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Introduction to Complex Numbers

1 (2 marks)
(@) y—49 =7i B1
Answer: 7i 1 mark
(b) =12 = 12i = 2y3i B1
Answer: 2y/3i 1 mark
2 (2 marks)
i0=(i?xi2=-1 B1
iZ2=(*°xi%=—i B1
Answer: i1°= =1, {8 = — 2 marks
3 (3 marks)
(a) Redl part 5, imaginary part —9 B1
Answer: 5and —9 1 mark
(b) Real part O, imaginary part 4 B1
Answer: 0 and 4 1 mark
(c) Real part 8, imaginary part O B1
Answer: 8and 0 1 mark
4 (2 marks)
x?=—16 M1
X = +4i Al
Answer: x = £4i 2 marks
5 (2 marks)
Real parts: 2a=8,s0a=4 B1
Imaginary parts: 3b=—12,sob=—4 B1
Answer: a=4,b=-4 2 marks
6 (3 marks)
(@)i?=—1, soitisreal B1
Answer: real 1 mark
(b) 3i® = —3i, so it is purely imaginary B1
Answer: purely imaginary 1 mark
(©2+i*=3, soitisred B1
Answer: real 1 mark
7 (3 marks)
X = 6++36 — 52 M1
2
_6+4i
== Al
x=3x2 Al
Answer: x=3+2ior x=3 = 2i 3 marks
8 (3 marks)
(a) i47 = (i4)ll X i3 M1
=—i Al
Answer: —i 2 marks
(b) Iis =L = =i B1
Answer: i 1 mark
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9 (3 marks)
a+tb=7anda—b=3
Adding: 2a=10,s0a=5
b=2
Answer: a=5b=2

10 (3 marks)

X = —6++/36 — 56

|
|
(o]
+
N
al N

« 05

X=— >

Nw N

Answer: X = —% + lEi

11 (3 marks)
yab = ay/b only holds when at least one of aand b is positive
V=2 =42i and (-8 = 2y2i
Product = 4i* = —4
Answer: —4

12 (3 marks)
Sum of roots = 4, product of roots = 2% + 32 = 13
X2 —4x+13=0
Answer: x> —4x +13=0

13 (2 marks)
in+in+1+in+2+in+3=in(l+i +i2+i3)
=i"1+i-1—-10)=0
Answer: i" + "+ ("2 + (™3 = 0 for every integer n

14 (4 marks)
Complex roots of areal quadratic occur in conjugate pairs, so 1 — 2i is also a root
Sum of roots=2=—p,sop= -2
Product of roots=1+4=5=q
Answer: p=-2,9=5

15 (5 marks)
1-3+4—-2=0,s0x=1isaroot
X3 =32 +4x —2=(x — )(X* — 2x + 2)
2+44—-8

X = 5
Xx=1#i

Answer: x=1,1+i,1—i

16 (4 marks)
Every four consecutivetermssumtozero(i — 1 —i+1=0)
The first 48 terms form 12 such groups and sum to O
Remaining terms i +i® =i + (—1)
Sum=—1+i
Answer: =1 +i
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17 (4 marks)
No real roots, so b? — 4ac < 0: 4k®> — 4(3k +4) <0
k? —3k—4<0
k—-4Hk+1)<0
—1<k<4
Answer: —1<k <4

18 (4 marks)
(a+3b) +(2a— h)i =5+ 3i
a+3b=5and2a—b=3
Fromthesecond,b=2a— 3,soa+6a— 9=5
a=2,b=1
Answer:a=2,b=1

19 (4 marks)
x> —4x*+4)=0
x> =4 givesx = +2
x?=—4
X = %2
Answer: x =2, =2, 2i, =2i

20 (4 marks)
The roots are conjugates —3 + bi and —3 — bi (sum of rootsis —6)
Difference = 2bi = 10i, sob =5
Roots —3 £ 5i
k=(-3)?+5°=34
Answer: z=-=3+5i, k=34

21 (6 marks)
Another root is 2 — i, so aquadratic factor is 2 —4z+5
z° + az®> + bz + 10 = (22 — 4z + 5)(z + ¢); constant term 5¢ = 10, so ¢ = 2
Expanding: z3 — 2z — 3z + 10
a=—-2,b=-3
The other rootsare 2 — i and —2
Answer: a= =2, b = =3; other roots2 — i and =2

22 (5 marks)

(a) Y—36 = 6i is correct, but the whole numerator must be divided by 2
The student divided only the —4 and left 6i undivided
Answer: 6i should have been divided by 2

(b) x = —4 % 6i

2
=—2x3i
Check: sum of roots —4 and product 4 + 9 = 13
Answer: x = =2 £ 3i

23 (6 marks)
(1+i)?=1+2i+i%=2i
(1+i)*=(2)°=-4
@+i"=(@+)H"=(-4"
(1+0)*=(—4)°=-1024
1—-i)?=-2,01—-i)*=—4and (1 - i)*=-1024
Sum = —2048
Answer: —2048
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24 (6 marks)
@x= 2D "
o, pP=—1+2i Al
Answer: =1+ 2i and =1 — 2i 2 marks
(b) (m1+2))>=1—4i —4=—-3— 4i,andB?>= -3+ 4i M1 A1
Sum = —6, product =9 + 16 = 25 M1
x>+ 6x+25=0 Al
Answer: x> +6x +25=0 4 marks
25 (7 marks)
Letthered root bet: t? + (2+i)t+k +3i =0 M1
Real part: t? + 2t + k = 0, imaginary part: t + 3=0 M1 Al
Sot=—-3and9—-6+k=0,givingk=-3 A1 A1
Sum of the roots = —(2 + i), so the other root = =2 — i + 3 M1
Otherroot =1 — i Al
Answer: k = =3, other root 1 — i 7 marks
26 (6 marks)
iT"=("Y)" = (—i)", so the expression isi” + (—i)" M1 AL
n=4m:1+1=2 Bl
n=4m+lorn=4m+3:i+(—i)=00or—i+i=0 B1
n=4m+2: -1+ (-1 =-2 B1
The powers of i repeat with period 4, so no other values occur E1
Answer: 2 when n isa multiple of 4, =2 when n =4m + 2; O when n is odd 6 marks
27 (8 marks)
(@) (x?+2)% — (2x)2 =x* + 4x*> + 4 — 4x? M1
= x* + 4, and the |eft side is a difference of two squares Al
Answer: x* + 4= (x* + 2x + 2)(x* — 2x + 2) 2 marks
(b)x2+2x+2=0:x=_24i24E M1
x==1%i Al
X2 — 2x+2=0 x= 2% ;1—8 M1
Xx=1=i Al
Answer: x=1+i,1—=i,=1+i,=1—i 4 marks
(c) Each root gives a factor (x — root) M1
X=1—DX—=21+DxX+1—=i)(x+1+1i) Al
Answer: (X =1 =X =1+D)XX+1—=0)(x+1+i) 2 marks
28 (8 marks)
Another root is 1 + 2i, so a quadratic factor isz? — 2z + 5 B1 M1
The other factor isz? + pz+ cwith5c=5,s0c=1 M1
(22 — 22+ 5)(z° + pz + 1): z° coefficient 1 — 2p+5=6 M1
Sop=0 Al
Expanding gives z* — 223 + 62> — 2z+5,s0a= —2,b= -2 AlA1
z° +1=0gives z = +i; other roots 1 + 2i, i, —i Al
Answer: a= —2, b =—=2; other roots1 + 2i, i, —i 8 marks

stemup.co.uk | page 4



StemUp | Further Mathematics | Further Pure Mathematics: Complex Numbers | Model Answers

29 (7 marks)
(@w?+pw+q=0 B1
Take the conjugate of both sides: w? + pw + =0 M1
Conjugation preserves sums and products and fixes real numbers: w? + pw + q =0 M1
Hence w is also aroot Al
Answer: |f the complex number w isaroot of z2 + pz + g = 0 then its conjugate w is also a root 4 marks
(b) The argument of (a) extends to any real polynomial: non-real roots occur in conjugate pairs M1
A cubic has exactly 3 roots (counting multiplicity), so the non-real roots use up an even number of M1
them
At most 2 roots are non-real, so at least 1 isreal Al
Answer: A cubic equation with real coefficients always has at least one real root 3 marks

30 (6 marks)
Group the terms in fours: the group starting at the term (4m + 1)i*" is M1
(4m+1) + (4m+ 2)i — (4m + 3) — (4m + 4)i Al
= —2 — 2i, which isindependent of m Al
There are 100 + 4 = 25 groups B1
Sum = 25(—2 — 2i) M1
= —50 — 50i Al
Answer: =50 — 50i 6 marks

Complex Arithmetic

1 (2 marks)

@z+w=@B+1)+@A—-2i=4+2 B1

Answer: 4 + 2j 1 mark

b)z—w=3—-21)+(4+2)i=2+6i B1

Answer: 2 + 6i 1 mark
2 (2 marks)

2+)B8—i)=6—2i+3i —i? M1

=7+i Al

Answer: 7 +i 2 marks
3 (2 marks)

(1+3)2=1+6i +9i° M1

=—8+6i Al

Answer: —8 + 6i 2 marks
4 (2 marks)

10 _ 10@+i) _ 102 +i)

21 @2=-n2+n 5 M1

=4+ 2 Al

Answer: 4 + 2i 2 marks
5 (2 marks)

32—-)=6-—3iandi(4+2)=4i —2 M1

6—-3 —4i+2=8—-7i Al

Answer: 8 — 7i 2 marks
6 (2 marks)

(3—2i)(3+2)=9— 4° M1

= 13, which is real Al

Answer: 13 2 marks
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7 (3 marks)
A+D)2—)=2—i+2 —i?=3+i M1 AL
(B3+i)(3+i)=9+6i —1=8+6i Al
Answer: 8 + 6i 3 marks
8 (3 marks)

5+i _ (5+i)2— 3

2+3  (2+3)2—23) M1
_10—15i+2 +3 _ 13— 13i
- 13 - T 13 Al
=1-—i Al
Answer: 1 — i 3 marks
9 (3 marks)
22=1—4i +4i°=-3— 4 M1 Al
Z2=(-3—-4)(1—-2)=—-3+6l —4i +8i°=—-11+2i Al
Answer: z2= =3 —=4i,z2°= =11+ 2i 3 marks
10 (4 marks)
(x+yD)2—=i)=(2x+y) + (2y — X)i M1 A1
Equating: 2x +y=5and 2y — x = -5 M1
x=3y=-1 Al
Answer: x=3, y=-1 4 marks
11 (4 marks)
@z=(1+2)+(2—-)=3+iQ B1
Answer: 3+i Q 1 mark
(b)2,Z,=(1+2)2—i)=2—1+4i+2=4+3i M1
_4+3 _ (4+3)@B-1i)
Z=351 10 M1
_15+5 _ 3 1.
=~ ~2732 ¢ AL
A .3 1. o)
nswer . §+§I 3 marks
12 (3 marks)
1+i)2=2i B1
2 2i(l+i)  _2i—2
-1 @-na+n_ 2 M1
=—1+i Al
Answer: =1+ 3 marks
13 (3 marks)
i i@=i) _ 1+
I+i- 2 2 M1
1 1+
1—-i~ 2 Al
Sum=1+i Al
Answer: 1+ 3 marks
14 (4 marks)
A+6i _ (A+6))(2—Ai) _ (A+6i)(2— A)
27N - 2+rM)C2=A) - 4+22 M1
(A +6i)(2 — Ai) =2\ — A% +12i + 6A = 8\ + (12 — AD)i Al
The number is real when the imaginary part is zero: 12 — A2 =0 M1
A=12/3 Al
Answer: A =23 or A= —2(3 4 marks
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15 (4 marks)

@ @+Ai)2—i)=6+A+(2A — J)i M1

. 3

Imaginary part zero: A = 5 Al

Answer: A = % 2 marks

(b) Real part zero: 6 + A =0 M1

A=-6 Al

Answer: A = —6 2 marks
16 (4 marks)

(2—1)2=4—4i+i? M1

=3 — 4 Al

(2—1)*=(3—4)2=9 — 24i + 16i° M1

=—=7— 24 Al

Answer: =7 — 24i 4 marks
17 (3 marks)

Multiply top and bottom by the conjugate 2 + i M1

L+2)Q2+i) _ 2+i+4i+22

Z=nEZ+i) 5 Al

5 .

=g =i Al

Answer: ]é+_2|| = 3 marks
18 (4 marks)

X _x(1-=1 y _y@2+i) 7 _w@E4-0n_, .

T+7- 2 '2-7° 5 A= =4-d MLAL

Real parts:§+2—g=4. Imaginary parts: —%+%=—1 M1

Adding:%=3,soy=5andx=4 Al

Answer: x =4,y =5 4 marks
19 (4 marks)

72=9—6i +i°’=8 — 6i M1 A1

p+az=(p+3q —ai M1

g=6andp+18=8,sop=-10 Al

Answer: p=-10,q=6 4 marks
20 (4 marks)

Z2=1+2+i%=2i M1 AL

1 1 i .

?=E=—§andz4=(2l)2=—4 M1

1.1 1 1

? ? ==z EI Al

Answer: —% - %i 4 marks
21 (6 marks)

(a) The numerator iscorrect: 6 +5i — 1 =5+ 5i El

The denominator should be 4 — i>=4+1=5, not 3 El

Answer: 4 — i =5, not 3 2 marks

(b)525|:1+i M1 Al

Check: (L+i)2—10)=2—i+2i —i? M1

=3+i Al

Answer: 1+ 4 marks
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22 (6 marks)
(@) (a+ bi)(a — bi) = a2 — abi + abi — b?? M1
=a’+b? Al
Answer: (a+ bi)(a — bi) = a® + b? 2 marks
1 a— bi
®) 7% bi = @+b)@a—-b) M1
= a b2’ which gives the stated form Al
A .1 a b .
nswer: a+bi_a2+b2_a2+b2| 2 marks
1 _3 _ 4. gq-1 3.4
Ozzz=m " madz—z =%+ M1
. _ 8.
Difference = — 5l Al
Answer: —%I 2 marks
23 (7 marks)
21+ 27, _ ZqyZ,
@7 =77 92=757 M1
2,2,=(2+3)(4—3)=8—61 +12i +9=17 + 6i M1 Al
2,+2,=6,02=""2% =204 AL
17 .
AnSNer:Z:FHQ 4 marks
26 _ 156
0) 1= T 17+6i M1
6
_ 156(17 — 6i) _ 156(17 — 6i)
T T 289+3 3% M1
_ 204 72
| = o5 — EI A Al
Answer: | =22—(?—;—§iA 3 marks
24 (8 marks)
(a) z2 = x* + 2xyi + y4? M1
Real part x> — y?, imaginary part 2xy Al
Answer: Re=x? — y?, Im = 2xy 2 marks
(b) z° = (x? — y? + 2xyi)(x + iy) M1
Real: x(x* — y?) — 2xy? = x3 — 3xy? Al
Imaginary: y(x* — y?) + 2x% = 3x% — y* Al
Answer: Re=x3 — 3xy? Im =3x%y —y? 3 marks
1 X — iy
© Gy = Grmx - i
_Xx=iy
T x2+y? Al
_ X _ .y
Re-x2+y2,lm— X+ y? Al
. __ X _ y
Answer: Re_XZTyZ’Im__XZTyZ 3 marks
25 (6 marks)
(@) (L+a)®=1+3a +3a%2+a’i’ M1
=(1—3a) +(Ba—a)i,sog=3a—a Al
Answer: q=3a— a° 2 marks
(b)y3a—a*=aB—a)=0 M1
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a=0ora=+/3
Answer: a= 0,3, =3
(©01—3a"=0

26 (6 marks)
From the first equationw =3 +i — z
iz+2(3+i—2)=4+3i
(1i—2z2=4+3Ii—6—2i=—2+i

—2+i
==t

W=3+i—1=2+i
Answer: z=1, w=2+i

27 (10 marks)
_xt(y+2)i _ [x+(y+2)i]lx = 1) —yi]
(a)w_(x—1)+yi_ (x — 12 +y?

