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Centres of Mass of Particles

1 (2 marks)

—_2x1+3x%x4

X=—>%%3 M

_ 14 _

=% = 28 m Al

Answer: 2.8 m 2 marks
2 (2 marks)

— _1x0+2%x2+3x%x5

X = 152+3 M1

=2 =317m AL

Answer: 3.17 m 2 marks
3 (2 marks)

§=2x1+3x1%+5x(_2)=0.4 M1

y=22323X0%5%2 2 16,5004, 16) A1

Answer: (0.4, 1.6) 2 marks
4 (2 marks)

. _6x2

Distance from A = 176 M1

=12m Al

Answer: 1.2 m 2 marks
5 (2 marks)

7= 0+6+0 _,

X=—73—= M1

_=#=1,so(2,1) Al

Answer: (2, 1) 2 marks
6 (2 marks)

. _ 2mx09

Distance = mEom M1

=0.6m Al

Answer: 0.6 m 2 marks
7 (3 marks)

2x0+3m+4x6 _

2+m+4 =35 M1

3m+24=35(6+m)=21+35m M1

05m=3,som=6 Al

Answer: 6 3 marks
8 (4 marks)

Take O as origin, OA along the x-axis: O(0,0), A(4,0), B(4,4), C(0,4) B1

= 0+t2x4+3x4+0 _,

X = 0 =2m M1

§=0+0+3lxo4+4x4=2.8m M1 Al

Answer: 2 m from OC, 2.8 m from OA 4 marks
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9 (3 marks)

Totalmaslekg:3x0+iox4+2p:3 M1

20+2p=30 M1

p=5 Al

Answer: 5 3 marks
10 (3 marks)

. _2x0+3x15+5x05

Distance from A = 57345 M1 Al

_ 1 _

=10~ 0.7m Al

Answer: 0.7m 3 marks
11 (5 marks)

(@ A:x=3tB:x=10— 2t B1

- 2x3t+3(10-21) _

X = 5 =6 M1 Al

Answer: 6 m 3 marks

(b) The centre of mass stays at rest at x = 6 B1

The total momentum 2 x 3+ 3 x (—=2) =0 B1

Answer: at rest 2 marks
12 (3 marks)

[ = 2(2|+J)+3(—|1+04J)+5(3| - 2) ML AL

=(16i +04)) m Al

Answer: (1.6i + 0.4)) m 3 marks
13 (4 marks)

V:lxo+32+xmo+6m:4,306m:12+4m M1 A1

m=6 Al

- _ 2%X0 _ ﬂ

X=—g— =3 B1

4

Answer: m =6,x=§ 4 marks
14 (5 marks)

m+n=38 Bl

2m+ 5n

10 =2.8,502m+ 5n =28 M1 A1l

Substitutem=8 — n: 16 + 3n =28 M1

n=4m=4 Al

Answer- m=4,n=4 5 marks
15 (4 marks)

L et the distance be x. 2x0+37x2+2X =1 M1 Al

6+2x=7 M1

Xx=0.5m Al

Answer: 0.5m 4 marks
16 (5 marks)

(a) By symmetry, the centre of massisat O B1

Answer: O 1 mark

(b) Take moments about O: the removed particle was at distance 0.5 m (radius of the hexagon = B1

side)

The remaining five particles have total moment about O of —m x 0.5 (sum of all six is zero) M1
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0.5m
5m
Answer: 0.1 m

Distance = = 0.1 m, on the opposite side of O from the removed particle

17 (5 marks)
5x0+2x1+3x%x3
@ 10
=11m
Answer: 1.1 m
(b) R = total weight =10 x 9.8

=98N
Answer: 98 N
18 (6 marks)
@V = 2(3i +j) + 3(—|1(;r 2))+50 —j)

=(0.8i +0.3)) ms™*

Answer: (0.8i + 0.3)) ms™!
(b)t=0: 2(2i) + 3(4Jl)o+ 5(=i +j) — (=0.1i + 1.7)) m
t=3:add 3% (0.8i +0.3)): (2.3i + 2.6)) m

Answer: (—=0.1i + 1.7)) m; (2.3i + 2.6)) m

19 (4 marks)
2><1+3><4+5a:3
10
14 +5a=30,a=3.2
2x2+3x%x(=1)+5b _
10 -
1+5b=10,b=1.8
Answer: a=32,b=18

1

20 (6 marks)
Take A asorigin, AB along the x-axis: A(0,0), B(6a,0), C(3a, 3av3)
—_3mx0+2mx6a+mx3a _ 15a _
X = &M =% = 2.5a
- mx3a/3 _ a/3
- 6m T 2

Centre of massis ? from AB, and 0.5a from the perpendicular bisector (x = 3a)

Answer : ? from AB; 0.5a from the bisector

21 (7 marks)
Take A asorigin, B =(a, 0),C= (%, ?)

a
mx0+2mxa+3mx 5

- 2 _Ta
X= 6m 1
3 xﬁ

yo "7 _ a3

Y="6m "2

) 498> 3 76&

2 _ o

Distance” = 7 + 35 = a2

. _a/76 _ a/19
Dlstance—T—T

Answer: The distance of the centre of massfrom A is a‘élg
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22 (6 marks)
Position vector of G = % M1 Al
. b+c
Position vector of M = T,sob +c=2m B1
a+2m 2
g=—73 =atz(m-2a) M1
S0 G lieson AM, with AG = 2AM AL
Hence AG.:GM =2:1 Al
Answer: G lieson the median AM, withAG: GM =2:1 6 marks
23 (6 marks)
The student has found the mean of the positions and ignored the masses El
- _ 2x0+3%x4+5x%x0
X = 10 M1
=12 Al
—_2x0+3x0+5x%x6
y= 10 M1
= 3, so the centre of massis (1.2, 3) Al
It is closer to the 5 kg particle at (0, 6) than the mean point is B1
Answer: (1.2, 3) 6 marks
24 (6 marks)
Moments about C: 2g x 0.4 =mg x 0.6 M1
_ 4
m= 3 Al
T=(2+3)g=327N ML AL
2x0+1x05+ 31
New position = 7 M1
2+1+ 3
3
_ 11,13 _ 11 _
—?T?—26—0.423m Al
Answer: m = 3; T =327 N; 0.423m 6 marks
25 (7 marks)
. 3x6+kx6
(a) Distance from OC: 0k M1 Al
_18+6k. . kx4+5x4 _ 4k+20
= 0Tk distance from OA: 07k - 107K M1 Al
A _18+6k _ 4k +20
nswer: 10+ K m, 10+ K m 4 marks
(b) 18 +6k =4k +20,s0k =1 M1 Al
Distance = % =218m Al
Answer: k=1; 218 m 3 marks
26 (6 marks)
. 3 m,d
Distance from the Sun = M+ m, M1
_ 190 x 10%" x 7.78 x 101 AL
"~ 1.99 x 10% + 1.90 x 107
=7.42x10°m A1
7.42 x 108 > 6.96 x 108, so the centre of mass lies outside the Sun E1Al
Answer: 7.42 x 108 m; outside the Sun 6 marks
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27 (10 marks)
Total mass = Sk = "D
(a) Total mass = gl == B1
n
Moment = > k* = w M1 A1
k=1
X = nin+ 1)(2n+1) . nin+ 1) .
6 2
_2n+1
=—3 Al
. .2n+1
Answer: The x-coordinate of the centre of massis 3 5 marks
(0) 22 = M1
n= 10 Al
Answer: 10 2 marks
n 2 2
(c) Total mass = w, moment = Y k* = % M1 AL
—_3n(n+1
X=20n+1) Al
o 3n(n+1)
Answer: m 3 marks
28 (9 marks)
(@) g= 13) + 2(2)) + 3(3l%+ 4(2i + 2 + 2K) V1AL
= ALK 09+ 1.2 + 1.7k AL
Answer: 0.9i + 1.2) + 1.7k 3 marks
(b) |OG| =V0.81 + 1.44 + 2.89 M1
=227m Al
Answer: 2.27 m 2 marks
(c) Total mass 20 kg: 10g + 10r = 20(i +j + k) M1
10r = (20 — 9)i + (20 — 12)j + (20 — 17)k M1 AL
r=211 + 0.8 + 0.3k Al
Answer: 1.1i + 0.8) + 0.3k 4 marks
29 (10 marks)
(a) Horizontal: % =4ms™t M1 AL
. o.omx8+2mx12 _ 32 _ 1
Vertical: —— 35 -3 -1067ms Al
Answer: 4m s, 332 mst 3 marks
(b) Each particle has vertical acceleration —g, so the centre of mass has vertical acceleration —g M1
X=4ty= 2t — 49t2 M1 A1
. X 8 49
Eliminatet = 7:y = 3x — 5% M1
_ 8 , _ 49 _
=3 b= 160 =0.306 Al
Answer: y = %x - %xz 5 marks
1024
(c) Greatest height when the vertical velocity is zero: 19 3 M1
=580m Al
Answer: 580 m 2 marks
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30 (10 marks)
(8) Writer; —p=(r; = g) + (9 — p)
Iri —pP=1Ir —gf+2(0ri —9)-g—p)+lg - pl
Multiply by m; and sum: the middle term is 2(Z m;r; — Mg)-(g — p)
and ~ m;r; = Mg, so the middle term is zero
Hence the result
Answer: |(p) = Z mj|r; — gl + M|g — p|?
(b) The first term does not depend on p, and M|g — pJ* = 0 with equality only whenp =g
Answer: p=g

