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Continuous Random Variables

1 (3 marks)
(a) Time can take any value in an interval B1
Answer: Continuous 1 mark
(b) Takes only the whole-number values 0, 1, 2, ... B1
Answer: Discrete 1 mark
(c) Mass can take any value in an interval B1
Answer: Continuous 1 mark
2 (2 marks)
(a) For a continuous random variable the probability of any single value is zero B1
Answer: 0 1 mark
(b)1—04=0.6 B1
Answer: 0.6 1 mark
3 (2 marks)
Total areamust equal 1: 4k = 1 M1
(=t
=7 Al
1
Answer: k = i 2 marks
4 (3 marks)
f(x) = Ofor al x in the range B1
4 X x2
l: g dx= [E]°4 M1
= i—g =1, sof isavalid probability density function Al
Answer: Valid (area=1) 3 marks
5 (2 marks)
2
PX <D= [ 7 dx =[] M1
_1
=7 Al
1
Answer : 7 2 marks
6 (2 marks)
Rectangle of width 2 and height 0.25 M1
P=2x025=05 Al
Answer: 0.5 2 marks
7 (4 marks)
3
(@ [ k=[] = ok =1 M1
_1
k= 3 Al
1
Answer: k = 9 2 marks
I G SO 8
) PX>2) = [* 5 dx=[5],=1— M1
19
=57 Al
Answer : ;—3 2 marks
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8 (4 marks)
(a) Areaof triangle = % x4xh=1
1
h=3
1
Answer: h =3

(b)For0=x<2f(x)=7% sof(l)-—

_ 1
PX<D=gx1xg=g
1
Answer: 8
9 (4 marks)

3 3
PL<X <3 = [ 35(4x — x?) dx
3 x3
_§[2X2_ §]13

3 1
= >(18-9 — (2~ 3)

3 % 22 22 11

32 3716

11

Answer: 16

10 (4 marks)
(a) f(0) = —% < 0, so f takes negative values

A probability density function can never be negative, so it is not valid
Answer: Not valid (negative values)

27 3
) [ =35l = =
The total areaisnot 1, so it is not valid

Answer: Not valid (area is )
11 (3 marks)
20 (20 —1t)

P(T>5):£ 500 Ot

_ 20 _ 1_1
=40 ~2m0ls =C-1D - — 1)
_ 7 _ 9
=l-1=1

9

Answer: 16

12 (3 marks)

[ e

a_l
8~12 soa =2

a=%2=126
Answer: a=%2 = 1.26

13 (4 marks)
@ [~ ke dx=[~5e?]," = 5

k _ _
E—l,SOk—Z

Answer: k =2
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(b) P(X > 1) =[—-e™]," M1
— o2 Al
Answer: 2 2 marks
14 (6 marks)
(@ f(x) = 0on[—1, 1] sincex’ = 1 B1
1 3 3 x3
.[1 21 - x?) dx = Zlx - ?]_11 M1
_3 . .4_
=2 X 3= 1 Al
Answer: Valid 3 marks
1 3 3 x3
(b) [, 71 —x3dx=7[x— Flup' M1
3,2 1 1
=33~ (@~ 2) L
=3,3_5
47247 32 Al
Answer : 3—52 3 marks
15 (5 marks)
2 x3 7k
o dx=kF]2= 5 M1
7k 3
3= 1, so k = Z Al
2
P(X <15) = jl's 3% dx M1
x® 1,27
=[=1"=2(F -1 Mt
19
=5 Al
Answer: k:%,P:% 5 marks
16 (5 marks)
a X x? al
1—8dx=[%]oa:% M1
a2
%:1,soa:6(a>0) Al
PX > 4) = [ 75 dx "
x? 16
= [%]46 =1l- 35 M
5
=3 Al
Answer: a=6,P(X >4) = g 5 marks
17 (4 marks)
2 3x? x3 c
PX>0) = [ Fdx=[Fll=1-% M1
27 37 1 7
P(X>l.5):1—EZE,P(X>1):].—§:§ Al
_PX>15 _37 7
P(X>15|X>l)—m—a§ M1
37
=5 A1
Answer . % 4 marks
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18 (6 marks)
(@) Letu=1 —9:1;2 ku(2—u)du:k[u __]0

=k@4 - 9)=14

K
3

Alw w|

=1 s0k=

. _ 3
AnaNer.k—Z

(b) PO5<L<105) = [ %(l —9@1—1l)d,and( — 911 — 1) =1 — (I — 10)

3 w?
Letw =1 —10: z[w — =] _o5>°
3 11
=z(1- 12)
11
Answer: 5
19 (5 marks)

The student has set the largest value of f equal to 1; it is the total area under f that must equal 1,
not a value of f

kx 9k
l: kx dx = 7]03—?—1
2
=9
3 2 X2
PX=2)= [ T dx=[%],’
_ 4 5
=1-373%
2 5
Answer k:§,P(X22):§
20 (5 marks)
k
(@ [ kx x = [0 2 =3
k=8

Answer: k =8
1 1
(b)f(5)=8x 5=
f(x) is not a probability; it is a density, and probahilities are areas under the graph
Here the base of the region has width at most % so every probability isat most 1 (total area= 1)

Answer: f(%) = 4; a density value can exceed 1

21 (6 marks)

5 5x% X8
@ [ k(Bx = x?) dx = k[5 — F]o°
125 125 125k

= k( 2 ~ 73 )
125k _ 6
6 - Lok=1xm
., _ b
Answer: k = 5
(b) The graph of f isasymmetrical quadratic with maximum at x = 2.5, so the mode is 2.5
Answer: 2.5
6 5x? 5 1
() 125[ - 3]1 125((10_ )_(§_§))
6 31 31
125 6 ~ 125
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A 31
nswer: 15 2 marks
22 (6 marks)
@ [ kxdx =2 B1
[ 2kdx=dk s02k+4k=1 M1
_1
k‘E Al
1
Answer: k=§ 3 marks
2 X x? 1
) [ 5dx=[312= 7 M1
31 . 1
jz‘ §dx-§ M1
1. 1_7
27371 Al
Answer 172 3 marks
23 (7 marks)
o K Ky
@ [ = &x=[=31:" =k M1
k=1 Al
Answer: k =1 2 marks
1.5_1 1
b)[-31"=5 — 5 M1
-3
=1 Al
A .3
nswer . l_O 2 marks
_ 1. »_ 1
(©) PX >m) = [—3]n”" = = M1
1_
E—O.OS M1
m=20 Al
Answer: m =20 3 marks
24 (8 marks)
(a) Continuity at x =2: 2a=b B1
2
£ ax dx = 2a M1
j;l bdx=2b M1
2a+ 2b = 1; substituting b = 2agives6a= 1 M1
1yl
=5 b= Al
Answer : a-% b=% 5 marks
> _ 1 3 _ 7
O [0 k=[Sl s - M1
_ 2
‘g §dx—§ M1
_ 7 ,2_13
873716 Al
A 13
nswer . 16 3 marks
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25 (7 marks)
2 3x? x3 7
@PX>1)= [ - dx=[Fl’= M1AL
P(exactly one) = 2 x % x % M1
_ 7
=% Al
Answer : 3—72 4 marks
(b) Y ~B(10, 2): P(Y = 9) = (Y = 9) + P(Y = 10) M1
7 1,7
=10x(g)°x g +(g)"° M1
=0.639 Al
Answer: 0.639 3 marks
26 (6 marks)
(@ [ ksinxdx = [~k cosx]," M1
=k(1+1)=2k Al
2k=1,s0k = % Al
Answer: k = % 3 marks
() P= [T 2 sinxdx=[~7 cosx]y," M1
1,1 m_1. 1
=2t 2083=3%7 M1
_3
=2z Al
Answer: % 3 marks
27 (9 marks)
3
a) [“k?dx= & =1 M1 Al
3
P(X<l)=£1kx2dx=§=% M1
3
k=35 Al
3
gx%zl,soa‘?:S M1
a=2 Al
Answer : k=§,a=2 6 marks
X3
(b) P(X > 15) = [5]1s° M1
B 27
=1-% M1
37
=& Al
Answer : ?_6471 3 marks
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28 (10 marks)
(a) Graph: triangle with peak at (0, 2K), zero at x = £2, symmetric about the y-axis B1
Area=%><4><2k=4k M1 Al
_ _1
4k =1,s0k= z Al
Answer: Triangle, peak 2k = % atx=0; k= % 4 marks
(2-x). . 1 1 1
(b) Forx > 1, f(x) = 7 .areaoftrlanglebetweenleand2|s§><1><Z=§ M1
By symmetry P([X|> 1) =2 x % = % Al
Answer: % 2 marks
(c)P(X<1):l—%:% M1 A1l
P(—1<x<1)=1—%=% M1
_3.7_6
P=2+8%7 At
Answer: g 4 marks
29 (9 marks)
@ —x2 _ K _x2 o
(@ £ kxe™ dx = [—ie lo M1 A1
= % =1, s0k=2 Al
Answer: k =2 3 marks
(b) P(X > 1) = [~e™]," M1
-l Al
Answer: e”! 2 marks
©PX<a)=[-e"]*=1—e* M1 A1
2_1 2 _1
l1-e®=50e"=5 M1
a@=In2a=4In2 Al
Answer: a=+lIn 2 4 marks
30 (9 marks)
(a)‘[;2 (ax+hydx=2a+2b=1 M1 Al
[ @x+bdx=35+b=03 M1 AL
From the second equation b = 0.3 — %; substituting into the first, 2a+ 0.6 — a=1,soa= 0.4 and Al
b=0.1
Answer: a=04,b=0.1 5 marks
(b) f isastraight line with positive gradient and f(0) = 0.1 > 0, so f(x) > 0 on [0, 2] B1
P(X >15) = [0 (0.4x +0.1) dx = [0.2X% + 0.1x] ;& M1
=(0.8+0.2) — (0.45 + 0.15) M1
=04 Al
Answer: 0.4 4 marks
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Probability Density Functions

1 (2 marks)
3 X x2

P:jl‘ g & =[3gls° M1

-9 _1_1

~16 16 2 Al

Answer: % 2 marks
2 (2 marks)

2

[P K@= dx=Kax — S = % M1

9%k _ 2

5 = 1,s0k= 9 Al

Answer: k = % 2 marks
3 (2 marks)

The mode is where f(x) is a maximum; f'(x) = 3—32(4 —-2xX)=0 M1

X=2 Al

Answer: 2 2 marks
4 (2 marks)

Straight line through the origin from (O, 0) to (2, 1) B1

f(X) = 0 elsewhere, so the graph runs along the x-axisoutside 0 = x < 2 (jump downto O at x = B1

2)

Answer: Linefrom (0, 0) to (2, 1); zero elsewhere 2 marks
5 (2 marks)

