StemUp | Further Mathematics | Further Pure Mathematics: Complex Numbers | Question Pack

I ntroduction to Complex Numbers

1 Write each of the following in the form ki, where k is a real number or a surd in simplest form.
(@ y—49 [1
(b) y-12 (1]

2 Write down the values of i'° and i%. (2]

3 Write down the real part and the imaginary part of each number.

@ 5-—09i [1]

(b) 4 (1]

(o 8 [1]
4 Solve the equation 3x? + 48 = 0. [2]
5 The real numbers aand b satisfy 2a+ 3bi =8 — 12i. Find aand b. [2]
6 State whether each of the following isrea, purely imaginary or neither.

@ i? [1]

(b) 3i° [1]

(€ 2+i [1]
7 Solve the equation x> — 6x + 13 = 0, giving your answers in the form a + bi. [3]

8 Simplify each of the following.

@ i 2]
1

©) = [1]
9 The real numbersaand b satisfy (a+ b) + (a— b)i =7 + 3i. Find aand b. [3]
10  Solve 2x* + 6x + 7 = 0, giving your answers in the form a + bi. [3]
11 A student writes"{—2 x —8 =16 = 4".

Explain why this is wrong and state the correct value of —2 x y—8. [3]
12 Find the quadratic equation with real coefficients which has roots 2 + 3i and 2 — 3i. [3]
13 Show that i" +i™ +i™2 + ™3 = 0 for every integer n. [2]

14 The quadratic equation x> + px + ¢ = 0, where p and q are real, has aroot 1 + 2i. Find the

values of p and g. [4
15  Show that x = 1isaroot of x> — 3x? + 4x — 2 = 0, and hence find the other two roots. [5]
16  Findtheexact vaueof i +i?+i%+ ... +i%. [4]

17 Find the set of values of the real number k for which the equation x> — 2kx + 3k + 4 = 0 has
no real roots. [4]

18  Therea numbersaand b satisfy a(1 + 2i) + b(3 — i) =5 + 3i. Find the value of a and the
value of b. [4]

19  Find al the solutions of x* — 16 = 0 in the set of complex numbers. [4]
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The equation z° + 6z + k = 0, where k is areal constant, has two non-real roots whose
differenceis 10i. Find the roots and the value of k.

The cubic equation z° + az? + bz + 10 = 0, where aand b are real, has aroot 2 + .
Find the values of aand b, and the other two roots.

A student solves x? + 4x + 13 = 0 as follows:

X = —41\/;6— 52 — —412—36 - _4+6i

(@ Identify the error in the student's working.
(b)  Write down the correct solutions.

Prove that (1 + i)*" = (—4)" for every positive integer n, and hence find the value of (1 + i)®
(1= )2

The roots of x? + 2x + 5= 0 are o and P.
(@ Solvethe equation to find o and B.

(b) Find a quadratic equation with real coefficients whose roots are a® and B2.

The equation z° + (2 + i)z + (k + 3i) = 0, where k is areal constant, has areal root.
Find the value of k and the other root of the equation.

Let n be an integer. Show that i" + i ™" takes only the values 2, 0 and —2, and state, in terms
of n, when each value occurs.

Consider the polynomial x* + 4.

(@ Show that x* + 4 = (x* + 2x + 2)(x? — 2x + 2).

(b) Hence solve x* + 4 = 0, giving the four roots in the form a + bi.
(©) Writex*+ 4 asaproduct of four linear factors.

The equation z* + az* + 6z + bz + 5 = 0, where aand b are real constants, has aroot 1 — 2i.
Find the values of aand b and the other three roots.

Let p and g be real numbers.

(@ Provethat if the complex number w is aroot of z2 + pz + g = 0 then its conjugate w is
aso aroot.

(b) Hence show that a cubic equation with real coefficients always has at least one real root.

Find the exact value of 1 + 2i + 3i% + 4i% + ... + 100i%.

Complex Arithmetic

1

Giventhatz=3+4iandw =1 — 2i, find

@ z+w

b)) z—w

Expand and simplify (2 +i)(3 — i), giving your answer in the form a + bi.

Find (1 + 3i)? in the form a + bi.

Express zl—fi in the form a + bi.

(4]

(6]

(2]

(3]

(6]

(6]

(8]

(4]
(3]

(6]

(1]
(1]

(2]

(2]

(2]
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Simplify 3(2 — i) — i(4 + 2i), giving your answer in the form a + bi.
Show that (3 — 2i)(3 + 2i) isarea number and state its value.

Simplify (1 +1i)(2 — i)(3 + i), giving your answer in the form a + bi.

5+

513 in the form a + hi.

Express

Given that z=1 — 2i, find z° and z° in the form a + bi.

The real numbers x and y satisfy (x +vyi)(2 —i) =5 — 5i. Find x and y.

Two components in an electrical circuit have complex impedancesZ, = (1 +2i) Qand Z, = (2 — i) Q.
(@ The components are connected in series, so the total impedanceis Z, + Z,. Find this

total.

ZZ
(b) The components are connected in parallel, so the total impedance is

total in the form a + bi.

Y4
Express% in theform a + bi.
Simplify 1I+i + lii,giving your answer in the form a + bi.
. ., A+6i .
Find the real values of A for which EN isarea number.

The real number A issuch that (3 + Ai)(2 — i) = p + qi, where p and g are real. Find the value of A for

which the product is
(8 areal number,
(b) purely imaginary.

Find (2 — i)* in the form a + bi, showing your working.

Showthat12+—2.i=
|
. X y _ 17 .
The real numbers x and y satisfy Tt~ 4+i.Flndxandy.

Given that z = 3 — i, find the real numbers p and q such that z? = p + gz.

Giventhat z= 1 +1i, find 2—12 + 2—14 in the form a + bi.

A student smplifies >— - asfollows

3+i _ (3+i)2+i) _6+3i+2+i® _5+5i
2—1 _ (2-0)2+i)  ~ a—-iz ~ 3
(@ Identify the error in the student's working.

(b)  Write down the correct value of % and check it by multiplying by 2 — i.

(2]
(2]
(3]

(3]
(4]

(1]

(3]

(3]

(3]

(4]

(2]
(2]

(4]

(3]

(4]

(4]

(4]

(2]
(4]
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Let aand b be real numbers, not both zero.

(3 Show that (a+ bi)(a — bi) = a + b2, 2]
1 a b .
(b)  Hence show that ——— = T 2 [2]
. 1 1
(¢) Hencefind 354 3—=4" [2]

Two components with impedances Z, = (2 + 3i) Q and Z, = (4 — 3i) Q are connected in parallel. The total

. e 111
impedance Z %rusfles? =7 + Z,:
(@ Show that Z = 1—67 +i Q. [4]

(b) A voltage of 26 V is applied across the circuit. Use | = % to find the current | in the

forma+ hi. [3]

The complex number zisgiven by z = x + iy, where x and y are real. Find, in terms of x and y, the real part
and the imaginary part of

@ 2% [2]
() 2% 3]
© 3 3

The real number ais such that (1 + ai)® = p + qi, where p and q are real.

(@ Showthat p=1— 3aandfind qintermsof a [2]
(b)  Find the values of afor which (1 + ai)®isreal. [2]
(©)  Find the values of afor which (1 + ai)® is purely imaginary. [2]
The complex numbers z and w satisfy the simultaneous eguations

Z+w=3+i,

iz+2w =4+ 3i.

Find z and w in the form a + bi. [6]

The complex number z = x + iy, where x and y are real, is such that z # 1. The complex number w is given

_z+2

by w=—-—.
2 _ 2

(@ Show that the real part of w is ><(X+)2y+:/22y and find the imaginary part of win a

similar form. [5]
(b)  Hence find the equation of the line in which z lieswhen w is redl. [2]
(c) Findthe vaue of z for whichw =i. [3]
Letu=1+3i.
(@ Show that u® = —8. [3]
(b) Hence find the exact value of u*. [2]
(c) Find the smallest positive integer n for which u" is a positive real number. Justify your

answer. [3]

Thesum Sisgivenby S=1+ (L+i)+ @A +i)>+ (1 +i)3+ ..+ (@ +i)".
(@ Show that (1 +i)® = 16. [3]
(b) Usetheformulafor the sum of a geometric seriesto find Sin the form a + bi. [3]
(c) Hence write down the sum of the real parts and the sum of the imaginary parts of the

eight terms. [2]
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30  Thisquestion shows how complex humbers can be used to write a product of two sums of two squares as
another sum of two squares.