—_0+2+12 _7
@©x=—F—=3
7 4 5 49+32+75 52
Leastvalue=1(3)° + 2(3)* +3(3)°= —9— =3
2
Answer: %

Centres of Mass of Rods and Laminae

1 (2 marks)
(a) Midpoint: 0.4 m from A
Answer: 0.4 m from A
(b) At the centre, 2 cm from AB and 3 cm from BC
Answer: 2 cm from AB, 3 cm from BC

2 (2 marks)
Distance = % x 9
=3cm

Answer: 3cm

3 (2 marks)
. _ 4 _4x6
Distance = z— = —~
=255cm

Answer: 2.55 cm

4 (2 marks)
; —_4x2+
Masses are proportional tolmgths:x:+ng
-_4x0+3x15 _ 9 8 9
y= 7 =12 %G 1)

Answer: (g, %) cm

5 (2 marks)
. _2r _ 10
[Nﬂanﬂi—;;-—;;

=3.18cm

Answer: 3.18 cm

6 (2 marks)
3r _ 3x8 _
@ -8 - 3cm
Answer: 3cm
h 12
(b) i7" 3 cm from the base

Answer: 3cm
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7 (4 marks)
Lengths 4, 3, 5 with centres (2, 0), (0, 1.5), (2, 1.5); total length 12 M1
— 4x2+3x0+5x%x2
X = 7 =15 M1 Al
— 4x0+3x15+5x15 _
y= 12 =1 Al
Answer: (1.5, 1) cm 4 marks
8 (3 marks)
Half-angle o = 60° = % radians B1
Distance = 2r35|n(x _ 2x 10 x sin 60 M1
o 3x I
3
=551 cm Al
Answer: 5.51 cm 3 marks
9 (5 marks)
_(?,24,_8
Area= _£ x“dx = 3 B1
— 8 _ 2 2 _ - _
xx§—£x-x dx=4,s0x=15 M1 Al
VX%:%LZX“dx:%,so?:l.z M1 AL
Answer: (1.5, 1.2) 5 marks
10 (3 marks)
The centre of mass is at the mean of the vertices M1
o lr7+a_
X = —3 = Al
- _1+2+8 _11
= —3 = ? Al
Answer: (4, %) 3 marks
11 (4 marks)
o, . 2r sina
Half-angle o = x distance from O along the bisector = 30 = 240 M1 A1
. _ . o_ 4r _4x9
Distance from each edge = 5.40 x sin 45° = 3 - an M1
=3.82cm Al
Answer: 3.82 cm 4 marks
12 (3 marks)
Half-angle a = 30° = % radians B1
. _rsina _ 12sin30°
Distance = o - - M1
6
=115cm Al
Answer: 11.5 cm 3 marks
13 (3 marks)
Rod: mass 2 at 0.6 m from A; particle: mass 1 at 1.2 m B1
. 2x06+1x12
Distance = —————— M1
=0.8m Al
Answer: 0.8 m 3 marks
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14 (5 marks)
Arc: length 1r, distance from the diameter % B1
Diameter: length 2r, distance 0 B1
Tor x 2 +2rx0
Distance = —————— M1
Ir + 2r
I
Trm+2) T m+2 Al
_e 10 _
r—5.n+2—1.94cm Al
Answer: 1.94 cm 5 marks
15 (7 marks)
(a)Areazﬁnsnxdx: M1 A1l
I — II
By symmetry about x = 5 X= 5 B1
Answer: area 2; X = % 3 marks
(b)yxzzéﬁnénzxdx:%ﬁn(l—cost) dx M1 A1
:%[x— % in 2x]0“:% M1
— o
y = 5 Al
Answer: They-coordinate of the centre of massis % 4 marks
16 (6 marks)
Area= £ xY2 dx = 5[x¥,* = % M1 A1
Ix B _ eege =2 _&
xx3—£x dx—5><32—5 M1
- 12
X=% = 24 Al
- 16 _ 1 p4 _ -_3
Xz =5) xdx=4,s0y= 74 M1 A1
Answer: (2.4, 0.75) 6 marks
17 (5 marks)
Height of A above BC =v13? — 5°=12cm M1 Al
AB and AC have centres 6 cm above BC; BC has centre on BC B1
. 10x0+13x6+13x6
Distance = 36 M1
_ 156 _ 13 _
—%—?—4.33cm Al
13
Answer: 3 = 4.33 cm 5 marks
18 (5 marks)
(a)V:n£3y2dx:n£3x4dx M1
_ X% 5 243m
=n[z]’ = % A1
Answer: The volume of the solid is MBTH 2 marks
_ 3 x8 7291
(b)xvznl; x-xtdx =m[%]o’ = —5— M1 AL
- _ 729, 243 _ :
X=—5 - T—Z.Sunlts Al
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Answer: 2.5 3 marks
19 (6 marks)
-1 -
Area—‘f ;dx—InS M1 A1
_ 31 -
xln3—jl‘ x-;dx-Z,sox-l.SZ M1 A1
. lpes1 o1 10 1
yIn3-§J;Fdx—§(1 3)-3 M1
y =0.303 Al
Answer: (1.82, 0.303) 6 marks
20 (6 marks)
20 r sin
Arc length = 10 x —- =20.9 cm, centre of mass at =8.27 cm from O M1 Al
Each radius has length 10 cm, with centre of mass 5 cos 60° = 2.5 cm from O measured along the M1 A1
bi sector
Dist _209x827+20%x25
Istance = 209+ 20 M1
=545cm Al
Answer: 545 cm 6 marks
21 (7 marks)
Take the centre O as origin, the laminabeing theregion —r = x <r, 0 <y < Vr? — x? B1
By symmetry the centre of mass lies on the y-axis B1
_mr?
Area= > B1
Lo o
Moment about the x-axis: ZL (r° — x%) dx M1
3 3 3
=%[rzx_x§]_r,=%x4%=2% M1 A1
vo2r .’ _ A
Y=73 "7 " Al
A A
nswer: 3 7 marks
22 (6 marks)
Rotate y = % 0 = x = h, about the x-axis (vertex at the origin) B1
__hrx? o mrth
V=n 3 dx = 3 M1 A1
— ., _prhorx® . mr? _h*_ mrth?
XV—H!XFC{X—FXT— 2 M1 Al
2142 2
X = % = %h = STh from the vertex, i.e. % from the base Al
Answer: % from the base 6 marks
23 (6 marks)
L NP S SN s o
V—n£ (re = x) dx = m(r 3)— 3 M1 Al
ivznﬁx(rz—xz)dx M1
_orxt Xt ot
= H[T T]O =7z M1 Al
gt 2m? 3
X=7 773 78 Al
3r
Answer: 5 6 marks
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24 (7 marks)
(@) Intersectionsat x =0and x =1 B1
1 1 1_1
Area:£(x—x2)dx:§—§:€ M1 AL
Answer: % 3 marks
(b)XX%:_ﬂlx(X—xz)dx:%—%21—12,3022% M1 AL
-1 1p 1,1 1 1
yxg=3f C-xhdx=5G -5 =7 M1
v=2
Y=g Al
Answer: (%, %) 4 marks
25 (6 marks)
;_lrj is the result for a semicircular lamina (ared), not for a wire (arc) El
For an arc of half-angle a = %: distance = rso?a = % M1 Al
_12 _
=0 = 3.82 cm Al
Lamina: 4%116 = 2.55 cm, which is closer to the diameter M1 A1l
Answer: 3.82 cm for the wire (lamina: 2.55 cm) 6 marks
26 (6 marks)
V:n£4x2dy:n£4ydy M1
y2
=n[5] o =8m Al
- 4 3 6411
yV=H_£ y-ydy=n[y§]04=T M1 AL
y= % + 8 = % = 2.67 units from the vertex Al
(on the axis, by symmetry) B1
Answer: V = 8, % from the vertex 6 marks
27 (9 marks)
2 x3 32
(a)Area:j:2 @—x)dx=[4— 3] " =7 M1 AL
By symmetry the centre of mass lies on the y-axis B1
- 32 1 p2 1 p2
yx?:zﬁz (4—x2)2dx:§j:2 (16 — 8x2 + x*) dx M1
_ 1, 512 _ 2%
~2% 15 T 15 Al
;o2 32_8
B Al
Answer: (0, %) 6 marks
(b) The centre of mass G is vertically below A, so angle OAG is the angle between the base AO M1
and the vertical
8
_0G _ 5 _
tan(OAG) = OA -2~ 0.8 M1
Angle = 38.7° = 39° Al
Answer: 39° 3 marks
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28 (8 marks)
Let the shell be 0 =< z < r, with z measured from the centre O along the axis B1
A thin band between heights z and z + dz has area 21ir dz M1 A1
Total area= 21'1r£r dz = 2mr? M1
r 2
Moment about the plane z = 0: _£ Z x 21r dz = 2mr x % =1r® M1 Al
. _mr’
Distance = oo = 2 Al
The distance from O is r/2, independent of the shape of the strips: each band's height is measured El
directly
Answer: % 8 marks
29 (12 marks)
(@ V= H£H/2y2 dx = H£n/2coszx dx M1
coS?X = %(1 +c0s2x), 0V = H[% - Smfx]o“’2 M1 A1
S
=nX =7 Al
l'I2
Answer: V = T 4 marks
(b)yxV = H£H/2x cos?x dx = %‘gmzx(l + C0S 2x) dx M1 Al
_ Xsin2x sin 2x _ Xsin2x  cos2x
fxcostdx- 5 —f 5 dx = 5t M1 A1
I 2 ; 2
j; x(1 + cos 2X) dx:[x7 xngx + COZZX]OH’Z:% —% M1 A1
=g Ly o4 _om 1
x=5(g =) X2~ 7 "1 M1
=0.467 Al
Answer : % - % = 0.467 8 marks
30 (9 marks)
Area=£elnxdx=[xlnx—x]1e=1 M1 AL
2
§><1=_£exlnxdx=[x7lnx]1e— e%dx M1 A1l
e 1 e?+1
:7_Z(e2_1): 7 Al
yx1=%fe(lnx)zdx=%[x(lnx)2—2x|nx+2x]1e M1 AL
= Jl(e—2e+2¢) — 2 = £ A1
2 _
Coordinates (eT+1, 8—22) =(2.10, 0.359) Al
2 —
Answer: (e :1, 6—22) = (2.10, 0.359) 9 marks
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Composite Bodies