P(X >2) =[—e ], M1

=e ' = 0.368 Al

Answer: e~! = 0.368 2 marks
6 (2 marks)

Area of rectangle from 0.5t0 1: 0.5 x 0.4 =0.2; areafrom 1t0 2: 1 x 0.6 = 0.6 M1

P=02+06=08 Al

Answer: 0.8 2 marks
7 (5 marks)

3
@ [ k@ — x) dx = K[4x — %52 M1
8 16k

= k(8 - §) = T Al

k = % Al

Answer: k = —

nswer: K = 16 3 marks
3 x3 3 1
(b) 5l4x — Flo' =15 x5 M1
11
= E Al
Answer . % 2 marks
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8 (4 marks)
4
[P =[] 2 = k=1 M1
1
k=7 Al
X4 2
P(X > 1) =[] M1
B 1 15
=l-1s=15 Al
Answer: k = %, PX>1)= % 4 marks
9 (3 marks)
, oM ox . m?
Let the median be m: j; 3 dx-E M1
m? 1 s _
16 = 2 som =8 M1
m=2/2 =~ 2.83 Al
Answer: 22 = 2.83 3 marks
10 (3 marks)
PX<q)=[—e0=1—¢e % M1
a2 1 —q2_ 3
1-e¥=7e%=7 M1
q:—ZIn%:ZIn% Al
Answer: 21n % = 0.575 3 marks
11 (5 marks)
(a) Triangle with vertices (0, 0), (1, 1) and (2, 0) B1
f(x) =0outside0 = x =2 B1
Answer: Triangle with peak (1, 1) 2 marks
(b) The graph is symmetrical about x = 1, so half the area lies either side: median = 1 B1
Answer: 1 1 mark
(c) Triangle with base 0.5 and height 0.5: area = % x 0.5x 0.5 M1
1
= 8 Al
1
Answer: 8 2 marks
12 (4 marks)
j;egdx:[klnx]le M1
=k(1-0)=k,sok=1 Al
P(X < 2) =[Inx],? M1
=1In2 = 0.693 Al
Answer: k=1, P(X<2)=1In2 4 marks
13 (3 marks)
PX<c)=1-e9=09 M1
e =01s0c=-2In01=2In10 M1
c=461 Al
Answer: 4.61 3 marks
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14 (6 marks)
4
@ [ k10 — x¥) dx = k[T o 10< — X0 M1
= k( 10000 — 2500) = 2500k AL
2500k B 3
—3 =L k= 5500 Al
Answer: k = % 3 marks
(b) f'(x) =k(20x — 3x®) =0 M1
x(20—3x):O,sox:Oorx:§ Al
f(0) = 0, so the maximum isat x = % =~ 6.67 Al
Answer : 2—3? = 6.67 3 marks
15 (6 marks)
4 x +1
@ [* 8D ac= LS e, v
= E(S + 4) =1, and f(x) > 0 on the range Al
Answer: Valid 2 marks
1 .x2 1
(b) Zl7 +x" =5 M1
m2
7+m:6,som2+2m—12:0 AL
—2 + 124 + 48 1+ \/— M1
m = 2.61 Al
Answer: 2.61 4 marks
16 (7 marks)
(@) f(x) = 12x* — 12x3, so f'(x) = 24x — 36x° = 12x(2 — 3X) M1
f’(x):Ogivasx:OOrx:% Al
f(0) = 0, so the mode is % Al
Answer . % 3 marks
(b) P(X <m) =[4x3 — 3x*," = 4m* — 3m* = % M1
So3m4—4m3+%:0 Al
g(m) = 4m® — 3m* g(0.6) = 0.8640 — 0.3888 = 0.4752 < 0.5 M1
g(0.65) = 1.0985 — 0.5355 = 0.5630 > 0.5, s0 0.6 < m < 0.65 Al
Answer: 0.6 <m < 0.65 (m = 0.614) 4 marks
17 (4 marks)
1,81 65
P(1<X<15)—[16]115 16 ~ V==5 M1 A1
1 15
P(X>1):1—1—6:l—6 Bl
p_65 . 15_13
=756 16 48 Al
A 13
nswer: 78 4 marks

stemup.co.uk | page 10



StemUp | Further Mathematics | Further Statistics: Continuous Probability Distributions | Model Answers

18 (6 marks)
1 2 _k
(a)£ kx dx—§ M1
2 k k  k _ 5k
‘[ k(2—X)dX:§,S)§+§=?=1 M1
6
:g Al
6
Answer: k = E 3 marks
1o6x2 2 1, 7
) f, 5 X=50-3 =% M1
32 6 6 3 9
J se-0ax=gxg=5 M
_ 7 9 4
P=%*2%"3% A
AnSNer:% 3 marks
19 (5 marks)
b Kk 1
! ?dx:k(l—B):l M1 Al
1 1 1
PX>2)=k(z —5)=7 M1
o111 1 1_3
Dividing: 27" b" Z(l - E), SO 2~ 2o M1
b=3, thenk:% Al
Answer : k:%,b:3 5 marks
20 (7 marks)
® 3 1. »
@ [ wdx=[-5h ML
=0—-(-D)=1andf(x)>0forx=1 Al
Answer: Valid 2 marks
(b) PX > 2) = [~ 51,° = & M1 AL
X
Answer:% 2 marks
(c) P(none exceeds 2) :(%)3 M1 AL
B 343 169
P(atleastone)—l—m—m Al
A 169
nswer: 512 3 marks
21 (10 marks)
(a) Triangle with base 3 and height a % x3xa=1 M1
_ 2
a_§ Al
2
Answer : a=z 2 marks
. a 1 2 1 1
(b) Gradient = -5 ==3 so f(x) = 3~ §(x —-1)= §(3 - X) M1 Al
1 1 1
P(X>2):§><l><f(2):§><1x§ M1
1
=€ Al
Answer: f(x) = (3 3 ) p :% 4 marks
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(c)P(X<1):%X1X%:%<%,sothemedianexceedsl M1 Al
1 3—m 3—-m? _ 1
PX>m)= 3@ -mx M - G- m_1 M1
3-m?=3,m=3—3 =127 AL
Answer: m=3—+3 = 1.27 4 marks
22 (10 marks)
(a) £°° xe % dx = [-2xe™?] " + £°° 2e7%2 dx M1 AL
=0+[-4e7]," =4 Al
_ _1
4=150k=7 Al
Answer: k = % 4 marks
(b) F(x) = k(1 — 5)e™? M1 AL
f'(x) = 0 a x = 2, which is the maximum (f increases then decreases), so the mode is 2 Al
Answer: 2 3 marks
(©) lw %xe‘x’2 dx = %[—2xe‘x’2 — 4e772),” M1
= %(8(:,\—2 +4e7?) M1
=3e7? Al
Answer: 3e™2 3 marks
23 (7 marks)
2 X Cox2, 1
@ [ 15 x=I5l’=3 M1
1 1
5 + g(b -2)=1 M1
b=6 Al
Answer: b =6 3 marks
(b) PX <2) = % < % so the median m lies in the second piece M1 Al
1 1 1
stsm=-2=3 M1
_o-3 =7
m =5, 50m=7 Al
Answer: % 4 marks
24 (7 marks)
x 2 1
@PX<x)= [ 5 dt=[-5] M1
=1- x_12 Al
1
Answer: 1 — vl 2 marks
(b) Lower quartile: 1 — % = %, s0q? = % M1
_ 2 _
g, = e 1.155 Al
oo 1 _3 2 _
Upper quartile: 1 — ?—Z,soq =4 M1
Oz =2 Al
_ 2 _
IQR=2 \/§ = 0.845 Al
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2

Answer: IQR = 2 — 2 = 0.845
‘/_
25 (7 marks)
@ [" @+ d=a+o=1

[ @+bd =2+ 2 =02

Solving simultaneoudly: a= 0.2, b=2.4

Answer: a=0.2,b=24

(b) f(x) = 0.2+ 2.4x*>0for 0 = x < 1 and the areais 1, so f is valid
fisincreasing on [0, 1], sothemodeisat x = 1

Answer: Valid; mode=1

26 (7 marks)

(@ [ (@x+K) dx=[x*+kx],® = (9 + 3K) — (4+2K)

=5+k=1s0k=-4

Answer: k = =4

(b) f(2) = 0 and f(3) = 2, with a straight line between them and f = 0 elsewhere
f isincreasing on the range, so the modeisx = 3

Answer: Straight line from (2, 0) to (3, 2); mode =3

(C) E(X) = £3 X(ZX - 4) dx = [ZXT3 _ 2X2] 23

=(18-18) - (5 -8 =5

8

Answer: 3

fx)

A

2 4

2 3

x

27 (10 marks)
@ [*(n+Dx"dx =[x}
=1, and f(x) > 0 on the range
Answer: Valid
(b) P(X > 5) =1 — (3)™

1.0t 1

()™ =3
n+1=3,son=2
Answer: n=2
() P(X <c)=¢c?

= 0.794

M edian: m3:% m= -
%2

l
%= 3
293" =

3

4
IQR = F— ( 0.909 — 0.630 = 0.279
Answer: m =23 = 0.794, IQR = 0.279

28 (8 marks)
(a) The curve rises up to P and the line then falls, so the maximum of f isat P
Answer: 3
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(b) The median is 3, 50 P(X < 3) = 5 M1
I | _1
1; kx dx—9k-§,szok—1—8 Al
Thetriangle for 3 < x < ahas height f(3) = 9k = % and area% M1
1 1_1
ix(a—3)x§:§ V1
a—3=2,s0a=5 Al
Answer: k:1—18,a:5 5 marks
(c) E(X) = % = 2.96, which is less than the median and mode (both 3) M1
mean < median = mode, so the distribution has negative skew Al
Answer: Negative skew 2 marks
29 (12 marks)
4
@ [ k(3 - x9) d= ki — X7 = 2K M1 AL
27k _ _ 4
e 1, so k= 57 Al
(x) = k(6x — 3x®) =0 givesx = 0 or x = 2; f(0) = 0, so the mode is 2 M1 Al
Answer: k = %, mode = 2 5 marks
4 x* ami—-m* 1
(b) PX <m) = =[x* = "= T = 5 M1 AL
g(m) = 4m® — m* — 13.5: g(1.8) = 23.328 — 10.4976 — 13.5 = —0.669 M1
g(2) =32 — 16 — 13.5=2.5; sign change, so 1.8 <m< 2 Al
Answer: 1.8<m<?2 4 marks
(©) g(m) = 12m? — 4m?; ¢'(1.8) = 38.88 — 23.328 = 15.552 M1
_1g_ —066%
m, =L 15,552 M1
m; = 1.843 Al
Answer: 1.843 3 marks
30 (9 marks)
(a) Trapezium with parallel sides5 and 2 and height h M1
1 7h
Area= 5(5 +2)h= > Al
7h _ _2
- =Lsoh=3 Al
Answer: h = % 3 marks
(B)PX<1) =3 x1x2=2 <2 PX<3=3+5=2 >, s0themedian m is between 1 M1 AL
and 3
1 2 1
z+z(m-1=5 M1
=9
m=z Al
9
Answer : 2 4 marks
(©) For 3 = x = 5,1(x) = S22, triangle with base 1 and height f(4) = M1
1 1_1
P= > x1x =1 Al
Answer : 1—];1 2 marks
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Cumulative Distribution Functions