(@ Showthat (2+i)(2—1i)=5and(3+2i)(3— 2i)=13. [2]
(b) Expand (2 +i)(3 + 2i) and (2 — i)(3 — 2i), and hence show that 65 = 4% + 72, [3]
(c) Usethe product (2 +i)(3 — 2i) to write 65 as a different sum of two squares. [3]

Complex Conjugates

1 Write down the complex conjugate of each number.
@ 3+5i [1]
(b) —-2-i [1]
( 7 (1]
2 The complex number zis4 — 3i.
(@ Findz+z [1]
(b) Find zz. [1]
3 Find the complex conjugate of (1 +i)(2 — i). [2]
4 By multiplying the numerator and the denominator by the complex conjugate of the
denominator, write % in the form a + bi. [2]
5 State whether each statement is true or false for a complex number z.
(@ Ifzisredthenz=z [1
(b) If zispurely imaginary and non-zero thenz = —z. [1]

6 One root of the equation x2 — 6x + 25 = 0is 3 + 4i.

(@  Write down the other root. 1

(b)  Hence write down the sum and the product of the roots. [1
7 Let z=a+ bi, whereaand b are real.

(@ Show thatz+ zisredl. [2]

(b)  Show that zz is rea and non-negative. [2]
8 Giventhatz= 2L, findzin the form a + bi. 3
9 The complex number z is 3 — 2i. Find z + z and zz, and hence use the identity z2 + z2 = (z +

2)? — 2zz to find the value of z° + Z. [3]

10 A cubic equation with real coefficients hasroots 2 and 1 + i. Find the third root and write the
equation in the form x® + px? + gx + r = 0. [4]

11 Find the complex number z that satisfies z + 2z = 6 + 3i. [3]

12  The complex numbersz and w are 2 + i and 1 — 3i. Find the conjugate of zw and the product
zw. What do you notice? [3]

13 Given that z = 1+ 2i, find = in the form a+ bi. 3]

14 The cubic equation z° — 5z? + 17z — 13 = 0 has aroot 2 + 3i. Find the other two roots. [4]
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Find the complex numbers z for which zz + 3z = 14 + 6i.

Let n be a positive integer.
(@ Show that (3+i)"+ (3 —i)"isarea number.
(b) Hencefind thevalue of (3+i)*+ (3 — )%

The complex number w is not real. Show that % + % isreal.

One root of a quadratic equation with real coefficientsis 15

x2+px+q=0.
Given that z = 3 + 4i, find the complex number w such that wz = 25.

Solve the equation 2z + iz = 4 + 5i.

. Find the equation in the form

(5]

(2]
(2]

(4]

The equation z2 — (3+i)z+ 2+ 2i =0hasaroot 1 +i. A student states that, since the roots of a quadratic

come in conjugate pairs, the other root must be 1 — i.

(@) Explain why the student's reasoning is not valid here.
(b) Show that 1 — i isnot aroot of the equation.

(c¢) Find the other root.

3

The complex number z satisfies zz = 20 and % =z + %i. Find z.

Find all the complex numbers z that satisfy z2 = z.

The quartic equation z* — 623 + 182> — 30z + 25 = 0 hasaroot 1 + 2i. Solve the equation
completely.

The complex numberszand w arez=a+ bi and w = c + di, where a, b, ¢, d are real.
(@ Show that zw + zw = 2(ac + bd).
(b) Giventhat z=2+ 3i and w = p + 4i, with p real, and that zw + zw = 0, find p.

(c)  Show that if 2w +zw = 0 and w = 0, then = is purely imaginary.

The roots of the equation z> — 2z + 5= 0 are o and P.

(@  Write down the value of o + B and of a, and hence find o + B2 without finding o
and B.

(b)  Verify your answer by solving the equation and calculating oc® directly.

z—1
z+1°

The complex number z satisfieszz=1andz # —1. Letw =
(@ Show that w = —w.

(b) Hence explain why w is purely imaginary or zero.

() Verify the result for 2= 3 + gi by finding w.

The complex numbers z and w satisfy the simultaneous equations
z+2w=4+17i,

2z+w=5—5j.

Find z and w.

(1]
(2]
(3]

(6]

(6]

(6]

(3]
(2]

(3]

(3]
(3]

(4]
(2]

(2]
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The complex number z = a + bi is non-zero, whereaand b are real.

z_a-b 2ab .
(@ Showthat;- pars il

(b) Hence show that % isrea if and only if zisrea or purely imaginary.

(c) Find al non-zero z for which % is purely imaginary, and describe their positions on an

Argand diagram.

You may use the result that zw = zw for al complex numbers z and w.

(@ Prove by induction that "= (2)" for every positive integer n.

(b) Hence prove that if the polynomial a,z" + a,_,z""* + ... + a,, with real coefficients, has
aroot w, then w is also aroot.

Solving Complex Equations

a b~ W DN

10

11

12

13
14

15

16

17

Solve the equation z? + 4z + 8 = 0.

Solve the equation 2z — 3i =4 + z.

Solve (1 + i)z = 4, giving z in the form a + bi.

The real numbersx and y satisfy (x + 2y) + (x — y)i =5+ 2i. Find x and y.
Show that z = 1 + i is a solution of the equation z2 — 2z + 2 = 0.

Solve (z — 2)(z* + 9) = 0 over the complex numbers.

Find the two square roots of 5 + 12i.

Solve the equation z2 — (2 +i)z+ 1 +i = 0.

Solve the equation (z + 2i)(1 — i) =4 + 2i, giving z in the form a + bi.
Solve 2z% + 2z + 5 = 0, giving the roots in the form a + bi.

The complex numbers z and w satisfy z + w = 4 and zw = 5. Find the two possible pairs of
values of z and w.

Show that z = 2i isaroot of z° — 2z% + 4z — 8 = 0 and find the other roots.
Solve the equation iz + 3 =2z — i.

Consider the equation z> — 4z + 13 =0.
(@ Solvez? —4z+13=0.
(b) Hence solve (w + 1)2 — 4(w + 1) + 13=0.

The equation 22 — (5 + i)z + (m + 2i) = 0, where m is areal constant, has area root. Find the
value of m and both roots of the equation.

iz_ﬂ =3 +1i, giving zin the form a + bi.

Solve the eguation 1

Solve the equation z* + 3z2 — 4 = 0 over the complex numbers.

(3]
(2]

(3]

(4]

(4]

(2]
(2]
(2]
(2]

(2]

(4]
(4]
(3]

(3]

(4]
(3]

(2]

(2]

(4]

(4]
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Solve the equation z2 — 2iz + 3= 0.

Solve the equation z° + 2z2 + 9z + 18 = 0.

Find the complex number z that satisfies (2 + i)z + (1 — 3i)z = 10 — 5i.
Solve the equation z> — (5 + i)z + 6 + 3i = 0.

Solve the equation z2 — 2z — 6 + 24i = 0.

The cubic equation z° — (2 + 3i)z> — (3 — 7i)z + 6 — 2i = 0 has exactly one real root. Find
all three roots of the equation.

Solve the equation z* + 622 + 25 = 0, giving all four roots in the form a + bi.

Find all the complex numbers z that satisfy zz + 2(z — z) = 13 + 8i.

A student solves z> = 5 + 12i asfollows. "Let z=a+ bi. Then a® + b%? =5+ 12i, so & = 5and b®> = 12."

(@ Explain why the student's working is wrong.
(b) Solve the equation correctly.

Consider the equation z* = —7 + 24i.

(@ Show that (3 + 4i)? = —7 + 24i.

(b) Hence write down the two possible values of z2 for the equation z* = —7 + 24i.
(©) Solvethe equation z* = —7 + 24i, giving the four roots in the form a + bi.

Find all the complex numbers z that satisfy z> + 2z + 1 = 0.

Letw=2?—z

(@ Show that the equation z* — 2z° — 3z% + 4z — 12 = 0 can be written asw? — 4w — 12
=0.

(b) Hence solve the equation z* — 2z° — 3z2 + 4z — 12 = 0, giving non-real rootsin the
forma+ bi.

f(2) = z* — 42° + 14z% — 36z + 45.
(& Showthat z=3iisaroot of f(z) = 0.
(b) Solve the equation f(z) = 0 completely.

