days; 17 days 5 marks

stemup.co.uk | page 20



StemUp | Further Mathematics | Decision and Discrete Mathematics: Critical Path Analysis | Model Answers

18 (3 marks)
Paths: A,C,E=7+1+2=10;B,D,E=3+6+2=11
The critical path isB, D, E, so the longest activity A (7 days) is not critical (its path is 1 day
shorter)
Answer: A isthelongest activity (7 days) but isnot critical: A,C,E=10<B,D,E =11

19 (3 marks)
Both A, C, E and B, D, E have length 13
Shortening C reduces only the path A, C, E
B, D, E remains 13 days, so the time does not fall: shortening C alone is not enough
Answer: No: B, D, E till takes 13 days

20 (4 marks)
Critical path B, E, G has length 13; the next longest path is A, C, F with length 12
Whatever is shortened, the path A, C, F or B, E, G is not both reduced by 2: if the critical path
alone is shortened by 2, then A, C, F = 12 remains
So the project time cannot fall below 12 days, a saving of at most 1 day
Answer: Saving at most 1 day

21 (7 marks)
Earliest starts: A, B, C: 0
D (after A): 3; E (after B): 5; F (after C): 4
G, | (after D, E): max(9, 7) = 9; H (after B, F): max(5, 11) =11
J(after G): 9 +4 = 13; K (after H, 1): max(11 + 5,9+ 3) = 16
Earliest finish: J=13 + 6 = 19; K = 16 + 2 = 18; minimum time 19 days
Critical activities: A, D, G, J
Answer: 19 days, A, D, G, J

22 (6 marks)
Forward and backward passes give minimum time 22 days
Critical events: 1, 2, 4,5,6,7, 8,9

Critical pahs A—C—-1—-K;A-C-G -1
Activities on every critical path: A and C
Answer: A—-C -1 —-K;A=-C-G-1

23 (6 marks)

Critical paths A, C, E and B, D, E, each 13 days. both must be reduced by 1
Option 1: shorten E by 1: cost £90

Option 2: shorten one of A, C and one of B, D: cheapest A (£30) and D (£35): £65
Other pairs cost more (A, B £70; C, B £90; C, D £85)

Cheapest: shorten A and D by 1 day each, cost £65

Answer: A and D by 1 day each; £65

24 (5 marks)
Paths: B, C, E: 5+ 2+ 6 =13 (viathedummy); B,D, F: 5+4+3=12; A,C,E:3+2+6=11
Thelongest is B, C, E at 13 days, so it isthe critical path
C needs both A and B: the dummy makes C wait for B (which takes longer than A)
So the dummy is part of the longest chain of dependencies and any delay to B passes through it to
C
Answer: B, C, E; 13 days

25 (6 marks)
Paths C—-G—-1—-320,C—-G—-K:19B—E—H—-J 17
Critical pathC — G — | — J, 20 days

Path C, G, K haslength 19 with K = 8, so it has 1 day to spare
K can have duration 9 days (C, G, K = 20)