1 (3 marks)
_ 4 1
@F2=1=2 B1
Answer : % 1 mark
9 1
b)FQ) -F1) =15 — 15 M1
1
=5 Al
1
Answer : 5 2 marks
2 (2 marks)
1 m—1 _1
Fm=5—F—=3 M1
m—1=2,som=3 Al
Answer: 3 2 marks
3 (2 marks)
1
F(x) = 1; 7 dt M1
=X
=2 Al
Answer: F(x) = % 2 marks
4 (2 marks)
f(x) = F(X) M1
2
f(x) = ° for 0= x = 3, and O otherwise AL
2
Answer: f(x) = % for0=x=3 2 marks
5 (2 marks)
PX>3)=1-F@3) M1
=e 1= 0368 Al
Answer: e~! = 0.368 2 marks
6 (2 marks)
F is non-decreasing (and continuous) B1
F(x) > 0asx — —o and F(x) > lasx — o B1
Answer: Non-decreasing; limits 0 and 1 2 marks
7 (6 marks)
. _ (3 2
(@For0=x=2Fx= [ Z(@—t)dt M1
3 t3 x X3
=4t -3l =5 -7 AL
F(x) =0forx<0 B1
F(x) =1forx>2 B1
. x _ X : .
Answer: F(x) = 4 — Tz on [0, 2]; 0 below; 1 above 4 marks
(b) X > 15) =1 — F(15) =1 — (5 — 21 M1
-2
=3 Al
Answer: —
nswer: £ 2 marks
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8 (5 marks)
. _rx t _ x2
ForOsxsZ.F(x)-iI gdt—ﬁ M1 Al
_ 4 1

F(2) T~ 3 Bl

For2<xs4:F(x):%+£X%dt M1

1, x=2_x-1

~37 73 T3 Al

. G . _x=1

Answer: F(x) = kv for0=x=2 Fx) = 3 for2<x=4 5 marks
9 (4 marks)

ForO=sx=1f(X)=F(X)=x M1 Al

Forl<x=2fxX)=FX) =2 —X) Al

f(x) = 0 otherwise; the graph is a triangle with vertices (0, 0), (1, 1) and (2, 0) Al

Answer: f(x) =x(0=x=1),2—-x(1<x = 2); triangle 4 marks
10 (4 marks)

1 8 1
F(m):i:ﬁzi,somszm M1
m=2%2 = 252 Al
8 8

PB<X<4)=F4)-FQ=01-5)—-1-%) M1

-8 _1_37

=27 8”716 Al

Answer: m =242 = 252, P = % 4 marks
11 (5 marks)

_ 6 2
@F-FD=3 -1 M1
1
= 3 Al
1

Answer: 3 2 marks

(0) 1) =F(x) = Zp for0= x =3 M1 AL

f isincreasing, so the modeis 3 B1

Answer: f(x) = 2x_;1; mode = 3 3 marks
12 (5 marks)

(@ F(0)=0and F(1) = % =1, so F is continuous B1

, 3 — 3x? . .

F(x) = 5—=00n [0, 1], so F is non-decreasing M1

Vvaid Al

Answer: Valid 3 marks

(b) G(1) =1 but G(2) =0 # 1, so G decreasesfor 1 <x <2 and jumpsat x =2 M1

So G is not non-decreasing (and not continuous): not valid Al

Answer: Not valid 2 marks

stemup.co.uk | page 16



StemUp | Further Mathematics | Further Statistics: Continuous Probability Distributions | Model Answers

13 (4 marks)
PMT>2)=1-F(2)
— 4_5
=1-35%39
P(1<T<2)=F2) — K2
_4_1_1
-9 9™ 3
5 1
Answer: 5 and 3
14 (7 marks)
@F2=1L4a+2b=1
P(X>1)=04s0F1)=06:a+b=0.6
Solving: a= —0.1, b=0.7
Answer: a=-=0.1,b=0.7
(b) f(x) =F(x) =2ax + b=0.7 — 0.2x
ForO=x=2fx)=07—-04=03>0
Answer: f(x) = 0.7 — 0.2x
15 (7 marks)
(@ Fx) = [ te™ dt = [—e™"]"
=1 — e—XZ/Z
Answer: F(x) = 1 — e
(b) P=F(2) — F(1) =e "% — &2
=~ 0.606 — 0.135=0.471
e = % som?=21In2
m=42In2 = 1.18
Answer: 0.471; m = \/2 In2

16 (6 marks)

X 3
ForO0sx =<1 F(x)=£ gtzdt=2XT

2

Forl<x=2Fx) =2+ [" o@2—1d

=g ga- Gl e - B -

FO=-2+2 - L=1

Answer: F(x)=%x3(05xsl); —3%2+%—%(1<x52)
17 (5 marks)

PX>3)=1— 2= 1, PX>2) =1~ 15 =5

PX>3|X>2) =1+ 5=

‘13—2:0.81

c=4x09=36

AnSNer:%,c:B.G
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18 (7 marks)
@ F(Xx)=—e™+ (1+x)e* M1 A1
=xe™* Al
Answer: f(x) = xe™ 3 marks
(b)f(x)=e™* —xe*=(1 — x)e™* M1
f'(x) =0 at x = 1, and f increases then decreases Al
Mode=1 Al
Answer: 1 3 marks
(©1—F@2) =37? B1
Answer: 3e72 1 mark
19 (5 marks)
PX>q) =1-Fq)=¢e% M1
e ¥=02 M1
g=—-4In02=4In5=6.44 Al
PX<2)=F2)=1-—¢e2 M1
=0.393 Al
Answer: g = 6.44, P = 0.393 5 marks
20 (6 marks)
x 3 3 t®
@Fx) =[] 7@-1?)d=Z[t— 5] M1
3 x3 2
=zx=3+3) Al
_lox_x
~27 T T 7 Al
3
Answer: F(x) = % + 374)( - XT 3 marks
1 1 1 1
(b) P(—E <X< E) = F(E) - F(_E) M1
1, 1 3 1 _27 1, 5
FP=2ts "= 2277 AL
p_2 _5_1
7R 7R T Al
A 1
nswer: 16 3 marks
21 (10 marks)
(a) Continuity at x = 2: F(2):%,so—%+2a+b:% M1 A1
F4)=1.—-1+4a+b=1 M1
5. _ 1
Solving: a= L b= 5 Al
Answer : a=§,b=—% 4 marks
(b)For0=x =<2 f(x)=F(x) =5 M1 AL
, X 5 _5-—=X
For2<xs4:f(x):F(x):—§+§: 5 Al
Answer: f(x) = % (0= x = 2); 252 (2<x = 4) 3 marks
9 15 1 _13
(C)F(3)——l—6+§—§—l—6 M1 A1l
_ _B_1_m
P=FQ) -F)=1s ~ 5~ 15 Al
Answer : % 3 marks
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22 (8 marks)
_ 4 5
(a)P(T>2)—1—§—§ M1 Al
5 25
P(both) = (5)2 = a1 Al
Answer : % 3 marks
. 8., 64
(b) P(device works after 1 year) = (5) =1 M1
P(fails within 1 year) =1 — o =+ AL
Answer: % 2 marks
_PT>2
(C)P(T>2|T>l)—m M1
-2.8
=3+ 9 M1
5
= 8 Al
5
Answer : 8 3 marks
23 (8 marks)
. (6-m? _1 2 _ _ _
(@) Median: 1 — === 5,50 (6 — m)*=8andm =6 — 2/2 = 3.17 M1 AL
Lower quartile: (6 — q,)>=12,50q, =6 — 2/3 = 2.54 M1
Upper quartile: (6 — g)° = 4, S0 g5 = 4.00 Al
Answer: Median 3.17, lower quartile 2.54, upper quartile 4.00 4 marks
(b)q, — q; =0.636 and q; — g, = 0.828 M1
Os — 9, >, — Q;, so the distribution has positive skew Al
Answer: Positive skew 2 marks
(0 fx)=FX) M1
f(x) = 6 5 X for 2 = x = 6, and f(x) = 0 otherwise AL
Answer: f(x) = GEXfOI’ZSXSG 2 marks
24 (7 marks)
(@ G = % +0= %, but G(x) = 0 for x < 1, soGjumpsby% ax=1 M1 Al
The cumulative distribution function of a continuous random variable must be continuous, so G is El
not valid
Answer: Jump at x =1 3 marks
(b) P(X =1) = G(1) — (limit of G from the left) = % B1
For a continuous random variable every single value has probability 0 El
Answer: % 2 marks
(©) F(1) = 0 and F(3) = 1, gradient M1
_x=1
F(x) = 5 Al
Answer: F(x) = X;zl 2 marks
25 (10 marks)
(8) F(m) = 2:Inm =3 In4=n2 M1
m=2 Al
Answer: 2 2 marks
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Ing 1 1 1

(b)ﬁzz,solnqlzzln4:§m2 M1 A1
Q. = \/E Al
In

ch=%,soq3=43’4=2\/§ Al
Answer: {2 and 2\/_ 4 marks
©fx)=F(X) = X|n4forl<x<4 M1 Al

_ In3
P(X > 3) =1- na M1
=0.208 Al
Answer: f(x) = Tlnzl; 0.208 4 marks
26 (8 marks)
(@ PX>2)=1—F(2) =e % M1
e¥=ets0c=4 AL
Answer: c=4 2 marks
_ a—mia 1 —m?/4 _ 1
(b)l—e =5 ,0e€ =5 M1
m?>=4In2 Al
m=2/In2 = 1.67 Al
Answer: 2/In 2 = 1.67 3 marks
©PX>3|X>2) = 2D €] e
T 1-F2
—g 94 Al
Answer: e”%* = 0.287 3 marks
27 (10 marks)
. o, IIM 1 ., TIm 1

(@ SInZ(T) = > SO Sln(?) = ﬁ M1
om II

5 = Z som=2 Al
Answer: 2 2 marks
(b) F(x) = 2sin(7g") cos(g) X g M1 AL
—%sin(HTX) using sin 2A = 2sin A cos A Al
Maximum when sin(ﬂ) =1,x=2 Al
Answer: f(x) = sm( 4 ) mode = 2 4 marks
(©) F@) — F(1) = sn(ah) — sin’() M1