(4]

(5]

(6]

(2]
(4]

(2]
(1]
(5]

(3]

(5]

(3]
(5]
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Argand Diagrams

1

10

11

The points A, B and C on the Argand diagram represent the complex numbers a, b and c.

Im
A
21 o
o i
T T L} T T T :Re
-3 -2 -1 1 2 3
—1 A
-2 4
Ce-31
_4_

(@ Writedown a.
(b)  Write down b.
(c) Writedownc.

Draw an Argand diagram and plot the points P, Q and R representing the complex numbers 2
+3i,—1+iand4 — 2i.

The complex number z =5 — 2i is represented by the point P on an Argand diagram. State the
coordinates of P, of the point representing z and of the point representing —z.

The complex numbers z and w are 3 + 2i and 1 + 4i. Find the coordinates of the point on the
Argand diagram that represents z + w.

The points A and B on an Argand diagram represent 1 + 2i and 4 + 6i. Find the distance AB.

The complex number —3i is represented by the point P on an Argand diagram.
(@ State which axis the point P lies on.
(b)  Write down the complex number represented by the reflection of P in the real axis.

(1]
(1]
(1]

(3]

(3]

(2]
(2]

(1]
(1]

The complex numbersz and w are 3 + i and 1 + 3i. On an Argand diagram, O is the origin and the points A

and B represent z and w.

(@) Draw an Argand diagram showing A, B, the point C representing z + w and the point D
representing z — w.

(b) Describe fully the quadrilateral OACB, giving a reason.

The points A and B on an Argand diagram represent 2 — 3i and 6 + 5i.

(@ Find the complex number represented by the midpoint M of AB.

(b) Thepoint Plieson AB with AP : PB = 1 : 3. Find the complex number represented by
P.

The points A, B and C represent the complex numbers 1 + i, 4 + 2i and 5 + 5i. The
guadrilateral ABCD is a parallelogram. Find the complex number represented by D.

The complex number z = 3 + 2i is represented by the point P on an Argand diagram.
(& Findiz
(b) The point Q represents iz. Describe the geometrical relationship between OP and OQ.

The points A, B and C on an Argand diagram represent 1 + 2i, 4 + 5i and 7 + 8i. Show that A,
B and C are collinear.

(3]
(3]

(2]
(2]

(3]

(1]
(2]

(3]
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Solve the equation z2 — 4z + 13 = 0 and show the roots on an Argand diagram. State the
geometrical relationship between the two points.

The points A, B and C on the Argand diagram represent 1 +i, 5+ i and 5 + 4i.

Im
A

4

3.

B

—————+—P»Re
1 2 3 4 5 6

_1 d
(@ Show that angle ABC isaright angle.
(b) Find the area of triangle ABC.

OABC is asquare on an Argand diagram, labelled anticlockwise, where O is the origin and A
represents 4 + 2i. Find the complex numbers represented by B and C.

Im

A

7-

6_

5-

4_

3.

27 A

1_
— ———r——PRe
-3-2-1 12 3 4 5

The points A and B represent 2 + i and 6 + 3i. Triangle ABC has aright angleat A and AC =
AB, with C above the line AB (so that C is obtained from B by a 90° anticlockwise rotation
about A). Find the complex number represented by C.

The complex number z = 3 + 2i is represented by A. The points B, C and D represent z, —z
and —z. Show that ABCD is arectangle and find its area.

(4]

(2]
(2]

(4]

(5]

(4]

The point P on an Argand diagram represents z = 3 + 4i. The point Q is the reflection of Pin theliney = x.

(@ Write down the complex number q represented by Q.
(b) Show that q =iz

The points A, B and C on an Argand diagram represent 1 + i, 3 + 2i and 2 + 3i. Show that
triangle ABC isisosceles and find its area.

The complex number z = 3 +i is represented by the point A. The points B, C and D represent
iz, —z and —iz respectively. Show that ABCD is a square and find its area.

A triangle has vertices A, B and C representing 2 +i, 5+ 7i and —1 + 4i.

(@ Find the complex number represented by the centroid G of the triangle, where g = %(a+

b+ c).
(b) The point D is such that G is the midpoint of AD. Find the complex number represented
by D.

(2]
(2]

(5]

(5]

(2]

(2]
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OABC is aparalelogram on an Argand diagram, where O is the origin, A represents 4 + i and C represents
1+ 3.

Im
A
4.
C
3 4
2 .
1 .
A
r — T T T —»Re
-1 1 2 3 4 5 6
_1 i
(@ Find the complex number represented by B. [2]
(b)  Show that the diagonals OB and AC bisect each other. [2]
() Find the area of the parallelogram. [2]

A student makes the following statement about the points P and Q representingz =3+ 2i andw = —2 + 3i
on an Argand diagram:
"w =iz, and multiplying by i rotates a point through 90° clockwise about the origin."

(& Showthatw =iz [2]
(b) Explain why the student's statement about the rotation is wrong, and state the correct
rotation. [3]

The points A, B, C and D on an Argand diagram represent 2 +i, 5+ 2i, 6 + 5 and 3 + 4i.
Show that ABCD is a parallelogram and decide, with reasons, whether it is arectangle, a
rhombus or a square. [7]

The point A represents 4 + 3i and the point P represents 1 + i. The point B is the image of A
under arotation of 90° anticlockwise about P. Find the complex number represented by B. [5]

The roots of the equation z> — 2z + 10 = 0 are represented by the points A and B on an Argand diagram,
and O isthe origin.

(@ Solve the equation. [2]
(b)  Show that triangle OAB isisosceles. [2]
() Findthe area of triangle OAB. [3]

The points A and B on an Argand diagram represent 1 + i and 4 + 3i. The point C representsp + (p + 2)i,
where p isarea number.

(@ Findthe vaue of p for which A, B and C are collinear. [3]
(b) Find the value of p for which OC is perpendicular to AB, where O is the origin. [3]

ABC isan equilateral triangle on an Argand diagram with its centre at the origin O. The point A represents
4 + 2i, and B is obtained from A by an anticlockwise rotation about O.

(@ Find the complex numbers represented by B and C, giving exact values. [5]
(b) The points D, E and F are the midpoints of the sides of triangle ABC. Find the exact
area of triangle DEF. [3]

Points A, B, C and D on an Argand diagram represent the complex numbers a, b, ¢ and d.

(@ Provethat ABCD (in that order) is aparalelogram if and only if a+ c=b + d. [3]
(b) A,BandCrepresent 1+ 2i,5+iand 7 + 4i. Use part (a) to find d. [2]
() Using part (a), prove that the midpoints of the four sides of any quadrilateral ABCD are

the vertices of a parallelogram. [4

ABCD is a square, labelled anticlockwise, on an Argand diagram. The opposite vertices A and
Crepresent 1 +i and 7 + 5i. Find the complex numbers represented by B and D, and verify
that AB is perpendicular to BC and that AB = BC. (8]
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The points A and B on an Argand diagram represent z = a+ bi and w = ¢ + di, where a, b, c and d are redl,

and O isthe origin.

(@  Show that the imaginary part of zw is ad — bc, and hence prove that the area of triangle

OAB is 3Im(zw)|.

(b) Usethisresult to find the area of the triangle with vertices O, 3 + 2i and —1 + 4i.
() Find the real number k for which the points O, 2 + i and k + 3i are collinear.

Modulus and Argument

1

10

11

12

13

14

Find the modulus of each complex number.

@ 3+4i

(b) 5-—12i

Write down the modulus of each complex number.

@ -7

(b) 4

() 1+i

Find the principal argument of each complex number, giving your answer in radians as a multiple of 1.
@ 1+i

(b) —1+i

0 -1-i

Write down the principal argument of each complex number, in radians.
@ -5

(b) 5i

(o -—2i

Find the argument of \/§ + i, giving your answer as a multiple of 11.
Giventhat z= (1 + 2i)(3 — i), find |z] in the form k\/§.

Find the principal argument of —2 + 3i in radians, correct to 3 significant figures.

Find the exact modulus and the principal argument of —3 — 3\/§i.

The complex number z has modulus 4 and argument %H Write z in the form a + bi, giving

exact values of aand b.