If K =10, C, G, K =21 days and becomes the critical path
Answer: C — G — | — J; K up to 9 days
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26 (5 marks)
Paths: A,C,F=3+5+4=12,B,E,G=4+6+3=13,A,D,G=3+y+3=6+y M1 A1
y =10: A, D, G =16 > 13, so the minimum time is 16 days Al
D isnot critical while6 +y < 13, thatisy <7 M1
So D isnot on any critical path for 0 <y <7 (wheny =7 it ison a second critical path) Al
Answer: 16 days, O0<y <7 5 marks
27 (12 marks)
(a) Critica path A, D, G, J(19); next longest C, F, H, K =18 M1
Cheapest activity on the critical path is J at £30 per day Al
Shorten J by 1 day: cost £30 Al
Answer: J by 1 day; £30 3 marks
(b) Shorten J by 2 days (£60): critical path A, D, G, J=17; but C, F, H, K = 18 is now the longest M1
Also shorten C by 1 day (£20) so C, F, H, K = 17 (cheapest on that path, £20) M1 Al
Total £60 + £20 = £80 Al
Answer: J by 2 daysand C by 1 day; £80 4 marks
(c) Paths of length 19, 18 and 17 (A, D, G, J, C, F, H, K; B, E, G, J) al need attention M1
B, E, G, J=17: shorten G or J; Jby 2 saveson both A, D, G, Jand B, E, G, J M1
Plan: J by 2 days (£60), D by 1 day (£45), C by 1 day (£20), K by 1 day (£25): total £150 M1 A1
A check shows no cheaper combination reduces al three paths to 16 Al
Answer: £150: J 2 days, D 1 day, C 1 day, K 1 day 5 marks
28 (7 marks)
(a) Pathsthrough F: B, F,1,J=6+x+6+4=16+x;B,F,K=6+x+9=15+x M1 A1l
Paths not through F: the longest isA, D, H,J=4+7+5+4=20 M1
Project time = max(20, 16 + x) M1
=20forO<x =4,and 16 + x for x >4 Al
Answer: 20for x = 4; 16 + x for x > 4 5 marks
(b) Fison alongest path only when 16 + x = 20, so F is not critical for x <4 M1
X =9:time=16 + 9 = 25 days Al
Answer: x < 4 (F critical for x = 4); 25 days 2 marks
29 (6 marks)
(@B,E,H,J=6+x+5+4=15+x M1
For x = 9thisisat most 24, and the critical path B, F, |,J=6 + 8 + 6 + 4 = 24 is unaffected M1
So the project timeis 24 daysfor x < 9 Al
Answer: 24 daysfor x = 9 3 marks
(b) 15 + 12 = 27 days on B, E, H, J, which exceeds 24 M1 Al
Other paths do not exceed 24, so the minimum time is 27 days with critical path B, E, H, J Al
Answer: 27 days, B, E, H, J 3 marks
30 (8 marks)
(a) Shortening E by 2: 2 x 90 = £180, giving both paths 11 days M1
Alternatively, each path must lose 2 days: A, C, E needs 2 days from A (max 2) and C (max 1) M1
Cheapest on A, C, E: A by 2 days (£60); on B, D, E: B by 1 (£40) and D by 1 (£35) = £75 (B by M1 Al
2 would be £80)
Total £60 + £75 = £135, less than £180 for E Al
Answer: A by 2 days, B by 1 day, D by 1 day: £135 5 marks
(b) E for 1 day costs £90 and saves 1 day on both paths M1
The second day then costs at least £30 (A) + £35 (D) = £65 more: £155 > £135 M1 Al
Answer: £155 > £135 3 marks
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Float
1 (2 marks)

The maximum time by which an activity can be delayed without delaying the completion of the B1

project

Total float = latest finish — earliest start — duration B1

Answer: latest finish — earliest start — duration 2 marks
2 (2 marks)

Tota float =16 — 6 — 4 M1

=6 Al

Answer: 6 2 marks
3 (2 marks)

0 B1

Any delay to acritical activity delays the whole project, so it has no spare time El

Answer: 0 2 marks
4 (2 marks)

(@ No:2=3 B1

(b) Yes: 5> 3, so the project is delayed (by 2 days if nothing else changes) B1

Answer: (a) No; (b) yes, by 2 days 2 marks
5 (2 marks)

Float=12—-5—-7 M1

=0, soitiscritica Al

Answer: Float 0 2 marks
6 (1 mark)

Total float = latest start — earliest start = 5 B1

Answer: 5 1 mark
7 (4 marks)

Forward pass. Event 1. early time O; Event 2. 0+ 5=5; Event 3: 0+ 4 =4; Event 4. max(5 + 3, 4 M1

+6) = max(8, 10) = 10; Event 5: 10 + 2 =12

Backward pass: Event 5: late time = 12 (the minimum project time); Event 4: 12 — 2 = 10; Event M1

3:10—6=4;EBEvent2: 10 — 3=7; Event 1: min(7 — 5,4 — 4) = min(2,0) =0

Float = latest finish — earliest start — duration: A:7—0—-5=2B:4—-0—-—4=0;C:10—-5 M1 A1l

—3=2D:10-4-6=0;E:12—-10—-2=0

Answer: A2,B0,C2,DO,EO 4 marks
8 (3 marks)

C:float=13—-5—4=4 M1 A1

Latest start = latest finish — duration=13 —4=9 Al

Answer: float 4; latest start 9 3 marks
9 (4 marks)

Float = latest finish — earliest start — duration M1

A:5—-0—-5=0,B:9-0—-3=6C:183—-5—-4=4,D:11-5-6=0;EE11-3—-2=6; A1 A1

F:16—-9—-3=4,G:16—-11—-5=0

Critical (float 0): A, D, G Al

Answer: A0,B6,C4,DO0,E6,F4,GO0 4 marks
10 (3 marks)