Real part of numerator: X(x — 1) + y(y +2) =x2 — x +y? + 2y
Imaginary part of numerator: (y +2)(x — 1) = xy=2x—y — 2,0 Ilmw =

Answer: Imw = %
B)Imw=0:2x—-y—2=0
y=2x — 2 (withz # 1)
Answer:y =2x — 2
(©z+2i=i(z—1=iz—1i
z(1—1i)=-3i
,o -8+ _3_ 3
2 2 2
Answer: z = % - %i
28 (8 marks)
(@ u?=1+2/3i +3i>= =2+ 2|3i
U= (—2+ 23i)(L1 ++3i) = —2 — 2//3i + 2/3i + 6i* = —8
Answer: u®= -8
(b) u? = (1)* = (-8)"
= 4096
Answer: 4096
(c) u"isreal when n = 3 (value —8) and u*, u? are not real
u* = —8u and u® = —8u? are not real, u® = 64
Son=6
Answer: n=6
29 (8 marks)
(@ (L+i)>=1+2+i*=2i
A+ =(2)%=-4
(1+i)¥=(-4%=16
Answer: (1+i)8=16
(b) Geometric series with first term 1, common ratio 1 + i and 8 terms. S =

_15
T
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S=-15

Answer: S= —15i

(c) Sum of the real parts = Re(S) =0

Sum of the imaginary parts = Im(S) = —15
Answer: 0 and —15

30 (8 marks)
(@ @2+)(2—i)=4—-i%=5
(3+2i)(3—2i)=9— 4i*=13
Answer: (2+i)(2 —i)=5and (3+2i)(3 — 2i) = 13
(b) 2+i)(B+2)=6+4i +3i +2°=4+7i
(4+7)4—T7)=2+i)(3+2)2—i)(3— 2))=5x13=65,and also 4*> + 7° = 65
Answer: 65 = 42 + 77
(©(+i)(83—2)=6—4i+3i —2i°=8—
65 = 8% + 12
Answer: 65 =8+ 12

Complex Conjugates

1 (3 marks)
(a) Change the sign of the imaginary part
Answer: 3 — 5i
(b) Change the sign of the imaginary part
Answer: —2 +i
(c) Change the sign of the imaginary part
Answer: —7i

2 (2 marks)
@@—-3)+(@4+3i)=8
Answer: 8
(b) (4—3i)(4+3i)=16+9=25
Answer: 25

3 (2 marks)
P1+)2—-)=2—i+21+1=3+i
Conjugate=3 — i
Answer: 3 =i

4 (2 marks)

1 3-i _3-i
3+i _ @B+N@—1i) 10
3 1.
10~ 10

1.

Answer: 3 I

10 ~ 10

5 (2 marks)
(a) True: the imaginary part is0
Answer: True
(b) True: z = bi givesz= —bi = -z
Answer: True

6 (2 marks)
(a) Complex roots of areal quadratic form a conjugate pair: 3 — 4i
Answer: 3 — 4i
(b) Sum = 6, product = 3% + 42 = 25
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Answer: Sum 6, product 25

7 (4 marks)
(@) z+z=(a+bi) + (a— bi)
= 2a, which isreal
Answer: z + zisreal
(b) zz = (a+ bi)(a — bi) = & — b??
=a’+b’=0
Answer: zz isreal and non-negative

8 (3 marks)
_@+i)+i)
T @=nE+i
_2+2i+i—1_1+3i
- 2 -2

N w

s_1_
Z=73

N|
N| w

Answer:

9 (3 marks)
z+z=6andzz=9+4=13
z+7°=6°—2x13
=10
Answer: 10

10 (4 marks)
Thethirdrootis1l — i
X—1-—DXx—1+i)=x>—2x+2
(X — 2)(x? = 2x + 2)
x2—4x>+6x —4=0
Answer: x° —4x?+6x —4=0

11 (3 marks)
Letz=a+bhi:a+bi +2a— 2bi =3a— hi
3a=6and —b=3
z=2-3i
Answer: z=2 — 3i

12 (3 marks)
w=(2+)(1—-3)=2—-6i+i+3=5-5,s0zZw=5+5i

zZw = (2 —i)(1+ 3i) =2+ 6i — i + 3=5+ 5i, the two are equal
Answer: Both equal 5 + 5i

13 (3 marks)
z_1-2 _  (1-2)
z 1+2 T (1+2)(1 - 2)
_1-4i—4
- 5
_ 3 _ 4
=575
3 4
Answer: -5~ gl
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14 (4 marks)
2 — 3iisaso aroot (real coefficients) B1
Sum of the roots =5, so the third root is5 — (2+3i)) — (2—3i) =1 M1 A1
Check with the product of the roots: 13 x 1 = 13 Al
Answer: z=2—=3iandz=1 4 marks
15 (5 marks)
Letz=a+ bi: a® + b? + 3a+ 3bi = 14 + 6i M1 AL
Imaginary parts: 3b=6,so0b=2 Al
a®+3a+4=14,0(@a—2)(@+5=0 M1
z=2+2iorz=-5+2 A1
Answer:z=2+2iorz=—-5+2i 5 marks
16 (4 marks)
(@) (3 — i)" is the complex conjugate of (3 +i)" M1
The sum of a number and its conjugate is 2Re((3 + i)"), which is real Al
Answer: (3+i)" + (3 —1i)"isareal number 2 marks
(b) (3+1)2=8+6i and (3 +i)* = (8 + 6i)* = 28 + 96i M1
Sum =2 x 28 =56 Al
Answer: 56 2 marks
17 (4 marks)
Letu= %; then the conjugate of u is % M1 Al
So the expressionisu + u M1
u + u = 2Re(u), which is real Al
Answer: — + 2 isreal 4 marks
W W
18 (4 marks)
?1:;=(3—|)2(1—|)=3—3|2—|—1=1_2i ML AL
The other root is 1 + 2i: sum 2, product 5 M1
x> —2x+5=0 Al
Answer: x> — 2x+5=0 4 marks
19 (3 marks)
25 25
W=Z=3"3 M1
_ 25(3+4i) _ 25(3+4i)
“B-4@+4) - B M1
w=3+4i Al
Answer: w = 3 + 4i 3 marks
20 (4 marks)
Letz=a+ bi: 2a+ 2bi +i(a— hi) =2a+ b+ (a+ 2b)i M1 Al
2a+tb=4anda+2b=5 M1
a=1,b=2s0z=1+2i Al
Answer: z=1+2i 4 marks
21 (6 marks)
(a) The conjugate root theorem only applies when all the coefficients are real; here they are not El
Answer: Coefficients not all real 1 mark
b)@A—)—@B+i)1—i)+2+2=-2—(4—2)+2+2i M1
=—2+2i#0 Al
Answer: Valueis —2 + 2i, not zero 2 marks
(c) Sum of theroots= 3 +i M1
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Otherroot =3 +i — (1 +1) M1
=2 Al
Answer: 2 3 marks
22 (6 marks)
Lz, Z.z2_ 7
Multlply§ Y 71555 M1
SozZ:zZX(§+%i):20(%+%i) M1 AL
72 =12+ 16i Al
Letz:a+bi:a2—b2:12and2ab:16,sob:ganda4—12a2—64:0 M1
(@®>—16)(@+4)=0,s0a=+4,b=%2:z=4+2iorz=—4 — 2i Al
Answer: z=4+2iorz=—-4-2i 6 marks
23 (6 marks)
Let z=a+ bi: @® — b? + 2abi =a— bi M1 A1
Real: a® — b? = a Imaginary: 2ab = —b, so b(2a+ 1) = 0 Al
Ifb=0:a=as0z=0o0rz=1 M1 A1l
_lio o o3 1 43
If a= §.b—a a=7,80z=—5* i Al
Answer: z=0, 1, —%+3§i,—%— Zgi 6 marks
24 (6 marks)
1 — 2i isaso aroot, giving the factor z2 — 2z + 5 B1M1
7" — 628+ 182> — 302+ 25= (2> — 2z + 5)(z> + pz + 5) M1
Coefficientof 2> p—2=—6,s0p=—4 Al
22— 47+45=07= 2% 13_20 M1
z=1+x2iorz=2+=i Al
Answer: z=1+2i,1—2,2+i,2—i 6 marks
25 (8 marks)
(a) Zw = (a+ bi)(c — di) = (ac + bd) + (bc — ad)i M1 AL
zw is the conjugate of zw, so the sum is 2(ac + bd) Al
Answer: zw + zw = 2(ac + bd) 3 marks
(b)2(2p+12)=0 M1
p=-6 Al
Answer: p = —6 2 marks
z _zw — . -
(©) W:Wandwwzcz+d2|sreal and positive M1
Real part of zw isac + bd Al
ac + bd=0,so%haszeroreal part Al
Answer: If zw + zw =0and w # 0, then % is purely imaginary 3 marks
26 (6 marks)
@oa+p=2andaf =5 B1
o’ +B% = (o + B)° — 3oP(a + B) M1
=8—-30=-22 Al
Answer: =22 3 marks
b)a=1+2i,p=1-2i B1
a’?=—-3+4diando®=(—-3+4)(1+2)=—11—2i M1
Bi=—-11+2i, 00 +p3=-22 Al
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Answer: —22 3 marks
27 (8 marks)
— z—-1
@ w= Si1 B1
1
o1z 1
Usingz=-:w= M1
z 1
—+1
z
=279 mutiplyi d bottom b
=+ (multiplying top and bottom by z) M1
__z-= 1_ _
STz W Al
Answer: w = —w 4 marks
(b) w +w =0, and w + w = 2Re(w) M1
So Re(w) =0 Al
Answer: Re(w) =0 2 marks
2,4
_ 7575 —1+2
©OW="g 2= 7+2 Mt
575
_(-1+2)4-2) _10i _ 1.
=20 "~ 20 2 Al
1.
Answer: w = 5l 2 marks
28 (7 marks)
Take the conjugate of the second equation: 2z + w = 5 + 5i M1 Al
Now solvez + 2w =4 + 7i and 2z + w = 5 + 5i for zand w M1
Eliminatew: 2(2z+w) — (z+2w) =3z2=10+10i — 4 — 7i =6+ 3i M1 Al
zZ=2+i Al
W=5+5 —22+i)=1+3i,sow=1-3i Al
Answer: z=2+i,w=1-—3i 7 marks
29 (8 marks)
z _ 7% _ (a+hi)?
@ 2=~ @Zvp MLAL
(a+ bi)? = a? — b? + 2abi, which gives the result Al
An L2 &b, 22, k
SNer'E_a2+b2 2Z+ D2 3 marks
(b) Imaginary part zero: 2ab =0 M1
Soa=0o0orb=0 Al
Answer: % isreal if and only if zisreal or purely imaginary 2 marks
(c) Real part zero: & = b? M1
b=aorb=—a soz=azta (a#0) Al
They lieon thelinesy = x and y = —x, excluding the origin Al
Answer: z=ax= ai, on y = +x, excluding O 3 marks
30 (8 marks)
(@ n=1listruez=z B1
Assume Z* = (2) M1
=72 =77 =2)2 = )* M1 AL
Answer: 2" = (2)" for every positive integer n 4 marks
(b) aw"+..+a,=0 B1
Take conjugates of both sides, using that the conjugate of a sum is the sum of conjugates M1
a,(w)" + ... + a, = 0, since each a isreal s0 a, = a, M1 A1
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Answer: If the polynomial a,z" + a,_,z""* + ... + a,, with real coefficients, has a root w, then w is alsoaarest

Solving Complex Equations

1 (2 marks)
_ —4+y16-32 _ —4+4i
z= 5 =— M1
z=—-2%2 Al
Answer: z==2+2iorz=—-2-—2i 2 marks
2 (2 marks)
22—z2=4+3i M1
z=4+3 Al
Answer: z=4+ 3i 2 marks
3 (2 marks)
4 4=
2=+ 77 2 M1
z=2-2i Al
Answer: z=2 — 2i 2 marks
4 (2 marks)
Xx+2y=5andx —y=2 M1
x=3,y=1 Al
Answer: x=3,y=1 2 marks
5 (2 marks)
(1+i)2=1+2—1=2i M1
2l —2(1+i)+2=2i—2—-2i+2=0 Al
Answer: z=1+ i isasolution of the equation z2 — 2z+2=0 2 marks
6 (3 marks)
z—2=0givesz=2 B1
7= -9 M1
z==3i Al
Answer: z =2, 3i, =3i 3 marks
7 (4 marks)
Let (a+bi)> =5+ 12i: @ — b> =5 and 2ab = 12 M1 AL
b=2:a' — 52 — 36=0,50 (& — (& +4) = 0 M1
a==3, b=+2: theroots are £(3 + 2i) Al
Answer: 3+ 2iand =3 — 2i 4 marks
8 (4 marks)
Discriminant: (2 +i)> — 4(1+i)=3+4i —4—4i=-1 M1 A1
_2+idti
z=—> M1
z=1+iorz=1 Al
Answer:z=1orz=1+i 4 marks
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9 (3 marks)

z+2i= i+—2il = (4+22(1+') M1

z=1+i Al

Answer: z=1+i 3 marks
10 (3 marks)

—2+6i

=— Al

_ 1. 3.

Z——§i§| Al

A o __1.3

nswer: z = _E s EI 3 marks
11 (3 marks)

zandw aretherootsof t? — 4t+5=0 M1

t:£i 12_20:24_4 Al

z=2+i,w=2—iorz=2—i,w=2+i Al

Answer: (z,w)=(2+i,2=i)or 2—=1i,2+1i) 3 marks
12 (4 marks)

(2)° — 2(2)?+4(2i)) —8=—-81+8+8 —8=0 M1 AL

22 —222+42—-8=(z— 2)(Z* +4) M1

Otherroots: z=2and z= —2i Al

Answer: z=2and z==2i 4 marks
13 (3 marks)

iz—2z=—-i—3,50z(2—i)=3+i M1

_ 3+ _ (B3+i)(2+10)

£=2-1~ " 5 M1

Z:5';5| :1+i Al

Answer: z=1+i 3 marks
14 (4 marks)

_4+16-52

(@z= 5 M1

z=2+3i Al

Answer: z=2= 3i 2 marks

(b) Letz=w+1lsow=z—1 M1

w=1x%3 Al

Answer: w=1= 3i 2 marks
15 (5 marks)

Let thered root bet: t? — (5+i)t+m+2i =0 M1

Imaginary part: —t+2=0,s0t=2 Al

Real part:t? — 5t+m=0,504— 10+ m=0andm=6 M1 AL

The sum of therootsis5 + i, so theother root is5+i —2=3 + Al

Answer: m = 6; therootsare2 and 3 +i 5 marks
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16 (4 marks)
2z+i=38+i)(z—1) M1
2z+i=(3+i)z—3—i,502(-1—-1i)=-3 -2 Al

3+2 3+2)(1—i
= T+ :( )2( ) M1
z=5—_i Al
2
Answer: z = > 1i 4 marks
2 2

17 (4 marks)
(Z2+4)(2-1)=0 M1 AL
z2=1givesz==1 Al
7? = —4 givesz = £2i Al
Answer: z=1, —1, 2i, —2i 4 marks

18 (4 marks)
Discriminant: (—2i)> — 4x3=—4—12=—16 M1 AL
S = 2i + 4 .

2

z=3iorz=—i Al
Answer: z=3ior z=—i 4 marks

19 (5 marks)
Tryz=—-2.—-8+8—-18+18=0,s0z=—2isaroot M1 A1l
22+22°+92+18=(z+2)(Z*+9) M1 AL
z? = —9, 50z = £3i; roots —2, 3i, —3i Al
Answer: z= =2, 3i, =3i 5 marks

20 (5 marks)
Letz=a+ bi: (2+i)(a+ bi) = (2a— b) + (a+ 2b)i M1 A1
(1 — 3i)(a— bi) =(a— 3b) — (3a+ b)i M1
Sum: (3a— 4b) + (—2a+b)i =10 — 5i,s03a— 4b=10and —2a+ b= -5 Al
a=2,b=-1z=2-—i Al
Answer: z=2 — i 5 marks

21 (7 marks)
Discriminant: (5 +i)? — 4(6 + 3i) = 24 + 10i — 24 — 12i = —2i M1 AL
Let (a+bi)?2=—2i:a®>=b? 2ab= -2 M1
Soab=—-1witha=th:a=1,b=—1ora=—-1,b=1 Al

Y=2i =£(1 — i) AL

o Brit(—i)

5 M1
z=30rz=2+i Al
Answer: z=30rz=2+i 7 marks

22 (7 marks)

Complete the square: (z — 1)2=7 — 24i M1 AL
Let(a+bi)2=7—24i:a® —b’=7andab=—12 M1
at—7a®>—144=0,s0(a>— 16)(@>+9) =0 M1
a=+4,b=F3z—1=%(4 - 3i) Al
z=5-3i Al
z=-=3+3i Al
Answer: z=5—=3ior z= -3+ 3 7 marks
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23 (6 marks)
Let the real root bet. Real part: t2 — 2t> — 3t + 6 = 0. Imaginary part: —3t>+ 7t — 2=0 M1 AL
Imaginary part: (3t—1)(t—2):0,sot:%ort:2 M1
Real part: (t — 2)(t> — 3) = 0, so only t = 2 satisfies both parts Al
Divide by (z — 2): the quadratic factor isz? — 3iz — 3+ M1
Discriminant (=3)? — 4~3+1) =3 —4i= (2~ )% 0z= 222"V 7= 14i0rz=~1+2 AL
Answer: z=2,1+i, =1+ 2i 6 marks
24 (7 marks)
Treat as a quadratic in z% 2% = m M1
7= -3+ 4i Al
Let(a+bi)2=—3+4i:a>—b’=-3,ab=2 M1
a*+3a®>—4=0,s0a=+1,b==+2 M1 A1
z=%(1+2) Al
z? = —3 — 4i gives (conjugates) z = +(1 — 2i) Al
Answer: z=1+2i,—-1—-2i,1—-2i,—-1+2 7 marks
25 (6 marks)
Letz=a+bi:zz=a?+b*andz — z = 2hi M1 A1l
a® + b® + 4bi = 13 + 8i Al
Imaginary parts: 4b=8,so0b =2 M1
a®+4=13 s0a=13 Al
z=3+2iorz=—-3+2i Al
Answer: z=3+2iorz=-=3+2i 6 marks
26 (6 marks)
(a) (a+ bi)? = a®> — b? + 2abi, which has amiddle term E1
The real parts give @ — b? = 5 and the imaginary parts 2ab = 12, not a® = 5 and b? = 12 E1
Answer: Crossterm 2abi ignored 2 marks
(b)a — b?=5and ab= 6 M1
a'—5a?—36=0,0a=9 M1 A1
z=%(3+2) Al
Answer: z=3+2iorz=—=3—2i 4 marks
27 (8 marks)
(a) (3 +4i)? =9+ 24i + 16i° M1
= =7+ 24 Al
Answer: (3 + 4i)2= =7+ 24i 2 marks
(b)yz2=3+4iorz>=—-3 — 4 B1
Answer: 3+ 4ior =3 — 4i 1 mark
(©)z?=3+4i:a>—b*=3,ab=2 M1
a'—3a?—4=0,s0a’=4 M1 A1
z=%(2+1) Al
(1—2i)2=—3—4i,507z°=—-3—4igivesz=+(1 — 2i) Al
Answer: z=2+i,—-2—-1i,1—2i,—1+2i 5 marks
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28 (7 marks)
Letz=a+bi: a®> — b+ 2abi + 2a— 2bi + 1=0
Real part: a® — b? + 2a+ 1 = 0. Imaginary part: 2b(a— 1) =0
fb=0:a®+2a+1=0,s0a=—1landz=—1
lfa=1:1—b’+2+1=0,s0b’=4andb=#2
z=1+2iorz=1-2
Answer:z=-1,1+2i,1 -2