The complex numbersz and w are 1 + \/§i and 2 — 2i. Find |zw| and |%|, giving exact

answers.

z=2+iandzw = -5+ 5i. Find w in the form a + bi, and find |w| and arg w, giving the
argument in radians to 3 significant figures.

Show that |(2 +i)% = 5/5.

The complex number z has |z] = 13 and Re(z) = 5, and the imaginary part of z is negative.
Find z, and find arg z correct to 3 significant figures.

Given that z= (—1 + )3, find |z] and arg z.

(3]

(2]
(3]

(1]
(1]

(1]
(1]
(1]

(1]
(1]
(1]

(1]
(1]
(1]
(2]
(2]
(3]

(4]

(3]

(4]

(4]

(3]

(4]
(4]



StemUp | Further Mathematics | Further Pure Mathematics: Complex Numbers | Question Pack

15

16

17

18

19

20

21

22

23

24

25

Prove that [zw| = |z|jw| for all complex numbers z and w. Y ou may use the facts that |u]* = uu
and that zw = zw.

The complex numberszand w are —3 +i and 4 + 2i.

Find arg z — arg w, in radians correct to 3 significant figures, and hence show that arg(%) =
30
T.

The complex number z is 2 + 2i. Find the modulus and the argument of each of the following.
@ 2

(b)
(©

In an alternating current circuit, two voltages are represented by the complex numbers vV, = (6
+ 2i) voltsand V, = (—2 + 6i) volts. The total voltageisV =V, + V,. The modulus of V is
the amplitude of the total voltage and the argument of V is its phase angle.

Find the amplitude and the phase angle of the total voltage, giving the phase angle in radians
to 3 significant figures.

NI N[~

The complex number z is 3 — 4i. Find |z| and arg z, and find, correct to 3 significant figures,
the principal arguments of —z and iz.

The complex number z has modulus 3 and argument E, and w has modulus 2 and argument

%. Find the modulus and argument of zw and of % and hence write zw and % in the form a
+ bi, with exact values.

A student finds the argument of —1 — i asfollows: "tan 6 = :—i =1,s00=tan"'1= %
(@ Explain why the student's answer is wrong.

(b)  Write down the correct principal argument of —1 — i.
() Find the principal argument of —«/§ +i.

Letz=a+ bhi andw =c + di, wherea, b, cand d arereal.
(@ Show that |z + W[ + [z — w[*> = 2|z* + 2Jw]>.
(b) Verifytheresultforz=3+iandw=1— 2i.

The complex number z satisfies |z| = 5. Given that 2 is purely imaginary with a negative
imaginary part, find the possible values of z in the form a + bi, giving exact values.

The complex number zisgiven by z = L'., where aisarea constant.

l1+a
(@ Show that |z| = 1 for every real value of a
_2a+(1-— &)i
(b) Show that z = 12z
() Find the values of afor which zisreal.
(d) Find the value of afor which arg z = %.

zZ+WwW .
=W is purely

The complex numbers z and w satisfy |z| = jw| and z # w. Show that

imaginary or zero.

(4]

(5]

(2]
(2]
(2]

(6]

(2]
(2]
(2]

(4]
(2]

(6]

(2]
(2]

(3]

(6]
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26

27

28

29

30

The points A and B on an Argand diagram representa= 1 and b = cos%

+ b, and O isthe origin.
(@ Show that OACB is arhombus.

(b) Explainwhy arg(a+b) = 5.
II
(c) Hence show that tang =2 — 1.

Let zand w be complex numbers.

(@ Provethat |z + w| < |z] + |w]|. You may use the fact that Re(u) < |u| for every complex
number u.

(b) Giventhat |z| =5, use part () to find the greatest possible value of [z — 3 + 4i|, and
state a value of z for which it is attained.

The complex numbers z and w satisfy |z| = w| =1, and zw = —1.

(@ Show that —— isreal.

(b) Verify the result for z = % andw = > _1312| -

This question uses arguments of products of complex numbers.
(@& Show that (1 +i)(2 +i)(3 +i) = 10i.
(b) Hence show that tan™1 + tan~(3) + tan"'(3) = 5.

(©) By considering (1 + 2i)(1 + 3i), show that tan™*2 + tan™'3 = STH.
The complex numbers z and w satisfy |z| = jw| =2 and z + w = 2 + 2i. Find al the possible
pairs (z, w).

Complex Number Loci

1

Describe the locus of the point z on an Argand diagram given by each equation.
@ [|74=4
by |z—2]=3

Write down the Cartesian equation of the locus |z — 3| = 2.

Describe the locus of the point z given by arg z = %

Describe the locus of the point z given by |z — 2| = |z + 2|.

Describe the locus of z given by each equation.

@ Re(z=3

b)) Im(z)=-2

Write down the centre and the radius of the circle given by each equation.
@ Jjz—1-2i=5

(b) Jz+3i]=2

Sketch on an Argand diagram the locus of z givenby |z — 2 — i| = 3.

Sketch on an Argand diagram the locus of z given by arg(z + 1 — 2i) = 3TH.

+id n%. The point C represents a

(2]
(2]

(3]

(5]

(3]

(6]
(2]

(3]
(3]

(2]

(1]
(1]

(2]

(2]

(2]

(1]
(1]

(1]
(1]

(3]

(3]
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11

12

13
14

15

16

17

18

19

20

21

Find the Cartesian equation of the locus of z given by |z — 3| = |z — i|.

On an Argand diagram, shade the region of points z that satisfy |z + 2| < |z — 2.

Find the Cartesian equation of the locus of z given by arg(z — 1 +1i) = %, stating the range of

values of x.

The shaded region in the diagram, including its boundary, is a disc with centre C at the point
(=2, 1) and radius 2.
Write down an inequality of the form |z — @ < r that describes the shaded region.

Im

W

Find the complex numbers z that satisfy both |z] = 5 and Re(z) = —3.

Show that the locus of the point z given by |z — 4] = 2|z — 1| isacircle, and state its centre
and radius.

The point P represents the complex number z on an Argand diagram, where z satisfies zz +
2(z + z) — 5= 0. Show that the locus of P is acircle, and state its centre and radius.

On asingle Argand diagram sketch the locus |z — 2| = 2 and the locus arg z = %. Find the
complex number represented by the point where the two loci meet.

On an Argand diagram, shade the region R defined by 1 < |z — 2i| = 3, and find the exact
area of R.

On an Argand diagram, shade the region R defined by |z| < 4 and —% sagzs= %, and find

the exact area of R.

Two lighthouses stand at the points A and B, represented on an Argand diagram by 0 and 8 (distances in

kilometres). A boat at the point z is always the same distance from A as from B.

(@ Write down the locus of zintheform |z — & = [z — b| and find its Cartesian equation.

(b) At acertain moment the boat is also exactly 5 km from A. Find the two possible
positions of the boat as complex numbers.

Find the complex number z that satisfiesboth |z — 1| =|z — 3 — 4i|andarg z = %.

The half-line with equation arg z = a, where o > 0, touches the circle with equation |z — 4| = 2.

(@ Findthe value of a.
(b) Find the complex number represented by the point where the half-line touches the circle,
in the form a + bi.