. . cos 29 i 3o
UsmgsnzezT = 2(cos4 cos ) M1 AL

32 5-2 -

Answer : g 4 marks
28 (12 marks)

@ F2) = ﬂ = % using the first piece M1 Al

Hence P(X = 2) = sothe median is 2 Al

Answer: 2 3 marks
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3. 9,59 1_3

b)F@D=7:"6*5 " 23 v
Multiply by —16: ¢°> — 10g + 20 =0 Al
q:10111120—80:5i\/§ M1
q=5++5 = 7.24isoutsde therange 2 < q < 4 E1
q=5-—15=276 Al
Answer: 5 — \/g = 2.76 5 marks
13 3
(© F(3):E,SOP(X>3):E M1 A1
PX>1)=1— 5= B1
3 .7_3
P=t"8~1 At
Answer: % 4 marks
29 (9 marks)
@Y<symeansl—e*=<y M1
e‘zle—y,szs—%ln(l—y) M1 AL
PIY <y)=F(-z Il —y)=1-€@ -V =1-(1-y)=y v
Thisis the cdf of a continuous uniform distribution on [0, 1] Al
Answer: Y isuniform on [0, 1] 5 marks
(b)Setu=1—e* M1
e_zle—u,sox:—%ln(l—u) Al
u:0.75:x:—%ln0.25zln2 M1
x = 0.693 Al
Answer: X = —% In(1 = u); 0.693 4 marks
30 (11 marks)
@For—1=sx=0fxX)=F(Xx)=1+x M1 Al
ForO<x=21LfxX)=FX)=1—x Al
f(—=x) =1 — x = f(x) on the range, so f is an even function and X is symmetrical about O E1
Answer: f(x) =1 — [x|for =1 =x=1 4 marks
2
(b) F(q) = 0.9 liesin the second piece since F(0) = 0.5: 1 — % =0.9 M1
(1-—g?=02 Al
q=1-+0.2=0.553 Al
Answer: 0.553 3 marks
. 1 @ _1
©PX>3)=1 F(g)—ﬁ—g ML AL
1 1 1
PIX|>3)=2x5=7 M1
P= % + % = %; by symmetry the two tails are equally likely Al
Answer: % 4 marks
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Continuous Uniform Distribution

1 (2 marks)

(a) Width 3 out of 10: P= % B1

Answer: 0.3 1 mark

(b) Wicth 5 out of 10: P= == =05 B1

Answer: 0.5 1 mark
2 (2 marks)

() = 5= = 3 for 2 < x = 6, and 0 otherwiise B1

EX)= 232 =4 B1

Answer: f(x) = % on[2,6]; E(X)=4 2 marks
3 (2 marks)

E(X) = 2 ; T=4 B1

2

Var(X) = % =3 B1

Answer: E(X) =4, Var(X) =3 2 marks
4 (2 marks)

The median eguals the mean: 3;9 =6 B1

P(X >8) = ¢ B1

Answer: 6; % 2 marks
5 (2 marks)

_ 1
f(t) = 0 B1
P(T>20) =10 x — = & B1
- 30 3

Answer : % 2 marks
6 (2 marks)

f(x) = % on[—2,4] B1

— 1_1

P(X<O)—2><g—3 B1

Answer : % 2 marks
7 (5 marks)

(8) 1) = & B1

P=(8-55x g =1y A1

Answer: % 2 marks

(b) E(X) =5 B1

Y

Var(X) = ® 122) = M1

Standard deviation =3 = 1.73 Al

Answer: 5, 3,3 = 1.73 3 marks

stemup.co.uk | page 22



StemUp | Further Mathematics | Further Statistics: Continuous Probability Distributions | Model Answers

8 (4 marks)
f(x) = % on[—1, 5] B1
For—lssz:F(x):j: %dt:LGl M1 Al
F(x)=0forx<—land F(x) =1forx>5PX = 2)=F(2) = % :% Al
Answer: F(x) = Xgl on[—1,5]; P=% 4 marks
9 (3 marks)
a+hb
5~ =6 andb—a=8 M1
at+b=12,b—a=8 M1
a=2,b=10 Al
Answer: a=2,b =10 3 marks
10 (4 marks)
@f(e)=1,s0P(—01<E<01)=02x1 M1
=0.2 Al
Answer: 0.2 2 marks
1?2 _ 1
(b) Var(E) = 12 = k] M1
-1
sd= 2 0.289 Al
Answer: 0.289 2 marks
11 (4 marks)
E(X)=3 B1
36
Var(X) =15 =3, s0sd=13 M1
P(3—\/§<X<3+\/§)=56E M1
_3
=3 = 0.577 Al
Answer : g = 0.577 4 marks
12 (3 marks)
_ 1
f(G) = 360 Bl
45 1
P(30<9<75):@:§ B1
P(O > 250) = 200 = == B1
Answer: % and % 3 marks
13 (3 marks)
The midpoint isat AP =6, soweneed 3<AP<9 M1
Width 6 out of 12 M1
1
P= 5 Al
1
Answer . 5 3 marks
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14 (4 marks)
a;bzlo,soawb:zo B1
_ a2
(b 12a) =12,50 (b — a?=144 M1
b—a=12(sinceb>a) Al
a=4,b=16 Al
Answer: a=4,b=16 4 marks
15 (4 marks)
Real rootswhen X2 — 4= 0 M1
Since X = 0, thismeans X = 2 Al
PX = 2) = 5;52 M1
=3
=z Al
3
Answer: 5 4 marks

16 (4 marks)
PX>9 _ 3 . 8

P(X>9|X>4):m_ﬁ+ﬁ M1 Al

-3

=3 Al

Given X > 4, the density is% + % = %, constant on [4, 12], so X | X >4~ U[4, 12] El

Answer . % 4 marks
17 (5 marks)

10—a _ 30—a _

m—025 and b—a =0.75 M1 A1l

Subtracting: % =05 s0b—a=40 M1

10— a=025%x40=10,s0a=0 M1

b =40 Al

Answer: a=0, b =40 5 marks
18 (4 marks)

Piecesare X and 1 — X. The longer piece exceeds twice the shorter when X < % or X > % M1 A1

Check: ifX<%,Ionger:1—X>2X givesx<% M1

1 .12

P=3+3=3 A

Answer : % 4 marks
19 (4 marks)

_ _ 4 1
E(R) =2, Var(R) = -3 B1 M1
o »_ 1 _ 13
E(RY) =Var(R) + [E(R)]” = 3t4=7% M1
2 1311 2 2
E(Area) = nE(R?) = -t = 13.6 cm Al
Answer: 2B ¢m? = 13.6 cm? 4 marks

3
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20 (4 marks)
_ a2
The formula for the variance is (b 12a) ; the student has not squared (b — @) El
_ 36 _
Var(X) = = 3 Al
c? _
=3 M1
c?=36,50Cc=6 Al
Answer: Var(X)=3,c=6 4 marks
21 (6 marks)
(8) E(X) = 2, Var(X) = 1o = 5 B1
E(Y)=3x2—-2=4 M1
Var(Y)=9x 3 =12 AL
Answer: E(Y) =4, Var(Y) =12 3 marks
(b)Y>5mean53X—2>5,sz>% M1 Al
B 7,.1_5
P_(4_§)XZ_E Al
Answer : % 3 marks
22 (8 marks)
(@a+03(b—a=12anda+0.8(b —a =27 M1 M1
Subtracting: 0.5(b — a) =15,s0b — a=30 Al
a=12—-9=3andb=33 Al
Answer: a=3,b=33 4 marks
2
(b) E(X) = 18, Var(X) = 3y = 75 B1
S = N(1800, 7500) by the central limit theorem M1
1850 — 1800
> 1 =P(Z>—F—)=P(Z>0577
P(S > 1850) = P( 7500 ) =P(Z > 0.577) M1
=0.282 Al
Answer: 0.282 4 marks
23 (6 marks)
() = 5= on[a bl B1
_ X 1 b? — &
E(X)_l b—adx_b—a>< 2 M1
_(b—3b+a _a+tb
= 2b-a 2 Al
n_ 1 b®*—a® _b’+ab+a’
EX)=p=—a*"3 =3 M1
_bP+ab+a® (a+b)? _ 4b%+4ab + 4a° — 3a® — 6ab — 3b?
Var(X) = 3 -~z = 12 M1
_b?—2ab+a® _ (b— a)?
= 12 T2 Al
a2
Answer: E(X) = a;b’ Var(X) = % 6 marks
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24 (7 marks)

(a) Theregion X +Y > 1.5 isthe triangle with vertices (0.5, 1), (1, 0.5) and (1, 1) M1
_1 _1
Area—ixo.5><0.5— ) M1
P= % (the square has area 1) Al
Answer: % 3 marks
(b) Theregion [X — Y| = 0.2 istwo right-angled triangles with legs 0.8 M1 Al
Total area=2x 3 x 0.8 x 0.8 = 0.64 M1
P(X —Y|<02)=1-0.64=0.36 Al
Answer: 0.36 4 marks
YA
1 \
1 X
25 (6 marks)
-5 _1
@ P(W>10)—E—3 B1
Answer : % 1 mark
(b)Y ~B(6, 3) B1
— oy = 12, /2\4

P(Y =2)=15x (§) X (§) M1
240 _
= 79 =0.329 Al
Answer: 0.329 3 marks
(© PW > 1) = 2=t = 0,05 M1
t=15—0.75=14.25 Al
Answer: 14.25 2 marks

26 (7 marks)
(@ PY =y)=PX*<vy) M1
=P(X < 4y)sinceX =0 M1
= g Al
Answer: 33& 3 marks
(b) Differentiating: g(y) = iy forO<y =9 M1 A1l
PY>4)=1-— 33E M1