29 (8 marks)
(@w?=(z>—2?=2" -2+ 7?
7' =222 -3 +4z2-12=( -2+ -4 -2) - 12
=w? — 4w — 12
Answer: w? — 4w — 12=0
by (wW—6)(w+2)=0,sow=60rw=—2
W=6:22—2—-6=0,50(z—-3)(z+2)=0andz=30rz= -2

L
W:—2:22—z+2:0,soz:1‘2I7

o 1,471 (7.
Answer.z—S,—2,§+ 55— i

30 (8 marks)
(a) (3i)* =81, (3i)* = —27i, (3i)>= -9
f(3i) =81+ 108i — 126 — 108i + 45
=0
Answer: z=3iisaroot of f(z) =0
(b) —3i isaso aroot, giving the factor z° + 9
f(2) = (22 + 9)(z? + pz + 5); comparing z° terms. p = —4
22— 4z+5=0qgivesz=2+i
Answer: z=3i, =3i,2+i,2 =i

Argand Diagrams

1 (3 marks)
(@ Aisat (3,2),s0a=3+2i
Answer: 3+ 2i
(b)Bisat (—2,1),s0b=—2+i
Answer: =2 +i
(c)Cisat(—1,—3),soc=—1—3i
Answer: —1 — 3i

2 (3 marks)
Pisplotted at (2, 3)
Qisplotted at (—1, 1)
R isplotted at (4, —2)
Answer: P(2, 3), Q(—1, 1), R(4, —=2)
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Im
A
p
31 ]
2-
Qo 1
— ———r>pRe
-2 -1 1 2 3
-1 4
R
-2 ]
_3-
3 (3 marks)
Pis(5, —2) B1
z =5+ 2i isthe point (5, 2) B1
—z = -5+ 2i isthe point (=5, 2) B1
Answer: (5, —=2), (5, 2), (=5, 2) 3 marks
4 (2 marks)
z+w=(3+1)+(2+4)i M1
=4 + 6i, so the point is (4, 6) Al
Answer: (4, 6) 2 marks
5 (2 marks)
AB?=(4—1)?+(6—22?=9+16 M1
AB=5 Al
Answer: 5 2 marks
6 (2 marks)
(a) Pisat (0, —3), on the imaginary axis B1
Answer: Theimaginary axis 1 mark
(b) Reflection in the real axis changes (0, —3) to (0, 3), which is 3i B1
Answer: 3i 1 mark
7 (6 marks)
(@z+w=4+4i,s0Cis(4,4) B1
z—w=2—-2,s0Dis(2, —2) B1
A (3,1) and B (1, 3) plotted correctly B1
Answer: C (4,4),D (2, =2) 3 marks
(b) OA =(3,1) =BCand OB = (1, 3) = AC, so OACB is aparalelogram M1 Al
OA? =10 = OB?, so al four sides are equal and it is a rhombus Al
Answer: A rhombus 3 marks
Im
A
4 C
34
2
1 (A

321 1 23 4 5
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8 (4 marks)
(8) M = 2[(2 — 3i) + (6 + 5i)]
=4+]
Answer: 4 +i
() P=A+3(B — A) = (2 — 3) + 3(4+ &)

=3—i
Answer: 3 — i

9 (3 marks)
In a parallelogram ABCD, the vector AB equals the vector DC
d=a+c—0Db
d=(1+i)+(B+5)—@4+2)=2+4
Answer: 2 + 4

10 (3 marks)
(@) iz=3i +2i’=—2+3i
Answer: —2 + 3i
(b) OPisthe vector (3, 2) and OQ is (—2, 3), and their scalar product is—6+ 6 =0
They are equal in length and perpendicular: Q is the image of P under a 90° anticlockwise rotation
about O
Answer: OQ is OP rotated 90° anticlockwise

11 (3 marks)
AB=(4+5)—(1+2)=3+3i
BC=(7+8i) — (4+5)=3+3i,s0AB and BC are paralel and share the point B, so A, B, C lie
ononeline
Answer: A, B and C are collinear

12 (4 marks)
£= 2
z2=243i

Points (2, 3) and (2, —3) plotted
They are reflections of each other in the real axis
Answer: z =2+ 3i; reflectionsin thereal axis

Im
A

3-
2-
1

el T 3i

—1 1 2 3 4 5
__1-

-2

—37 ® _3i
_4-

13 (4 marks)
(a) AB = (4, 0) is horizontal and BC = (0, 3) is vertical
So AB is perpendicular to BC
Answer: Angle ABC isaright angle
(b) AB=4andBC =3

Area=%><4><3=6
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Answer: 6

14 (4 marks)
OC is OA rotated through 90° anticlockwise, so ¢ = i(4 + 2i)
c=-—-2+d4i
b=a+c=@4+2)+(—2+4i)=2+6i
Answer: C: —2+4i,B: 2+ 6i

15 (5 marks)
AB=(6+3i)—(2+i)=4+2i
AC is AB rotated 90° anticlockwise: AC =i(4 + 2i)
=—2+4i
c=(2+i)+(—2+4i)=5i
Answer: 5i

16 (4 marks)
A@B2,B(3 —2),C(—-3, —-2),D(-3,2
AB is vertical with length 4 and BC is horizontal with length 6
So the sides are perpendicular, opposite sides are equal: arectangle of area4 x 6 = 24
Answer: Area 24

17 (4 marks)
(a) Reflection iny = x swaps the coordinates: (3, 4) — (4, 3)
g=4+3i
Answer: 4 + 3
(b) z=3 — 4i
i(3—4i)=3i —4i’=4+3i=q
Answer: q =iz

18 (5 marks)
AB=2+iandAC=1+2i
AB?=22+12=5and AC?=1%+2%=5,50 AB = AC and the triangle is isosceles
Area= 32 x 2 — 1x 1]
3

-2
3
Answer : Area§

19 (5 marks)
iz=—1+3i,—z=-3—1i,—-iz=1-3i
Eachof A,B,C,Disat distance\/ﬁ from O, and each is obtained from the previous by a 90°
rotation about O
So the diagonals AC and BD have equal length 2\/1_0, bisect each other at O and are perpendicular
ABCD is a square with diagonal 210

1
Area= 5 x (2/10)* = 20
Answer: Area 20

20 (4 marks)
(®9=%K2+D+6+70+«4+mn
_ 6+ 12i
B 3
Answer: 2 + 4i
(b)d=2g—a
=(4+8)—(2+i)=2+Ti
Answer: 2 + 7i

=2+ 4j
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21 (6 marks)
(a) OB =0A +OC M1
b=(@4+i)+(1+3)=5+4i Al
Answer: 5 + 4j 2 marks
(b) Midpoint of OB = 5(5 + 4i) M1
Midpoint of AC = 3[(4 +i) + (1 + )] = 5(5 + 4i), the same AL
Answer: The diagonals OB and AC bisect each other 2 marks
(c) Area=[4x3 — 1x1]] M1
=11 Al
Answer: 11 2 marks
22 (5 marks)
(@) iz=i(3+2i) = 3i + 2i? M1
=—2+3i=w Al
Answer: w =iz 2 marks
(b) Pis (3, 2) inthe first quadrant and Q is (—2, 3) in the second quadrant B1
Moving from the first quadrant to the second is an anticlockwise turn, and OP - OQ=—-6+6=0 M1
Multiplying by i is a90° rotation anticlockwise about O, not clockwise El
Answer: 90° anticlockwise 3 marks
23 (7 marks)
AB=(5+2))—(2+i)=3+i B1
DC=(6+5i) — (3+4i)=3+1i,s0AB and DC are equal and parallel: ABCD is a parallelogram M1 Al
AD=B+4i)) — (2+i)=1+3i B1
AB?=9+1=10and AD? =1+ 9 = 10, s0 adjacent sides are equal: a rhombus M1 Al
AB-AD=3x1+1x3=6= 0, sotheangleat A isnot 90°: not a rectangle, so not a square Al
Answer: A rhombus, but not a rectangle or a square 7 marks
24 (5 marks)
RelativetoP, Aisata—p=(4+3i)) — (L+i)=3+2 M1 Al
Rotating 90° anticlockwise multipliesby i: i(3+ 2i)) = —2 + 3i M1 Al
b=p+(—2+3i)=—1+4i Al
Answer: B represents —1 + 4i 5 marks
25 (7 marks)
(a)z:—Zir 2_40 M1
z=1=3i Al
Answer: z=1% 3i 2 marks
(b) OA?=12+32=10and OB® =12+ (—3)* =10 M1
OA =0B Al
Answer: Triangle OAB is isosceles 2 marks
(c) AB is vertical with length 6 B1
The perpendicular distance from O toline AB (x =1)is1 M1
Area:%XGX1:3 Al
Answer: 3 3 marks
26 (6 marks)
() Gradient of AB = 2 B1
Gradient of AC:% =2, 03p+=2p-1) M1
p=-5 Al
Answer: p=-=5 3 marks
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(b) AB=3+2,0C=p+(p+2i B1
Perpendicular: 3p+2(p+2) =0 M1
_ 4
p=-% Al
4
Answer: p = -5 3 marks
27 (8 marks)
(a) B is A rotated through %H about O:b=(4+ 2i)(cos%H +i sin%n) M1 A1
=4+ 2i)(—% + @i) M1
=—2+2/3i —i—3 Al
b=(—2—143)+ (23 — Diandc=(—2++3) — (2/3 + D) AL
Answer: B: (=2 = y3) + (2/3 = 1)i; C: (=2 ++3) = (2/3 + Di 5 marks
(b) OA? = 20; for an equilateral triangle with centre O, AB? = 3 x OA? = 60 M1
Area ABC = @ x 60 = 15/3 Al
Triangle DEF is similar to ABC with scale factor % o itsareais %E Al
Answer: %E 3 marks
28 (9 marks)
(a) ABCD is a paralelogram exactly when the diagonals AC and BD hisect each other B1
Midpoint of AC is 5(a-+ ¢) and midpoint of BD is 2(b + ) M1
These coincide exactly whena+c=b +d Al
Answer: ABCD (in that order) isa parallelogram if and only ifa+c=b +d 3 marks
(b)d=a+c—Db M1
d=(1+2)+(7+4i)—(5+i)=3+5i Al
Answer: 3 + 5i 2 marks
(0) Midpoints: P= 3(a+b), Q= 3(b+¢), R=3(c+d), S= 3(d+3) B1
p+r=%(a+b+c+d) M1
q+s:%(a+b+c+d) M1
p+r=q+s,soPQRSisaparallelogram by part (a) Al
Answer: The midpoints of the four sides of any quadrilateral ABCD are the vertices of a parallelogramarks
29 (8 marks)
The centre M is the midpoint of AC: m = %[(1 +i)+(7+5)]=4+3i M1 Al
RelativetoM, Aisa— m=-3— 2i B1
B is A rotated 90° anticlockwise about M: b — m=i(—3 —2i)) =2 — 3i M1 Al
b=6; DisoppositeB:d—m=—(2 — 3i),sod=2+6i Al
AB=5—iandBC=(7+5)—6=1+5i B1
AB-BC=5x1+(—1) x5=0and AB?=26=BC? Al
Answer: B represents 6 and D represents 2 + 6i 8 marks
30 (8 marks)
(@) zw = (a — bi)(c + di) = (ac + bd) + (ad — bc)i M1 A1
Area of triangle OAB = 2fad — be| = 5[im(zw)| AL
Answer: Theimaginary part of zw isad — bc; the area of triangle OAB is%|lm(2w)| 3 marks
(b) zZw = (3 — 2i)(—1 + 4i) =5+ 14i M1
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Area= % x14=7 Al
Answer: 7 2 marks
(c) Collinear means the area of the triangle is zero, so Im(zw) = 0 M1
2—-i)k+3i)=(2k+3)+(6—Kk)i Al
6—k=0,s0k=6 Al
Answer: k =6 3 marks

Modulus and Argument

1 (2 marks)
(@) |3+4i|=43°+4°=5 B1
Answer: 5 1 mark
(b) |5 — 12i| =25 + 144 = 13 B1
Answer: 13 1 mark
2 (3 marks)
@ |-71=7 B1
Answer: 7 1 mark
(b) [4i| =4 B1
Answer: 4 1 mark
©L+il=y1+1=42 B1
Answer: 42 1 mark
3 (3 marks)
() The point (1, 1) isin the first quadrant withtan 6 = 1 B1
II
Answer : a 1 mark
(b) The point (—1, 1) isin the second quadrant: 1 — % B1
Answer: 3TH 1 mark
(c) The point (—1, —1) isin the third quadrant: —1I + % B1
Answer: —3711 1 mark
4 (3 marks)
(a) —5 lies on the negative real axis B1
Answer: 11 1 mark
(b) 5i lies on the positive imaginary axis B1
II
Answer : > 1 mark
(c) —2i lies on the negative imaginary axis B1
Answer : —% 1 mark
5 (2 marks)
tan 6 = % and the point isin the first quadrant M1
0= % Al
Answer: % 2 marks
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6 (2 marks)
z=3—i+6i —2i°=5+5i M1
|zl =+/25 + 25 = 52 Al
Answer: 5/2 2 marks
7 (3 marks)
The point (—2, 3) isin the second quadrant B1
0=m— tan‘l(%) M1
=216 Al
Answer: 2.16 3 marks
8 (4 marks)
|zl =y9+27 =6 M1 Al
The point isin the third quadrant with reference angle tan‘l(\/§) = % M1
o 21
argz=—n+§=—? Al
Answer: |z =6,argz= —ZTH 4 marks
9 (3 marks)
a= 4cos%H ==2 M1 A1l
b=4sin%n=2\/§,soz=—2+2\/§i Al
Answer: z= =2 + 2/3i 3 marks
10 (4 marks)
lzZ=y1+3=2and w|=y4+4=22 B1B1
2w = [Zllw] = 42 M1

z, _l2d_ 2 _42
|W|_W_ﬁ_2 Al

Answer: |zw| = 42, |%| = 322 4 marks
11 (4 marks)
_ —5+5 _ (=5+5i)(2—-1)
2w 5 M1
T0rS s g N
w| =1+ 9 =410 B1
agw =11 — tan '3 =1.89 Al
Answer: w = —1+ 3i, |w| =410, arg w = 1.89 4 marks
12 (3 marks)
2+ =2+i] M1