(4]

(3]

(3]

(3]
(3]

(4]

(4]

(5]

(4]

(4]

(3]
(3]
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22  Theregion R on an Argand diagram isdefined by |z — 3| = 3and |z| = |z — 3.
(@) Sketch and shade R. [4]
(b) Find the exact area of R. [4]

23 Findthe complex number z that satisfies both arg(z — 3i) = % and |z| = /13, giving zin the

form a + bi with exact values. [6]

24 A student sketchesthelocus |z — 1 + 2i| = 2 as acircle with centre (1, 2) and radius 2.

(@ Explain the student's error. [2]
(b)  Write down the correct Cartesian equation of the locus. [2]
(c) Find the greatest value of Im(z) on the locus. [2]
25 Theloci [z — 1] =2and |z + 1] = 2 meet at the points P and Q.
(@ Find the complex numbers represented by P and Q. [3]
(b) The centres of the two circlesare A (1, 0) and B (—1, 0). Show that triangle ABP is
equilateral. [3]
26  Thepoint z moveson thelocus |z — 5 — 12i| = 4.
(@ Find the greatest and the least values of |z|. [3]
(b) Find the greatest and the least values of arg z, giving your answers in radians to 3
significant figures. (4]

27  Thelocus of the point z on an Argand diagram is given by [z — 3| = 2|z + 3i].
(@ Show that the locusisacircle, and find its centre and its radius. [6]
(b) Find the greatest value of |z| on the locus, in exact form. [2]

28  Theregion Ron an Argand diagram isdefined by z— 1| <= ladz—i| = L

(@ Sketch and shade R. [3]
(b) Find the two points where the boundaries of the discs meet. [2]
(c) Show that the areaof R is % -1 [3]

29  The complex number z = x + iy, where x and y arereal, is such that z = —1.
z—1 _ x?+y?—1+2yi

(@ Show that ——— = X+ Dry [3]

(b) Hence show that the locus arg(zz+11) = % is part of acircle, and describe it. [3]

() Find the equation of the locus arg(z;l) = E, and describe it. [4
z+1 4

30 Thepoint z moves on the locus |z — 5i| = 3.

(@)  Sketch the locus. [2]
(b) Find the greatest value of arg z in radians to 3 significant figures, and find the complex
number z for which it occurs, in the form a + bi. [6]

Modulus-Argument Form

1 Write 2(cos % +ign %) in the form a + bi, giving exact values of aand b. 2]
2 Express 1 + i in modulus-argument form. [2]
3 Express —3 in modulus-argument form. [2]

4 Express 5i in modulus-argument form. [2]
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13

14

15

16

17

18

19

20

Express\/§ — i in modulus-argument form.

II . II II . II . .
z= 4(cos€ +i smg) andw = 3(cos§ +i smg). Write zw in modulus-argument form.
Express1 — \/§i in modulus-argument form, with the argument in the interval (—z, 11].

z= 8(<:os%rI +i sin%n) andw = 2(005% +i sin%). Find % in the form a + bi.

z= \/E(cos% +i sin%) andw = 2\/5(005% +i sin%). Find zw in modulus-argument form and

in the form a + bi, and check your answer by expanding (1 +i)(2 + 2i).

Express z = 2(cos— +i sm4) + 2(cos3 +i sun 7 ) in modulus-argument form.

The complex number z = 3(003% +i sin%). Write each of the following in modulus-argument form.

@
(b)

N[ NI

A student writes the complex number 2(cos% —i sin%) and says that its modulusis 2 and its

argument |s . Explain the error and write the number correctly in modulus-argument form.

Letz=cos® +i sin . Show that iz = cos( + %) + i sin(6 + =), and hence describe the
effect on the point z of multiplying by i.

Express

\/_ — in modulus-argument form.
Write —3(cos% +i sin%) in modulus-argument form with a positive modulus and the

principa argument.

Z has modulus 2 and argument , and w has modulus 3 and argument . Write zw in

modulus-argument form, with the argument in the interval (—11, 1].

Show that for any real 6 =cosO —isnb.

"cosO+isn®
Consider the product (1 + iy3)(1 + i).

(@ Write1+iy3 and 1+ i in modulus-argument form, and hence express (1 + iy/3)(1 + i)
in modulus-argument form.
Fgss

and sm12

(b) Expand(1+ I\/_)(l + i) and hence find exact values of cosz2

z= 2(cos +isng )andw 3(cos +|sm )Fmdzwand—glvmgeachaneNerlnthe

form a + bi with exact values.

The real number o satisfies 0 < a < = Show that 1+ tan a = sec a(cos o + i sin ), and

state the modulus and the argument of 1 + i tan a.

(3]

(2]

(3]

(3]

(4]

(3]

(1]
(2]

(3]

(3]

(3]

(4]

(3]

(3]

(4]

(4]
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21

22

23

24

25

26

27

28

29

o

>)

The real number o satisfiesO < a < 1. Show that 1 — cos o +i Sin o = Zsin%(cos(% -

+i sin(% - %)), and state its modulus and argument.

A student calculates the product of z = 2(cos% +i sin%) andw = 3(cos% +i sin%) as follows:

_ o o . . oI, _ o, . . I
ZwW = 6(cos§ X & tising x E) = 6(cosﬁ +i smﬁ).

(@ Identify the error in the student's method.
(b) Find zw correctly, in modulus-argument form and in the form a + bi.

(©) Find = in the form a-+ bi.

Let z=r(cos O +i sin B), wherer > 0.
(@ Show that % =c0s20 +isin 20.

(b) Hence, for z= 3 + 4i, find the exact value of cos 20, where 6 = arg z.

The points A and B on an Argand diagram represent the complex numbers 4 and 4(003% +i

sin%), and O isthe origin. Show that triangle OAB is equilateral and write B in the form a +
bi.
Letz=1+2iandw=2+I.

(@ Write z and w in modulus-argument form, giving the arguments to 3 significant figures.

(b)  Find zw and hence show that tan™'2 + tan"'(3) = 3.

Two alternating voltages are represented by the complex numbersV; = 5(cos% +i sin%) and

V, = 12(cos(— ) + i sin(—)) (in volts). Show that V, = —12i(cos + i sing), and hence
find the amplitude (modulus) and the phase angle (argument) of the total voltage V, + V,,
giving the phase angle in radians to 3 significant figures.

Let © be areal number with —m <O <1, andletz=1+cosO +i sin 0.

(@ Show that z= 2COS%(COS% +i sin%), and state the modulus and argument of z.

l1+cosO+isin®
1+cosO —isn®

(¢) Usepart (a) towritel + cos—

(b) Hence show that =cosO +isn®.

.. IT . .
3 +|S|n§|ntheforma+ bi.

The real numbers o and B satisfy o > B.
+B

(@ Provethat (coso +isina)+ (cosP +isnf) = 2c0s> ; B(cos(x 5

0(+B).

+isn 5

(b) Usethisresult with a = % and B = 5 to show that i + @ + %i = @ + %i, by writing

the left-hand side in modulus-argument form.

The real number o satisfies 0 < o < 11. Consider the equation z2 — 2z cos o + 1 = 0.
(@ Show that therootsarecos o + i sin .
(b)  Write each root in modulus-argument form.

(¢ Fora= %H the sum of therootsis Zcos%n. Use the product of the roots to state a
relationship that the roots satisfy, and show that it holds.

(6]

(2]
(3]

(2]

(3]
(3]

(5]

(3]

(6]

(2]
(2]

(5]

(2]

(3]
(2]

(2]
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e I I l+itana
The red numberocsatlsfles—7 <(X<§, andw-m

(@ Show that w = cos 2« + i sin 2a.
(b) Find the value of tan o for whichw = i.

1+i tan%
() Hencefind ——— intheform a+ bi, with exact values.
1—i tanﬁ

Exponential Form and Euler's Formula

1

10

11

12

13

14

15

16

Use Euler's formula€® = cos  + i sin O to write down the value of each of the following.

@ €3
(b) eil'[
© ez

Write 2¢'3 in the form a + bi.,
Express 1 +i in the form re® wherer>0and —1< 0 < 1.

Express —4 in the form re®®, wherer >0and —m < 0 < .

z=3¢'s and w = 263, Write zw in the form re’® and in the form a + bi.
2=86"% andw = 263, Write % in the form re’® and in the form a + bi.
Expressy3 — i intheform ré®, wherer >0and —m < 6 < .

.21
Write €73 in the form a + bi, with exact values of aand b.

(1-0)°
(3 +1)

Express in the form re’®, wherer >0and —m <6 < 1.

Write €2+ in the form re’® and in the form a + bi. Give exact values.

Use the identities for cos( + ¢) and sin(® + ) to show that €° x ¢ = ©®+®

Find (2€'7)% in the form a+ bi, with exact values of aand b.

Find the value of O in the interval [0, 2m) for which €® = —lg - %i.

_ 0 o—i0
Starting from €® = cos 0 + i sin O, show that cos 6 = € e

Express% in the form re®, wherer >0and —1 <6 < .

For a complex number z = re®, withr > 0 and —11 < © < 11, the principal value of InzisInr
+10. Find the principal value of In(—2 + 2i) in the form a + bi, giving aand b to 3 significant

figures.
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(4]
(2]

(2]

(1]
(1]

(1]

(2]
(2]

(2]

(2]

(2]

(3]

(3]

(3]

(3]

(3]

(3]

(4]

(4]
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17 Solvethe equation €* = —e, giving all solutions for z in the form x + iy with x and y real.