1 (3 marks)
Rectangle: area 24 at (3, 2); square: area 4 at (5, 3)
- _24x3—-4x5 26
X=——%5—— =2 M1 A1
y=222 243 218 50(26,18) AL
Answer: (2.6, 1.8) 3 marks
2 (3 marks)
Vertical rectangle: area 12 at (1, 3); horizontal rectangle: area 8 at (4, 1)
col2x1+8x4
X= =5 =2 M1 A1
§=—12x3238x1=2.2 Al
Answer: (2.2, 2.2) 3 marks
3 (3 marks)
Masses « volumes. 91 x 4 = 3611 and 11 x 2 = 211, at heights 2 and 5 B1
.. 36%x2+2x5
Height = —25 M1
=216cm Al
Answer: 2.16 cm 3 marks
4 (3 marks)
Bar: area 12, centre 1 cm below the top; stem: area 8, centre 2 + 2 = 4 cm below the top B1
Dist _12x1+8x%x4
istance = ———5—— M1
=22cm Al
Answer: 2.2 cm 3 marks
5 (3 marks)
Areas; 251 (whole disc) and 411 (hole): remaining area 2111 B1
Dist _ 4nx3
I1Stance = i M1
= ; = 0.571 cm from O, on the opposite side to the hole Al
Answer: ; =0.571cm 3 marks
6 (3 marks)
Lamina: mass 6 at 3 cm from OC; particle: mass 1 at 6 cm B1
Distance = w = 2—74 =3.43cm M1 A1
Answer: 3.43 cm 3 marks
7 (4 marks)
.. o 4%x3
Rectangle: area 48 at 4 cm; semicircle: area —- at 8+ =3q " 9.27 cm B1B1
48x 4+ x 9273
Distance = o M1
48 + >
=520cm Al
Answer: 5.20 cm 4 marks
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8 (4 marks)
Hemisphere: V = %H x 6 = 14411, centre % = 2.25 cm below the plane face B1
Cone V = %n x 62 x 12 = 144, centre% = 3 cm above the plane face B1
Distance above the face = 2243 ;8%44 X225 M1
= 0.375 cm, in the cone Al
Answer: 0.375 cm above the plane face, in the cone 4 marks
9 (4 marks)
Square: area 64 at 4 cm; triangle: area 24 at 8 + g =10cm B1B1
Distance = W M1
_ 496 _
=88 = 5.64 cm Al
Answer: 5.64 cm 4 marks
10 (4 marks)
Rectangle: area 60 at 3 cm; semicircle: area 21T at % =0.849 cm B1B1
60 % 3 — 211 x o
Distance = & M1
60 — 20
=3.25cm Al
Answer: 3.25 cm 4 marks
11 (4 marks)
Cylinder: V = 161 x 10 = 16011, centre 5 cm from the undrilled end B1
Hole: V =41 x 5 = 201, centre 10 — 2.5 = 7.5 cm from the undrilled end B1
Digt _160x5—20x 75
istance = 170 M1
=4.64 cm Al
Answer: 4.64 cm 4 marks
12 (3 marks)
AB and CD each have length 4 and centre 2 cm from BC; BC has length 6 and centre on BC B1
. _4x2+4x2+6x%x0
Distance = o M1
= g =114 cm Al
Answer: 1.14 cm 3 marks
13 (4 marks)
Square: area 16 at 2 cm from AB; triangle: area% x4x3=6at % =1 cmfrom AB B1B1
. _16x2—-6x%x1
Distance = ———5—— M1
=26cm Al
Answer: 2.6 cm 4 marks
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14 (6 marks)
4(3a)
5 2 f om O B1B1
. 4mia? 4(2
Removed semicircle: area r;a = 2ma’, centre éna) = from O B1
2
Laminaarea= 9112 — 2ma® = 52‘3 M1
9r[a 4a 8a ;s 16a® _ 38a’
Moment: —— XH—Znaxﬁ—ma— 3 -3 M1
. B 38a3 . bma? _ 76a _
Dlstance—TvT—E—H—l.Gla Al
Answer: Z =16la 6 marks
15 (6 marks)
Cylinder: mass « 1ir’h, centre g from the common face Bl
Hemisphere: mass « %nr‘", centre % from the common face on the other side B1
Moments about the common face: rir’h x 2 é mird x % M1 Al
h2 r2
27 M
=" soh=
=5, soh= 72 Al
Answer: h = Vri 6 marks
16 (5 marks)
Cylinder: V = 961, centre 3 cm from the undrilled end B1
Cone removed: V = %H x 16 x 6 = 3211, centreg = 1.5 cm from its base, so 4.5 cm from the M1 A1l
undrilled end
Distance = 203~ 32x45 ;432 45 M1
=2.25cm Al
Answer: 2.25cm 5 marks
17 (6 marks)
Volumes: 21r® and z1'[(1)3 = L of the larger B1
-3 37 =3 9
3 3_r _ 3
Centres. ) and 3%5° 15 from O B1
V x ﬂ — ! X 1
. 8 8716
Distance = v M1 Al
V-3
3r 3r
8 T 128
= — M1
8
_ 5 8 _ 45
128777112 Al
Answer: The distance of the centre of mass of the remaining solid from O is % 6 marks
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18 (6 marks)