2+i|=45 AL
(/5)° = 55 a1

Answer: |(2+i)% =5/5 3 marks
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13 (4 marks)
If z=5+yi then 25 + y* = 169, so y° = 144 M1
y=-12,s0z=5— 12i Al
agz= —tan‘1(1—52) M1
=-—118 Al
Answer: z=5—12i,argz=-1.18 4 marks
14 (4 marks)
(m1+i)?=1—2+i*==2i M1
z==2(-1+i)=2 —2i°=2+2i Al
lz| =4+ 4 =22 AL
agz= % Al
Answer: |z] = 22, argz = % 4 marks
15 (4 marks)
lzw[? = (zw)(zw) M1
= Zwzw Al
= (zz)(ww) = [z]*|w/? M1
Taking positive square roots, |zw| = |z||w| Al
Answer: |zw| = |z|lw| for all complex numbersz and w 4 marks
16 (5 marks)
agz=1 — tan‘l(%) =2.820 M1 A1l
arg w = tan~'(3) = 0.4636 AL
argz —argw = 2.36 (3sf.) Al
% = %&4_2') = —% = %i, whose argument is 3711 (= 2.36) AL
Answer: argz — argw = 2.36 and arg(%) = 3Tn 5 marks
17 (6 marks)
(@ z°=4+8 —4=8i M1
Modulus 8, argument % Al
Answer: [z?| =8, arg = % 2 marks
1 _2-2 _1-i
bz="%="2" 1
Modulus 3@, argument —% Al
Answer: |%|=3g, arg= —% 2 marks
(©z=2-2i M1
II
Modulus 2y/2, argument — Al
Answer: [z| = 22, arg = —% 2 marks
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18 (5 marks)
V =4+8i B1
Amplitude |V| =16 + 64 M1
= 4[5 = 8.94 volts AL
Phase angle = tan‘l(g) =tan"12 M1
= 1.11 radians Al
Answer: Amplitude 4\/3 V, phase angle 1.11 rad 5 marks
19 (5 marks)
|zl =y9+16 =5 B1
agz= —tan‘l(%) = —0.927 M1 AL
—z = —3+ 4i isinthe second quadrant: arg(—z) = —0.927 + 1 = 2.21 Al
iz=4+3i: arg(iz) = tan‘l(%) =0644(argz+ %) Al
Answer: |z| =5, arg z= —0.927, arg(—z) = 2.21, arg(iz) = 0.644 5 marks
20 (6 marks)
|lzw| = |z]jw| = 6 B1
_on o_mu
arg(ZW) =st3~3% B1
2w = 6(cos + i sinz) = 6 AL
zZ, _ z, T o_ I
wl=zadag) =5 -3 ~% i
z _3 I
W E(COSG IS|I’I6) M1
_33 3
= Zl Al
Answer:zszi,%z%E—%i 6 marks
21 (6 marks)
(a) The point (—1, —1) isin the third quadrant El
tan~'1 gives an angle in the first quadrant; the sign information is lost when dividing —1 by —1 El
Answer: Wrong quadrant 2 marks
(b) Reference angle %, third quadrant M1
—gp+E-_30
ag=-—I+z=— Al
Answer: —STH 2 marks
(c) Second quadrant, reference angle tan‘l(%) = % M1
o _ 5o
ag=11I — 3 = B Al
Answer : STH 2 marks
22 (6 marks)
(@) Jz+wf>=(a+c)*+ (b +d)? M1
z—wP=(a-0?+(b—d? Al
Sum = 2a* + 2¢? + 2b? + 2d? M1
= 2(a’ + b?) + 2(c® + d?) = 2|z + 2w/ Al
Answer: |z +w|? + |z — w|? = 2|z* + 2Jw]? 4 marks
(b)[z+wP=4—i°=17and |z — w|*> = |2 + 3i|* = 13, sum 30 M1
2zP +2wjP=2%x10+2%x5=30 Al
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Answer: Both sides equal 30 2 marks
23 (6 marks)
Letz=x+iy:x?+y?=25 B1
72 = x? — y? + 2xyi is purely imaginary, so x? = y? M1 Al
2x2:25,sox:i%,y:i% M1
Imaginary part 2xy < 0, so x and y have opposite signs M1
7= 1322(1 —i) A1
Answer:z=%g—%éi orz=—%g+%@i 6 marks
24 (9 marks)
@ la+il=ya?+1and |l +ai|=1+a? M1
_at+i] _ 1
|Z| T i+al ~ Al
Answer: |z| = 1 for every real value of a 2 marks
_ (a+ih@ - a)
b) 2= Traa=a) M1
_2a+(1-— &) AL
B 1+a?
— &%)
Answer: z = M 2 marks
1+a
(©0l—a=0 M1
a=lora=-1 Al
Answer: a=z*1 2 marks
(d) Real and imaginary parts equal and positive: 2a=1 — & M1
@+2a—1=0,s0a=—-1+2 Al
Real part must be positive, soa=12 — 1 AL
Answer: a=y2 — 1 3 marks
25 (6 marks)
z+w _ (z+w)(z—-w) i
Z-W - w)z-w)
Denominator = [z — w|?, which is real and positive Al
Numerator = zz — zZwW + WZ — WwW M1
= [z — WJ? + (wz — zw) Al
|z| = |w|, so the numerator iswz — zw B1
wz — zZw = u — uwhere u = wz, which is 2i Im(u): purely imaginary or zero Al
Answer: ZZ:\\/,VV ispurely imaginary or zero 6 marks
26 (7 marks)
(@) OA =g =1and OB = |b] = 1, so adjacent sides are equal M1
OC =a+ b, so OACB isapardlelogram (AC = b = OB), with equal adjacent sides. a rhombus Al
Answer: OACB isarhombus 2 marks
(b) The diagonal OC of a rhombus bisects the angle AOB M1
AngIeAOB:argb:%,soarg(a+ b):% Al
Answer: arg(a + b) = % 2 marks
(c)a+b:1+3g+3gi B1
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2
tan% 7 _ 2 M1
1+ 322 2+ ‘/E
22 = y2) 2(
= =y2 -1 Al
ere- . 2
Answer: tan% =y2-1 3 marks
27 (8 marks)
@) |z +wf* = (z+w)(Zz +w) M1
= |z)? + W|* + zw + zw Al
Zw + zZw = 2Re(zw) < 2Jzw| = 2Jz|jw| M1 Al
So |z + w|* < (|z] + |w])?, and taking square roots gives the result Al
Answer: |z+w| = |Z] + |w| 5 marks
(b)jz—3+4i|=|z7+|-3+4i|=5+5=10 M1 Al
Equality when z points in the same direction as =3 + 4i: z= —3 + 4i Al
Answer: 10, attained at z= —3 + 4i 3 marks
28 (8 marks)
(@) |zl = 1 givesz = 1 ,and sumllarIyW v%/ B1 M1
The conjugate of the fraction is s W M1
1,1
_zw AL
1
1+
. . w+Zz
Multiply numerator and denominator by zw: Wil M1
Thefraction equals its conjugate, so it is real Al
Answer: 1 W |sreal 6 marks
_64—8i _ ., 63—16i _ 128 — 16i
(b)z+w= &5 andl+zw=1+ & - &5 M1
. e4—8 1 ..
The quotient is 8 =16 = 3 which is real Al
Answer: % 2 marks
29 (8 marks)
@@A+)R+i)=2+i+21—1=1+3i M1 Al
Q+3)B+i)=3+i+9 —3=10i Al
Answer: (L+i)(2+i)(3+i) = 10i 3 marks
(b) arg of the product = tan™*1 + tan‘l(%) + tan‘l(%) (mod 21), as the arguments of the factors M1
add
Each term is acute, so the sum lies strictly between 0 and 3711 M1
arg(10i) = lsthe only value in that range, so the sumis r2[ Al
Answer : tan‘ll + tan‘l(E) + tan‘l(g) = % 3 marks
() (1+2)(1+3)=—-5+5i M1
Both arguments are acute and the sum of arguments is less than 11, so the argument is arg(—5 + Al
5)= 3
)=
- -1, _ 30
Answer: tan™"2 +tan™"3 = v 2 marks
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30 (7 marks)
Letz=x+iysothaaw=(2—X) + (2 — y)i
X2 +y2=4
W*=(@2—-x)?+@2-y)’=4
Expanding: 8 — 4(x +y) + x> +y?=4,s0x +y =2
Thenx?+ (2 — x)>=4givesx(x — 2) =0
(z,w) =(2,2)or(2,?2)
Answer: (z, w) = (2, 2i) or (2i, 2)

Complex Number Loci

1 (2 marks)
(a) Points at a constant distance 4 from the origin
Answer: Circle, centre O, radius 4
(b) Points at distance 3 from 2i
Answer: Circle, centre 2i, radius 3

2 (2 marks)
Circle with centre (3, 0) and radius 2
(x—3*+y*=4

Answer: (x — 3)>+y?=4
3 (2 marks)

The points make a constant angle % with the positive real axis

A haf-line starting at the origin (excluding O), at angle % to thereal axis

Answer: Half-line from O at angle %

4 (2 marks)
zisequidistant from 2 and —2
The perpendicular bisector of the points (2, 0) and (—2, 0): the imaginary axis (x = 0)
Answer: Thelinex =0 (imaginary axis)

5 (2 marks)
(a) The vertical linex =3
Answer: Linex =3
(b) The horizontal liney = —2
Answer: Liney = =2

6 (2 marks)
(a) Centre 1 + 2i, radius 5
Answer: Centre (1, 2), radius 5
(b) z+ 3i =z — (—3i): centre —3i, radius 2
Answer: Centre (0, —3), radius 2

7 (3 marks)
Thelocusisacircle
Centre (2, 1)
Radius 3
Answer: Circle, centre2 + i, radius 3
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Im
A
4-
2_
Ly % +i
Re
-2 - 1 2 3 4/5 6

8 (3 marks)
a9z — (—1+20) = 2 ahalf-line starting at —1 + 2
The point —1 + 2i is excluded (open end)

Direction at 3711 to the positive real axis, i.e. up and to the left

Answer: Half-linefrom —1 + 2i at angIeSTlI

Im
A

4.

N W
L L

-1+2i

-3 -2 -1 1 2 3 4
_1-

9 (4 marks)
Letz=x+iy: (x — 3)2+y?=x%+(y — 1)?
X2 —6x+9+y?=x2+y?—2y+1
y=3-—4
Answer:y=3x — 4

10 (3 marks)
The boundary |z + 2| = |z — 2] isthe perpendicular bisector of —2 and 2, thelinex =0
Closer to —2: the region x < 0 is shaded, with a dashed boundary since the inequality is strict
Answer: The half-plane x < 0 (boundary dashed)

Im

2
1

— T —r——»Re
—4—3—2—11 1 2 3 4

=%
-3

11 (3 marks)
z — (1 — i) has argument %: ahaf-line from (1, —1)

Gradienttan%:lzy+1:x—1,soy:x—2

x > 1 (the point (1, —1) is excluded)
Answer:y=x—2,x>1
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12 (3 marks)
The centre C representsa= —2 + i B1
Theradiusisr =2 B1
z+2—i]=2 B1
Answer: [z+2 —i| =2 3 marks
13 (3 marks)
Letz=—-3+iy:9+y*=25 M1
y?=16,s0y =4 Al
z=-3+4diorz=-3—4i Al
Answer: z= =3+ 4i 3 marks
14 (4 marks)
(x — 42 +y?=4[(x — 1)?+y7] M1
X2 — 8x + 16 + y? = 4x* — 8x + 4 + 4y? Al
3x?+3y?=12, sox*+y?’=4 Al
Circle, centre the origin, radius 2 Al
Answer: x* + y? = 4: centre O, radius 2 4 marks
15 (4 marks)
Letz=x+iy:zz=x*+y?andz+z=2x M1
x2+y?+4x —5=0 A1
(x+2)2%+y*=9 M1
A circle with centre (—2, 0), that is —2, and radius 3 Al
Answer: Circle, centre —2, radius 3 4 marks

16 (5 marks)

Circle centre (2, 0), radius 2, passing through the origin B1
Half-line from the origin at 7 y = x with x > 0 B1
(Xx—22+x°=4 M1
2x? — 4x =0,s0x =0 or x = 2; x = 0 is the excluded origin Al
z=2+2i Al
Answer: z=2+2i 5 marks

17 (4 marks)
Two concentric circles with centre (O, 2) and radii 1 and 3; R is the region between them, B1B1
including both circles
Area=1 x 3% — 11 x 12 M1
=81 Al
Answer: 811 4 marks
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Re
< 3 4
_2_
18 (5 marks)
Circle centre O, radius 4 B1
Half-lines at angles +2 from the origin B1
R is the sector inside the circle between the half-lines B1
_ 1 20 _ 1 II
Area—ire—ixmxf M1
=41 Al
Answer: 411 5 marks
Im
A
Re
5
5
19 (5 marks)

@ fzl=1z— 8| B1
x2+y?=(x — 8)?+y% sox =4 Al
Answer: |z|=|z— 8|, x=4 2 marks
(b) |zZl=5andx =4 B1
16 +y?=25s0y = +3 M1
z=4+3iorz=4-3i Al
Answer: 4+ 3ior 4 — 3i 3 marks
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20 (4 marks)
argz:%giv%z:a+aiwitha>0 B1
(a—1?+a=(a—3)*+(a—4)? M1
28 — 2a+1=2a" — 14a+ 25,s012a=24 Al
z2=2+2 Al
Answer: z=2+2i 4 marks
21 (6 marks)
(a) Thecircle has centre 4 and radius 2; the distance from O to the centreis 4 B1
The radius to the point of contact is perpendicular to the tangent, so sin a = % M1
_—
a=% Al
Answer: a = % 3 marks
(b) The tangent length isy4? — 22 = 23 M1
II .o II
z=2|3(cosg +ising) M1
3 1. .
=2\/§(3g+§|)=3+\/§| AL
Answer: z =3 +43i 3 marks
22 (8 marks)
(@) |z — 3| = 3: the disc with centre (3, 0), radius 3 B1B1
Izl = |z = 3 cIosertoOthanto3,soxs% M1
R isthe part of the disc to the left ofx:% Al
Answer: Segment of the disc left of x = % 4 marks
(b) Thelinex = % isat distanced = % from the centre; half-angle o with cos o = % O = % M1 Al
Sectorarea:%X9><%H:3H M1
. 1 3 3 3
Subtract the triangle 5 x 3/3 x 5= %E: area= 31 — %{E Al
Answer: 311 — % 4 marks
Im
3
2
1
r — 'C — »Re
-1 1 3 4 5
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23 (6 marks)
Thelocus arg(z — 3i) = % is the half-line from 3i at angle % B1
z=3i+t(cos%+isin%)=3gt+(3+%)i,t>0 M1 A1
|z|2=%t2+9+3t+%t2=t2+3t+9=13 M1
t?+3t—4=0,s0t=1(t>0) Al
_{3 7
=5 + §| Al
Answer: z = 3@ + %i 6 marks
24 (6 marks)
@lz—1+2|=z— (1 — 2)| M1
So the centreis (1, —2), not (1, 2) E1
Answer: Centre should be (1, —2) 2 marks
(b) Centre (1, —2), radius 2 M1
X—1D%+(y+2?%=4 Al
Answer: (x — 1)?+ (y+2)?=4 2 marks
(c) Greatest y = centre y-coordinate + radius M1
=—-2+4+2=0 Al
Answer: 0 2 marks
25 (6 marks)
(@ (x—1)2+y*=4=(x+1)?+y? s0x=0 M1 Al
1+y?=4,50y=3: 2= /3] Al
Answer: z =+3i and z = —3i 3 marks
(b)) AB=2 B1
AP=}3i —1|=y1+3=2 M1
BP = |{/3i + 1| = 2, so dl sides are equal AL
Answer: Triangle ABP is equilateral 3 marks
Im

26 (7 marks)
(a) Centre C (5, 12), radius 4, and OC =25 + 144 = 13 B1
Greatest [z =13 +4 =17 M1
Least |zZ/=13—4=9 Al
Answer: 17 and 9 3 marks
(b) The extreme arguments occur on tangents from O to the circle M1
Angle between OC and atangent: sin o = %, so a = 0.3129 Al
agC= tan‘l(%z) =1.1760 B1
Greatest arg = 1.176 + 0.313 = 1.49; least arg = 1.176 — 0.313 = 0.863 Al
Answer: Greatest 1.49, least 0.863 4 marks
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Im
A I
I
164 |
I
/4
124 ’
/
I
i
81! G
I ’
1 e
4l ’
[
1,7
_ﬁ? T T T T —»Re
2 4 6 8 10
27 (8 marks)
(@ (x — 3 +y*=4[x*+(y + 3)7 M1 AL
X2 — 6x + 9 +y? = 4x2 + 4y? + 24y + 36 Al
32+ 6x+3y2+24y +27=0,50x>+2x+y>+ 8y +9=0 M1
(x+1)?+(y+4)°=8 Al
Centre (—1, —4), radius 22 AL
Answer: Circle, centre —1 — 4i, radius 22 6 marks
(b) Distance from O to the centre is 1 + 16 =17 M1
Greatest |z] =417 + 22 Al
Answer: 17 + 22 2 marks
Im
A
1_
—pRe
1 2
28 (8 marks)
(a) Disc, centre (1, 0), radius 1, and disc, centre (O, 1), radius 1 B1B1
R is the lens-shaped overlap of the two discs B1
Answer: Lens-shaped region 3 marks
(b) (x — D?+y?’=1=x*>+(y — 1)®givesx =y, and then x> — x =0 M1
ThepointsareOand 1 +i Al
Answer: Oand 1 +i 2 marks
(c) The chord joining 0 and 1 + i has length \/E ; each circle subtends a right angle at its centre M1
Each circular segment = quarter disc — triangle = % - % M1
R consists of two such segments: area = % -1 Al
3 marks