. .0
18 ghowthat1+ 6= Zcos%e'i.

19 Use the exponential forms of cosine and sine to evaluate each of the following.
(a ei% + e_i%

(b) e7-e'7

I I 2 .
20 z=4e'3 andw = 2e™'5. Find ZW in the form re’® and in the form a + bi, with exact values.

21

%sin 20 + 2—17sin 30 + ...
(@ Show that C +iS= 3_—389
(b) Hence show that C = ?1(03__—6?:05569) and find asimilar expression for S.

22 A student argues: "e*™ = 1 =€ so 2mi = 0."
(@ Explain why the student's conclusion is false.
(b) Find al the complex numbers z for which e = 1.
(c) Find al the complex numbers z for which €* = 2i.

23 A point P movesin the Argand diagram so that, at timet seconds, it is at the point representing z =
i@+ %).
(@ Write down the distance of P from the origin, and find the position of Pwhent=01in

the form a + bi.
(b) Find the first time at which P lies on the positive imaginary axis.

() Find the position of P, in the form a + bi, whent = 2

7
0 _
24 Show that Z‘e—+1l =i tan%, and hence verify the result when 6 = % by direct calculation.
25 ... iz _ I iz .. I . II
By writing €2 = €3 x e7'7, find exact values for CoS75 and singz.

26  Usethe exponentia form of a complex number.
(3 Show that (€)% = 1.
(b) Hence find the exact value of (e'7)22,
(© Giventhat 1+i =267, find (1 + )22 in the form 2.

27

(3) Show that i’ takes the values e~z * 2 for integer k.
(b) Explain why all the values of i' are real and positive.
() Find the principal value of i' (k = 0), correct to 3 significant figures.

(4]

(4]

(2]

(2]

(5]

The convergent series C and Saregivenby C=1+ %cose + %cos 20 + 2—17cos 30+ ..andS= %sin 0+

(3]

(2]

(3]

(2]
(2]

(2]

(6]

(6]

(1]

(3]
(2]

The expression i’ is defined as €', where In i is any logarithm of i, so that Ini = i(% + 2k) for integer k.
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28  LetS=1+€%+e? + .+~ Y8 where® isnot amultiple of 2.
_ eine -1
(@ Showthat S= ﬁ
. no
SN—- (n-18
(b) Henceshow that S = ez .
sin5
2
. nb (n—1)6
sin—-cos——
(c) Deducethat 1+ cos6 + cos26 + ...+ cos(n — 1)6 = 5 , and check the
Sin§
II
result forn=4, 06 = >
29  Find fe*cos x dx by considering the real part of fel®* " dx.
30 Find all the solutions of the equation e — 2e* + 2 = 0, giving z in the form x + iy.
De Moivre's Theorem
1 . \ II .. I3
Use De Moivre's theorem to evaluate (cosg +i smg) .
2 . ' II . 5 _
Use De Moivre's theorem to show that (cosg +i smg) = -1
3 Find [2(cos g + i sing3)]® in the form a -+ bi.
4 Simplify (cos © + i sin 8)°(cos O + i sin 8) 2, giving your answer in the form cosk® + i sin
ko.
5 Write (cos © — i sin ©)* in the form cos kO + i sin k0.
6 Write 1 + i in modulus-argument form and hence use De Moivre's theorem to show that (1 +
i)*=—4.
7 Find (1 + iy/3)° in the form a + bi, with exact values of aand b.
8 Use De Moivre's theorem to show that (\/§ —)®=-64
9 Find the value of (1 — i)2.
10 Find the exact value of (cos% +i sin%)“‘.
11 , 1 . .
Find @+ in theform a+ bi.
12 Simplif (c0s20 + i sin 20)c05 36 — i sin 30)° iving your answer in the form cos kO + i sin
Pty (cos© +isin@)* » gVIngy
ko.
13 Find the smallest positive integer n for which (\/§ +1i)"is purely imaginary, and find its value.
14 By considering the expansion of (cos © + i sin ©)2, show that cos 30 = 4cos®0 — 3cos 0 and

sin30=3sin0 — 4sin®0.
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(2]

(4]

(3]

(8]

(2]

(2]

(2]
(2]

(3]

(4]

(4]
(3]

(3]

(4]

(3]

(3]

(5]
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27

28

Find (\/§ — i)7° in the form a + bi, with exact values of aand b.

Use De Moivre's theorem to show that (cos 6 +i sin 0)" + (cos© — i sin 8)" = 2cos nB, and
hence find the value of (1 +i)® + (1 — i)®.

L+ _

ZI’]

Giventhat z=cos 0 + i sin 0, show that 1 + z? = 2cos O x z, and hence show that
2"cos"0.

Use De Moivre's theorem to show that cos 40 = 8cos*® — 8cos?0 + 1.

Letz=cosO +isin 6. Show that z" + Z—ln = 2cos n@, and find the value of z° + 2—12 given that

1
Z+E—1.

Show that (1 + i tan 6)" = sec"O(cos nBO + i sin nO) for —% <0< % and hence find (1 + i

tan%)3 in the form a + bi.

Let z=cos 0 +i sin O. Use the binomial expansion of (z + z%)° to show that cos®0 = %(cos
50 + 5cos 30 + 10cos 9).

Use De Moivre's theorem and the substitution z=cos 6 +i sin 0.
(@ Show that sin®0 = %(3 — 4cos 20 + cos 40).

(b) Hence find the exact value of 1}7 sin*0 do.

A student writes; "1 +i = cos% +i sin%, so(l+i)®=cos2m+isn2m=1"
(@ Identify the error in the student's working.

(b) Cdculate (1 + i) correctly using De Moivre's theorem.
() Verify your answer by squaring repeatedly.

Use De Moivre's theorem to show that sin 50 = 16 sin°0 — 20 sin®0 + 5sin 0.

Letz=cosO +isin6.

(@ By considering the binomial expansion of (z + z~%)*, show that 8cos*0 = cos 40 + 4cos
20 + 3.

(b) Hence solve the equation cos 40 + 4cos 20 + 1=0for0 < 0 = 1.

The cubic equation 8x® — 6x — 1 = 0 is to be solved by a trigonometric substitution.

(@  Show that cos 30 = 4cos®0 — 3cos 0.

F4ns

(b)  Hence show that the roots of 8x> — 6x — 1 =0 are cos%, cos%H and COS—5-.

The complex number z=cos 9 +i sin 6.
(@ Prove by induction that z" = cos nB + i sin nO for every positive integer n.
(b) Hence prove that the result aso holds when n is a negative integer.

n
Prove that for every positive integer n, E C(n, r)cos 19 = 2”005“%005%, where C(n, r) isthe
r=0

binomial coefficient, by considering the real part of (1 + €°)".

(4]

(4]

(4]

(5]

(5]

(5]

(5]
(3]

(2]
(3]
(1]

(4]
(3]

(3]
(4]

(6]
(3]
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29

30

Lett=tan 0.
_ 3
(& UseDe Moivre's theorem to show that tan 30 = %
(b) Hence solve tan 39 =1for 0 < 0 <11, and show that the rootsof t2 — 3t> — 3t+1=10
t t d tan 3“

are anlz, an an

- cosZ
Let c = cosg.

(@ Show that cos 20 = 2cos?0 — 1, and use the result cos 30 = 4cos®0 — 3cos 0 to write

interms of c.

(b) Explain why cosg—H = —cosZ—H.
5 5

E
COS5 an COS5

(©) Hence show that 4¢c® + 2c? — 3c — 1 = 0, and find the exact value of cos%.

Roots of Complex Numbers

10

11

12

13

Solve z* = 1 over the complex numbers.

zZ= 2(005% +i sin%). Find a square root of z in modulus-argument form.

2k

Show that the roots of z° = 8 are z = 2(cos—— 3

+|S|n 3 )fork 0, 1, 2, and write them in

the form a+ bi.

. . 21
One root of the equation z° = 1 iscos— + i sm . Write down all fiverootsin

5
modulus-argument form, with argumentsin thelnterval (=1, m].

Find the two square roots of i in the form a + bi.
Find the two square roots of —4i in the form a + bi.

Solve the equation z* =

diagram.