Triangle: area 3r?, centre % =r below the diameter B1

- mr? 4r '
Semicircle: area -, centre = above the diameter B1
2
% x :;1_1; —3r?xr
Distance above the diameter = > M1
a2+
2
.
-3
= 77 =—0510r M1 A1
3+ 7

So the centre of massis 0.510 r below the diameter, in the triangle Al

Answer: 0.510r below the diameter, in the triangle 6 marks
19 (6 marks)

(a) Volumes are proportiona to the heights (same base): 4 and 10 B1

Smaller cone: centre% =1 cm from O on its side; larger cone: centre 17? = 2.5 cm from O on the B1

other side

Moments about O, measuring towards the larger cone: w M1

= % = 1.5 cm towards the larger cone, so it liesin the larger cone Al

Answer: 1.5 cm from O, in the larger cone 4 marks

(b) Distance=10 — 1.5 M1

=85cm Al

Answer: 85cm 2 marks
20 (6 marks)

Take A as origin with AB aong the x axis and AD aong the y axis. Rectangle: area 96, centre (6, B1B1

4); hole: area 411, centre (3, 4)

X = w = 6.45 cm, y = 4 cm by symmetry M1 A1l

Gisverticaly below A, so the angle between AB and the vertical is the angle GAB: tan = #"52 M1

Angle = 31.8° Al

Answer: 31.8° 6 marks
21 (7 marks)

Square OABC: area 144 at 6 cm from OC; removed square: area a’® at (12 — g) cm B1B1

144 x 6 — 2(12 — )

a2 =55 M1
3
864 — 1287 + 5 = 792 — 5587 M1
3

S —65a?+72=0,50a — 133’ + 144=0 AL

a=4isaroot: 64 — 208 + 144 = 0, and the factorisation (a — 4)(a®> — 9a — 36) = (a — 4)(a — M1

12)(a+ 3)

a<l2anda>0,soa=4 Al

Answer: a=4 7 marks
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22 (6 marks)
(a) Cone: %Hrzh, centre% above the face B1
Hemisphere: %Hr3, centre % below the face B1

or*h h_ 2o 3

Equal moments: 3 X713 X3 M1
M oh=32 h=v3
12 - 7PN = h=var A
Answer: The centre of mass of the solid lies on the common plane faceif h = v3r 4 marks
212
(b) The cone's moment % then exceeds the hemisphere's, so the centre of mass is above the E1Al
face, in the cone
Answer: in the cone 2 marks
23 (6 marks)
The hole has been added instead of removed: the remaining areais 251 — 411 = 2111 El
Taking moments about O: 211 x d =251 x 0 — 411 x 3 M1
qo_12__34
o217 7 M
Distance = ; =0.571 cm from O Al
The negative sign shows that it lies on the opposite side of O from H B1
Check: the removed piece pulls the centre of mass away from the hole B1
Answer: 0.571 cm from O, on the side away from H 6 marks

24 (6 marks)
Lengths: AB=CD =6,DA =4,BC=4,arc=2n Bl
2%x2

Distances from AD: AB, CD: 3; DA: O; BC: 6; arc: 6 + =727 B1B1
Dist _6x3+6%x3+4x0+4%x6+2mmx7.273

istance = 56.08 M1 A1
=4.02cm Al
Answer: 4.02 cm 6 marks

25 (9 marks)

(a) Take A as origin, AB aong the x axis and AD along the y axis. The folded shape is the square B1
with triangle AEF removed, plus a second layer of triangle AEF reflected in EF
Square: area 144, centre (6, 6). Triangle AEF: area% x 6 x 6 =18, centroid (2, 2) B1
Reflection of (2, 2) inthelinex +y = 6is (4, 4): the folded triangle has centroid (4, 4) M1 Al
x= ax6- 1132 2+18x4 =6.25 cm, and y = 6.25 cm by symmetry M1 Al
Answer: 6.25 cm from AB and 6.25 cm from AD 6 marks
(b) Gisat (6.25, 6.25) and B is at (12, 0), so BG = (—5.75, 6.25) M1
BG is vertical and BC points along the y direction: tan(angle) = % M1
Angle = 42.6° Al
Answer: 42.6° 3 marks
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26 (6 marks)
Hemisphere: mass gnr"‘p, centre ﬂ below the face B1
Cone: V = nr2(2r) = 2r[r , Mass 2r[r3kp centre 2— = % above the face B1
Moments about the face: §nr3kp x 5 = §Hr3p x % M1 Al
k_3
5=3 M1
3
k= 7 Al
3
Answer: 7 6 marks
27 (10 marks)
(a) Rectangle: area 2ab, centreg from AB B1
2
Semicircle: area —— 5 centre % from AB on the other side B1
_ b _ mna® 4a
Centre of mass on AB: 2ab><§—7><3—H M1 A1
ab® = 2a sob= a\/— Al
Answer: The centre of mass of thelaminalieson AB if b = an/g 5 marks
(b) Rectangle: area 72 at 3 above AB; semicircle: area 181 at 4;6 = % below AB B1
_ 72x3 - 18m % ©
Distance above AB = =5 T 180 M1 A1
_ 216 — 144 _ o
= =5+ 5655 — 0-560 cm above AB (on the rectangle's side) Al
Answer: 0.560 cm on the rectangle's side 4 marks
3
(c) The rectangle's moment about AB, ab?, then exceeds the semicircle's 2% El
3
Answer: ab? > 2% 1 mark
28 (10 marks)
(a) Rectangle with sides aand h: area ah, centreg from DC B1
Triangle with base (b — @) and height h: area%(b — a)h, centre% from DC B1
Total area = 3h(a+ b) B1
2
Moment of the two parts about DC: ah x & (b a)h x @ M1
. _ h¥2a+b) . h(a+b) _ h(2a+ b)
Distance = 3 T T3 T 3@+ M1 Al
_ . . . h(b + 2a)
Answer: The distance of its centre of massfrom DC is 3@Th) 6 marks
6(10 + 8)
®) “5g "
_ 108 _ 18 _
—ﬂ———2.57cm Al
Answer: l =257cm 2 marks
(c)a= b: —— = 5 (arectangle) B1
a=0: g:; = (atriangle with base DC) B1
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h h
Answer : >3

29 (8 marks)
Parabolic region: area = L (4—x?dx= 2

1
yx % =3 L0 (16— x b= jlae - 1= g x B = 2

—_128 32 _12
oy="F*3=73

Hole: area% ay=3

32 12 I
3*5 73
2 _n
372

256 — 2.356
= 10,667 — 0.785 ~ 230 M

Answer: 2.35cm

Distance =

30 (9 marks)
The removed cone is similar, with height h and base radi us%
3h

Large cone: V = % R2(3h) = R?h, with centre L o the height from the base: -

nR’h

Small cone: V = §H(§)2h = centre above its base, which is 2h above the large base: on

S27

2
Frustum: V = nR?h(1 — ) ZGHR h

2|
Hthxs_h__Hthg_h E_
Distance = 4 21 4 -4 h
2611R’h 26
27 27

_2 _ %
_3 h

h—13.9cm

h
13

Answer: 9cm

13

Equilibrium of Rigid Bodies

1 (2 marks)
By symmetry, R, = Rg, and R, + Rg = 20g
Rar =Rz =98N
Answer: 98 N each

2 (2 marks)
Moments about A: 4R = 30g x 3
Rc=220N
Answer: 220 N
3 (2 marks)
Moments about the pivot: 30g x d = 40g x 1.5
d=2m
Answer: 2m
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4 (2 marks)

Resolving vertically: the smooth wall gives no vertical force M1

R=15x98=147N Al

Answer: 147 N 2 marks
5 (2 marks)

Moments about A: T x AB = 4g x A_28 M1

T=29=196N Al

Answer: 19.6 N 2 marks
6 (2 marks)

Moments about the pivot at distance x from A: 3g x = 5g(1.2 — X) M1

8x=6,30x=0.75m Al

Answer: 0.75m 2 marks
7 (4 marks)

Moments about A: 4R =40g x 25+ 30g x 5 M1 Al

R =612 N Al

R, =70g — R =735N Al

Answer: R, =735N, R =612 N 4 marks
8 (5 marks)

Moments about A: T sin35° x 1.6 = 6g x 0.8 M1 A1

__33 _

T= Sn3se 51.3N Al

Horizontal: H = T cos35° = 42.0 N (away from the wall) M1

Vertical: V =6g — T sin35° = 29.4 N (upwards) Al

Answer: T=51.3N,H =420N,V =294 N 5 marks
9 (5 marks)