Answer: % -1
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Im
P
1
Re
1
29 (10 marks)
z—1_(@z-D@z+1)
@751 " v e+ "
Numerator: (x — 1 +iy)(x + 1 — iy) = x? — 1 + y? + 2iy Al
Denominator: |z + 1 = (x + 1) + y? Al
Cz=1 _ XP+y?—1+2i
Answer : 271 T 1)l +y? 3 marks
(b) Argument %: real part zero and imaginary part positive M1
x?+y?’=1landy>0 Al
The upper semicircle of the unit circle, excluding the points 1 and —1 Al
Answer: Upper unit semicircle, ends excluded 3 marks
(c) Real part = imaginary part > 0: x> +y?> — 1=2y andy >0 M1 AL
X2+ (y—1%=2 Al
The arc above the real axis of the circle with centre i and radi us\/E (the major arc) Al
Answer: x>+ (y — 1)°=2,y>0 4 marks
Im
A
arg = n/4 -
/,, 1 \\
! Y
! I
|\ /k arg n/}
\ /
5 &—»Re
-2 -1 1
-1
30 (8 marks)
(a) Circle B1
Centre (0, 5), radius 3 B1
Answer: Circle, centre 5i, radius 3 2 marks
(b) Greatest arg z occurs when Oz is a tangent to the circle, with the tangent point T on the left M1
sin £COT = ¢, 50 £COT = 06435 AL
Greatest arg z = 5 +0.6435 = 2.21 AL
OT?=5°-3%s00T=4 M1
z=4(cos O + i sin B) with cos 6 = —sin 0.6435 = —g and sin O = cos 0.6435 = g M1
__12, 16
z=—% + i Al
Answer: argz=221,z= —% + 1—56i 6 marks
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Modulus-Argument Form

1(2 marks)
on_1 N \/§

cosg—ﬁandsmg—7 B1

z=1+3i B1

Answer: 1 +1/3i 2 marks
2 (2 marks)

Modulusy1 +1 =2, argument% B1B1

Answer: \/E(cos% +i sin%) 2 marks
3 (2 marks)

—3 lies on the negative real axis. modulus 3, argument 11 B1B1

Answer: 3(costm + i Sin m) 2 marks
4 (2 marks)

Modulus 5, argument % B1B1

Answer: 5(005% +i sin%) 2 marks
5 (3 marks)

Modulusy3+1 =2 B1

The point is in the fourth quadrant with tan 6 = —% M1

2(cos(— ) +i sin(— ) Al

II - II

Answer: 2(cos(—€) +i sm(—g)) 3 marks
6 (2 marks)

|zw| =4 x3=12 B1

arg(zw):%+%:%,som:12(cos%+isin%) B1

Answer: lZ(cos% +i sin%) 2 marks
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7 (3 marks)

[zZl=y1+3=2 B1

Fourth quadrant, reference angletan‘1\/§ = % M1

II .. II
2(cos(—§) +1ign _E)) Al
II - II

Answer: 2(cos(—§) +i sm(—§)) 3 marks
8 (3 marks)

z, _ 8 _

lyl=%=4 B1

z 5 o_ o

ag(y,))=6 —3°-3% M1

z _ .

W 4 Al

Answer: 4i 3 marks
9 (4 marks)

lzw| =42 x 22 = 4 B1

_n,o_mu

arg(ZW) =z2t72°7% M1

2w = 4(cosy +i sing) = 4 AL

Check: z=1+i,w=2+2i,and (1 +i)(2+2))=2+4i — 2=4i B1

Answer: 4(cos% +i sin%) =4 4 marks
10 (3 marks)

2(cosy +ising) =2 +12i and 2(cos 5t +i SnS) = —2 +{2i M1

z=22i Al

II .o II
2= 22(cos% +i siny) AL
Answer: 2\/5((:05% +i sin%) 3 marks
11 (3 marks)
() = 3(cosg — i sing) = 3(cos(— ) +i sin(— %)) B1
Answer: 3(cos(—5) + i sin(—3)) 1 mark
1, 1
b) I51=3 B1
1 o 1 1 o .o I
ag(3) = —5, 0 5 = z(cos(—g) +isn(—%)) B1
Answer: %(cos(—%) +isgn —%)) 2 marks
12 (3 marks)
The form r(cos 8 + i sin 8) needs a plus sign between the terms E1
II .o II II .. II
cosz —ising = cos(—g) +i sm(—g) M1
The argument is —%: 2(cos(—%) +i sin(—%)) Al
Answer: 2(cos(—3) + i sin(—3)) 3 marks

stemup.co.uk | page 40



StemUp | Further Mathematics | Further Pure Mathematics: Complex Numbers | Model Answers

13 (3 marks)

iz=icosO —sinB M1

= —sin0 +i cos O = cos(0 + ) +i sin(® + %) AL

Multiplication by i rotates the point through % anticlockwise about O B1

Answer: Rotation through % anticlockwise 3 marks
14 (4 marks)

1+i=y2(cosy +ising) B1

V3 — i = 2(cos(—g) +1 Sin(—)) B1

£ m m, _ 5m

Modulus = *5-, argument = T _E) =1 M1

\/—(cos—+|sm12) Al

Answer: lg(cos‘?zI +isn 12) 4 marks
15 (3 marks)

—1=cosm +i sin 1, so the argument changes by 11 and the modulusis 3 M1

% +m= 54 , Which is outside (—11, 11] Al

Principal argument 2% — 211 = — 3% 3(cos(— o) + i sin(— ) AL

Answer: 3(cos(—37n) +i sin(—:%n)) 3 marks
16 (4 marks)

lzw| =6 B1

3n | 2n _ 17/n
agzw) =z + 3 = 4 M1
1172 is greater than 1, so subtract 21: —% Al
7 .. 7

Zw = 6(cos(—§) +i sm(—ﬁ)) Al

Answer: 6(cos(—71—I2[) +i sin(—71—121)) 4 marks
17 (3 marks)

1 _ cosO —isin®

cosO+isin® ~ (cosO +isinB)(cosO — isin0) M1

Denominator = cos?0 + sin’0 = 1 Al

S0 g irgrg =000 — i sin 6 = cos(—6) + i sin(—6) AL

Answer: For any real 9,m=cosﬂ—isin9 3 marks
18 (6 marks)

. II P . II . II
(@) 1 +iy3 =2(cos3 +ising)and1+i=y2(cosy +ising) B1
o o _ 7o

Product: modulus 2y/2, argument 5 + 7 = 7> M1

2\/_(cos +|sm12) AL

Answer: 2\/_(cos +isn 12) 3 marks

(b) (L+iy3)(L+1) = (1 — y3) + (L +3)i M1
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. . 7
Equate real and imaginary parts: 2\/§cosl—r2[ =1—43 AL
cos7—n=il_ 3 gn/L-1*13 AL
12 2\/5 12 2\/5
Answer: cos % = b@ STMLLL Gl 3 marks
12 2\/5 12 2\/5
19 (4 marks)
_ o, . . I
Zw = 6(cos§ +i smi) M1
ZwW = 6i Al
z 2 o . o
W = §(COS(—1) +1 Sn(—z)) M1
V2 42,
=3 = i Al
AnaNer:ZW:Gi,%zlg—lgi 4 marks
20 (4 marks)
seca(cosa+|sna)=Cosa(cosonﬂsm(x) M1
_ .sSno .
—1+|cosa—1+|tanon Al
Since sec a > 0, the modulus is sec « B1
and the argument is « B1
Answer: Modulus sec a, argument a 4 marks
21 (6 marks)
1—cosa = 25in2% B1
ino =2 sn%cos®
sin o = 2 sin5Cos5 B1
So the number is 2 sin%(sin% +i cos%) M1 A1
Lo I o o _ . O o
smf—cos(i - 7) andcosi—sm(2 2) M1
Since0<oc<n,23in%>0: modulusZsin%,argument% - % Al
Answer: Modulus 2 sin%, argument % - % 6 marks
22 (7 marks)
(a) The arguments should be added, not multiplied El
Also cos O x @ isnot cos(0 + @); the angle must appear inside cos and sin E1
Answer: Arguments must be added 2 marks
_ _o,on_n
(b) |zw| = 6, arg(zw) = 3t6°3 M1 Al
Zw = 6(cos% +i sin%) =6 Al
Answer: 6i 3 marks
z _2 o . . oI
(© W §(cos§ +i smg) M1
= E + 1
=3 t3 Al
A B, L
nswer: 3 3I 2 marks
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23 (6 marks)
z cosO+isin®

(a)z:r(cose—isine),sogzm M1
:(cose+isine)z,usingm:coseﬂsine M1
arg§ = 0 — (—0) = 20 with modulus 1 AL
Answer: % =c0s20 +isn 20 3 marks
z _ 3+4i _ (3+4i)?
O ==3—%="2 M1
_ 7+ 24
= —> Al
20 = —
c0s20 = —o¢ A1
Answer : —215 3 marks
24 (5 marks)
OA=4and OB =4 B1
Angle AOB =argB — argA:% B1
A triangle with two equal sides enclosing an angle % is equilatera M1
- T 2ignt
B = 4cos7 +4i sing M1
B =2+2/3i Al
Answer: B =2+ 2/3i 5 marks
25 (6 marks)
@) Izl = w| =15 B1
agz=tan"2=111 B1
arg w = tan~'(3) = 0.464; 2 = 5(cos 1.11 + i sin 1.1), w = y/5(cos 0.464 + i sin 0.464) B1
Answer: z =+5(cos 1.11 +i sin 1.11), w = /5(cos 0.464 + i sin 0.464) 3 marks
() zw = (L+2))(2+i)=2+i +4i — 2=5i M1
II
arg(zw) = > Al
arg(zw) = argz + argw = tan™12 + tan‘l(%) Al
Answer: tan~12 + tan‘l(%) = % 3 marks
26 (6 marks)
. m_m 1
The argument of V, is ~3 5" M1
—i= cos(—%) +i sin(—%), oV, = —12i(cos% +i sin%) Al
Vi +V, = (5 — 12i)(cosg +i sing) M1
Amplitude = |5 — 12i| = 13 volts Al
Phase angle = arg(5 — 12i) + & = —1.176 + 0.524 M1
= —0.652 radians Al
Answer: Amplitude 13 V, phase angle —0.652 rad 6 marks
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27 (8 marks)

(@ 1+cosO = 2COSZ%

... 0 _ 0
sm9—25|n§cos§

0
z= Zcosz(cos— +i sm2)

—% < g 2,socose > 0: modulus 2cose argument 0

Answer: ModulusZcos2 argument - 9

(b) The denominator is z, so the quotient is% with modulus 1 and argument % - (—%) =0

=cosO +isind

NI N

_1+cos@+isn®

: 1+Cose_isin9:cos(-)+|sn9

Answer

(©)z= 2COS%(COS% +i sin%) = ﬁ(cos% +i sin%)

3,
=277
.3, 43,
Answer: 5 + =i
28 (7 marks)
tB =B
(a) cosa + cosP = 2cos 2B 5~ C0S—>5——
sinoc+sin[3>=Zsin0‘T+BcosO‘—;B
Factor out 2cos> > B
) . - _ a-B a+f . . a+PB
Answer: (cosa +i sin @) + (cos B +i sin B) = 2cos 5 (cos 5 +|S|nT)

(b) 2cos(coss +i sin) =3(3 + @i)

2 2
.3 . 1. _y3 3
AnSNer.|+7+§ L

29 (7 marks)

_ 2cos a * y4cos?a — 4
(@z= >
= Cos & * { —sin‘a

=cosatisnao,asno>0
Answer: Therootsarecosa + i sin a

(b) Both roots have modulus ycos’a + sin“a = 1

cos & + i sin o has argument o; cos & — i sin a has argument —

Answer: cosa + i sin a and cos(—a) + i sin(—)

(c) Product of theroots= 1

(cos o + i sin a)(cos a — i sin &) = cos’a + sinac = 1, so each root is the reciprocal of the other
Answer: Product 1: each root isthe reciprocal of the other

30 (8 marks)
(@l+itanax=seca(cosa+isina)andl —itan a =sec a(cosa — i Sin @)
_coso+isna
T cosa —isina
= c0s 2x + i sin 2o (arguments add)
Answer: w = cos2a + i sin 2a

= (cosa +i sin ®)?
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(b)cosZoc+isin2a:i,802a:% M1
(x:%,tan(x:l Al
Answer:tana =1 2 marks
II .o I
(c)w= cosg +isng M1
B, L Al
2 2
3 1.
Answer : g + 5l 2 marks

Exponential Form and Euler's Formula

1 (3 marks)
LAY |

(@ Cos7 +isin =i B1

Answer: i 1 mark

(b)cosmm+isnm=—1 B1

Answer: =1 1 mark

II - II .

(© cos(—7) +i sm(—§) =—i B1

Answer: —i 1 mark
2 (2 marks)

II . I

2(cos7 tising) M1

= 1+43i Al

Answer: 1 +1/3i 2 marks
3 (2 marks)

r=yl+1=42 B1

9:%,sol+i:\/§ei% B1

Answer: {2e'7 2 marks
4 (2 marks)

—4 lies on the negative real axis. r = 4 B1

0=11,50 —4=4¢e" B1

Answer: 4e™ 2 marks
5 (2 marks)

zw=3x26dE*3) = 667 B1

=6 B1

Answer: 6ei% = 6i 2 marks
6 (2 marks)

Z_84F -5 _ i3

i 5 3 =42 Bl

=4 B1

Answer: 4€'Z = 4i 2 marks
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7 (3 marks)

r=y3+1=2 B1

Fourth quadrant, reference angle %: 0= —% M1

3—i=2e"s Al

Answer: 2”5 3 marks
8 (3 marks)

E: SN
€73 =cos5- +ising M1
2n _ 1

COS? ) Al

. 2m _ 3 1 43,

sin—%- = 2,sothenumberls—§+ oL Al

Answer: —% + @i 3 marks
9 (3 marks)

1—i=y2e7'7 and3 +i=2¢'s B1

.5 .31 LI0
(L—i)>=42e7"7 =4/2¢"7 and (3 +i)> = 4€'3 M1
.31 his .51
Quotient =267 ~3) =426 Al
.51

Answer: |2 3 marks
10 (3 marks)

5= xés M1

Modulus €%, argument %: %3 Al

2 2
:2(%+3§i)=%+ 3ei Al
I 2 2

Answer: e%€'3 = % + ‘Eze i 3 marks
11 (3 marks)

€% = (cos O +i sinB)(cos @ +i sin ) M1

=(cosB cos@ —sinB sing) +i(sin B cos @ + cos O sin ) Al

=cos(0 + @) +isin® + @) =@+? AL

Answer: € x g® = @+ @) 3 marks
12 (3 marks)

. . 31
(2¢'7)% =8 M1
2 2.

= 8(—% + lgl) Al

= —4\2 + 4 2i Al

Answer: —42 + 4/2i 3 marks
13 (3 marks)

cosez—lgandsinez—% M1

Third quadrant with reference angle % M1

_ o_ /o
O=mo+ 56 Al
Answer: 0 = %I 3 marks
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14 (4 marks)
e % = cog(—0) +isin(—0) =cos® — i sinO B1
Adding: € + e71® = 2cos 0 M1 AL
Subtracting: €® — e = 2i sin @ AL

60 4+ =0 _ g0 — -0

Answer: cos@ = —— and sSin @ = ——— 4 marks

15 (4 marks)
Y3 +i= 2¢'% B1
1—i=y2e B1
B 2 JdE+D M1

1—i \/E

.51
=\2e2 Al
.51

Answer: |2 4 marks

16 (4 marks)

.31

—2+2i=22¢7 M1 AL
In(—2+20) = In(2{2) + i 5" M1
=1.04 + 2.36i Al
Answer: 1.04 + 2.36i 4 marks

17 (4 marks)
Letz=x+iy: €€y =—e M1
Modulus. € =¢e,sox =1 Al
Argument: y =11 + 2k M1
z=1+ (2k + )i, for any integer k Al
Answer: z=1+ (2k + 1)mi, k an integer 4 marks

18 (4 marks)

.0 .0
Write 1 = €2e7'2 M1
. .0 .0 .0
1+€e%=¢€z2(e72 +€2) AL
0 0 0
€2 +e7'2 = 2c0s5 M1
. .0
So1l+¢€f= 2cos%e'5 AL
. 0 _ 09

Answer: 1+e" = 2cosie 2 4 marks

19 (4 marks)
(@) €® + e =2cos 0 M1
= 2(:03% =1 Al
Answer: 1 2 marks
(b) €® —e™®=2isin0 M1
= 2i iny = 12i AL
Answer: |2i 2 marks
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20 (5 marks)
22 = 1667 M1 Al
z? _ 16 i(Z_H+E)
w-32€3 % M1
.5
=8d% Al
:8(—3§+%i):—43+4i AL
.51 .
Answer: 86's = —4/3 + 4i 5 marks
21 (6 marks)
‘o 10,100, 1 30
(a)C+|S—1+§e tget t me M1
Thisis a geometric series with first term 1 and common ratio %e‘e, whose modulus is % <1 Al
.1 _ 3
Sum to infinity = lg 3 Al
3
Answer: C +iS= 3——3ei° 3 marks
3 3—e® 3(@B-cosh+ising)
(b) 3-€% 7 3-e " (3—cos0)?+sin’0 Mt
_ 21 air20 — 0 _ _ _ 3(83—cosH)
(3—cosB)°+sin®=9—6cosO +1=10 6(:036),50C——10_6¢ose Al
S= 3sinBO
~ 10 — 6c0s O Al
.~ _33=-cosO) _._ 3sn0
Answer: C = 45— 6c050 " S~ 10— 6cos 0 3 marks
22 (7 marks)
(a) € is not one-to-one on the complex numbers; e?* 21 = ¢? E1
So e =€ doesnot imply a=b E1
Answer: € isperiodic with period 2rmi 2 marks
(b)Letz=x+iy:e*=1,50x=0 M1
y = 2km: z = 2Kki1i, k an integer Al
Answer: z = 2K 2 marks
(©e=2|=2,s0x=In2 B1
arg(2i) =%, soy=% + 2Kk11 M1
z=In2+ (5 + 2Km)i AL
Answer: z=In2+ (% + 2km)i 3 marks
23 (6 marks)
(a) Distance = [z] = 3 B1
2(0) = 3¢’ = 23 + %i B1
Answer: 3; 23 + %i 2 marks
b)agz=2t+==2 M1
t= % seconds Al
Answer: t = % 2 marks
(©)z=3¢G*% = 36T M1
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——§+ﬂ@i Al