C hasfloat 2 days M1

Delay of 1 day is less than the float, so the project time is unchanged Al

Remaining float =2 — 1 =1 days Al

Answer: 1 days 3 marks
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11 (2 marks)
Float = latest finish — earliest start — duration M1
The path through the activity has length at most the project time, so the float is at least O El
Answer: Longest path = any path 2 marks
12 (3 marks)
Float zero: A, D, G are critica B1
E hasfloat 6 M1
So E can be delayed by at most 6 days Al
Answer: A, D, G; 6 days 3 marks
13 (3 marks)
Total float =14 -3 —-5=6 M1 Al
Latest start =14 —5=9 Al
Answer: float 6; latest start 9 3 marks
14 (6 marks)
Forward pass. Event 1. early time O; Event 2.0+ 4=4; Event 3: 0+ 6 =6; Event 4: 0 + 5=5; M1 Al

Event 5: max(4 + 7, 6 + 3) = max(11, 9) = 11; Event 6: max(6 + 8, 5 + 4) = max(14, 9) = 14;

Event 7: max(11 + 5, 14 + 6) = max(16, 20) = 20; Event 8: max(20 + 4, 14 + 9) = max(24, 23) =

24

Backward pass. Event 8: late time = 24 (the minimum project time); Event 7: 24 — 4 = 20; Event M1 A1l
6: min(20 — 6, 24 — 9) = min(14, 15) = 14; Event 5: 20 — 5 = 15; Event 4: 14 — 4 = 10; Event

3: min(15 — 3,14 — 8) =min(12, 6) = 6; Event 2: 15 — 7=8; Event 1. min(8 — 4,6 — 6, 10 —
5)=min(4,0,5) =0

Float = late(end) — early(start) — duration: A:8—-0—4=4,B:6—-0—-6=0;C:10—-0—-5 M1 Al
=5D:15-4-7=4E15-6—-3=6,FF14-6—-8=0,G:14—-5—-4=5H:20 - 11
—5=41:20—14-6=0;124—-20—4=0;K:24—-14-9=1

Answer: A4,B0,C5D4,E6,F0,G5H4,10,J0,K1 6 marks

A(4)

15 (6 marks)
Forward pass. Event 1. early time O; Event 2.0+ 3=3; Event 3: 0+ 5=5; Event 4: 3+ 4 =7, M1 Al
Event 5: max(5 + 6, 3 + 0) = max(11, 3) = 11; Event 6: max(7 + 4, 11 + 5) = max(11, 16) = 16;
Event 7: 11 + 2 = 13; Event 8: max(16 + 7, 13 + 6) = max(23, 19) = 23
Backward pass. Event 8: late time = 23 (the minimum project time); Event 7: 23 — 6 = 17; Event M1 A1
6: 23 — 7 = 16; Event 5: min(16 — 5, 17 — 2) = min(11, 15) = 11; Event 4: 16 — 4 = 12; Event
3:11—6=5;BEvent 22 min(12 — 4,11 — 0) = min(8, 11) = 8; Event 1: min(8 — 3,5 — 5) =

min(5, 0) =0

Floatss A:8—-0—-3=5B:5—-0—-5=0;C:12—3—-4=5D:11-5-6=0;E:16 — 7 M1
—4=5F16—-11-5=0G:17—-11—-2=4H:23—-16—-7=0;1: 23— 13 —-6=4

Critica activities: B, D, F, H Al
Answer: A5 BO0,C5DO0E5F0,G4HO,I4 6 marks
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16 (4 marks)
C isdelayed by 3, which is less than its float of 4: on its own no effect
E isdelayed by 7, which exceeds its float of 6 by 1
So the project takes 17 days: it is affected by E but not by C
Answer: Delayed by 1 day (because of E)

17 (3 marks)
(@) Latest start =9+ 5=14
(b) Latest finish=14 + 6 =20
(c) Earliest finish=9+ 6=15
Answer: 14; 20; 15

18 (3 marks)
Float=20—8 —x=5
xX=7
Latest start =20 — 7 =13
Answer: x=7; 13

19 (4 marks)
Earliest starts: A 0,B0,C5,D 4, E 10
Barss AOto5 B0to4, C5t08, D 4to 10, E10to 12
Float bars. A hasfloat 2 (5to 7), C hasfloat 2 (8 to 10)
B, D, E are critical with no float
Answer: A 0to 5 (float 2), B0to 4, C 5to 8 (float 2), D 4to0 10, E 10to 12; B, D, E critical