Moments about A: S x 5 sin60° = 20g x 2.5 cos60° M1 Al

S=56.6 N, and friction F=S Al

R=20g=196 N, p = & = 0.289 ML AL

Answer: F=56.6 N, p = 0.289 5 marks
10 (4 marks)

Moments about A: 4Tz =50g x 2+ 30g x 1 M1 A1

Tg=318N Al

T,=80g — Tg =466 N Al

Answer: T, =466 N, Tz = 318 N 4 marks
11 (5 marks)

Moments about A: 1.5T =5g x 1 + 2g x 2 =9g M1 A1

T=6g=588N Al

Resolving verticaly: V + T =7g, so V = g = 9.8 N, upwards (the force is vertical asthereisno M1 Al

horizontal force)

Answer: T =58.8 N; 9.8 N upwards 5 marks
12 (3 marks)

Moments about A: 2Rg = 30 x 0.8 M1

Rz =12N Al

R,=30—12=18N Al

Answer: R, =18 N, Rg =12 N 3 marks
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13 (4 marks)
CD =4 — 05— 1=25m,; the centre of massis 1.5 m from C B1
Moments about C: 2.5R, =25g x 1.5 M1 A1
Rp =147 N, R =98N Al
Answer: R =98 N, Rp = 147 N 4 marks

14 (6 marks)
Vertical: R =100g = 980 N B1
Moments about A: S x 6 sin65° = 20g x 3 cos65° + 80g x 4 cos65° M1 Al

_ gx380 _

S= 6 an6s 289N Al
Horizontal: F = S; limiting friction F = pR M1
= o =029 AL
Answer: 0.295 6 marks

15 (7 marks)
Moments about A: T x 2 sin30° = 8g x 1 x cos30° M1 Al
T=679N Al
Horizontal: H=T =67.9 N, vertical: V =83 =784 N M1
Magnitude VH? + V2 = 104 N Al
Angle with the horizontal = arctan% =49.1° M1 Al
Answer: T =67.9 N; 104 N at 49.1° above the horizontal 7 marks

16 (5 marks)
The beam tilts about C when the reaction at A becomes zero B1
Moments about C: 60g(x — 4) = 409(4 — 3) M1 Al

_ 422
X =3 M1
X = 4.67 m from A Al
Answer: 4.67 m 5 marks

17 (7 marks)
The peg is smooth, so its reaction S is perpendicular to the rod B1
Moments about A: S x 2 = 8g x 1.5 cosb0° M1
S=378N Al
Vertical: R+ Scos50° =89, so R=54.1N M1 A1l
Horizontal: F = Ssin50° =29.0N, p = g =0.535 M1 A1
Answer: S=37.8N, p = 0.535 7 marks

18 (7 marks)
(a) Moments about the foot: Sx L sinb = mg x %cose, s0S= %cote M1 AL
F=S = pR=0.4mg, so %cote =04 M1
tan = o5 =125,0 = 513° AL
Answer: @ = 51.3° 4 marks
(b) Moments about the foot: SL sind = mg%cose +2mgL cosB, so S= gmg coto M1
R = 3mg: gmg cot = 0.4 x 3mg M1
cotd = 0.48, s0 0 = 64.4° Al
Answer: 0 = 64.4° 3 marks
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19 (6 marks)
Moments about A: T sin 30° x 4 = 40g x 2 M1 Al
T=392N Al
Horizontal: N =T cos 30° = 339 N. Vertical: F+ T sin 30° = 40g, so F =196 N M1 A1l
F < jN gives p = 220 = 0577 A1
Answer: T =392 N, n = 0577 6 marks
20 (6 marks)
Moments about B: H, x 1 =200 x 1 (the weight acts 1 m horizontally from B) M1 A1
H, =200 N Al
Horizontal equilibrium: Hg = 200 N in the opposite direction B1
Resultant at B = vV200? + 200? = 283 N M1 A1
Answer: Hy =Hg =200 N; 283 N 6 marks
21 (8 marks)
Vertical: R=90g =882 N B1
Greatest friction F = 0.3 x 882 = 265 N M1 A1
Horizontal: S=F B1
Moments about A with man at distance x: S x 5sin60° = 15g x 2.5 cos60° + 75g x cos60° M1 Al
265 x 5% 0.866 = 183.75 + 367.5X, SO X = 2.62 m M1 Al
Answer: 2.62 m 8 marks
22 (7 marks)
Angle ABC = 45° (since AB = AC) B1
Moments about A: T sind5° x 2 =10g x 1 + 4g x 2 M1 A1
__ 9% _
T=gn =~ 125N Al
Horizontal: H=T cos45° =9g=88.2 N M1
Vertical: V + T sind5° = 14g,s0V =59 =49 N Al
Magnitude = 101 N, at 29.1° above the horizontal Al
Answer: T = 125 N; 101 N at 29.1° above the horizontal 7 marks
23 (6 marks)
F = 1R only appliesin limiting equilibrium; in general F < pR and F is whatever is needed for El
equilibrium
Moments about A: S x 4 sin60° = 12g x 2 cos60° M1
__ 129 _ .
S= 5taeor = 339N, s0F=5=339N Al
F < 58.8 N, so the ladder does not slip B1
Limiting case: %cote =u=05 M1
tan® =1,s00 = 45° Al
Answer: F =339N (<588N); 0,,, =45° 6 marks
24 (7 marks)
Moments about A: P x 2 =40 x 1 x cos30° M1 Al
P=173N Al
P acts perpendicular to therod, so it is at 30° to the vertical: components P sin30° horizontal and B1
P cos30° upwards
Hinge components. horizontal X = P sin30° = 8.66 N (opposite to the horizontal component of P) M1
Vertical Y =40 — Pcos30° =25 N M1
Magnitude = 26.5 N Al
Answer: P =17.3 N; hingeforce 26.5 N 7 marks
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25 (7 marks)
By symmetry, the normal reaction at B isR = 10g = 98 N M1 Al
Consider AB. B is 3 cos60° = 1.5 m horizontally from A; the weight acts 0.75 m horizontally B1
from A
The rope is attached at the midpoint D, at a vertical distance 1.5 sin60° = 1.299 m below A B1
Moments about A for AB: R x 1.5 — 10g x 0.75 — T x 1.5 sin60° = 0 M1 Al
_ 147 -735 _
T= %99 - 56.6 N Al
Answer: 56.6 N 7 marks
26 (7 marks)
Vertical: floor reaction R = 90g B1
Horizontal: wall reaction S=T B1
Moments about A: S x 5 sin65° = 20g x 2.5 cos65° + 70g % X cos65° M1 Al
_ g(50 + 70x)
S= 5 tanes’ M1
T = 120 gives 50 + 70x = 2200 = 1313 M1
X <116 m Al
Answer: 1.16 m 7 marks
27 (10 marks)
Limiting friction at both ends: F; = p;R; a A (towards the wall), F, = 11,R, at B (upwards) B1
Horizontal: F; = R, B1
Vertica: R, + F, =mg B1
R1 + 1R, =mg and R, = 3Ry, 0 Ry(1 + 1311,) = mg M1
Moments about A (ladder length 2a): R, x 2asind + F, x 2acosd = mg x a cosd M1 A1
. _ . _ Himg
R,(2 sinB + 2j1,cos0) = mg cosH, with R, = T, M1

1+, — 2000, _ 11—,

Hence 2j1,(sinO + 11,c080) = (1 + 11,11,)cosH, so tand = n =~ M1
1 1
Note that F, acts upwards, so the wall friction helps to support the weight and R; < mg El
0 = arctan 5o = arctan 1.125 = 48.4° AL
1-
Answer: tan@ = %; 0 =484° 10 marks
1
28 (11 marks)

(a) Moments about A: Sx L sinB = mg%cos@ + Mg x cosf M1 AL
S- (mL +2Mx)g cos® _ (mL + 2Mx)g cotO

- 2L sno - 2L Al
Horizontal: F=S B1
Answer: when the man is at a distance x from A, the frictional forceat A is (mL + 221'_ X)g coté 4 marks
(b) R=(m+ M)g B1
Slipping would first occur when the man is at the top (x = L), where F is greatest: F = M1 Al
(m + 2M)g cot6