2 2
Answer: —% + %Ei 2 marks
24 (6 marks)
o I Y N IR ¢
Numerator: €° — 1=€'2(€2 — e7'2) = €2 x 2i sinz M1 AL
. .0
Denominator: €° + 1= €'z x ZCOS% M1 AL
2i sing o
Quotient = o =i tan> Al
20087
_mi-1_(-1pa-i)_2 _._. um
9_2'i+1_ 5 =5 =i=itang B1
]
-1 . 0
Answer: —g el tans 6 marks
25 (6 marks)
2o 1,13
e'3 = 5 + 5 I B1
m_ 2 42,
er =5 5 B1
1 3.,,y2 2.
Product: (5 + lgl)(lg -5 i) M1
2,6
Read part: 7tz Al
Imaginary part: — 42 + 3@ Al
i _3[2+][6 . I _ 46 —42
COSE = Z s Slnﬁ = A Al
A . IO _y2+46 . m _ {6 —y2
nswer: COS]_2 = 2 , SN 1~ Z 6 marks
26 (6 marks)
(a) (€)= € = cos 2m +i sin2m = 1 B1
Answer: (€7)8 =1 1 mark
(b) 2026 = 8 x 253 + 2 M1
(€7) 2% = (¢17)2 (as the power 8 gives 1) Al
=7 =i Al
Answer: i 3 marks
(C) (1 + i)2026 — (\/5)2026 xj= 21013i ML AL
Answer: 21083 2 marks
27 (7 marks)
(@) i =g X i(3 + 2Km) M1
- eiz(% + 2k) Al
- e—(%+2kn) Al
Answer: i' takes the values e™(Z * 2 for integer k 3 marks
(b) The exponent — (= + 2km) is real B1
eraised to areal power is positive El
Answer: Real exponent of e 2 marks
(c)e 2 M1
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=0.208
Answer: 0.208
28 (9 marks)
(a) Geometric series with first term 1, ratio € and n terms
3 eine -1
S=g =1
. a ein(-) -1
Answer: S= )

. .no
(b) €™ — 1=€7Z x 2i sin%

eie—lze‘%XZisin%
sin% (n-10

S= ) e' 2
smi

n@
2 i (n—10
e 2

sin
Answer: S=

SH']?

(c) Take real parts of the result in (b)

n=4,6=%:sinncos3TH/sin%=0,and1+0—1+0=0

. n®@ _ (n-10

SlnTCOST

Answer: 1+ cos@ +cos20 + ... + cos(n — 1)0 = o
sin+

2

29 (8 marks)
2X — 2X AIXY — (2+i)x
e”cos x = Re(e”e"™) = Re(e )
fe(2+i)xd _ elrix
X=2+
12—
2+i - 5
e+ X = eX(cos X + i sin x)

(2 —i)(cosx +isinx) _ e*(2cosx +sinx)
5 - 5

+C

2X
Real part of €

2X
fe*cos x dx = %(ZCOSX +sinx)+C

e* .
Answer: & (2cosx +sinx) + C

30 (7 marks)
Leew=€e“w2—2w+2=0
we 228

W=1+i:\/Eei%:ex:ﬁ,sox:%InZ,andy:%+2kn
. 1 I

w=1—|:x=§In2andy=—Z+2kn

2= 2In2+i(2km + T), k an integer

Answer: z = %In 2+i(2km + %)
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De Moivre's Theorem
1 (2 marks)
(cos% +i sin%)3 = cos% +i sin% M1
=i Al
Answer: i 2 marks
2 (2 marks)
(cos%+isin%)5:cosn+isinn M1
=—=1+0i=-1 Al
Answer: (cos% +i sin%)5 =-1 2 marks
3(2 marks)
26(cos +i smlz) M1
=64 Al
Answer: 64i 2 marks
4 (2 marks)
(cos O +i sin 0)°~ 2 M1
=cos 30 +isin30 Al
Answer: cos 30 + i sin 30 2 marks
5 (2 marks)
cosO — i sinB =cos(—0) +i sin(—0) M1
(cos O — i sin 0)* = cos(—40) + i sin(—40) Al
Answer: cos(—40) + i sin(—40) 2 marks
6 (3 marks)
1+i-\/_(cos +|sm4) B1
(L+i)* = (/2)*(cosm + i sin ) M1
=4x(=1)=—-4 Al
Answer: (1+i)*=—4 3 marks
7 (4 marks)
1+iy3= 2(cos +|sm3) B1
1+|\/_)5—25(cos +|sm53) M1 AL
= 32(5 - gi) = 16 — 16y3i AL
Answer: 16 — 16\/§i 4 marks
8 (4 marks)
V3 — i = 2(cos(— ) + 1 sin(— ) B1B1
(/3 — i)® = 2%cos(—m) + i sin(—1m)) M1
=64 x (—1) = —64 Al
Answer: (3 —i)°= —64 4 marks
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9 (3 marks)
. II .. II

1—i=y2(cos(—7) +isin(—7)) B1

(1 —i)® = (4/2)8(cos(—2m) + i sin(—2m)) M1

=16 Al

Answer: 16 3 marks
10 (3 marks)

De Moivre holds for negative integers. cos(—%) +i sin(—%) M1 Al

= —] Al

Answer: —i 3 marks
11 (4 marks)

. II ! |

1+i=y2(cosz +ising) B1

(1+0)°=8(cos o +i Snm) = —8i M1 AL

I

-8 ~ 8 Al

Answer . Ig 4 marks
12 (3 marks)

Numerator: (cos 60 + i sin 60)(cos(—60) +i sin(—60)) =1 M1 AL

Denominator: cos 40 + i sin 40, so the result is cos(—40) + i sin(—40) = cos 40 — i sin 40 Al

Answer: cos40 — i sin 40 3 marks
13 (3 marks)

V3 +i=2(cosg +ising), %0 (3 +i)" = 2'cosg- + i Sn"g) M1

Purely imaginary when %H = % + k11, so n = 3 + 6k; the smallestisn =3 Al

(3 +i)*=8i AL

Answer: n = 3, value 8i 3 marks
14 (5 marks)

(cosO +isin0)®=cos30 +isin30 B1

Binomial expansion: cos®0 + 3i cos’0 sin © — 3cos 0 sin’0 — i sin*0 M1

Real part: cos 30 = cos’0 — 3cos O(1 — cos?0) = 4cos®0 — 3cos O Al

Imaginary part: sin 30 = 3(1 — sin’0)sin © — sin*0 M1

=3sin0 — 4sin°0 Al

Answer: cos 30 = 4c0s®0 — 3cos @ and sin 30 =3sin @ — 4sin0 5 marks
15 (4 marks)

V3 — i = 2(cos(— ) +1i sin(—)) B1

(/3 — )= 27%(cos gt +i sina) M1 AL

1, {3 1. 3. 1.
o G RS REE R A
Answer: —g + éi 4 marks
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16 (4 marks)

(cosB — i sinB)" = cos(—nBO) + i sin(—nB) = cosnb — i sin nB M1

Sum = 2cos nO Al

(1+1)® = (2)%cos 2m + i sin 2m), so the sum is 16 x 2c0s 21t M1

=32 Al

Answer: 32 4 marks
17 (4 marks)

1+2*=1+c0s20 +isin20 =2cos’0 + 2i sin O cos O M1 A1

= 2cos O(cos O +i sinB) = 2cos O x z Al

2\n n-n
(l+nz) = (ZCOS,?) Z = 2"cos"® Al
z z
2\n

Answer: 1+ 2% = 2cos @ x z; & +an ) = 2700570 4 marks
18 (5 marks)

c0os40 +isin40 = (cosO +isin0)* B1

Real part: cos*® — 6c0s°0 sin’ + sin“0 M1 AL

Replace sin’0 by 1 — cos?0: cos*0 — 6c0s?0(1 — cos?0) + (1 — cos’0)? M1

= 8cos*0 — 8cos?0 + 1 Al

Answer: cos 40 = 8cos'@ — 8cos?0 + 1 5 marks
19 (5 marks)

;:z‘”:cosne—isinne M1

"+ Z—ln = 2cos nB Al

1 1

z+E:2cos(9:1,soc056:§ M1

72 + 2—12 = 2c0s 20 = 2(2c0s’0 — 1) M1

— ol -

=2z -1)=-1 Al

Answer: —1 5 marks
20 (5 marks)

1+itan® =sec O(cosH +i sinO) M1 AL

(1+itan0)" = sec"B(cosnB + i sin nb) Al

o_ 2 . om.3_ 8 o, . . I

Secy = E so(1+i tang) = %(cosi +i smf) M1

_ 83,

=g Al

3.

Answer: 9 | 5 marks
21 (7 marks)

z+z 1 =2c0s0 B1

(2c0s0)° = (z+z7YH° M1

=2°+522+10z+ 1027 +52 3+ z7° M1 A1l

=22+ +5EZ+273)+10z+z7Y Al

= 2cos 50 + 10cos 30 + 20cos 0 Al

cos°0 = 1_16(COS 50 + 5cos 30 + 10cos 0) Al

Answer: cos°0 = 1—16(cos 50 + 5cos 30 + 10cos 0) 7 marks

stemup.co.uk | page 53



StemUp | Further Mathematics | Further Pure Mathematics: Complex Numbers | Model Answers

22 (8 marks)
(@) Letz=cosO +isin0: (z—z H*=(2i sin0)* =16 sin*d
z—z Y =2—-4z2+6—-4z%2+27*

= 2c0s 40 — 8cos 20 + 6, 0 Sin* = %(3 — 4cos 20 + cos 40)
Answer: sin“@ = %(3 — 4cos 20 + cos 40)
(b) [ £(3 — 4c0520 + 05 40) d = £[30 — 25N 20 + 75N 46]

At % the sine terms are zero, and at 0 everything is zero
_1l,3m1_3n
-8 2 T 16

3

Answer: 16

23 (6 marks)
(2) The modulus of 1 +i isy2, not 1

mo,..m_ 2 : .
cosy +ising = 2(1+|)7t1+|

Answer: Modulusignored

(b) 1+i=12(cos +i sing)

(1+1)® = (2)%cos 2m + i sin 2m)

=16

Answer: 16

(©) (1+0)?=2i, (2)*=—4and (—4)*=16
Answer: 16

24 (7 marks)
(cosO +isin0)®=cos50 +i sin 50
Binomial expansion with ¢ = cos 0, s=sin 0: ¢® + 5ic*s — 10c%s” — 10ic?s® + 5¢s* + is®
Imaginary part: sin 50 = 5¢*s — 10¢%s® + °
Replacec®by 1 — s%: 5(1 — 9)?s — 10(1 — s)s* + s°
=5s — 10s® + 58° — 10s® + 108 + §°
= 16s°> — 20s® + 5s
Answer: sin 50 = 16 sin°@ — 20sin®*0 + 5sin O

25 (7 marks)
(@ z+z 1=2c0s0, 50 (2c0s0)* =z* + 422+ 6+ 4272 + 274
2"+ 7z "=2cosnBd, s016c0s'0 = (2 + 27 + 42>+ 2% + 6
= 2c0s 40 + 8cos 20 + 6, so 8cos*® = cos 40 + 4cos 20 + 3
Answer: 8cos*@ = cos 40 + 4cos 20 + 3
(b) By part (a), cos 40 + 4cos 20 + 1 = 8cos*® — 2

8c0s’0 = 2, so cos?0 = % and cos 0 = +——
V2

_ o _ 3
G—ZorO—T
Answer: 9=%,37H

26 (7 marks)

(@) (cos O +i sin ©)*: real part cos®0@ — 3cos 6 sin’0
= ¢0s°0 — 3cos O(1 — cos?0) = 4cos*0 — 3cos O
Answer: cos 30 = 4c0s’0 — 3cos 0
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(b) Let x = cos 0: 8x® — 6x = 2(4cos®0 — 3cos 0) = 2cos 30, so the equation is cos 30 = % M1 A1
_ .o _ o 2kno

39—i§+2k1'[,306—i§+T M1
0= %, %H (% + %H) and %H (—% + %n); other values repeat these cosines. These are three Al
distinct roots of the cubic
Answer: cos™ c0s™ cos ™

nswer: cosg, COS—5-, COSg 4 marks

27 (9 marks)
(@ n=1z'=cos0O +isin®, true B1
Assume z* = cos k0 + i sin k0 M1
Z“*' = (cos kO + i sin kB)(cos O +i sin 0) M1
= (cos kB cos© — sinkO sin 0) +i(sin kO cos O + cos kO sin 6) Al
=cos(k +1)0 +i sin(k + 1)6 Al
True for n =1, and true for k impliestrue for k + 1, so true for all n = 1 El
Answer: z" = cosn@ +i sin nO for every positive integer n 6 marks
B . e I 1
(b) Let n = —m with m a positive integer: z~™ = ~ = GosmO + 1SNm0 M1
=cosmB — i sinmo Al
= cos(—mB) + i sin(—mB) = cos nb + i sin nB Al
Answer: Theresult also holds when n is a negative integer 3 marks
28 (8 marks)
1+e9)"=3 c(n, re™ M1 AL
r=0
Real part of the right-hand side: 2 C(n, r)cos o Al
r=0
o_ 8, 8 8 0
1+€" =€7(e”'2 + €72) = 2cos5 €2 M1 A1
. .no

(1+€%"= 2“cos“%e'7 M1
Real part: 2”cos”%cos% Al
Equating the two real parts gives the result Al

n
Answer: For every positive integer n, 2 C(n, r)cosr@® = 2”cos"%cos?, where C(n, r) isthe binomialncoeficient
r=0

29 (8 marks)
(@) (cos O +isin0)®=cos 30 +i sin 30; the real part is c® — 3cs? and the imaginary part is 3c®s M1 AL
- g
_3%-5§
tan 30 = g M1
- 3 3t—t3
Divide top and bottom by ¢ T Al
_ 3t—1t3
Answer: tan 30 = 132 4 marks
(b)tan 30 =1gives3t —t*=1-3t%iet®* - 3° - 3t+1=0 M1
_n _ o 5o 3o
39—Z+kn,909—ﬁ,ﬁ,7 M1 A1
I S 3o _ . _ _
So the roots are tan, tang, tanz- = —1; theseare 2 — (3, 2 +3, —1 Al
AnaNer:t:Z—\/§,2+\/§,—1 4 marks
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30 (8 marks)
30 _ 3
(@ cos¢ =4c” — 3c B1
cos%H =2c -1 B1
Answer: cos%rI = 4¢® - 3c, cos%n =2c° -1 2 marks
3o _ 20
(b) 5 SO- ¢ M1
COS(I1 — X) = —CO0S X Al
Answer: cos(II — X) = —CO0S X 2 marks
(c) 4c® — 3c= —(2¢? — 1) M1
4¢3 + 2¢? — 3c — 1 =0, which factorises as (¢ + 1)(4c> — 2c — 1) =0 M1 AL
c=—1isimpossble, and 4c> — 2c — 1 =0 givesc = 1%@ (the positive root) Al
A . m_ 1+45
nswer: COSg = ) 4 marks
Roots of Complex Numbers
1 (2 marks)
z*=1givesz? =1 M1
z=1 —-1,i, —i Al
Answer: z=1, =1,i, —i 2 marks
2 (2 marks)
Square root: halve the argument and take the square root of the modulus M1
II .o I
y2(cosg +i sing) AL
Answer: \/E(cos% +i sin%) 2 marks
3 (3 marks)
. 2km . . 2km;
8 = 8(cos 2kt + i sin 2k11), so z = 2(cosT +i smT) M1
k=0:z=2 B1
k=122z=-1%43i Al
Answer: z=2, =1 ++3i, =1 — 43i 3 marks
4 (3 marks)
Roots have modulus 1 and arguments Zan B1
2 4 411 21
Arguments O, 555§ M1
.o A o 2n an .o 4
cosO+isn0=1and cos(i?) +i sm(i?), cos(i?) +i sm(i?) Al
Answer: 1, cos(+2) +i sin(+ ), cos(+ ) + i sin( ) 3 marks
5 (2 marks)
. II .o I II
| = cos +i sin, so aroot has argument 7 M1
2 2.
z= J_r(g + lgl) Al
Answer: i(lg + lgi) 2 marks
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6 (2 marks)
—4i = 4(cos(— %) + i sin(—7%)), S0 aroot is 2(cos(— ) + i Sin(—7))
2 =22 — y2i)
Answer: £(y2 — y2i)

7 (4 marks)

—16=16(cosmm +i sin),soz= 2(cosrI +42kn +isns +42kn)

mo3mo_snmo_ o

4 4 4 4

z = +/2 +\2i; the roots lie at the corners of a square inscribed in the circle of radius 2
Answer: z = +2 +/2i

Im
A

Arguments

—V2+V2i o V2 4+v2i

r T T T »Re
-3 -2 |-1 1| 2

_1 4
—V2—-v2i V2—V2i

8 (4 marks)

. o . . I o 2ko . .o 2Kk
8i = 8(cos§ +i smf), s0z= 2(cos(7 + T) +i sm(7 + T))
o 5o I
Arguments 6 6’ 2

z=y3+i, =3 +i, -2
Answer: z=43 +i, =3 +i, =2i

9 (4 marks)
30i = 3267, 0 [z| = 32Y5 =2
II
_2'M o
agz=—"%5 =105

. s .9
k=0,1, 2 z=2e'1, 2e'7, 26'0
.3 .
k=-1 —2z=2e""10,2e"'™
i

R L L P L L .
Answer: z=2e'10, 262, 2¢'10, 2710, 2710

10 (4 marks)
zZ= cosZI(TH +i sinZKTH, k=0,1,..5

k=0Oandk=3:z=1landz=-1
ﬁ.
+ 2I
2.