—16, giving the roots in the form a + bi, and show them on an Argand

Solve the equation z* = 8i, giving each root in the form a + bi.
Solve the equation z° = 32i, giving the roots in the form re'®, wherer >0and —m < 0 < m.

Find the six sixth roots of unity, that is the solutions of z° = 1, in the form a + bi.

21
Solve z* = 16(cos +i Sln 3 ) giving the roots in modulus-argument form with arguments

in (-, m].

The three cube roots of 8 are 2, 2w and 2w?, where w = (:os2 +i sm— Show that their

3
sum is 0 and their product is 8.

Find the two square roots of 1 — i\/§, giving your answers in the form a + bi, with exact
values of aand b.

(4]

(4]

(2]
(2]
(4]

(2]

(2]

(3]

(3]
(2]
(2]

(4]

(4]

(4]

(4]

(3]

(4]
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14

15

16

17

18

19

20

21

22

23

24

25

26

27

Solve the equation z® = —4 + 4i, giving the roots in modulus-argument form with arguments
in (-, 1.

Solve the equation z* = 8 + 8\/§i, giving the roots in modulus-argument form with arguments
in (-, .

Solve the equation (z + 1) = 8, giving the solutions in the form a + bi.
Solve the equation z> = (/3 + i)?, giving the answers in the form a + bi.

Consider the equation z* + 4 = 0.
(@ Solve the eguation using modulus-argument form, giving the roots in the form a + bi.

(b) Hence write z* + 4 as the product of two real quadratic factors.

The roots of the equation z° = 64 are z,, z,, ..., Zs. Find the roots and find the exact sum of
those roots which have a positive imaginary part.

A sguare has its centre at the origin of an Argand diagram and one vertex at the point
representing 2 + i. Find the complex numbers representing the other three vertices, and find a

value ¢ such that all four vertices satisfy z* = c.

Consider the equation z° = 32.

(@ Solve the equation, giving the roots in modulus-argument form.

(b)  Sketch the roots on an Argand diagram and describe the shape formed when they are
joined in order.

() Find the area of the shape, correct to 3 significant figures.

Solve the equation (z + 1)* = (z — 1)

(4]

(4]

(4]

(3]

(4]

(5]

(3]

(1]
(3]

(8]

A student solves z3 = —8 and writes: "—8 = 8(cos 1 + i SIN1I), SO Z = 2(cos% +i sin%), and thisisthe only

root."

(@) Explain the errors in the student's solution.
(b) Find al three rootsin the form a + bi.

(c) Check that the three roots sum to zero.

The equation z* = w has aroot 3 + 3i.

(@ Findw.

(b) Find the other three roots of the equation.

(c) Thefour roots are the vertices of a square. Find its area.

Solve the equation z° + 7z® — 8 = 0, giving the roots in modulus-argument form with
arguments in (—11, 11].

Find the three cube roots of 1 — i. Give the roots in modulus-argument form with arguments
in (—1, 1], and give the root with the smallest argument in the form a + bi, with aand b
correct to 3 significant figures.

_ 2n . . 21
Letw = cosg- +ising¢.
(@ Showthatl+w+w?+w?+w*=0.
(b) By taking rea parts, show that cos%H + cos%H = —%.

c) Hence, using cos4—H = 2c0322—H — 1, find the exact value of cosz—n.
5 5 5

(2]
(3]
(2]

(2]
(2]
(2]

(7]

(6]

(3]

(3]
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28  Consider the equation z° = —64.

(@ Solve the equation, giving the roots in modulus-argument form. [3]
(b)  Show that the roots are the vertices of aregular hexagon and find its area. [3]
() Find the product of the six roots. [3]

29  Consider the equation z° =

(@) Solve the equation, giving the roots in the form a + bi. [2]

(b) Hence factorise z° — 1 into two real linear factors and two rea quadratic factors. [3]

(©) Hencesolvez*+z>+1=0. [3]
30 3_

Consider the equation ( g 1) =i.

(@ Solve the equation w* = i, giving the roots in modulus-argument form. [3]

1 _1l+w

(b ShowthatlfW—TlthenZ—l_W. [2]

(c) Showthatifw=cosq +i sin(pthenlli—\\llvv :icot% [2]

(d) Hence find the three solutions of the original equation in exact form. [2]
Roots of Unity
1 State the modulus of each of the fifth roots of unity, and the angle between consecutive roots

when they are plotted on an Argand diagram. [2]
2 Show that z =i is afourth root of unity. [2]
3 Write down the eight eighth roots of unity in the form cos 8 +i sin 6, where —1 < 9 =< 1. [2]
4 _ 2n . .20 . 2. oo .

W =cos—7- +isin—. Writew?in theformcos© +isn B, with—m <06 < 1. [2]
5 w isacomplex cube root of unity.

(@  Write down the value of w?>. [1]

(b)  Write down the value of 1 + w + w?. (1
6 How many of the seven seventh roots of unity are real? Give a reason. [2]

7 Sketch the fifth roots of unity on an Argand diagram and describe the shape formed when they

are joined in order. [3]
8 Solve z8 = 1, giving the solutions in the form a + bi. [3]
° w= 00323 +i sm Sumpllfy 0 w™*and w'®, giving each as 1, w or w2 [4
10  w isacomplex cube root of unity. Show that (1 — w)(1 — w?) = 3. [3]
11 w= 00525 +i sm . Show that |1 — w| = Zsin%. [3]
12 Find the smallest positive integer n for which (cos% +i sin%)n =1. [3]

13 The complex number z satisfies z° + z + 1 = 0. Show that z* = 1, and hence find the value of
2% +722+ 1 [3]
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14

15

16

17

18

19

20

21

22

23

24

2 .. 2 . . _
m=cos—n+|sm—n,wheren22|san|nteger.Showthat1+u)+oo2+...+oon 1=0, and

4 2(n— o

deduce that cos 0 + cosz— +C0s—~ + ... + COS = =0.

w isacomplex cube root of unity with w # 1. Find the exact value of v " Trof

Letoo=cosz7 +|sm2 By considering the real part of 1+ w + w? + ... + w® = 0, show
2 4 611 1
that cos—- = +C0S= +COS—= = —3.

Write down the fourth roots of unity and show them on an Argand diagram. Find the area of

the shape formed by joining them, and write z* — 1 as a product of two real linear factors and
one real quadratic factor.

21
W = COS—=

gt i sm . Show that the quadratic equation with roots w and w* isz? —

Zcos%nz + 1 =0, and write down the quadratic equation with roots w? and w>.

21

+IS|I’]3

20
The complex number w = cos—- 3

21

21
(@ Show that theroots of z° + z+ 1 = 0 are w and w?, where w = cos3- + i sm?

(b) Hencesolvez® + z® + 1 =0, giving the roots in the form cos © + i sin O, with —1 < 0
=1

w = cos2X +isinZL, and aand b are real numbers. Show that la+ bw|* = a® — ab + b? and

3 3’
hence find |3 + 2w|.

2n . . 21 _
W =Cos— +isn—,n= 2. Therootsof Z"=1arel, w, ..., w" L

(@ Showthal+z+z%+..+2"1=(z— w)(z— w? ... (z — w"}), and deduce that (1
—w)(l—-w).1-wYH=n

(b) Verify theresult for n=4.

2u _ |5

(©) Usetheidentity |1 — w¥| =2 sinkTrI with n =5 to show that sin% sin? =7

A student states that, for w = 00525

zero'.
(@ Explain the error in the student's statement.

(b)  Write down the correct value of 1 + w + w? + w? in terms of w.
(©) Hence find the modulus of 1 + w + w? + w?>.

_C052
W =CoS3

w2) for all complex numbers x, y and z, and use it to find the value of 13 + 2% + 3% —
3(1)(2)(3) intheform (1 + 2 + 3) x |1 + 2w + 3w?[%

+|S|n . Show that X3 +y3 + 22 — 3xyz = (X + y + 2)(X + Wy + W?2)(X + w?y +

n—-1

w= coszTH +i sinzTH, n= 2, andr is a positive integer. Show that 2 w =nwhenrisa
k=0

multiple of n, and O otherwise.