A

B

C v/ /]

D [

E N
0 2 4 6 8 10 12

Time
20 (4 marks)

Durations read fromthebars: A5, B4,C3,D6,E2
Floats (hatched bars): A 2,B0,C2,D0,EOQ
Criticd activities: B, D, E

Answer: Critical: B, D, E
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21 (7 marks)
Forward pass. Event 1. early time O; Event 2.0+ 4=4; Event 3: 0+ 5=5; Event 4: 4 + 3= 7, M1 Al
Event 5: max(4 + 6,5+ 2, 7 + 0) = max(10, 7, 7) = 10; Event 6: max(5 + 4, 10 + 0) = max(9, 10)
=10; Event 7: max(7 + 5, 10 + 3) = max(12, 13) = 13; Event 8: 10 + 6 = 16; Event 9: max(13 +
4,16 +5) = max(17,21) = 21
Backward pass. Event 9: late time = 21 (the minimum project time); Event 8: 21 — 5 = 16; Event M1 Al
7:21 — 4 =17; Event 6: 16 — 6 = 10; Event 5: min(10 — 0, 17 — 3) = min(10, 14) = 10; Event
4: min(10 — 0, 17 — 5) = min(10, 12) = 10; Event 3: min(10 — 2, 10 — 4) = min(8, 6) = 6; Event
2: min(10 — 3,10 — 6) = min(7, 4) = 4; Event 1. min(4 — 4,6 — 5) =min(0, 1) =0
Floats: A:4—-0—-4=0;B:6—-0-5=1,C:10—-4—-3=3;D:10-4—-6=0;E:10—5 M1 A1
—-2=3F10-5-4=1,G:17—7—-5=5H:17—-10—-3=4;1:16 —10—-6=0; J 21
—13-4=4K:21-16—-5=0
Critical activities: A, D, I, K Al
Answer: A0,B1,C3,D0O,E3,F1,G5H4,10,J4,KO0 7 marks

22 (8 marks)
Read the event times from the diagram B1
E: total float 6; free float = 11 — 6 — 3 = 2; independent float = max(0, 11 — 6 — 3) =2 M1 Al
G: total float 5; free float = 14 — 5 — 4 = 5; independent float = max(0, 14 — 10 — 4) =0 M1 Al
K: total float 1; free float = 24 — 14 — 9 = 1, independent float = max(0, 24 — 14 — 9) =1 M1 A1l
Check ordering: total = free = independent for every activity Al
Answer: E: 6,2,2,G: 5,50, K: 1,1, 1 8 marks
23 (6 marks)
Total float of F=4and of H=4 B1
Delay 3 = float 4, so the project time is still 20 days M1 Al
The path B, D, F, H now haslength20 — 4 + 3=19, so H'sfloatis20 — 19=1 M1 A1l
F and H lie on the same path, so they share the 4 days of float; using 3 daysin F leaves 1 day for E1l
H
Answer: unchanged; new float of H is 1 6 marks
24 (5 marks)
Total float of C=5 B1
C'sdelay exceedsitsfloat by 8 — 5 = 3 days M1
New project time = 24 + 3 = 27 days Al
Cisnow critical; critical path(s): C— G —1—1J M1 Al
Answer: 27 days 5 marks
25 (5 marks)
Total floats: B 2, F 1 Bl
Recalculate the forward passwithB=7and F=9 M1
New project time = 20 days Al
The delays are on different paths, and each delay is partly absorbed by float, so the delays do not El
simply add to the project time
Increase of 1 day only, compared with 4 days if the delays simply added Al
Answer: 20 days 5 marks
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26 (5 marks)
Cisonthepath A, C, Fof length5+x+3=x+8 M1
Project time is unchanged whilex + 8 < 16 M1
Greatest x = 8 Al
When x = 8, A, C, F has length 16, the sameas A, D, G M1
Critical paths: A,D,Gand A, C, F Al
Answer: x =8 5 marks
27 (6 marks)
The longest path through H has length 24 — 4 = 20 when x = 5, so length 15 + x in general M1 Al
Every path not through H still has length at most 24 B1
Project time = max(24, 15 + X) M1
Thatis24forx = 9and 15+ x forx = 9 Al
H iscritical when 15+ x =24, s0x = 9 Al
Answer: max(24, 15+ x); x = 9 6 marks
28 (5 marks)
Freefloat ise(E) — €(S) — d and total float isl(E) — &(S) — d B1
e(E) = I(E) for every event, so free float < total float M1 A1
eS) =1(9),s0eE) —I(S) —d = eE) — &S) — d=freefloat M1
If &(E) — I(S) — dis negative the independent float is 0, which is at most the free float (free float Al
= 0aseE) = ¢S) +d)
Answer: independent float = freefloat = total float 5 marks
29 (7 marks)
(a) Path A, C, Fhaslength5+4 +3=12 M1
Path A, D, G haslength5+x +5=x+ 10 M1
Path B, E, G haslength 3 + 2 + 5 = 10, which is never the longest since 12 > 10 B1
Project time = max(12, x + 10): 12 for x < 2, x + 10 for x = 2 Al
Answer: max(12, x + 10): 12for x = 2and x + 10for x = 2 4 marks
(b) () x=1: A, C, F(12 against 11) B1
(i) x=2: A, C,Fand A, D, G (both 12) B1
(i) x =5: A, D, G (15 against 12) B1
Answer: (i) A,C, F; (ii)A,C,Fand A, D, G; (iii)A, D, G 3 marks
30 (6 marks)
(a) Delay F by 4: path B, D, F, H now has length 20, so the project is still 20 days M1 Al
H then has float O (it is critical) B1
Delaying H by 1 more gives project time 21, so the delays cannot both be 4 M1 Al
(b) At most 4 days in total, because F and H lie on one path with slack 4 days El
Answer: at most 4 daysin total 6 marks