2
FsuR:wsu(m+M) M1
m+ 2M
tan® = m Al
Answer: The man can reach the top of the ladder without it dipping if tan @ = % 5 marks
15+120 _ 135 _

(c) tan® = 5x035x 75 ~ 5o5 — 2571 M1
0 = 68.7° Al
Answer: @ = 68.7° 2 marks
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29 (10 marks)
(a) Moments about C: 5R, =50g x 3 + 80g(x — 1)
70 + 80x
Ro = 70289 _ (14 + 16x)

Rc =130g — Rp = g(116 — 16x)
Answer: Ry = g(14 + 16x), R = g(116 — 16x)

(b) Beyond D the beam tips about D when R = 0: moments about D: 80g(x — 6) = 50g % (6 —

4)

X—6=125s0x=725m

Answer: 7.25m

(c) Man of mass M at B: moments about D: M g x 2 < 50g x 2
M = 50 kg

Answer: 50 kg

30 (10 marks)
The peg is smooth, so its reaction Sis perpendicular to the rod, at angle 6 to the vertical
__h . : h _
AC = g5 moments about A: S x < =mg acosd
S= mgasr;le cosd

H 2
Vertical: R+ Scosd =mg, so R=mg(1 — W)
mga sin®0 cosd
h
F<uR sop = F_ acosd sin?0
- ~ R h-acos?@sind
With the data: numerator = 0.5658, denominator = 0.7252, 1 = 0.780

Answer: p = 0.780

Horizontal: F= Ssin@ =

Moments and Couples

1 (2 marks)
Moment = force x perpendicular distance = 12 x 0.5
=6Nm
Answer: 6 N'm

2 (2 marks)
Perpendicular distance from B to the line of the force = 0.6 sin30° = 0.3 m
Moment=8x0.3=24Nm
Answer: 24N m

3 (2 marks)
Moment of a couple = force x perpendicular distance between the lines
=15x04=6Nm
Answer: 6 N'm

4 (2 marks)
15d =45
d=03m
Answer: 0.3 m

5 (2 marks)
Moment=xF, —yF,=2x4—-1x3
=5 N m anticlockwise
Answer: 5 N m anticlockwise
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6 (2 marks)

The perpendicular distance from C to line AB is the side length, 2 m M1

Moment = 10 x 2 = 20 N m (anticlockwise) Al

Answer: 20 N m anticlockwise 2 marks
7 (5 marks)

Components parallel to AB: 5 — 3=2N; parallel toBC: 6 N M1 Al

Resultant = V22 + 6 = 6.32 N Al

Angle with AB = arctang =716° Al

Moment about A (anticlockwise) =6x 4+ 3x3=33Nm B1

Answer: R =6.32 N at 71.6° to AB; moment 33 N m anticlockwise 5 marks
8 (4 marks)

(@ Moment=xF, —yF,=1x(=3) —2x4=—-11Nm M1

i.e. 11 N m clockwise Al

Answer: 11 N m clockwise 2 marks

(b) Position of A relativeto B is (—2i + 2j): moment = (—2)(—3) — (2)(4) = —2Nm M1

i.e. 2 N m clockwise Al

Answer: 2 N m clockwise 2 marks
9 (5 marks)

Components parallel to AB: 6 — 6 = 0; parallel to BC: 8 — 8 = 0, so there is no resultant force M1 Al

Moments about A: the force at B gives 8 x 4 = 32 and the force at C gives 6 x 3 = 18 (the forces M1 Al

at A and D have no moment about A), total 50 N m

The system is equivalent to a couple of moment 50 N m anticlockwise Al

Answer: couple of 50 N m anticlockwise 5 marks
10 (3 marks)

A couple cannot be balanced by a single force except another couple; the weight acts at the M1 Al

midpoint: moment of weight about A =3g x 1

Couple=29.4Nm Al

Answer: 294N m 3 marks
11 (4 marks)

Moving the force by a perpendicular distance d changes its moment by 12d, which can cancel the M1

couple

12d =18 M1 A1

d = 1.5 m, on the side that gives the opposite sense to the couple Al

Answer: 12 N parallel to theoriginal, 1.5 m away 4 marks
12 (5 marks)

The three forces are equal in magnitude and 120° apart, so their vector sum is zero M1 Al

The moment about A is due only to the force along BC: 6 x (perpendicular distance from A to M1 Al

BC) =6 x 2sin60° = 6V3

A couple of moment 6v3 N m (anticlockwise) Al

Answer: couple of 6V3 N m 5 marks
13 (4 marks)

Resultant = 12 + 9 + 4 = 25 N, downwards B1

Moments about A: 25x =9 x 1+ 4 x 3=21 M1 A1

x =0.840 m from A Al

Answer: 25 N downwards, 0.840 m from A 4 marks
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14 (7 marks)
Parallel to AB: 8 — 3=5N; parallel toBC: =5+2=—3N M1 Al
Resultant = V57 + 32 = 5.83 N, at 31.0° below the direction AB M1 AL
Moment about A: force at B (0, —5): 6 x (—5) = —30; forceat C (—3, 0): —4 x (=3) = +12; the M1
othersactat A: G, = —18 N'm
Line of action: moment about A of the resultant = x R, where it crosses AB at (x, 0): X x (—=3) = M1
—18
X =6 mfromA Al
Answer: 5.83 N at 31.0° below AB; crosses AB 6 m from A 7 marks
15 (5 marks)
Resolving paralel to BC: P— Q=0,s0Q =P M1
Moments about A (anticlockwise): P x 2 (forceat B) + 8 x 2 (forceat C) — 24=0 M1 AlA1L
2P=8,s0P=4andQ=4 Al
Answer: P=Q =4 5 marks
16 (5 marks)
Moment about O =3 x (—=2) —4x6=—30Nm M1 Al
Point (x, 0) on theline: x x (—2) — 0=—30 M1 Al
x = 15, so the point is 15i m Al
Answer: moment —30 N m; crosses x axis at (15, 0) 5 marks
17 (5 marks)
Resultant: 12+ P+ 8=30,s0 P=10 M1 A1l
Moments about A: 30x 2.2=PxAC+8x5 M1 A1
66 = 10 AC + 40, s0 AC=2.60m Al
Answer: P=10, AC=2.60m 5 marks
18 (5 marks)
Moments about A: couple G = 2.4g x 0.75 cos40° M1 Al
G=135Nm Al
A couple has no resultant force, so the hinge force balances the weight B1
Hinge force = 2.4g = 23.5 N, vertically upwards Al
Answer: G = 13.5N m; 23.5 N upwards 5 marks
19 (6 marks)
Take the direction of the force at A as positive: resultant =20 — 20+ 30 =30 N M1 Al
Moments about A: 30 x 0.75 — 20 x 1.5 = —7.5 N m (opposite sense) M1 A1
30 x = —7.5 would put the line of action at x = —0.25 m, i.e. 0.25 m from A beyond A on the M1
opposite side from B
Single force of 30 N, 0.25 m from A, beyond A Al
Answer: 30 N, 0.25 m from A on the side away from B 6 marks
20 (7 marks)
(&) Theresultant forceiszero: x:2+b—1=0,y:a—3+2=0 M1 A1
b=-1,a=1 Al
Answer:a=1,b=-1 3 marks
(b) Moment = x F, — y F, for each force M1
Filx1—-0=1F;0x(=3)—2%x(—=1)=2,F;:3%x2—-1x(=1)=7 M1 Al
Total = 10 N m, anticlockwise Al
Answer: 10 N m anticlockwise 4 marks

stemup.co.uk | page 25



StemUp | Further Mathematics | Further Mechanics: Centres of Mass and Rigid Bodies | Model Answers