(4]

(4]

(4]

(4]

(4]

(2]

(3]

(5]

(5]
(2]

(3]

+|s|n2 1+ w + w? + w3 = 0 because "the roots of unity add up to

(2]
(2]
(2]

(6]



StemUp | Further Mathematics | Further Pure Mathematics: Complex Numbers | Question Pack

25

26

27

28

29

30

In a three-phase electrical supply the voltages in the three wires are represented by the complex numbers 'V,

21

=V, V,; =Vwand V, = Vw?, where V is a positive real number and w = cos2 +isin— 3

3
(@ ShowthaVy,+V;+V,=0.
(b) The voltage between wiresO and 1is [V, — V. Show that [V, — V| = \/§V.
(c) GivenV =230 volts, find the voltage between two wires to the nearest volt.

21
+|sm " Letc, = cosm

The fifth roots of unity are 1, w, w2 w?*, w* where w = cos2 5

5
Itisgiventhat z* + 22 + 22+ z+ 1= (2 — 2c,z + 1)(z° — 2c,z + 1).

(& By comparing coefficients, show that ¢, + ¢, = —% and c,c, = —%.
(b) Hence find the exact values of ¢, and c,.

21

21
W =Cos= +isin—.Leta= w+w?+wandp = wd+ w®+ wd

-
(& Show that o + B =
(b)  Show that off = 2.
(c) Hencefind a and B in the form a + bi, given that the imaginary part of o is positive.

w= cosz— +i st—H n= 2. Youmay usetheresult (1 — w)(1 — w?) .. (1 — w"™ Y =n.

(@ Show that |1 — wX |:23ianork:1,2, N — 1

. O . 21 . (n=1m _ n
(b) Hence prove that sin— sin—- ... sin-— = o1
(c) Check the result for n = 6.
2n + 21
W = Cos— i Sin—&- g
(@ Show that wX fork=1,2 4,5,7 8, aetherootsof 2 + 22+ 1= 0.
(b) Hence show that cos% + cos% + cos%H =0.

w isan nth root of unity, w # 1, wheren = 2.

1 .1
(@  Show that the real part of 1o 1S3
n—1

(b)  Hence find the value of 2 1 -

k=1

Geometrical Transformations Using Complex Numbers

1

The transformation T maps z tow = z + 3 — 2i. Find the image of the point 1 + i, and
describe T geometrically.

The transformation T maps z to w = 2z. Find the image of 3 — i, and describe T
geometrically.

The transformation T maps z to w = iz. Find the image of 2 + 3i, and describe T
geometrically.

The transformation T maps z to w = z. Find the image of 4 + 5i, and describe T geometrically.
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andc, =

(2]
(2]
(2]

41T
=

(4]
(3]

(2]
(4]
(3]

(3]

(3]
(2]

(4]

(4]

(4]

(2]

(2]

(2]
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11

12

13

14

15

16

17

18

19

20

A rotation through % clockwise about the origin, followed by an enlargement with scale
factor 3 and centre the origin, can be written asw = az. Find a, and find the image of the point
2+1.

The transformation T maps z tow = (1 + i)z. Find the images of 1 and of i, and describe T as
a combination of an enlargement and a rotation about the origin.

The transformation T maps z tow = 2z + 1 — i. Find the equation of the image of the circle |z]
= 1lunder T.

The transformation T maps z = x + iy tow = u + iv, where w = z + 1. Find the Cartesian
equation of the image of theliney = 2x.

The transformation T mapsz = x + iy tow = u + iv, where w = iz. Find the Cartesian equation
of theimage of theliney = x.

The transformation T maps z tow = (2 + i)z. Describe T as an enlargement followed by a
rotation about the origin, giving the angle of rotation correct to 3 significant figures.

Find the invariant points of each transformation.
@ w=3z—-14
(b) w=iz+1

The transformation T is a rotation through % anticlockwise about the point 1 + i. Show that T

can bewrittenasw =iz + 2.

The transformation T maps z to w = z2. Find the images of the points 1 + i, 2i and —3, and
show that the image of the circle |z| = 2 isthe circle |w| = 4.

The transformation T mapsz=x + iy tow = u + iv, wherew = % Show that T maps the line

x = 1 to part of the circle with equation u® + v = u.

ZZ: il . Show that T maps the real axis onto part of the

circlejw| =1, and find theimagesof z=0and z = 1.

The transformation T maps ztow =

The transformation T mapsz = x + iy tow = u + iv, where w = 7% Find the Cartesian
equation of the image of thelinex = 1 under T.

z+3
z—-1
circle jw| = 2. Find a Cartesian equation of the locus of z, and describe it.

The transformation T maps ztow = z # 1. Thelocus of z is mapped by T onto the

The transformation T maps ztow = (1 + i)z + 2. The square S has vertices0, 1, 1 +i and i.
Find the images of the vertices of S, and describe T as a combination of an enlargement, a
rotation and a tranglation.

The transformation T maps z to w = az + b, where aand b are complex constants. T maps 1 to
3anditol+2i. Findaandb.

A transformation P is a rotation through % anticlockwise about the origin, followed by an

enlargement with scale factor 2 and centre the origin. Write P in the form w = az, giving ain
the form p + gi with exact values, and find the image of 1 +i.

(2]

(3]

(3]

(3]

(2]
(2]

(3]

(4]

(5]

(5]

(4]

(5]

(4]
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22

23

24

25

26

27

28

29

The transformation T is given by w = & = —c, where aand c are real constants. T maps the point 2 +

z+cC’
i to the point 2 — i.
(& Find the value of aand the value of c.
(b) Find the invariant points of T.

z—1

m,Z# —-1.

The transformation T maps ztow =

(@ Show that T maps the imaginary axis onto the unit circle |w| = 1 (excluding one point).

(b)  Show that T maps the unit circle |z| = 1, z # —1, onto the imaginary axis.

(4]
(3]

(4]
(3]

A student is asked to find the image of the circle |z| = 3 under the transformation w = z%, and writes: "|w| =

2 x 3 =6, so theimage isthecircle |w| = 6."

(@ Identify the error in the student's working.

(b) Find the correct image of the circle |z| = 3.

(c) Explain why every point of the image circle comes from two different points of the
origina circle.

(2]
(2]

(2]

The region R of the z-planeis defined by |zl = 2and0 = argz = %. The transformation T maps ztow =

2

z°.
(@ Findtheareaof R.
(b) Describe the image of R under T, and find its area.

A point on an Argand diagram is rotated about the centre C, which represents 3 + 2i. The rotation is

described by w — ¢ = €%(z — c), wherec = 3 + 2i.

(@ Find the image of the point 5 + 2i under a rotation through % anticlockwise about C.

(b) Find the image of the point 1 + 5i under a rotation through % clockwise about C.

The transformation T mapsztow = (1 — i)z + 2.

(@ Describe T geometrically, giving the scale factor and the angle of rotation of the linear

part, and the tranglation.
(b) Find the image of thecircle [z — i| = 1 under T.
(c) Find the area of theimage of thedisc |z — i| = 1.

The transformation T maps ztow = 2+ 2 Z# 4.

z— 4’
(@ Given that |w| =1, show that z lies on the line with equation x + 2y = 3.
(b) Verifythatz=1+i lieson theline, and show that its image has modulus 1.
(c) Find the equation of the locus of z for which w isreal.

The transformation T mapsz=x + iy tow = u + iv, wherew = %

(@ Show that T mapsthecircle |z — 2| =2tothelineu = %.

(b) Show that T maps the circle |z — 3| = 1 to the circle with centre (g, 0) and radius %.

The transformation T maps ztow = e5z+2,
(8 Show that T has asingle invariant point and find it in the form a + bi.
(b) Show that T is arotation about the invariant point, and state the angle of rotation.

() A rotation of % anticlockwise about O is followed by a rotation of % anticlockwise

about 1. Show that the combined transformationisw = —z + 1 — i, and find its
invariant point.

(2]
(5]

(3]
(3]

(2]
(3]
(2]

(4]
(2]
(3]

(5]

(4]
(2]

(3]
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. 1 ) - .
The transformation T mapsztow =z + ~:Z# 0. Apointz=x+iy lieson thecircle |z] =, wherer >0
andr = 1, andw =u +iv.

(& Showthatu=(r+ %)cose andv = (r — %)sin 0, wherez =r(cos 0 + i sin 0), and

hence show that the image of the circleis an ellipse. 4
(b)  Show that the foci of the ellipse are at w = +2, whatever the value of r. [2]
(c) Describe the image of the circle |z| = 1. [2]
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