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Centresof Mass of Particles

10

Particles of mass 2 kg and 3 kg are placed at the points x = 1 and x = 4 on a straight line (x in
metres). Find the x-coordinate of their centre of mass.

Particles of mass 1 kg, 2 kgand 3 kg areat x = 0, x = 2 and x = 5 respectively on a straight
line. Find the distance of their centre of mass from the origin.

Particles of mass 2 kg, 3 kg and 5 kg are at the points (1, 3), (4, 0) and (—2, 2) respectively.
Find the coordinates of the centre of mass.

Particles of mass 4 kg and 6 kg are at two points A and B, where AB = 2 m. Find the distance
of the centre of mass from A.

Three particles of equal mass are placed at the points (0, 0), (6, 0) and (0, 3). Find the
coordinates of their centre of mass.

y

m

m m X

Particles of mass m and 2m are attached to the ends of alight rod of length 0.9 m. Find the
distance of the centre of mass of the system from the particle of mass m.

Particles of mass 2 kg, m kg and 4 kg are placed at x = 0, x = 3 and X = 6 on a straight line.
The x-coordinate of their centre of massis 3.5. Find m.

Particles of mass 1 kg, 2 kg, 3 kg and 4 kg are placed at the vertices O, A, B and C of a
square OABC of side 4 m, as shown. Find the distance of the centre of mass from OA and
from OC.

C4kg B 3 kg

O1kg A2kg

Particles of mass 3 kg and 5 kg are at x = 0 and x = 4 on a straight line. A third particle of
mass 2 kg is placed at x = p so that the centre of mass of the three particlesisat x = 3. Find p.

A light rod AB of length 1.5 m carries particles of mass2 kg at A, 3 kg at B and 5 kg at the
point C where AC = 0.5 m. Find the distance of the centre of mass of the system from A.

2 kg 5 kg 3 kg
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Particle A of mass 2 kg is at x = 0 and moves with velocity 3 m s™* along the x-axis. Particle B of mass 3

kg isat x = 10 and moves with velocity —2 m s™2.,

(@ Find the x-coordinate of the centre of mass at time t seconds. [3]
(b) Describe the motion of the centre of mass, and explain your answer. [2]

Particles of mass 2 kg, 3 kg and 5 kg have position vectors (2i +j) m, (=i + 4j) mand (3i —
2j) m. Find the position vector of the centre of mass. [3]

Particles of mass 1 kg, 2 kg and m kg are placed at A(O, 0), B(6, 0) and C(0, 6) respectively.
The y-coordinate of the centre of massis 4. Find m, and the x-coordinate of the centre of
mass. (4]

Three particles of mass2 kg, mkgand nkg areat x =0, x =2 and x = 5 on a straight line.
The total massis 10 kg and the centre of massisat x = 2.8. Find m and n. [5]

A light rod AB of length 2 m carries particles of mass 2 kg at A and 3 kg at B. A third
particle of mass 2 kg is placed on the rod so that the centre of mass of the system is at the
midpoint of AB. Find the distance of this particle from A. [4]

Six particles, each of mass m, are placed at the vertices of aregular hexagon of centre O and side 0.5 m.
(@  Write down the position of the centre of mass. [1]
(b) One particle is removed. Find the distance of the new centre of mass from O. [4

A light rod AB of length 3 m carries particles of mass5 kg at A, 2 kg at a point C where AC=1m, and 3
kg at B. The rod rests in a horizontal position on a single support at its centre of mass. Take g = 9.8 m s™2.

5kg 2kg 3 kg
[ s ae———

>
1m

3m

(& Find the distance of the support from A. [3]
(b)  Find the magnitude of the force exerted by the support on the rod. [2]

Three particles A, B and C, of mass 2 kg, 3 kg and 5 kg, move with constant velocities (3i +j) ms™, (—i +
2))ms~tand (i —j) ms™t. Attimet = O their position vectors are 2i, 4j and (—i + j) metres respectively.