1
= § Al
Answer: =11 k
.g(y)—wy,?, 4 marks
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27 (8 marks)
(X, Y) isuniformly distributed over a square of area 100 B1
XY<10meansY<170 M1
ForO=x=1, % = 10, so every y in [0, 10] works: area= 10 M1 Al
For1<xs10,theweaunday=17ois£1017de M1
=[10Inx],°=10In10 Al
Total area= 10+ 101n 10 M1
_10+10In10 _ 1+In10 _
P= 100 =0 = 0.330 Al
Answer: 1 +i8 10 = 0.330 8 marks
28 (8 marks)
PX =
(a)P(Ysy):P(Xsy|X<c):ﬁ M1
-y.C
=373 M1 A1
= % which is the distribution function of U[O, c] Al
Answer: Y ~UJO0, c] 4 marks
(b) Given X <8, X ~ UJO0, §] M1
P(X >5|X <8 = o AL
E(X|X<8 =4 M1 Al
Answer : g; 4 4 marks
29 (9 marks)
@M =monlyifevery X, = m M1
PX;=m) = % B1
Independence gives P(M < m) = (%)n Al
Answer : (%)n 3 marks
(b) P(M >0.90) =1 — (0.9)° M1
=0.410 Al
Answer: 0.410 2 marks
(€)1 —(0.9">0.99, s0(0.9)"<0.01 M1
nin0.9<In0.01 M1
> IlnnO% =~ 43.7 (dividing by a negative reverses the inequality) Al
n=44 Al
Answer: n=44 4 marks
30 (10 marks)
(8) P(T > 4) = P(A > APB > 4) = 15 X 12 M1 AL
11 14
P(T<4):1_E:% Al
14
Answer: 55 = 0.56 3 marks
(b) T>tonlyif A>tandB > t, which are independent M1
t t t .t
PM>)=1-@)A-E)=1-5+t1 Al
=t £
©=5%~ 150 Al
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()= ¢ — 2 for 0=t =10

Answer: F(t) = + — &
nswer: F(t) = 5 — 155

_ w0 t t?
©EM=[" 1-5+g d
-t — ﬁ_,_i 10
=1 12 450]O
_5,0_35

=10-3+35=73

Answer : %5 =~ 3.89 minutes

Exponential Distribution

1 (2 marks)

1 1
E(X)=X=ﬁ

Answer: E(X) =2, Var(X) =4

2 (2 marks)
PX<1)=1-—e2x!
= 0.865
Answer: 0.865

3 (2 marks)
f(x) = 3e"* for x = 0 (0 otherwise)
F(x) =1 — e ¥ for x = 0 (0 otherwise)
Answer: f(x) =3e™* F(x) =1 — e~ *

4 (3 marks)

Mean= 7 =4,0A = 5
ean=-=40A=7
P(X >4)=e**
:e_l
N P

Answer: A =z e

5 (2 marks)
T ~ Exp(3)

E(T) = % hour = 20 minutes

Answer: T ~ Exp(3); 20 minutes
6 (2 marks)

P(X > 10) = e 0+ * 1

= e_l

Answer: et

7 (3 marks)
e =02
—3A=In02 soA =15

5
3
A =0.536
Answer: 0.536
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8 (4 marks)
Median; 1 — e %2M = % so e 02m = % M1
m=5In2 = 347 Al
Upper quartile: e %% = % M1
g=5In4=10In2 = 6.93 Al
Answer: 5In2and 5In 4 4 marks
9 (4 marks)
1 _
(@) A = ggg: P(L > 1000) = ™10/ M1
=e 1% =0.287 Al
Answer: 0.287 2 marks
(b) P(L < 400) = 1 — g—400/80 M1
=0.393 Al
Answer: 0.393 2 marks
10 (3 marks)
e—1.5
P(X>15|X>5) = M1
=e1=0.368 AL
This is the memoryless property: P(X >5+ 10 | X > 5) = P(X > 10) E1l
Answer: e = 0.368 3 marks
11 (4 marks)
(&) Number of arrivals N ~ Po(2 x 1.5) = Po(3) M1
P(N=0) = e = 0.0498 Al
Answer: e”3 = 0.0498 2 marks
(b) T ~Exp(2): P(T > 15) = e 2*1® M1
= e~% = 0.0498, the same value as in part (a) Al
Answer: e~3 = 0.0498 2 marks
12 (3 marks)
E(X) =3, Var(X) =9 B1
EBX+2)=3x3+2=11 Al
Var(3X +2) =3?x9=81 Al
Answer: E =11, Var =81 3 marks
13 (4 marks)
EX)=2, Va(X)=4,sd=2 B1
Interval: 2 —2< X <2+ 2,i.e. 0< X <4 (X cannot be negative) M1
P=F@4)=1—¢e %4 M1
=1-¢e2=03865 Al
Answer: 1 — e™2 = 0.865 4 marks
14 (4 marks)
Memoryless. P(X >5| X >2) = P(X > 3) M1
e? =03 s0e?=03" M1
P(X >3) = e % =0.3% M1
=0.164 Al
Answer: 0.164 4 marks
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15 (4 marks)
A= %; by the memoryless property P(T > 10 | T > 4) = P(T > 6) M1
=e ' = 0.368 Al
P(T > 10) - e—lO/G — e—5/3 M1
=~ 0.189 Al
Answer: e~ = 0.368; €79 = 0.189 4 marks
16 (5 marks)
(@) P2 <X <6) =F(6) — F(2) = e 052 — g 025x6 M1 AL
=e - e1°=0383 Al
Answer: 0.383 3 marks
(b)1— e %®" =05 s0e %" =05 M1
m=4In2= 277 Al
Answer: 41n 2 = 2.77 2 marks
17 (5 marks)
P(a component lasts longer than 100 h) = e 1010 = ™1 = 0,3679 M1 AL
Y ~B(5, e M1
P(Y = 4) = 5p*(1 — p) + p° with p = 0.3679 M1
= 0.0646 Al
Answer: 0.0646 5 marks
18 (5 marks)
(8) A = 75 P(T > 30) = e~ 12 M1
= e ?° = 0.0821 Al
Answer: e~>° = 0.0821 2 marks
(b)1—e =09 s0e2=0.1 M1
t=-=12In0.1=121In10 M1
t = 27.6 minutes Al
Answer: 27.6 minutes 3 marks
19 (5 marks)
1-e?=060e?=04 M1
A=—-In04=1In25 = 0.916 Al
Mean—X—m~l.09 Al
P(X >2)=e = (e™)? M1
=04°=0.16 Al
Answer: A =In 2.5, mean = 1.09; 0.16 5 marks
20 (4 marks)
PX>x)=1—FXx)=e ™forx=0 B1
X>s+t
P(X>s+t|X>s):% M1
e—)x(S+t)
= M1
e M=PXX > 1) Al
Answer: P(X >s+t|X >g) =e M =P(X >t) 4 marks
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21 (5 marks)
The mean of an exponential distribution is % not A, and the variance is % El
E(X) = g5 =2 AL
__1 _
Var(X) = 025~ 4 Al
P(X >2) = e 0%%2 M1
=e ' = 0.368 Al
Answer: E(X) =2, Var(X) = 4; e™* 5 marks
22 (5 marks)
() Sample mean = 2.1+5.4+1$2+6.8+1.5 _ % - 34 L
1
A= 34 ~ 0294 Al
Answer: A = % = 0.294 2 marks
(b) P(T > 5) =>4 M1
=0.230 Al
Observed: 2 of 5 values exceed 5 (0.4), compared with 0.23, which is reasonably close given the El
small sample
Answer: 0.230 3 marks
23 (6 marks)
(@) P(A > 10) = e %2 P(B > 10) = e 3 M1 AL
P(both) = %% = 0.607 Al
Answer: e7%° = 0.607 3 marks
(b) P(system > t) - P(A > t)P(B > t) - e—0.02te—0.03t M1
= e %% 50 the system lifetime is Exp(0.05) Al
Mean = 0_%)5 = 20 hours Al
Answer: Exp(0.05); mean 20 hours 3 marks
24 (8 marks)
E(X) = Lw xhe M dx = [—xe™™],” + £°° e ™ dx M1 A1
The first term is 0 (x e = 0), so E(X) = [—%e‘”‘]o"° = % Al
E(X?) = Lm x2he ™™ dx = [—x%e™™],* + Lw 2xe™™ dx M1 AL
:0+%£oo xhe ™ dx M1
2.1 _ 2
=% X " e Al
2 1 1
Var(X):F - (X)2:F Al
Answer: E(X) = =, E(X?) = =, Var(X) = —
nswer : ()—7, ( )—?, ar()—? 8 marks
25 (7 marks)
(a) Time T hours to the first bus ~ Exp(4) B1
20 minutes = % hour M1
P(T > %) =e ™ = 0.264 Al
Answer: e™3 = 0.264 3 marks
(b) N ~ Po(4 x 0.5) = Po(2) M1
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PN=2=1—-e41+2) M1

=1-3e?=05% Al

P(T < %) = P(at least 1 bus) which is larger (= 0.865); at least 2 is a stricter condition E1l

Answer: 1 — 3e72 = 0.594 4 marks
26 (7 marks)

(a) P(a component fails before 10 h) =1 — e™! = 0.6321 M1 Al

P(all three fail before 10 h) = (1 — e )® = 0.2526 M1

P(system works) = 1 — 0.2526 = 0.747 Al

Answer: 0.747 4 marks

(b) Series: all three last longer than 10 h: (e™%)3 =¢™3 M1

=0.0498 Al

Parallel is far more reliable than series since only one component needs to survive El

Answer: e~ = 0.0498 3 marks
27 (7 marks)

By the memoryless property, the remaining life X — s given X > s has the same distribution M1

Exp(2)

SOE(X —s|X>9 =7 AL

EX[X>9=s+ 7 AL

» » —2As

Direct check: L xAe M dx = [-xe ™| * + £ e M dx =se s+ E M1 A1

Dividing by P(X >$) = € gives s+ = M1

A= 5—10: expected total lifetime = 80 + 50 = 130 hours Al

Answer: 130 hours 7 marks
28 (8 marks)

(@ PX<Y)= [ Ae™ P(Y >x) dx M1

= _[: T Ae e gy Al

e_()\+u)x o

=A=73lo M1

_ A

=1+ Al

A L2

nswer: m 4 marks
1 1
(b) A = 7Hh=3 B1
A before B) = s =

P( oreB) = WA+ 16 -5 M1 Al

P(both busy after 3) = e™¥4e™%¢ = ¢4 = 0,287 Al

Answer: %; e = 0.287 4 marks
29 (9 marks)

(@ P(K=Kk)=Fk+1) — Fk) M1

= @ 2k _ oAk Al

e M1 —e™ AL

Writingr=e™ PK +1=))=(1 - %j=1,2, .. M1

SoK +1~Geo(p) withp=1— e Al

Answer: K +1~Geo(1 — e™?) 5 marks

(b)PK =2)=e"}(1 — e ) M1
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=0.3679 x 0.3935 = 0.145 Al
E(K+1)=%= 1_16_0_5 ~ 2541 M1
E(K) =154 Al
Answer: 0.145; 1.54 4 marks
30 (9 marks)
(@ M =monlyif bothX; = mand X, =m M1
PX,=m)=1—e™m B1
Independence: G(m) = (1 — e *™)?2 Al
Answer: G(m) = (1 — e™2M)2 3 marks
(b) g(m) = G'(m) = 2(1 — e™2™M) x Ae™ M M1
= 2Ae MM — 2pe M Al
Answer: g(m) = 2A(e™ 2™ — g~22m) 2 marks
(©) EM) = [ m(2xe™" — 2xe™2") dm M1
_Lm mAe™*™ dm = % and fo mAe~ 2™ dm = % M1 AL
o1 13
E(M)—ZXX—ZXK—E Al
Answer: E(M) = % 4 marks