21 (9 marks)
(a) Take A as origin, AB as the x direction and AD as the y direction. Components: x: 10 — 4 = M1
6, y: 7
Resultant = V62 + 72 = 9.22 N Al
at an angle arctan% =49.4° to AB Al
Answer: 9.22 N at 49.4° to AB 3 marks
(b) Moment about A: 7 x 5 (force at B) + 4 x 3 (force at C) = 47 N m anticlockwise M1 A1
Resultant at (0, y): moment about A = —6y (the x component 6 acts at height y) M1
—6y =47, soy = —7.83 m: the line meets AD extended beyond A, 7.83 m from A on the side Al
away from D
Answer: 7.83 m from A on AD extended beyond A (away from D) 4 marks
(c) For a couple the resultant must be zero, so the fourth forceis —(6i + 7j) N: magnitude 9.22 N M1
The fourth force passes through A, so the moment of the system about A is unchanged: 47 N m Al
anticlockwise
Answer: force of 9.22 N, oppositein direction to the resultant; couple of 47 N m anticlockwise 2 marks
22 (6 marks)
(a) The forces cancel as a resultant force, but their moments do not: they turn the body in the El
same sense
The moment of a couple is not zero; it is force x distance between the lines E1
Answer: A couple has zero resultant force but a non-zero moment (12 x 0.5=6 N m) 2 marks
(b) About a point on the first line: only the second force has amoment: 12 x 0.5=6 N m M1 Al
About the midpoint: each force has moment 12 x 0.25 = 3 N m in the same sense M1
Total = 6 N m, the same Al
Answer: 6 N m about both points 4 marks
23 (8 marks)
Components along AB: 8 + 5c0s120° + 3cos240° =8 — 25— 15=4 M1 Al
Components perpendicular (towards C): 5 sin120° + 3 sin240° = 123 - % =V3 M1 Al
Resultant = V4% + 3=4.36 N at arctan? = 23.4° above AB Al AL
Moment about A: only the force along BC contributes: 5 x (4 sin60°) = 10vV3=17.3N m M1
Perpendicular distance = % =397m Al
Answer: 4.36 N at 23.4° to AB; 3.97 m from A 8 marks
24 (8 marks)
(a2) Moments about A: 6g x 1 x cosd = 20 M1 A1
_ 20 _ - 0
cosh = Tgg = 0.3401, 0 =701 Al
Answer: 0 =70.1° 3 marks
(b) Couples have no resultant force El
Hinge force = 6g = 58.8 N verticaly upwards B1
Answer: 58.8 N upwards 2 marks
(c) Greatest moment of weight about A is58.8 N m, when the rod is horizontal B1
If the couple exceeds 58.8 N m, no angle gives equilibrium El
so the weight cannot balance it and the rod rotates B1
Answer: 58.8 N m 3 marks
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25 (6 marks)
Let the forces act at positionsry, 1, r5; the total moment about P (position p) is 2(r; — p) X F; M1
=2 xF—px2F M1 Al
2F; = 0, so the second term vanishes and the total moment X r; x F; does not depend on p Al
The system has no resultant force, so its only effect is aturning effect which is the same about E1
every point
This is the defining property of a couple E1
Answer: the moment is X r; x F;, independent of P 6 marks
26 (8 marks)
Resultant=(3—1+2, —2+4+1)=(4,3) N M1 Al
Momentsabout O: F;: 1 x (—2) —2x3=—8;F,;4x4—-0=16;F;;0—3%x2=—6 M1 A1
Total = 2 N m anticlockwise Al
For apoint (x, y) on the line of action: xRy —y R, =2,503x — 4y =2 M1 A1
x = 0:y = —0.500, the point (0, —0.500) M1
Answer: R = (4i + 3j) N; moment 2N m; 3x — 4y = 2, meetsy axis at (0, —0.500) 8 marks
27 (11 marks)
@x6—2=4y:4—-1=3 M1
Resultant = V4 + 37 = 5N, a arctany = 36.9° to AB ALAL
Answer: 5N at 36.9° to AB 3 marks
(b) Moments about A: 4 x 4 (forceat B) + 2 x 3 (forceat C) =22 N m M1 A1
For apoint (x, y) on theline: 3x — 4y = 22 Al
Answer: 3x — 4y = 22 3 marks
(c)y=0:x=7.33mfromA along AB B1
x =0:y =-=550m (so 5.50 m below A aong DA produced) B1
Answer: meets AB at x = 7.33; meets AD lineat y = —5.50 2 marks
(d) The additional force must be (—4, —3), magnitude 5 N, opposite to the resultant M1 A1
The resultant has moment 22 N m about A, so a clockwise couple of 22 N m is aso needed Al
Answer: 5 N opposite the resultant; clockwise couple of 22 N m 3 marks
28 (11 marks)
(a) Resultant magnitude = P — Q in the direction of P B1
Take moments about the point on the line of Q: Px d = (P — Q)x M1 A1
Moments about the point on thelineof P: Q xd=(P — Q) X, sox = P(de from the line of P, on M1 A1
the side of Q
which lies beyond the line of Q, on the side away from P Al
Answer: Resultant P — Q, at distance (PQTdQ) from the line of P, beyond Q 6 marks
(b) Resultant = 14 — 9 =5 N in the direction of the 14 N force M1
X = 9 X50'6 = 1.08 m from the line of the 14 N force, on the side of the 9 N force M1 Al
Answer: 5N; 1.08 m from the 14 N force's line, beyond the 9 N force 3 marks
(c) AsQ — P, the denominator P— Q> 0soXx — « El
The resultant force tends to zero and its line of action moves infinitely far away: the limitisa El
couple
Answer: the limit isa couple 2 marks
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29 (10 marks)
The centre of mass G is the midpoint of AC: AG = %\/0.82 +0.6°=0.5m M1 A1
Moment of the weight about A = 12g x AG sin@ M1
12x9.8x 0.5 xsnd =20 M1 A1
. 20

sinb = Sgg = 0.3401 M1
0 =19.9° Al
A couple has no resultant force, so the hinge force is 12g = 118 N, vertically upwards B1
The weight moment is greatest (58.8 N m) when AG is horizontal, so the couple cannot exceed B1A1
588N m

Answer: @ = 19.9°; hinge force 118 N upwards; couple at most 58.8 N m 10 marks

30 (11 marks)

(a) The forces along AB and DA pass through A, so have no moment about A B1
Forceat B: 0.5 x 6 =3 N m; forceat C: 0.5 x 10 =5 N m, both anticlockwise M1 Al
Total = 8 N m anticlockwise, independent of X Al
Answer: The moment about A is8 N m anticlockwise for every X 4 marks
(b) Components: along AB 10 — 10 =0, dlong BC 6 — X M1
The resultant force is zero when X = 6 Al
The system is then a couple of moment 8 N m (anticlockwise) Al
Answer: X = 6, couple of 8 N m anticlockwise 3 marks
(c) Theresultantis6 — 2 =4 N parallel to BC M1 A1
Moment about A of theresultant =4d =8,sod=2m M1 Al
Answer: 4 N; 2m from A 4 marks

Toppling and Sliding

1 (2 marks)
The block is about to topple when the vertical through the centre of mass passes through the pivot M1
edge
The centre of massis 0.2 m horizontally and 0.6 m vertically from the edge: tana = %, o= Al
18.4°
Answer: 18.4° 2 marks
2 (2 marks)
Limiting friction = pR = 0.4 x 59 M1
P=196N Al
Answer: 19.6 N 2 marks
3 (2 marks)
The block is on the point of sliding when tan = M1
tan25° = 0.466 < 0.5, so the block does not slide Al
Answer: it does not slide 2 marks
4 (2 marks)
Maximum friction = 0.3 x 12g = 35.28 N, which exceeds 30 N, so the block does not move M1
Friction=30 N Al
Answer: 30 N 2 marks
5 (2 marks)
Moments about the pivot edge: P x 0.4 = 20g x 0.2 M1
P=98N Al
Answer: 98 N 2 marks
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6 (2 marks)
It topples when the vertical through G passes through the lower edge of the base: tanf = 01

0=218°
Answer: 21.8°

o
N
a1

7 (5 marks)
Toppling about the far bottom edge: P x 0.8 = 15g x 0.15
topple =276N
Sliding needs P = pR = 0.4 x 159 = 58.8 N
27.6<58.8, soit topplesfirst, at P=27.6 N
Answer: P = 27.6 N; it topples

8 (5 marks)

Toppling when tanB = 025 =04,0=218°

Sliding when tan® = p = 0.6, 6 = 31.0°
21.8° < 31.0°, so the block topples first
Answer: topples at 21.8°; would dlide at 31.0°; topples first

9 (5 marks)
Toppling: P x 0.4 =mg % 0.3, so P =0.75mg
Resolving: friction F=Pand R =mg
For no diding F = pR: p = 0.75
Answer: p = 0.75

10 (4 marks)
Toppling: G is above the lower edge when tanf = a— 1a 1,0 =45

Sliding when tan® = 0.8, 6 = 38.7°
It slidesfirst, at 38.7°
Answer: dlidesfirst at 38.7° (would topple at 45°)