LB

N|

k=1,2451z=%

N|

Answer: z=+1, +
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—Y%+(V3/2)i 1. Y2+ (V3/2)i

Re
1

—Y—(V3/2)i ~1 Yo—(V3/2)i
11 (4 marks)

lz| = 16Y4 =2 B1

_ 21'1+2k1'[ _r[+kr[
agz=(z+—7)=gt+t>5 M1
Arquments & 2L 70 Sm L o.m 20 5m @
rguments =, -, 5, 3,som( 1'[,1'[].6, 3" 6 "3 Al

z=2(cos O +i sin B) for each of these 6 Al

Answer: z=2(cos @ +i sin 9),6=%, ZTH —STH, —% 4 marks
12 (3 marks)

Sum=2(1 + w + w?) M1

1 3. 1 3.

1+w+w2=1+(—§+3g|)+(—§—g|)=0 Al

Product = 8w? = 8(cos 211 + i sin 2m) = 8 Al

Answer: The sum of the cuberootsis 0 and their product is8 3 marks
13 (4 marks)

1 - iyf3 = 2(cos(—35) +i sin(—3)) B1

A square root has modul us«/? and argument —% M1

I . I 6 2.

Y2(cos(—5) +isin(=5)) = g - g| Al

The roots are 1(@ - lgi) Al

Answer: i(lg - lgi) 4 marks
14 (4 marks)

A+ 4| =242 =252 grq= %

|—4 +4i| = 42 = 2% arg = B1

|Z| — (25/2)1/3 - 25/6 M1

_(3m, Zamy @ 2k
agz=(z +—3)=7+3 M1
.o o 1lo 5m
z=25’6(cose+|sm6),6=z, T Al
. _ 56 o _Im 1llm 5o
Answer: z=2"°(cos @ +i sin 0),0—? T~ 1 4 marks
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15 (4 marks)
8+ 8/3i| = 16 and arg = 5 B1
lz| = 16¥4 =2 B1
-, koo
argz = 2t M1
g= L rm 1o 5o
T2 12T 12012 Al
o .o _ o 7 11 51
Answer: z=2(cos@® +i sin 9),6—E, o T o 4 marks
16 (4 marks)
z+1= 2(0052kTH +i sinZkTH) M1
z+1=2,—1+43i, =1 —3i Al
z=1 Al
z=—2+3iorz=—-2—3i Al
Answer: z=1, =2 ++3i, =2 — {/3i 4 marks
17 (4 marks)
. II . |
{3 +i=2(cosg +ising) B1
(/3 +i)° = 8(cos; +i sinz;) = 8 M1 AL
72 = 8,50 2 = +2y2(cos; +1 sing) = £(2 + 2i) AL
Answer: z=2+2iorz==-2-2i 4 marks
18 (5 marks)
(a)z“:—4:4(cosn+isin11),so|z|:\/§andargz:%+'(7H M1 AL
z=y2(cos +1isinz) = 1+i, and similarly the others Al
Answer: z=1+i,=1+i,=-1—-1i,1—i 3 marks
b)(z—1—-i)z—1+i)=22—2z+2and(z+1—i)(z+1+i)=Z+2z+2 M1
P +4=(2—22+2(Z2+22+2) Al
Answer: (22 = 2z + 2)(Z% + 2z + 2) 2 marks
19 (4 marks)
z= 2(cosk?H +i sin%n), k=0,..5 M1 Al
Positive imaginary part: k = 1 and k = 2, giving 1 + /3i and —1 + /3i M1
Sum = 2y/3i Al
Answer: 2\/§i 4 marks
20 (5 marks)
The vertices are at 90° intervals about O, so each is obtained by multiplying by i M1
i+ =—1+2i Al
i(—1+2)=—2—iandi(—2—i)=1— 2i AL
c=(2+i0)*=(3+4i)? M1
=—7+ 24 Al
Answer: =1+2i, =2 —i,1—=2i;c==7+24i 5 marks
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21 (7 marks)
(a) 32 = 32(cos 2kt + i sin 2kiI)

2= 2052t +i Sn2et), k=0,1,2, 3,4

5
Equivalently, arguments 0, i%n, i%ﬂ

Answer: z = 2(c0:;2kTII +i SinszH)
(b) The roots are equally spaced on the circle |z| = 2: aregular pentagon

Answer: Regular pentagon

(c) The pentagon is five congruent triangles with two sides 2 and included angle %H

_ 1 o . 21
Area—5><§><2 X Sin—g-
=951
Answer: 9.51
Im
A
2
T/l-
2| -1
_1_
22 (8 marks)
z=1isnot asolution, so divide by (z — 1)* (Zzi11)4 =1
;%llzw,whaew4:l,sow:l,i,—lor—i
w=1:z+1=z— 1hasno solution
_w+1
Tw-—1
Lo+l @+i(=1-i) _ -2 _
Wb 2= T T =+ (—1—-1) 2 !
w=-1.z=0
w=—i:z=i.Solutionsz=0, i, —i

Answer: z=0, i, —i

23 (7 marks)

(a) Only one of the three cube roots was found; the argument 1 + 2k must be used

. . . 2k
A cubic equation has three roots, with arguments & +3 &

Answer: Missing roots: must use i + 2k

II

II
(b) Arguments 50, -3

z=2(cosg +ising) =1+13i,z= -2

3
z=1—43i
Answer: z=—2,1++3i, 1 —+3i
(© (1 +4/3i) + (1 — y3i) + (-2
=0

Answer: Thethreeroots sum to zero
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24 (6 marks)
(a) (3+3i)?=18i M1
w = (18i)? = —324 Al
Answer: —324 2 marks
(b) The roots are equally spaced at % intervals. multiply by i repeatedly M1
—3+3i,—-3—3i,3—3i Al
Answer: =3+ 3i, =3 —3i,3— 3i 2 marks
(c) Sidelength=|(3+ 3i) — (—3+ 3i)|=6 M1
Area= 36 Al
Answer: 36 2 marks

25 (7 marks)
(z3 +8)(z2—1)=0 M1 AL

2k 2k11
=liz=cos—35 + i Sin—— 3+ S0 arguments 0, +—-, modulus 1 M1 Al
#=-8|7=2andagz= " +32kn M1
II

Arguments 3L, -3 Al
Roots: 1, Cos(i—n) +i sjn(i%n), 2(cos(+5) +i sin(+3)), —2 AL
Answer: 1, 00523 i sm2 2(cos3 *isn 3) -2 7 marks

26 (6 marks)

. - _E
L —il=y2andarg(l —i)= -7 B1
2= (2)"° =2"° M1
o 2ko
agz= (—— + —) M1
o 7o 30

Arguments SRV I Al
Smallest argument — 3 2 = 2%8(cos(— 31) + i sin(— 1)) M1
= —0.794 — 0.7%i Al

Answer: 2”6(cos(—%) +i sin(=15 )) 2”6((:03— +i sm—) 2Y8(cos(— —) +isin(— )) —0.794 — O

27 (8 marks)

(@) wisarootof 22— 1=0,w # 1 B1

—1=z-1D)A+z+22+22+7% M1

Sol+w+w’+wi+w=0 Al

Answer: 1+ w + w? + w3+ w*=0 3 marks

. . 2 4

(b) w® and w* are the conjugates of w? and w, so the real parts satisfy 1 + ZCOS?H + ZCOSTH =0 M1
2m oA 1

Cosg- +C0sg = =75 Al

A 2u o Am_ 1

nswer:. COS— 5 COS—(— 5 5 2 marks
i 2 __1 2 _

(c)Letc-cos?.c+2c —1=-5,504c +2c—1=0 M1 A1
—1+45 Y 21 .

c= % (the positive root, as ?H is acute) Al

5-1
Answer : L 3 marks

4
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28 (9 marks)
(a) —64 =64(cos 11 +i sin 1)
n+2ko . . m+2ko
z = 2(cos 5 tisin—g )

= 2(cos(g + 9 i sn(l + 99, k=0, ... 5
n ko . . m ko
Answer: z = 2(cos(€ + T) +i sm(€ + T))

(b) Theroots lie on |z| = 2 with consecutive arguments differing by %
Six equilateral triangles of side 2

Area:6x34é><22:6\/§
Answer: 63

(© Thesumoftheargumentsis6><%+%(0+1+2+3+4+5):n+5n:

Product = 2%(cos 611 + i sin 61) = 64
Answer: 64

Im

»Re
29 (8 marks)
(@z= cosl%H +i sin%n, k=0,..5
_ 1,43,
z=14%1, 5+ 5

\/_

(b) Complex roots occur in conjugate pairs: (z — % - lgi)(z - % + 73i) =z22—z+1

—1=-Dz+)(ZP-z+1)(Z+z+1)
Answer: (z— 1)(z+1)(Z*—z+1)(Z*+z+1)
©z°—1=(Z® - 1)(*+7°+1)
Sozt+Z22+1=(Z2—z+1)(Z2+z+1)

_ .1 43
Z—iﬁi 2|
Answer z=i£i3@i
2 2
30 (9 marks)
. II . I
@i= cos% +isins
o 2ko ..o 1 2ko
W =cos(7 + =37) +isin(z + =37)
= E+E 5_H+5_H _E+"_E
W = Cosg +i sing, COS— |S|n6,cos( 2) isin 2)
S S5

I . . II .. II .. II
Answer: w = cos¢ +i Sing, COS—& +i sin—-, 005(—7) +i sm(—?)

6 6’ 6
b)w(z+1)=z—1sowz+w=z—-1
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zl—-w)=—=1-—w,givingz=+— 1+

+w
T—w Al
Answer: If w = Z:11thenz—1l_—W 2 marks
(c)1+w=e‘7><2cos%and1—w=—e‘%><2isin% M1
2cos 2
. _ . 9
Quotient = —— =i cot 5 Al
~2i sing
Answer: If w = W oo cot% 2 marks
(d)z—lcot —(2+\/_)|andz—|cot = (2 — 3)i M1
z=i cot(—z):—i Al
Answer: z = (2 +43)i, (2 — 3)i, —i 2 marks
Roots of Unity
1 (2 marks)
The roots of z° = 1 all have modulus 1 B1
They are equally spaced, so consecutive roots differ in argument by %H B1
Answer: Modulus 1; angle Z?H 2 marks
2 (2 marks)
i2=-1 M1
i‘=(-1?=1 Al
Answer: z =i isafourth root of unity 2 marks
3 (2 marks)
2kt 2kt
The roots are Cos—5— +i smT M1
_ o o 31
6 =0, iZ’iE’iT’H Al
Answer: 0 =0, i%, i%, iSTH, n 2 marks
4 (2 marks)
2 — 4_H +i 9 4_H
W =cos3- +isin3 M1
= cos(— 22 +i sin(— ) AL
Answer: cos(— 22 + i sin(= 22 2 marks
5 (2 marks)
(@ wi=1 B1
Answer: 1 1 mark
(b) The sum of the cube roots of unity is zero B1
Answer: 0 1 mark
6 (2 marks)
2kt . 2ko
The roots are Cos—=— + i Sin—— = B1
The imaginary part sinZKTH iszeroonly for k =0,soonly z=1isred B1
Answer: One: z=1 2 marks
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7 (3 marks)
Roots have modulus 1: they lie on the unit circle B1
Arguments O, J_r%n, i%n: equally spaced with one root at 1 B1
They are the vertices of aregular pentagon B1
Answer: Regular pentagon inscribed in the unit circle 3 marks
Im

A

A
1
1
T/ Re
11\
_1 .

8 (3 marks)
_ kom . . koo
z-cosT+|smT,k—0, vy 1 M1
k=0,2,4,6:z=1,i, -1, —i Al
k:1,3,5,7:z:igi 22i Al
Answer: z = +1, i, igi 22i 3 marks
9 (4 marks)
wi=ls0wl=w’xw=w M1 A1
w—4 - (U_4 x we - wz Al
WP =(w)Exw=w Al
Answer: WP =zw, w =z w? wP=w 4 marks
10 (3 marks)
l-w@l-w)=1-w-w+w® M1
wi=landw+w?=-1 Al
=1+1+1=3 Al
Answer: (1 — w)(1 — w?) =3 3 marks
11 (3 marks)
_ 21 .21
1—w—1—cos?—|sm? B1
1-wP=01- cos%n)2 + sinz%H =2- ZCOS%H M1
. oI . II
=4sn’z, 0|1 — w|=2sing Al
Answer: |1 — w|=2 sin% 3 marks
12 (3 marks)
By De Moivre, the left sideis cosg +i sing M1
This equals 1 when n7n isamultiple of 211, so nisamultiple of 14 Al
n=14 Al
Answer: n=14 3 marks
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13 (3 marks)
Z2—-1=z—-1)(Z*+z+1)=0,02°=1
70 = (2°)%z% = 72 and z*° = (z})®z = z, 0 the expression iszZ? +z+ 1 =0

Answer: 0

14 (4 marks)
Geometri . _l-w"
eometric series: sum = 37—

w"=cos2m+isn2m=1and w # 1, sothesumisO
Real part of wX is COSZkTH
Taking real parts of the sum gives the result

n-1_

211 4
Answer: 1+ w + w2+ ... + w 0; cosO+cosT+cosT+...+cos

n
15 (4 marks)

lL+w)+(l+w) _ 2+w+w?