Normal Distribution

1 (3 marks)
P(Z < 1.2) =0.8849 B1
P(—05<Z < 15) = ®(1.5) — ®(—0.5) =0.9332 — 0.3085 M1
= 0.6247 Al
Answer: 0.8849; 0.6247 3 marks

2 (2 marks)
- 130 — 100 - M1

15
P=1- ®(2)=0.0228 Al
Answer: 0.0228 2 marks

3 (3 marks)
a=1.2816 = 1.28 B1
P(Z <2) =0.975 givesz = 1.96 B1
b=10+1.96 x 2=13.92 B1
Answer: a= 1.28, b =13.92 3 marks

4 (2 marks)
E(X+Y)=5+8=13 B1
Va(X +Y)=4+9=13,s0 X +Y ~N(13, 13) B1
Answer: N(13, 13) 2 marks

5 (2 marks)

_ 245 —250 _

zZ= — 75 = -1 M1
P=®(—1) =0.1587 Al
Answer: 0.1587 2 marks
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6 (4 marks)
21:%:—2, zzzw:lsw M1 AL
P=®(1.333) — ®(—2) M1
= 0.9088 — 0.0228 = 0.886 Al
Answer: 0.886 4 marks
7 (5 marks)
P(X <a) =0.9,s0z=12816 M1 Al
a=80+ 12816 x 10=92.8 Al
Interval: 80 + 1.96 x 10 M1
= (60.4, 99.6) Al
Answer: a=92.8; (60.4, 99.6) 5 marks
8 (3 marks)
P(X <58) = 0.9332, 50 22X = 15 M1 AL

_8 _
0=+g5~= 5.33 Al
Answer: 0 = 5.33 3 marks

9 (3 marks)
30—1u _

T —0.8416 M1 A1l
n=30+0.8416 x 4 =334 Al
Answer: p = 334 3 marks

10 (4 marks)
E(Y)=4x10—-1=39 B1
Var(Y) =16 x 9= 144, s0 Y ~ N(39, 129 B1
P(Y > 45) =Pz > 2 =% -1 a(05) M1
= 0.3085 Al
Answer: N(39, 12%); 0.3085 4 marks
11 (4 marks)
T=A+B:ET)=12 B1
Var(T) = 0.16 + 0.09 = 0.25, so T ~ N(12, 0.5?) M1
PT>13)=PZ> 22y =1-0(2) M1
=0.0228 Al
Answer: 0.0228 4 marks
12 (5 marks)
Let S=X,; + X, + X5+ X,: E(S) = 100 B1
Var(§)=4x4=16 M1
S~ N(100, 4?) Al
PS> 105) =1 - (1270 =1 - (.25 M1
= 0.1056 Al
Answer: 0.1056 5 marks
13 (5 marks)
LeteD=X —3Y:E(D)=40—-36=4 B1
Var(D) =25+9x 4=61 M1 Al
P(D > 0) = P(Z > %) = P(Z > —0.512) M1
= 0.6957 Al
Answer: 0.6957 5 marks
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14 (5 marks)
np =40 and np(1 — p) = 24, so X is approximately N(40, 24)
P(X = 35) = P(Y < 35.5)
355 — 40
= T = —0.9186
P=®(—0.9186) = 0.179
Answer: = 0.179

15 (5 marks)
The mean is large (30 > 10), so X is approximately N(30, 30)
P(X >35) =P(X = 36) = P(Y > 35.5)
_ 355—-30 - 1.004

N

P=1- ®(1.004) = 0.158
Answer: = 0.158

16 (5 marks)
P(H > 180) = P(Z > 1.25) = 0.1056
P(H > 160) = P(Z > —1.25) = 0.8944

_ P(H > 180)
P(H > 180 | H > 160) = B(H > 160)
=0.118
Answer: 0.118

17 (5 marks)
The total of two independent customersis X, + X,, not 2X; 2X would mean one customer's time

doubled

E(X, + X,) =20

Var(X, + X,) =4 + 4 =8, so the total ~ N(20, 8)
25— 20y - pz > 1.768)

B

P(total > 25) = P(Z >

= 0.0385
Answer: = 0.0385

18 (5 marks)
D=A — B~N(0, 3%+ 4% = N(0, 59
P(D|<2)=P(—2<D<2)
=P(—04<Z<04)=20(04) — 1
=0.311
Answer: 0.311

19 (5 marks)
C=3X+2Y:E(C)=24+30=54
Var(C)=9x4+4x9=72

PC > 70) = PZ > 2 V%M) = P(Z > 1.886)
= 0.0297
Answer: 0.0297

20 (6 marks)

(a) Var(W) = 42Var(Y) + Var(X)
=16x6+02=96+ 0

96 +02=121,00=5
Answer: 0 =5

(b) E(W) =4 x 6 — 40 + 50 = 34

PX <34) = PZ < X2 2) = 0(-12)
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=0.1151 Al

Answer: 0.1151 3 marks
21 (6 marks)

a1 2-p _

P(X <42) =0.1 5 - —1.2816 M1 Al

P(X > 60) = 0.05: X ¥ =1 6449 M1 AL

Subtracting: % =2.9265,s0 0 =6.15 Al

n =42+ 1.28160 = 49.9 Al

Answer: 0 = 6.15, p = 49.9 6 marks
22 (6 marks)

_1985—-20 _ _202-20 _

(a)z—T——l.Sandz——o_1 =2 M1 A1

P=®(2) — ®(—1.5) =0.9772 — 0.0668 = 0.910 Al

Answer: 0.910 3 marks

(b) New mean = M = 20.025 B1

Half-width 0.175: z=+1.75 M1

P=2d(1.75) — 1=0.920 Al

Answer: 0.920 3 marks
23 (6 marks)

E(2A —B) =40 — 25=15 B1

Var(2A — B) =4k + 2k = 6k M1 Al

_ _6—15
P(2A — B <6) = @(—\/@ ) = 0.0668 M1
— 9 _ -

®(—1.5) = 0.0668, s0 o 1.5and 6k = 6 M1

k=6 Al

Answer: k =6 6 marks
24 (6 marks)

(8) P(X < 500) = 0,02 2% = 2 0537 M1 AL

| =500+ 2.0537 x 6 =512.3 Al

Answer: p = 512.3 3 marks

(b) z= L:lm =1.28 M1 AL

P=1— ®(1.28) = 0.100 AL

Answer: 0.100 3 marks
25 (6 marks)

(@) P(Y < 8) =e (1 + 12 + 72 + 288 + 864 + 2073.6 + 4147.2 + 7109.5 + 10664.3) M1

=0.155 Al

Answer: 0.155 2 marks

(b) Y = N(12, 12) B1

P(Y < 8) = P(X < 85) = 0(22—1%) = o(~1.010) M1

Y12

=0.156 Al

Answer: 0.156 3 marks

(c) Error = % =~ 0.73% AL

Answer: 0.73% 1 mark
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26 (9 marks)
(2) S~ N(8 x 75, 8 x 144) = N(600, 1152) M1 Al
- S0\ _
P(S > 650) = P(Z > ,_1152) =P(Z > 1.473) M1
=0.0704 Al
Answer: 0.0704 4 marks
(b) For n passengers S ~ N(75n, 144n); need P(S > 650) < 0.01 M1
. 650 — 75n
Require —12\/3 > 2.3263 M1 A1
n=7.20"5% - 3945233, o saisfied A1
127
=g B0 =000 _ 4 47233 50 not satisfied; answer 7 AL
12y8
Answer: 7 passengers 5 marks
27 (9 marks)
@ a (_j R = 05244 M1 AL
Za(; B - 12816 M1 AL
Subtracting: = = 1.8060, s0 o = 0.554a AL
p=a+ 052440 = 1.29a Al
Answer: 0 = 0.554a, p = 1.29a 6 marks
15a p_15—-129 _
(b) z =082 - 0.379 M1 Al
P=1- <I>(O.379) ~ 0.353 Al
Answer: 0.353 3 marks
28 (9 marks)
() X = %(Xl + ... + X,), alinear combination of independent normal variables, so normal B1
EX)=n B1
Var(X) = ER 4= 4
ar(X) = el =5 M1
Answer: X ~N(n, i) 3 marks
(b) P(X — 1| <05) = P(|Z| < == \/_ P(1Z| < 0.25yn) M1 AL
Require 20(0.25/n) — 1 = 0.95, so ®(0.25/n) = 0.975 M1
0.25/n = 1.96 Al
yn = 7.84,n = 615 M1
n=62 Al
Answer: n =62 6 marks
29 (11 marks)
(&) T ~ N(960, 600) M1 Al
_ - ,1000 — 960, _
P(T < 1000) = q)(—Foo ) = ®(1.633) M1
=0.949 Al
Answer: 0.949 4 marks
(b) P(T <900) = ®(—2.449) = 0.00716 M1 Al
P =0.949 — 0.00715 = 0.942 Al
Answer: 0.942 3 marks
(c) Pack mass ~ N(6p, 600) B1
P(T < 1000) < 0.02: 220 - 6" _ 5 0537 M1 AL
y/600
61 = 1000 + 2.0537 x 24.49 = 1050.3, so p = 175 Al
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Answer: p = 175

30 (9 marks)
@PY<=sy)=P@X +b=sy)=PX =
:q)((y_b)):q)(y_(:é—l-*_b))

y—>hb
a

)sincea>0
a—plo
Thisis the distribution function of a normal variable with mean ap + b
and standard deviation ao, so Y ~ N(ap + b, a’0?)
Answer: Y ~N(ap + b, a0?)
(b) E(F) =1.8%x 20 + 32 = 68
Var(F) = 1.8% x 9 = 29.16, so F ~ N(68, 5.4%)

P(F > 75) = P(Z > %) = P(Z > 1.296)

= 0.0974
Answer: N(68, 5.4%); 0.0974

Expectation and Variance of Continuous Variables

1 (2 marks)
3
E() = [ xx 5 ax=[lo?
8 4

6 3
4

Answer: 3

2 (2 marks)
) = [ X =[], =2

The graph is symmetrical about x = 2, so the mean is 2
Answer: 2

3 (3 marks)
E@X+1)=2x3+1=7
Var(2X +1)=2°x2=8
E(X?) =Var(X) + [E(X)]?=2+9=11
Answer: 7, 8, 11

4 (2 marks)
For a symmetrical distribution the mean is the line of symmetry: E(X) = 3
The medianisaso 3
Answer: E(X) = 3, median = 3