11 (5 marks)
Vertical: R+ T sin30° = 10g
Horizontal: T cos30° = 0.35R
T(cos30° + 0.35 sin30°) = 0.35 x 98
T=329N
Answer: 329N

12 (4 marks)
G is0.2 maong AB from the lower end and 0.45 m above AB

0.2

Topples when tan® = 045

0 =24.0°
Answer: 24.0°
13 (4 marks)
Toppling when tan® = —= = 0.5

For no sliding up to that angle n = tan®
p =05
Answer: p = 05
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14 (5 marks)

The centre of massis on the axis, 2 = 3 cm above the base

Topples when the vertical through G passes through the lower rim: tanf = %
0 =53.1°

No sliding needs 1 = tanf = %, sop =133

Answer: @ =53.1°; p = 1.33

15 (6 marks)
Moments about the pivot: P cos20° x 1.2 — P sin20° x 0.4 = 20g x 0.2
P=396N
Friction needed F = P c0os20° = 37.2 N; R =20g + P sin20° = 210 N
PR =629 N > 37.2 N, so it does not dlide: it tips
Answer: P=39.6 N; it tips

16 (5 marks)
Sliding when P = pmg = 0.4mg
Toppling when P h = mg x 0.25

Sliding first requires Pyjge = Pioppier 0.4Mg < O.Zﬁmg
h = 0.625m
Answer: h = 0.625 m
17 (5 marks)
Take the lower bottom edge as origin, x up the slope and y perpendicular to it
% = 6><O.28+2><O = 0.1500, § = 6><O.3;2><O.6 - 0.3750
Topples when tanB = % =0.4000
0=218°
Answer: 21.8°
18 (5 marks)

Gis ,:,1—12 above the diameter and r along it from each end

Topples when the vertical through G passes through the lower end of the diameter

r 3
tan® = Z = =z
3o
0 =67.0°
Answer: 67.0°
19 (5 marks)
Toppling: 0.8P = 20g x 0.3
P=735N

Sliding needs P = 0.5 x 20g = 98 N
73.5N <98 N, so the block topples about its far bottom edge before sliding
Answer: P =735 N; topples

20 (4 marks)
The condition for toppling is that the line of action of the weight through G passes through the
pivot edge
This depends only on the position of G, i.e. on the dimensions, not on the mass or the weight

tand = 22 =08

0.25
0 =38.7°
Answer: 38.7°
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21 (9 marks)
(a) G must be vertically above/below the point of contact C M1
OC = is perpendicular to the plane, at angle 6 to the vertical, so G is at horizonta distance r sinf M1 A1
from O
Gisalso at horizonta distance% sing from O,so%sin(p:sine Al
Answer: sing = % sin@ 4 marks
(b) singp < 1givessing < %, 0 <220° M1 AL
¢ = arcsin(g Sini5°) = 436° A1
Answer: @ = 22.0°; ¢ =43.6° 3 marks
(c) Friction F=mg sinB, R = mg cosO M1
p = tanl5° = 0.268 Al
Answer: p = 0.268 2 marks
22 (6 marks)
(a) The centre of massis at half the height, so G is 0.45 m above the plane, not 0.9 m E1l
015 1 4 oo
tane—m—§,9—18.4 M1 A1
Answer: G is0.45 m above the plane, so toppling occurs at © = 18.4° 3 marks
(b) Sliding occurs when tanf = 0.25, 6 = 14.0° M1 A1
Thisisless than 18.4°, so the block slides before it topples Al
Answer: Theblock slides at 14.0°, before it would topple 3 marks
23 (7 marks)
Origin at the lower bottom edge of A, x up the slope and y perpendicular to it B1
% = W =0.1800, ¥ = % = 0.2600 ML AL
Topples when tan6 = % =0.6923, 0 = 34.7° M1 A1
Slides when tan® = 0.6, 6 = 31.0° M1
It slides first (31.0° < 34.7°) Al
Answer: topple at 34.7°, dlide at 31.0°; slides first 7 marks
24 (7 marks)
Toppling is about the upper bottom edge: moments about it: 0.6P = mg cos20° x 0.2 + mg sin20° M1 AlA1L
x 0.3
Ptopple =475N Al
Sliding up the slope: P = mg sin20° + 1 mg cos20° = 98.0 N M1 Al
47.5N < 98.0 N, so the block topplesat P=47.5N Al
Answer: P = 47.5N; topples 7 marks
25 (8 marks)
. 1 0.002
(a) Volumes proportional to 0.01 x 0.3 = 0.003 and 3%001x02=—%— B1
Heights of the centres: 0.15 and 0.3 + 0.05 = 0.35 B1
_ _ 0.00045 + 0.0002333 _
= 0.0036667 =0.1864 M1 Al
Answer: The centre of massis 0.186 m above the base of the cylinder 4 marks
(b) tan® = % = 0.5366 M1
0 =282° Al
Answer: 28.2° 2 marks
() =tand M1
B = 0.537 Al
Answer: p = 0.537 2 marks
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26 (8 marks)
(a) Slidingat P=0.4 x 30g = 117.6 N B1
Toppling at P x = 30g x 0.25, i.e. P-735 M1
Sliding first needsll76<E S0 X < 0.625 M1 Al
Answer: The block slides before it topplesif x < 0.625 4 marks
(b) P=73.5 N (topples, since x > 0.625) M1 Al
Answer: P =73.5N; topples 2 marks
(c) P=117.6 N (dlides, since x < 0.625) M1 A1
Answer: P =117.6 N; dlides 2 marks
27 (11 marks)
(a) Toppling when P x 2b = mga,s;oP—%I M1 Al
Sliding when P = pmg, so toppling comes first when 192 umg,i.en > 55 a M1 A1l
Answer: The block topples beforeit didesif p > 2_b 4 marks
03 _
(b)u>10 0.3 M1 Al
p=2238%03 - 118N M1 AL
Answer: 1 >0.3; P=118N 4 marks
(c) Toppling Pkb=mga, P= —— kb ,slldlngP umg, so sliding is first ifp<k;ab M1 A1
Fora=0.3,b=05n= 05topplmgf|rstneedso5>05k,k>120 Al
Answer: k > 1.2 3 marks
28 (11 marks)
(a) Gisonthe median, = of the height above BC: height = = x 0.6 x ﬁ =0.1732m B1
Horizontal distance of G from B aongBC=0.3m B1
__03 _ — AP
tan@—m—\/&e—GO M1 A1
Answer: The lamina topples when @ = 60° if no other massis attached 4 marks
(b) Combined centre of mass: x = 0.3 (by symmetry) B1
7= 3m x O.l73ir;m x 0.5196 - 0.2598 ML AL
tand = o = 1155, 0 = 49.1°
508 — 1155, 6 = 49. M1 A1
Answer: @ = 49.1° 5 marks
(c) Sliding when tanf = p M1
Toppling first if 1 > tand gy = 1.155 Al
Answer: p > 115 2 marks
29 (12 marks)
(a2) Moments about the point of contact C M1
Therim point is at height r + r sing above C B1
G is at horizontal distance & 3 Sm(p fromC B1
Pr(l+sincp)=mg><%sincp M1 Al
_ 3mgsing
O P> BI+sng) “
~_ 3mgsing
Answer: P = m 6 marks
_3x2x98x05
B)P=—g%x15 M1
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P=245N Al
Answer: 245N 2 marks
(c) Friction F = P and normal reaction R = mg B1
F_ 3sng S .
R = 8T+sng)’ which increases with @ M1
Maximum at @ = 90°: % M1
Sop= 1% = 0.1875 suffices Al
Answer: p = 3/16 4 marks
30 (12 marks)
() G ison the axis, % from the base B1
Topples when the vertical through G passes through the lower rim M1
0= r _ 4r
tano = T h Al
7
Answer: The cone topples when tan@ = % 3 marks
(b) tanB = % = 1.667, 6 = 59.0° M1 A1
B = 1.667 Al
Answer: 59.0°; p = 1.667 3 marks
(c) Origin at the lowest rim point, x up the slope: cone G at (r, h/4), particle at (2r, 0) B1
M
. Mr+ T(Zr) 6r
X = —s = =S M1 A1
4
h
_ Mz n
y= =Y = g M1 Al
v
6r
tand = = 2 = 2500, 0 = 68.2° AL
5
Answer: @ = 68.2° 6 marks
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