Resour ce Scheduling

1 (2 marks)
A bar chart with time on the horizontal axis B1
The height of each bar is the number of workers needed in that interval B1
Answer: Workers against time 2 marks
2 (2 marks)
36+4 M1
=9 days Al
Answer: 9 days 2 marks
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3 (2 marks)
45+ 12 =375 M1
Round up to 4 workers Al
Answer: 4 workers 2 marks
4 (2 marks)
Activities cannot start until their predecessors are complete B1
So some workers may have to wait with nothing to do, and the work cannot always be shared El
evenly
Answer: Precedence causesidle workers 2 marks
5 (3 marks)
Greatest number is 4 B1
Totdl =3+3+4+4+2+2 M1
= 18 worker-days Al
Answer: 4 workers; 18 worker-days 3 marks
6 (2 marks)
A:2x5=10,B:3x4=12 M1
Total 22 worker-days Al
Answer: 10, 12, 22 2 marks
7 (4 marks)
Worker-days: 5x2+4x1+3%x2+6x3+2x1 M1
=10+4+6+18+2=40 Al
40+ 12=3.33 M1
S0 at least 4 workers Al
Answer: 40 worker-days, 4 workers 4 marks
8 (4 marks)
Earliest starts: A 0,B0,C5,D 4, E 10 M1
Add the workers of the activities running in each interval M1
Workers needed (from timeto time): 0to 4: 3; 4t08: 5; 8t0 10: 3; 10to 12: 1 Al
Histogram drawn with these heights; greatest number 5 Al
Answer: 0to4: 3; 4t08: 5, 8t010: 3; 10to 12: 1 4 marks
6 -
5
g4
£ 3
2,
14
: [ 1]

Time
9 (4 marks)
(a) Greatest number is 5 B1
Between times 4 and 8 B1
Answer: 5 workers, between times 4 and 8 2 marks
(b) Total =3+3+3+3+5+5+5+5+3+3+1+1 M1
= 40 worker-days Al
Answer: 40 worker-days 2 marks
10 (3 marks)
(@) C (3 workers) and D (2 workers) are running: 3+2=5 M1 AL
(b)D(2)andF(1):2+1=3 B1
Answer: 5; 3 3 marks
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11 (3 marks)
59 + 16 = 3.69... M1 A1l
Thisis more than 3, so 3 workers cannot do it in 16 days; at least 4 are needed El
Answer: At least 4 3 marks
12 (3 marks)
Compare each bar with 4 M1
The bars of height 5 are those from time 4 to time 8 Al
Too many workers between times 4 and 8 Al
Answer: Times4to 8 3 marks
13 (3 marks)
Worker-days=8+15+3+ 12+ 8+ 6 =152 M1 A1
52 + 13 =4, o at least 4 workers Al
Answer: 52 worker-days; 4 workers 3 marks
14 (4 marks)
Earliest starts: A 0,B0,C5 D5 E3,F9, G 11 M1
Add the workers of the activities running in each interval M1
Workers needed (from timeto time): 0to 3: 3; 3to5: 4, 5t09: 5; 9to 11: 3; 11to 12: 4; 12 to Al
16: 3
Histogram drawn with these heights; greatest number 5 Al
Answer: 0to3: 3; 3to5: 4, 5t09: 5; 9to 11: 3; 11to 12: 4; 12to 16: 3 4 marks
6 -
5
g4 u
£ 3
2,
1 4
0