5 (2 marks)
E(X?)=4+5%=29
Standard deviation =4 = 2
Answer: 29, 2

6 (2 marks)
2 3x° 3x*
EX) = [ 5 =[50
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7 (6 marks)
E) = [ o ) = U - '
=22 _eay=2
Ex?) = [ 3—32(4x3 — x% dx = 3—32[x4 - %5]04
= % - 5= %
Var(x)= o — 4= ¢
Answer: E(X) =2, Var(X) = %

8 (5 marks)
The graph of f is symmetrical about x = % s0 E(X) = %
B = [ 6 —x) dx = 65 — X1,
=6 -5
va(x) = 45 — (3)*= 3

Answer: E(X) = % Var(X) = 2_10

9 (4 marks)

1, _pr21_x . _ 21
Ex)= [ xxz=[" 3
=1

2 X X5
EOC) = [ % x 5 dx = [451o°
_%2_16
10 5

Answer: E(UX) =1, E(X®) = %

10 (6 marks)
£00 = [ dx=glet= 5
B0 = [ %3 dx = [X—;]o“: 8
Var(X) = 8 — % - g
E(P)=5x 3 _2:%
Var(P):ZSXg:$
Answer: E(P) = 3, Var (P) = 23
11 (4 marks)

E(BX —2Y)=3x4—-2x2=8
Var(3X —2Y)=9x3+4x5
=47

Answer: E =8, Var =47
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12 (5 marks)
(a) The graph decreases from x = 0, so the mode is 0 B1
ezt ggem=1
l1—e =5,50€ " =5 M1
=1In2 = 0.693 Al
Answer: mode 0, median In 2 3 marks
(b) Mode < median < mean (0 < 0.693 < 1) M1
So the distribution is positively skewed Al
Answer: Positive skew 2 marks
13 (4 marks)
3
£2xxgdx:[1(—8]02:g M1 AL
6 6 — X 1 x3
_L x><de:—2[3x2—§]26 M1
1 20 _4,2_38
_E(36 3)—9, E(X)—g*‘?—s Al
Answer : % 4 marks
14 (6 marks)
12 t t®
E(T) = £ dt = [575]0 = 8 M1 A1
2y _ ot
ET) = [~ ﬁdt—[@]o M1
_ 20736 _
=88 ~ 72 Al
Var(T)=72—-82=8 M1
SO E(T) =Var(T) =8 Al
Answer: E(T) =Var(T) =8 6 marks
15 (6 marks)
1;2 (ax +b) dx =2a+2b=1 M1 A1
EX) = [ (@C+bgdx= 2 + 2= £ M1 AL
I _1 . 8a o1 2a_1
Substltutlngb—i—a?+1 a=5,05 =5 M1
_1, 1
=7 b= Z Al
Answer: a:%,b:% 6 marks
16 (7 marks)
2 5x* 5x° 5
(@ EX) = [ x><§o|x=[@]()2=§ M1 A1
2 5x 20
E(X?) = 1; [224]0 == M1
Va(X) == — (3 )2 Al
Answer: E(X) = 5, Var(X) = % 4 marks
(b) f isincreasing on the range, so the mode is 2 B1
5
Measure = — = M1
= —1.18, which is negative, so the distribution has negative skew Al
Answer: Mode 2; —1.18 (negative skew) 3 marks
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17 (6 marks)

EX—-Y)=12—8=4

Va(X —Y)=4+9=13

Var(“ ) = x Var(X +Y) = 7(4+9)

Sd:gzl.SO

Answer: 4, 13, 3@ =~ 1.80

18 (7 marks)
EX) = [° xxldx=[x]1e=e— 1

E(in X) = ,[ Inxd _[(Inx) 1,¢ -1

E((InX)*) = j; (InxX) dx = [(InSX) 1.°= %

1 1
Var(InX)—§ Zzﬁ
Answer: e—1, % 1—12

19 (8 marks)
1 -
(a) 1)‘ 12 dx = ZIJZ]Ol
=1, and f(x) > 0 on the range

Answer: Valid
_ Loz gy = 2 o_1
D) EX) = [ 3x¥ax=[X 1ot =3
1 1
€0t = [ 37 dx= gl = 3
1 1 4
Var(X):§—§:E

Answer: E(X) = 1, Var(X) = i

(©) EG/X) = £&x—dx £1%dx

1

-2
1
Answer: 5

20 (5 marks)
The formulais Var(X) = E(X?) — [E(X)]? the student has not squared the mean
vax)=8- (5?=8- =2
Va(Y)=9x S =g
Standard deviation =8 = 22 = 2.83
Answer: Var(X) = 5; sd(Y) = 2/2
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21 (8 marks)
j;w x%e ™ dx = [—x%e7]," + J;w 2xe™™ dx M1 AL
=0+2£°o xe™* dx Al
_Lm xe™* dXZ[—Xe_X]owa_ﬂw e¥dx=0+1=1 M1 A1
SOEX)=2x1=2 Al
E(X?) = Lm x%e ™ dx = [-x%e]o" + 3_£°° x?e X dx=3%x2=6 M1
Var(X)=6—4=2 Al
Answer: E(X) =2, E(X?) =6, Var(X) =2 8 marks
22 (8 marks)
EX) =2 [“x@dx+ 2 [ (2x - x) d
()—§£x X E[(x—x)x M1
3
=g x g+ gl =57
-3,6,2_3,4_1
T10°53°10 510 Al
EX?) =2 [T xtdx+ 2 7 (@x2 - x9) d
()—§£xx§£(x x7) dx M1
6 _1 6.2 x*
=5*s5*sl3 ~ 3k AL
_6,6,1_6 1
TBETE 12 TBTD Al
_ 67 _67 _ 121 13
=500 S0 Va(X) = 55 ~ 100 ~ 100 Al
11 13
Answer: E(X) = 10 Var(X) = 100 8 marks
23 (7 marks)
(@ EX) = 12[" (¢ = x) dx=12(3 — 3) = © M1 AL
4 5 5
1 1 1 2
E(X?) = 12£ K =x)dx=12z —5) =5 M1 AL
2 9 1
Var(X)—§—2—5—2—5 Al
Answer: E(X) = % Var(X) = 2—15 5 marks
(b) Mean 0.6 < median 0.614 < mode 0.667 M1
So the distribution is negatively skewed Al
Answer: Negative skew 2 marks
24 (8 marks)
(a) E(C) = 50 + 20E(X?) M1
o 23X 12
E(X)—£ ?dX—? M1 Al
E(C) = 50 + 48 = 98 AL
Answer: £98 4 marks
(b) 50 + 20X? > 120, so X* > 3.5 M1
X >435 = 1871 Al
3
P(X >1.871) = 1 — 5 evaluated at 1.871 M1
=1- 220 <0182 AL
Answer: 0.182 4 marks
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25 (8 marks)
@ f(x) =F(x) M1
24
f(x)=7forx22 Al
. _ 24
Answer: f(x) = & forx =2 2 marks
o 24 12,
(b) E(X) = [ Xx =5 dx=[~3]," =3 M1 A1
Ex?) = [~ %dx:[—%]zwzlz M1
Var(X)=12—-9=3 Al
Answer: E(X) =3, Var(X) =3 4 marks
(c)l—%:%,som3:16andm:2.52 M1
Mean 3 > median 2.52, which suggests positive skew Al
Answer: Median 2.52; positive skew 2 marks
26 (6 marks)
E@X +b)= [~ (ax+bf)dx=af  xf(x)dx+b[" f(x)dx M1 A1
—au+bxl=au+b Al
Var(aX + b) = E[(aX + b — (an + b))?] M1
=E[8(X —w =2 (x — p)(x) dx M1
= a’0? Al
Answer: E(aX +b) = ap + b, Var(aX + b) = a’0? 6 marks
27 (8 marks)
The graph is symmetrical about x = 2.5, so E(X) = g B1
6 5 6 5x* x°
E(XZ) = E«L‘ (5X3 - X4) dx = E[T - €]05 M1 Al
6 ,3125 _ 6 _ 625 _15
(7 T T T2 A
Var(X):%—%:% Al
sd= lg ~ 1.118, so the interval is (1.382, 3.618) M1
2 3
P= F(3618) — F(1.382) with F(x) = 795 (- — %) M1
=~ 0.813 — 0.187 = 0.626 Al
Answer: E(X) = g Var(X) = %, probability = 0.626 8 marks
28 (10 marks)
_re 3 _ 3. ,_3
(@ EX) = [ Sl =5 M1 AL
EX) = [ %dx:[—g]l“’:s M1 AL
Var(X):3—%:% Al
Answer: E(X) = % Var(X) = % 5 marks
e 2 20 e
0)E(Y) = [7 Zdy=[-1." =2 ML AL
E(YZ):‘[oo édy:[ZIny]loo M1 AL
Thisintegral diverges (2 Iny — ), so E(Y?) and hence Var(Y) do not exist El
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Answer: E(Y) = 2; Var(Y) does not exist 5 marks
29 (12 marks)
@ [ @ +bdx=2+2=1 M1 A1
E(X):‘L‘1 (ax3+bx2)dx:%+%:0.6 M1 AL
Solving: a= —2.4,b=3.6 Al
Answer: a=—24,b=36 5 marks
(b) f(x)=12x(3—2x),and3 —2x=1>0for0=x=<1,s0fX)=0 B1
f(x)=3.6—48x=0 M1
x = 0.75, amaximum since f” < 0 Al A1l
Answer: Mode = 0.75 4 marks
(c) E(X?) = £ " (—2.4x* +3.6x%) dx = —0.48 + 0.9 = 0.42 M1 AL
Var(X) =0.42 — 0.36 = 0.06 Al
Answer: 0.06 3 marks
30 (11 marks)
(a) Integrate by parts: [~ [1 — F(x)] dx = [x(1 — F))]o™ — [~ x(=f(x)) dx M1 A1
The first term is O (at O because of the factor X, at o by the given condition) B1
= [7 xf(x) dx = E(X) AL
Answer: E(X) = £°° [1 = F(x)] dx 4 marks
b)PM = x)=xxx=x’for0=sx=<1 M1 AL
EM) = [* (1—x?) o M1
B 1_2
=l-3=3 A
Answer: E(M) = % 4 marks
() P(m>x) = (1 — x)? M1
Em=[" @ -x?dx=3 AL
EM)+E(m)=1=2 + 2 B1
Answer: E(m) = % 3 marks