L+w)(l+w?) 1+w+w’+w

Numerator: 2+ (=1) =1

Denominator: 0+ 1 =1, so thevalueis 1

Answer: 1

Combine;

16 (4 marks)

20 411 6m 8 10 120
Realpart1+cos7 =+ C0S—- + CO0S—-~ + COS—=— + COS—=—

6r 10 _ 4n 120 _ 2n
7 COS—7 = COS 7 COS—7 = CO0S 7

20 41
1+ 2(cos7 + COS—=-

+ cOS—=- =0

8
COS——

7 = COS—~

+ c0567n) =0, giving the result

4n ém _ 1

+ C0S—=- + CO0S—=- = —5

Answer: cos 2
nswer . COS—— 7 7 2

=

17 (4 marks)
Roots 1, i, —1, —i: the vertices of a square on the unit circle

The diagonals have length 2, so the area = % X2x2=2

P —1=zZ-Dz+1)Z#+1)
Answer: Squareof area2; (z — 1)(z + 1)(z° + 1)

18 (4 marks)
w* = w ™t isthe conjugate of w
-1 _

2
2cos—H

Sum of roots= w + w =

Product of roots = w® = 1, so the equation is z? — ZCOS%HZ +1=0

4
Roots w?, w?: 22 — 2COS?HZ +1=0

4
Answer: 72 — 2COS?HZ +1=0

19 (5 marks)

_-1xy{-3 _ 1 43
(@z= 5 =5

2 1 .2 3 -
cos—H=——,sm—H—£,sotherootsareu)and 2=w

3 2 3 2
21

'|'IS|I'13

Answer: Therootsof Z2Z+z+ 1=0are w and w? where w = 00523

b)Z=worz®=w?ie 7’ cos(+—) +i sm(+ )
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2 2k
agz= iT + 3 M1
_,2n 4o 8o
0= i?, iT, i? Al
Answer: 0 = i%, i%, i%[ 3 marks
20 (5 marks)
la+ bw[? = (a+ bw)(a+ bw) M1
= a + ab(w + W) + b*ww M1
w+6:2cos%r[:—landw6:1 Al
la+ bw|* = a® — ab + b? Al
I3+2w[?=9—6+4=7,0|3+2w| =47 AL
Answer: |3+ 2w| = ﬁ 5 marks
21 (10 marks)
@z2"—1=(z- 1)z - w) .. (z— w"?) since these are its n roots M1 A1
2"—1=(z—-1@A+z+..+2z""), sodividing by z — 1 givesthe first result Al
Putz=1:1+1+..+1=nontheleft M1
SOl-w(@l—-w).l-w"Y)=n Al
Answer: 1+z+2°+ . +2" ' =z-w)z-w?) .. (2= 0" ), 1 - w)(1 — w?) ... (1 — ®"Y) = ns marks
M)yn=4w=i,s0(1—-i)1-i)L-i%=1-)2@L+i) M1
=2x2=4 Al
Answer: (1= DA —-i)(1—i%)=4forn=4 2 marks
(c) Product of the moduli: Zsin% X 2sin%rI X Zsin%rI X Zsin%H =5 M1
.3 _ . 21 -5 S & L oIl . 521
sing- =sin¢ andsm?—smg,somsm gsm?—S M1
. m_ 2n _ 5
smgsm? = Al
Answer: sin% sinz?11 = @ 3 marks
22 (6 marks)
(a) The sum of al five fifth roots of unity isO El
The student has left out w* E1
Answer: w* ismissing 2 marks
b)l+w+w?+wi+w*=0 M1
SO0l+w+w+w=—-w! Al
Answer: —w* 2 marks
(© |-w = Jol* M1
=1 Al
Answer: 1 2 marks
23 (8 marks)
(X + WY + W?2)(X + WY + WZ) = X% + WXY + WXZ + WXY + WY + WYz + WXz + Wiz + M1 AL
w3z
Usngw®=1, w*=wandw +w?=—1:=x>+y?+ 22 = xy — Xz — yz M1 AL
X+y+2)(X°+y?+ 22 —xy —yz—z2x) = x>+ y3 + 22 — 3xyz M1 AL
With x,y, z=1, 2, 3: the second and third factors are conjugates, so the product = |1 + 2w + M1
3w2|2
1+2w+3w?=—2— w,with|-2 — w]?=4+2(—1) + 1 = 3, so the expression is6 x 3 =18 Al
Answer: 18 8 marks
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24 (6 marks)
If risamultiple of n, w" = cos2mm +i sin 2mi = 1 (r = mn) M1
Each term w*" = 1, so the sumisn Al
Otherwise w" # 1, and the sum is a geometric series with ratio w" M1
Sum: w Al
l1-w
(W)"=(M'=1 M1
So the sum is 0 Al
n—-1
Answer: 2 w*" = n when r isamultiple of n, and 0 otherwise 6 marks
k=0
25 (6 marks)
(@ V(1 +w + w? M1
=0,asl+w+w?=0 Al
Answer: Vog+V,;+V,=0 2 marks
(b) V1 = Vol =V]w — 1 M1
0 — 1P = (-3)%+ (@)2 = 3, 50 the voltage is {3V AL
Answer: [V, — Vo =43V 2 marks
(©) 3 x 230 M1
= 398 volts Al
Answer: 398 V 2 marks
26 (7 marks)
(a) Coefficient of z* —2c, — 2¢c, =1 M1 AL
Coefficient of z: 1+ 4c,c, +1=1 M1
Socl+c2:—% andclczz—% Al
1 1
Answer: ¢; + C; = =5 and .6, = =7 4 marks
(b) ¢, and ¢, are the roots of x> + %x - % =0,ied’+2x—1=0 M1
_ 1245
X=—7 Al
c1>0>cz:cos%n=3@,co%n=—@ Al
Answer: cosz?rI = 3@, cosd'?lI =_1 +4 > 3 marks
27 (9 marks)
(@ w+w?+..+w=—1becausel +w + ..+ w®=0 M1
o + B contains exactly these six terms; o + f = —1 Al
Answer: a+ B =-1 2 marks
b)ap=w*+wl+w +w+w +wl+w’ +w’+w? M1
Using w’ = 1: w’ appears three times, w® = w, w° = w? w'® = w?* M1
SoaB =3+ (w+w?+ wd+w+w®+wb Al
oafp=3-1=2 Al
Answer: affp =2 4 marks
(c) a and B aretheroots of x>+ x +2=0 M1
_ —lxy=7
X = 5 Al
1 7o, 1 o7
a=-z+5ihp=-7 -7l At
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Answer: a——l+£ B=- gi
28 (8 marks)
2kn 22kH 2kt

@ 1 — w?= (1 — cos=~)?+sin =2 — 2c0s——

= 4sm2kH and sinkT > 0 for these k

Answer: |1 — w¥| = 25inkTlI fork=1,2 ..,n—-1

n—1

(b) Take the modulus of the given product: 2 [1—w¥=n
k=1

n—1 L .(n—l)n_

2 sing .. Sin— =n

Divide by 2"*

A TR | SN | § . (n=m _ n

nSwer: sin_ Sin—= ... SN——=— =~y

.M om o T 20 B 1 43 3. 1_3

(c)smgsmgsmism3 sm6 5 X5 X1IxHo x5=q95

6_3

25 7 16

Answer: Both equal 1%

29 (7 marks)
@2°-1=F -1 +22+1)
The nine ninth roots w*, k =0, ..., 8, satisfy z° = 1
k=0, 3, 6 satisfy z> = 1, so the other six arerootsof 2 + 22+ 1=0
Answer: w* for k=1,2 4,5,7, 8, aretherootsof 22 +z°+1=0
(b) The sum of the roots of z° + z* + 1 = 0is 0, as the z° coefficient is zero

. 21 411 8m 10 _ 8 140
Real parts: 2(cos? +C0sg~ +COSg +. ..) with COS—g— = C0S—5~, COS—g~ =
cosz—H
9
AmT

So 2(cos +Cos5 + cos 9 ) = 0 and the result follows

2n 4 81t
Answer: coOS—- + C0S—o- + Co0S—o- =0

9 9 9

30 (8 marks)
(@) lw|=1s0ww=1
1 1-—w

1-0 (1-wl-w)
Denominator: 1 — w — w+1=2 — (w + w)

Numerator real part: 1 — Re(w), denominator = 2(1 — Re(w)), so the real part is%

_ 1 .1
Answer: Thereal part of 7— is5

(b) The terms for w* and w" ™ are conjugates, so the imaginary parts cancel
Each of the n — 1 terms has real part %
n—1

Sum = 5
n

-1

Answer: 5
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Geometrical Transformations Using Complex Numbers

1 (2 marks)

w=(Q+)+3—-2i=4—i B1

T isatrandation by the vector _32) B1

. . 3

Answer: 4 — i; trandation by (_2) 2 marks
2 (2 marks)

w=2@8—-i)=6—2i B1

An enlargement with scale factor 2 and centre the origin B1

Answer: 6 — 2i; enlargement, scale factor 2, centre O 2 marks
3 (2 marks)

w=i(2+3i)=—3+2i B1

A rotation through % anticlockwise about the origin B1

Answer: —3 + 2i; rotation % anticlockwise about O 2 marks
4 (2 marks)

w=4-—5 Bl

A reflection in the real axis B1

Answer: 4 — 5i; reflection in thereal axis 2 marks
5 (2 marks)

II .. II .

a= 3(cos(—7) +i sm(—f)) =-3i M1

w=-=3i(2+i)=—6i +3=3 — 6 Al

Answer: a= —3i; theimageis3 — 6i 2 marks
6 (3 marks)

Imageof 1isl+i B1

Imageof iisi(L+i)=—1+i B1

[1L+i]= \/E and arg(1 +1i) = %: enlargement scale factor \/5 and rotation through % anticlockwise B1

Answer: 1+iand —1 +i; enlargement {2 and rotation % 3 marks
7 (3 marks)

w—(1-i)=2z M1

w—(1-=10)]=2=2 Al

Circlewith centre 1 — i and radius 2 Al

Answer: |w —1+i|=2 3 marks
8 (3 marks)

u=x+landv=y B1

x=u—1landy=v:v=2(u-—1) M1

v=2u-—2 Al

Answer: v=2u— 2 3 marks
9 (3 marks)

w=i(Xx+iy)=—=y+ix,sou=—-yandv =X M1 Al

y =X becomes —u=v,i.e.v=—u Al

Answer: v=—u 3 marks

stemup.co.uk | page 69



StemUp | Further Mathematics | Further Pure Mathematics: Complex Numbers | Model Answers

10 (3 marks)
2 +i| =45, so the scale factor isy5 B1
arg(2 +1) = tan'(3) M1
Rotation through 0.464 radians anticlockwise Al
Answer: Enlargement /5 and rotation 0.464 rad anticlockwise 3 marks
11 (4 marks)
@z=3z—-4 M1
z=2 Al
Answer: z=2 2 marks
byz1—-i=1 M1
_ 1 1+
Z=95-3 Al
Answer: z = % 2 marks
12 (3 marks)
Rotation about c: w — c=i(z — c) withc=1+1 M1
w=iz+cl—i)=iz+ (1 +)A—-1) Al
ziz+2 Al
Answer: T can bewritten asw =iz + 2 3 marks
13 (4 marks)
(1+0)?=2i, (2)*=—4,(-3)°=9 B1B1
wl = |z M1
|z| = 2 gives |w| =4 Al
Answer: 2i, =4, 9; |w| =4 4 marks
14 (5 marks)
_ 1 _x-=iy
ToxHily T ox2+y? M1
- _ X -y
u—X2+y2andv— Xty Al
2 2 X+y? 1
u - (X2+y2)2 - X2+y2 M1
Forx=1u= s, 0ul+vi=u Al
1+y
u > 0 so the origin is excluded: the image is the circle with centre (%, 0) and radius % without the Al
origin
Answer: u? + v2 = u (origin excluded) 5 marks
15 (5 marks)
Forrea z,|z—i|=|z+i|(z—iand z + i are conjugates) M1 Al
Sow|=1 Al
z=0:w= _TI =-1 Bl
o 1-i_@a-i2
Z‘l'W‘1+i‘ 5 = i Al
Answer: |w| = 1; images —1 and —i 5 marks
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16 (5 marks)
W = (X +iy)? = x? — y? + 2xyi M1
u=x%—y?v=2xy Al
x=Lu=1-—y?andv=2y Al
v v2
y=5,90U= 1- xT M1
V2
u=1-—, aparabola Al
V2
Answer: u=1-— xT 5 marks
17 (4 marks)
w|=2gives|z+ 3| =2z — 1] M1
(X +3)?+y?=4[(x — 1)®>+y?], where z = x + iy M1
3?+3y?—14x —5=0 Al
7o o 64 . . 7 .8
(x — §) ty =3 acircle with centre (§1 0) and radlus§ Al
Answer: (X — %)2 +y?= %: circle, centre(%, 0), radiusg 4 marks
18 (5 marks)
0—-2,1->3+i B1B1
1+i->A+D)2+2=2+2i,i-il+i)+2=1+i B1
_ LN_ I
IL+i]=y2 andarg(1 +i) = 5 M1
Enlargement scale factor \/E , rotation % anticlockwise (both about O), then translation by S) Al
Answer: Images2,3+i,2+ 2,1 +i 5 marks
Im
A
2 SN S
/7 N
/7 Y
1 // \\,
N /
N //
5. »Re
1 2 3
19 (4 marks)
atb=3anda+b=1+2i M1
Subtract: a(1 — i) =2 — 2i M1
a=2 Al
b=1 Al
Answer:a=2,b=1 4 marks
20 (4 marks)
a= 2(cos% +i sin%) M1
= 1+43i Al
w=(1+y3i)(L+i)=1+i+3i —43 M1
= (1 —y3) + (L ++/3)i AL
Answer: a=1+43i, image (1 — y/3) + (1 +3)i 4 marks
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21 (7 marks)
@a2+i)=@2—-i)(2+c+i) M1
2-N2+c+i)=22+c)+1+(2—(2+c)i=(2c+5)—ci M1
Readl parts: 2a=2c + 5. Imaginary parts: a= —c¢ Al
—20:2c+5,soc:—%anda:% Al
A .._5 __5
nSNer.a—Z,C— Z 4 marks
. 5z _
(b)w—zglv%m—z M1
5z2=2(4z — 5),s0z(4z— 10) =0 Al
-0 _5
z=00rz=3 Al
Answer: z=0and z= g 3 marks
22 (7 marks)
@z=iy:iy—1=liy+1,s0w/=1 M1 A1
_ (1t —iy) _yAP-1 2y
w = 1y _y2+1+y2+1| M1
w =1 would need y?> — 1 = y? + 1, which isimpossible: the point 1 is excluded Al
Answer: |w| = 1, excludingw =1 4 marks
1
= --1
__—_1 —_z—1_z _1—z__
(b)For|z|—1.z—Z,sow—E+1—1+1—1+Z— w M1 A1
4
Sow +w =0, i.e. Re(w) = 0, sow lies on the imaginary axis (z = —1 is excluded because w is Al
undefined there)
Answer: Re(w) = 0, so theimage lies on the imaginary axis 3 marks
23 (6 marks)
(a) The modulus of z2 is |z, not 2|z| E1
(22| is the modulus of 22) El
Answer: |Z?] = |z)? 2 marks
(b) w| =[zI*=9 M1
Thecircle |w| =9 Al
Answer: |w| =9 2 marks
(Qw=2z° givesz:i\/W, so z and —z have the same image M1
Bothzand —zlieon|z| =3 El
Answer: z and —z have the same image 2 marks
24 (7 marks)
(a) R isasector of radius 2 and angle% M1
_1 o _ I
Area—EX4xZ—§ Al
Answer: % 2 marks
(b) w|=|z]* < 4 M1 AL
II
argW:Zargz,SOOSargwsi M1 Al
The image is a quarter-disc of radius 4 with area %n x 16 = 4n Al
Answer: Quarter-disc |w| = 4,0 =argw = %; area 41 5 marks
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25 (6 marks)
@z—c=2 B1
wW—c=ix2=2 M1
w =3+ 4i Al
Answer: 3 + 4i 3 marks
(byz—c=(1+5)—(3+2)=—2+3i B1
Clockwise: multiply by —i: —i(—=2 + 3i) =3 + 2i M1
w=c+ (3+2)=6+4i Al
Answer: 6 + 4i 3 marks
26 (7 marks)
_— L _ I
@1 —il=y2,agl —i)=—7 B1
Enlargement scale factor /2, rotation % clockwise (both about O), then translation by (é) B1
Answer: Enlargement \/E rotation % clockwise, translation 0 2 marks
(b) Centrei mapsto (L — )i +2=3+ M1 A1
Radius is multiplied by y/2: circle jw — 3 — i| =42 Al
Answer: [w — 3 —i| =42 3 marks
(c) Image radius 2, so area =11 x 2 M1
= 2m (the area scale factor is 2) A1
Answer: 21t 2 marks
27 (9 marks)
@ |z+ 2=z — 4| M1
(X+22+y?=x2+(y — 4)° M1 AL
AX+4=—-8y+16,s0x+2y =3 Al
Answer: x+2y =3 4 marks
(b) 1+ 2 =3, so the pointison the line B1
3+i 3+ +3i S
:1—3i:( )1(0 ):I,Wlth|W|:1 B1
Answer: w =i 2 marks
(c) wisreal when (z + 2)(z — 4i) isred: (x + 2 +iy)(X — (y — 4)i) M1
Imaginary part: xy — (X +2)(y —4) =4x —2y+8=0 Al
y = 2x + 4 (excluding z = 4i) Al
Answer:y=2x+4 3 marks
28 (9 marks)
(@) |z — 2| =2 gives (x — 2)2 +y? =4, sox? +y? = 4x M1 AL
w=l=X"W X M1
~z x2+y2’ x2+y2
-x_1
U=2x =1 Al
Answer: u = % 4 marks
(b) [z — 3| =1givesx*+y?> —6x +8=0 B1
w= 2 givesx = 2 andx?+y? = —— M1 A1
=79 BETARY: y_u2+V2
1—6u+8(u2+v2):0,sou2+v2—%u+%:o M1
(u—g)2+v2:é A1
An er'(u—§)2+v2—i 5 mark
SWer: 8 =& marks
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29 (9 marks)
@) z=€3z+2 021 - €3)=2 M1
LS S .
l—-e3= 5 51=¢e’3 Al
z=2d3 M1
= 1+3i Al
Answer: z=1+43i 4marks
(b) w — c=€3(z — ), withc = 1 + y3i M1
A rotation through % anticlockwise about 1 ++3i Al
Answer: Rotation through % about 1 +/3i 2 marks
(c) First: wy =iz. Second: w =i(w; — 1) +1 M1
w=i(liz=1D)+1=—z+1—i Al
Invariant: 2z=1—1i,s0z= %: a half-turn about this point Al
Answer: z = % 3 marks
30 (8 marks)
(a)%:%(cose—isin 0) B1
W:(r+%)cose+i(r— %)sine M1 A1
u? viooo 2 . o .

5t T, = CO 0 +sin“® =1, an elipse Al
r+9)° r=7)
Answer: Ellipse 4 marks
(b) Semi-axesa=r+ < andb=|r — 7| B1
a’ — b? = 4, so thefoci are at distance 2 from the centre, on the real axis Al
Answer: Foci +2 2 marks
(9gr=1:v=0andu=2cos6 M1
The image is the line segment from —2 to 2 on the real axis Al
Answer: Thesegment —2=su=2,v=0 2 marks
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