0 2 4 6 8 10 12 14 16

Time
15 (4 marks)

Earliest starts: A 0,B0,C5, D5, E8, F11 M1
Add the workers of the activities running in each interval M1
Workers needed (from timeto time): 0to 4: 5; 410 8: 3; 8to 11: 4; 11to 12: 5; 12t0 13: 3 Al
Histogram drawn with these heights; greatest number 5 Al
Answer: 0to4: 5;4t08: 3; 8to11: 4, 11to 12: 5; 12t0 13: 3 4 marks

6 1

5 __
g 41
£ 3
2,

14

0

Time
16 (5 marks)
Earliest starts: A 0, B 0, C 2, D 2, E 8; the peak of 4 workersisinthefirst 2 days(A 3+ B 1) M1 A1
B and D each have total float 2: B now runs from 2 to 4 and D from 4 to 8 M1
Workersin each interval: 0t0 8: 3; 8to 12: 1 M1
Never more than 3, and the finish is still time 12 Al
Answer: At most 3 workers 5 marks
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Workers
N

Time

17 (4 marks)
(a) Worker-days 59, and 59 + 16 = 3.69
S0 at least 4 workers
Answer: 4 workers
(b) The earliest-start histogram has greatest height 5
So 5 workers are enough
Answer: 5 workers are enough

18 (3 marks)
Tota =5+5+5+5+3+3+3+3+4+4+4+5+3=52
52 + 13 =4, so at least 4 workers
Answer: 52; 4

19 (4 marks)
(@) Worker-days: 4 x2+6x3+5x1+7x2+3x2+8x3+4x1+5x2+6x3+4x1+
9x2
=8+18+5+14+6+24+4+10+18+4+18=129
Answer: 129 worker-days
(b) 129 + 24 =5.375
At least 6 workers
Answer: 6 workers

20 (4 marks)
Earliest starts: A0,B0,C2,D 2,E8
Bars drawn for each activity from its start for its duration
Floats: B 2 and D 2, all others 0
Answer: Earliest starts: A0,B0,C 2,D 2, E 8; floatsB 2, D 2 (others0)

A

B

c I

D ./ /7

E I

(I) 2 4 6 8 10 12
Time
21 (7 marks)

(a) D needs all 3 workers, so any other activity would need workers who are not available
Answer: D usesall 3workers

(b) A (2 workers) and C (2) cannot run alongside D, and E (1) cannot either, since3+1 >3

C needs A to be complete first, and E needs both C and D, so A, D, C, E are forced into separate
periods

Timeat least 5+ 6 + 3 + 2= 16 days

A schedule: A 0to 5 with B 0to 4 (3 workers), D 5to 11, C11to 14, E 14 to 16

At most 3 workers at any time and the project takes 16 days

Answer: At least 16 days, eg. A0,B0,D5 C 11, E 14

stemup.co.uk | page 30

M1
Al
2 marks
M1
Al
2 marks

M1 Al
Al
3 marks

M1

Al
2 marks
M1
Al
2 marks

M1

Al

M1 Al
4 marks

B1
1 mark
M1
M1

M1 A1l
M1

Al

6 marks



StemUp | Further Mathematics | Decision and Discrete Mathematics: Critical Path Analysis | Model Answers

22 (5 marks)
Start times (days): A0,B0,C5 D9,E3,F9, G 15
No activity starts before al of its predecessors have finished
Workers needed: 0to 3: 3; 3to 5: 4; 5t0 12: 3; 1210 15: 2; 1510 20: 3
At most 4 at al times, and the last activity ends at day 20
Answer: Completed in 20 days
5 -

4.____ ________________________
1]
5 3
=
S 29
1 4
0
0 2 4 6 8 10 12 14 16 18 20
Time
23 (5 marks)