Transfor mations of Random Variables

1 (3 marks)
WhenX =0,Y =landwhenX =2, Y=7,s0l=<Y =<7 B1
Width multiplied by 3, so the density is divided by 3 M1
g(y)z%forlsys? Al
Answer: g(y) = % on[1,7] 3 marks
2 (2 marks)
G(y) =P(2X =y)=P(X =< %) M1
=% for 0 <y =< 2 (0 below, 1 above) AL
Answer: G(y) = % for0sy=2 2 marks
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3 (2 marks)
Gly)=PX+1=sy)=PX=sy—-1)=FKy—-1) M1
_ 1\2
G(y)=%forlsys3 Al
_1\2
Answer: G(y) = b 41) ,1=sy=3 2 marks
4 (3 marks)
0=X=3givesO=sY =9 B1
P(Y =4)=P(X =2)sinceX =0 M1
[Pt
= g &X=3 Al
Answer:0=sY =9; g 3 marks
5 (2 marks)
Y<-1meansX =1 M1
P(X = l):% Al
AnSNer:% 2 marks
6 (3 marks)
1<X=4gvesy=<Y=1 81
Y>%meansx<2 M1
P(X<2)=% Al
Answer'1<Y<1'1 3 mark
"z = =Llg3 marks
7 (5 marks)
G(y) = P(2X =y) = P(X =< ¥) M1
12 3x? x3
:£y 5 dx =[g1" M1 A1
y3
G(y):afor05y54 Al
ey = Y
g(y)—G(y)—HforOSys4 Al
: _y _ 3
Answer: G(y)—a,g(y)—ﬁ,05y54 5 marks
8 (5 marks)
2
E(X):‘[;2 %dx:% M1 Al
E(Y):%+3:§ Al
Y = X + 3shiftsthe graph: g(y) = f(y — 9 = L3> for3=y =5 M1 AL
Answer: E(Y) = %3; gly) = y;zs 3=sys=5 5 marks

stemup.co.uk | page 45



StemUp | Further Mathematics | Further Statistics: Continuous Probability Distributions | Model Answers

9 (4 marks)

G(y) =P(X? =y) = P(X =+y) M1

= 32& for0=sy=<4 Al

, 1.1 _
Iy) =G ) =5 x5y~ M1
= i Al
o

Answer: g(y) = % 4 marks
10 (5 marks)

X=1lsoY =1 B1

_~ 1 _ 1
Gy =Px =y)=PX =7) M1
=1- P(X<%)=1— (%)ZsinceF(x)=x2 MLAL
, 2

g(y)=G(y)=Ffory21 Al

Answer: g(y) = % y=1 5 marks
11 (4 marks)

l=Y=e B1

Gy)=PE*=y)=PX <Iny)=Inyforl<sy=<e M1 AL

o) =5 AL

Answer: G(y) =Iny, g(y):%,lsyse 4 marks
12 (4 marks)

Y=0 B1

Gly) =P(—InX =y)=PX = e7) M1

=1l—-eYfory=0 Al

Thisisthe cdf of Exp(1), soA =1 Al

Answer: Y ~Exp(1) 4 marks
13 (4 marks)

2
G(y):P(\/Ysy):P(Xsyz):y?forOSysi% M1 AL
2

ay) =3 AL

PY>2)=1-g=1 A1

Answer: g(y) = % O=sy=3 g 4 marks
14 (6 marks)

O=sY=4 B1

G(y)=P@4—X?<y)=P(X?>=4—Yy) M1

:p(x21/4_y):1_@ M1 A1

9y) =Gy =7 41_y for0O=sy<4 M1 A1

: _a_V4-y __ 1
Answer: G(y) =1 5 aly) = Wiy 6 marks

stemup.co.uk | page 46



StemUp | Further Mathematics | Further Statistics: Continuous Probability Distributions | Model Answers

15 (6 marks)
1
ESY =1 Bl
G(y):P(X>1):2—1 M1 Al
Ty y
1
g(y)=F Al
1 1
E(Y)= [, yx iz dy =0yl w1
=In2 = 0.693 Al
Answer: g(y):%; E(Y)=In2 6 marks
16 (6 marks)
0O=sY=14 B1
3 3/2
G(Y):P(XS\/V):QZ;Q:% M1 A1
3
o) = 15Y"* = 15 &1 AL
4 3 3.2
2y = 220 M1
:% x%:l Al
Answer: g(y)—ﬂlg,0<y< 4 6 marks
17 (4 marks)
F(x):lx%dtzlnxforlsxse M1 Al
Gy)=P(InX =y)=PX =¢&)=FFe) =y M1
for0=sy=1sY ~U[0, 1] Al
Answer: Y ~UJO0, 1] 4 marks
18 (6 marks)
5=C=13 B1
GO =P@X +5= ) =PX = °2°) M1
1,c-5 1 c—5
90 =3 1% =3 X 75112 M1 AL
:C_3for55c513 Al
2
PC>11)=PX >3 = [* X2 ax= o5 + x5 = 512 — ) Al
Answer: g(c) = 0_83, g 6 marks
19 (6 marks)
F(x) = .[1‘ —dt—l——forx>1 M1 Al
Y = 1; G(y) = P(X? = y) = P(X =+y) = F(y) M1
G(y)=1—$fory21 Al
, 1
ay) =G(y) = v Al
PY>9)=1-G(9) = AL
Answer: G(y)-l——,g(y)—i2 % 6 marks
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20 (5 marks)
With g(y) = % on [0, 16] the total areais 16 x % =4=1 El
G(y) = PX? = ) = PX = 1) = . i a1
1
aly) =G'(y) = W forO<y = 16 M1
Check: £ d = [£]016—1 Al
1
Answer: =— 5 mark
g(y) 8\/9 marks
21 (8 marks)
0O=sY =8 Bl
173
Gy)=PX®=y)=P(X =y¥¥) = yT M1 Al
aly) = %y‘% forO<y <8 Al
8 1 _
EV) = [*yx gy P dy =31 =R M1
_1 y 3x16 -
=5 = Al
. 3 2 X3
Alternatively E(X~) = £ > dx M1
X4
=[glo®=2 Al
3
Answer: G(y) = 25—, g(y) = = ‘2’3, E(Y)=2 8 marks
22 (6 marks)
O=sY=s1l B1
Gy)=P(X|=y)=P(-y=X=Y) M1
= 3u-wx=2[" 3a-x)d et
=) 2@ = dx=2f" 7(1 - %) dx (symmetry) M1
3 x3 3 3
=5 = 31 =50~ %) AL
, 3
gy) =Gy) =51 -vy?) M1 AL
Answer: g(y) = %(1 -y 6 marks
23 (9 marks)
(8 X =2givesY =0 (the minimum) B1
X =0givesY =4, whichisthe maximum (X =3 gives1):0<Y <4 B1
Answer:0=sY =4 2 marks
(b)Y Symeans2 —y = X =2+4y M1 AL
For0 =y =< 1. bothendsliein [0, 3],soG(y):a3& M1 Al
Forl<y=42+4y>3 soonly2—+y <X < 3: G(y) = 3_(23_‘/% = 1+3\/§ M1 AL
1 1
=—F—=forO<y=1,and =—F=forl<y=14 Al
a(y) 3y y a(y) 6y y
Answer:g(y)=%(0<ysl),%(l<ys4) 7 marks
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24 (7 marks)
X =0since0<1-U=s1 B1
P(X =< x) = P(—7 In(1 — U) = x) = RIn(1 — U) = —Ax) M1
=Pl-Uz=e™M=PpUs=<s1-e?) M1
=1 — e ™ the cdf of Exp(2) Al
U=02X=-2In0.8=0.446 M1
U=05 X=139 Al
U=09 X=461 Al
Answer: 0.446, 1.39, 4.61 7 marks
25 (7 marks)
P(M = x) = P(X; = X)P(X, = X)P(X; = X) M1
=(1l—e*3forx=0 Al
P(m > x) = P(X; > X)P(X, > X)P(X5 > X) = e~ M1 AL
So the cdf of mis1 — e~ i.e. m ~ Exp(3) Al
P(m>05)=e™*® M1
= 0.223 Al
Answer: (1 —e™)3 1 —e™; e1% = 0.223 7 marks
26 (7 marks)
% =Y=s1 B1
Gy) = P 1 <)—P(1+X>1)‘P(X>1—1) M1 AL
Y)=Tex =Y) = =y Ty
B 1,1 _4-1
—1—§(y—1)—w M1
, 1 1
g(y):G(y):g—yzforZsysl Al
P(Y >04)=P(1+ X <25)=P(X <15) M1
= % Al
A . _ 1.1
nswer: g(y) = 3 2 7 marks
27 (8 marks)
(@) (X4, X,) isuniformly distributed over the unit square, so P(S < s) = area of the region x; + X, M1
<s
o . . _ &
For 0 = s = 1 thisisaright-angled triangle with legs s: area M1 Al
For 1 < s =< 2 theregion is the square minus the triangle with legs 2 — s M1
Q2
Area=1— 2 23) Al
. _¢ : - 2-9°
Answer: G(s)= 5 for 0=s=1,G(g)=1— —5—forl<s=2 5 marks
(b)g(s) =sfor0=s=1landg(s) =2 — sforl<s=< 2 (atriangle) M1
2
PS>15)=1- G(15) = & M1
1
= § Al
1
Answer : 8 3 marks
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28 (9 marks)
(@ a>0:Gy) =P = 152 = A 22), wogy) = 215 M1 AL
a< 0: dividing by areverses the inequality, so G(y) = P(X = Tb) = F( ) M1 A1
Differentiating, g(y) = —lf(y —b %f(y = AL
Answer: g(y) = A f(y 5 marks
(b)Range'X 0g|V%Y—5de:29iv&Y:1,wlsY55 B1
o) = 5 1252 M1
2
— l 2(5 y)2 3(5 y) M1 Al
Y
Answer: g(y) = % l=sy=s5 4 marks
29 (10 marks)
(@) G(y) =P(—/y = X =+y) M1
1+ 2
g Zxdx:[%+xz]_‘/;‘/§ M1 A1
aly) = forO<y=1 Al
\/—
Answer: g(y) = W 5 marks
. 1 1 _ 2 1
(b) Using g E(Y) = [y x 2y 2 dy =[*5-)e' = 3 ML AL
Using f: E(XZ):‘E x% x l;de M1
3 4
=3l * gl M
_1_2_1 .
=5X3%3; agreeing Al
Answer: % 5 marks
30 (9 marks)
(@) G(y) =P(Z? < y) = P(—y = Z = y) M1
= D(y) — D(—y) = 20(y) — 1 M1 A1
, 1
g(y) = G'(y) = 29({y) x w M1 AL
— —y/2
aly) = me fory >0 Al
) _ 1
Answer: g(y) = —me 6 marks
(b) P(Y <1) =2d(1) — 1=2(0.8413) — 1 M1
=0.6827 Al
E(Y) = E(Z% = Var(2) + [E(2)]? =1 B1
Answer: 0.6827; E(Y) =1 3 marks
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