For 16 days, the critical activitiesA, D, G must run at timesO0to 5, 5to 11 and 11 to 16

C must start after A (time 5 or later), and F (3 days) follows C, so C must finish by time 13
During times 5to 11, D needs 2 workersand Cneeds 3: 2+ 3=5>4

After time 11, only 2 days remain before time 13, but C takes 4 days (and G uses 3 workers)
So C cannot be scheduled: 16 days is impossible with 4 workers

Answer: Impossiblein 16 days

24 (6 marks)
(a) B, D, E arecritical, so D must run from time 4 to time 10
C must start after A finishes (time 5 or later) and finish by time 10, when E starts
So C overlaps D completely: 3 + 2 = 5 workers needed, which is more than 4
Answer: D and C overlap, needing 5 workers
(b) With every activity at its earliest start the greatest number of workersis5
So 5 workers are enough
Answer: 5 workers are enough

25 (5 marks)
Total float of each activity: A0,B 4,C0,D 10,EO0, F 10
Delay non-critical activities to avoid overlaps of the 3-worker activities
One schedulee A0,B0,C7,D7,E13,F12
Workersin each interval: 0t0 3: 4; 3to 7: 3; 7t0 12: 4; 12to 14: 3; 14t0 20: 1
At most 4 workers at al times; finish at day 20
Answer: At most 4 workers

26 (5 marks)
Starttimes: A5 B0,C9, D5 E13,F11
Predecessors are complete before each activity starts
Workersneeded: 0to 5: 3; 5t0 9: 4; 9to 11: 3; 11to 12: 4; 12t0 13: 3; 13to 17: 2
Never more than 4, finishing at day 17
Answer: 17 days
5 -

4 B g ——— e e e

3 —

Workers

0O 2 4 6 8 10 12 14 16
Time
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27 (7 marks)
(a) The longest path gives 24 days and the worker-days give 129 + 5 = 25.8 M1
So at least 26 days Al
Answer: 26 days 2 marks
(b) Latest start times: A 4,B0,C5,D 8, E12,F 6, G 10, H 15,1 14, J20, K 15 M1
Applying the rule gives start times A 0,B0,C4,D 9, E14,F6,G 14, H 17,1 18,324, K 22 M1 A1l
Completion time 31 days Al
Answer: 31 days 4 marks
(c) 31 is above the lower bound of 26: the rule does not give the best schedule, and a better El
schedule (29 days) exists
Answer: Therule does not give the best schedule 1 mark
28 (6 marks)
Start times: A0,B0,C0O,D4,E6,F6,G9,H11, 114,320, K 14 M1 A1
Check predecessors: every activity starts at or after the latest finish of its predecessors M1
Workers needed: 0to 5: 6; 5t06: 5; 6t0 9: 7; 9to 13: 6; 13 to 14: 5; 14 to 16: 7; 16 to 20: 5; 20 M1
t023: 3;23t024: 1
At most 7 workers at al times Al
Finish at day 24, equal to the minimum project time Al
Answer: 24 days 6 marks
g -
7 i ORI FORIN (IO NN ol e S— I IOUORE EONIPIN NSO S
6
5§57 B B
=4
£ 34
2 -
0 7.
0 2 4 6 8 10 12 14 16 18 20 22 24
Time
29 (5 marks)
(a) With k workers, at most k worker-days of work are done per day, so thetimeisat least W + k M1 Al
The activities on the longest path must be done one after ancther, so thetimeisat least T B1
Answer: Time = max(T, W + k) 3 marks
(b) With 4 workers the bound is max(12, 40 + 4) = max(12, 10) = 12 days M1
Precedence and the numbers of workers each activity needs may force more than 4 workers to be E1

wanted at once (or leave workers idle), so the bound need not be achievable
Answer: 12 days, the bound may not be achievable because of precedence and worker requirements2 marks

30 (5 marks)
Cost = 90 x (workers x days): 3 workers. 3 x 48 = 144, 4 workers: 4 x 40 = 160, 5 workers: 5 x M1 Al
29 = 145, 6 workers: 6 x 27 = 162, 7 workers: 7 x 24 = 168
Lowest is 3 workers: 144 worker-days, so £12 960 M1 A1
3 workers take 48 days, more workers finish much sooner (24 days with 7), which may matter El
more than cost
Answer: 3workers, £12 960 5 marks
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