(@ Findthe velocity of the centre of mass. [2]
(b) Find the position vector of the centre of massat timet =0, and at timet=3s. [4

Particles of mass 2 kg, 3 kg and 5 kg are at the points (1, 2), (4, —1) and (a, b) respectively.
The centre of mass of the three particlesis at (3, 1). Find aand b. [4

Particles of mass 3m, 2m and m are at the vertices A, B and C of an equilateral triangle of
side 6a. Find the distance of the centre of mass from AB and from the perpendicular bisector
of AB. (6]

Particles of mass m, 2m and 3m are placed at the vertices A, B and C of an equilatera triangle

av19

of side a. Show that the distance of the centre of mass from A is 5 [7]

Three particles of equal mass are at the points with position vectors a, b and c relative to an
origin O. Show that the centre of mass G of the three particles lies on the median from A to
the midpoint M of BC, and that AG: GM =2: 1. [6]
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Particles of mass 2 kg, 3 kg and 5 kg are at the points (0, 0), (4, 0) and (0, 6). A student

writes: "x = 2 g *0 - 133and y= 0+ g *6 2, so the centre of massis (1.33, 2)." Explain
the error in the student's working, and find the correct coordinates of the centre of mass. [6]

A light rod AB of length 1 m carries a particle of mass 2 kg at A and a particle of mass m kg

a B. Therod is suspended from a string attached at the point C where AC = 0.4 m and hangs
in equilibrium with the rod horizontal. Find m and the tension in the string. A third particle of
mass 1 kg is then fixed at the midpoint of AB; find the distance from A of the point where the

string must be attached for the rod to hang horizontally. Take g = 9.8 ms™2

(6]

Particles of mass 2 kg, 3 kg, k kg and 5 kg are placed at the vertices O, A, B and C respectively of a
rectangle OABC with OA =6 mand OC =4 m.

C5kg Bk kg

0 2 kg A 3 kg

@
(b)

Find, in terms of k, the distances of the centre of mass from OC and from OA. [4]
Given that the centre of mass is equidistant from OA and OC, find k and the distance of
the centre of mass from OA. [3]

The Sun has mass 1.99 x 10% kg and Jupiter has mass 1.90 x 10%’ kg. Their centres are 7.78

x 10" m apart. Model each as a particle. Find the distance of the centre of mass of the Sun
and Jupiter from the centre of the Sun, to 3 significant figures. The radius of the Sun is 6.96 x

10® m; state whether the centre of mass lies inside the Sun. [6]

Particles of masses 1 kg, 2 kg, 3Kkg, ..., n kg are placed at the pointsx =1, x=2,x=3,...,X=n
respectively on a straight line (the particle of massk kgisat x = k).

@
(b)
(©

2n+1
3 [5]

Find n if the centre of massisat x = 7. [2]

Particles in the same pattern but placed at x = 1, 2, 3, ..., nwith masses 1, 4, 9, ..., n%:
find the centre of mass in terms of n. [3]

Show that the x-coordinate of the centre of massis

Particles of mass 1 kg, 2 kg, 3 kg and 4 kg are at the points with position vectors (i), (2]), (3k) and (2i + 2
+ 2k) metres respectively, relative to an origin O.

@
(b)
(©

Find the position vector of the centre of mass G. [3]
Find the distance OG, to 3 significant figures. [2]
A fifth particle of mass 10 kg is added. The centre of mass of al five particlesis now at

the point with position vector (i +] + k). Find the position vector of the fifth particle. [4]
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29  Two particles A and B, of masses m and 2m, are projected simultaneously from the same point O on
horizontal ground. A is projected with velocity (6i + 8j) m s~ and B with velocity (3i + 12)) m s, where i
is horizontal and j is vertically upwards. Take g = 9.8 m s™2. Neither particle has landed during the time
considered.

(@ Find the horizontal and vertical components of the velocity of the centre of mass at time

t=0. [3]
(b)  Show that the path of the centre of mass has equation of the formy = ax — bx?, and

find the exact values of aand b. [5]
(c) Find the greatest height of the centre of mass above O, to 3 significant figures. 2]

30  Particles of masses m;, m,, ..., m, are at the points with position vectorsr,, r,, ..., r,. The total massis M
and the centre of mass has position vector g. Let p be any fixed point and define I(p) = = my|r; — p|*.

(@ Show that I(p) = X mi|r; — g|* + Mg — pI*. (5]
(b) Deducethat I(p) is least when p is the centre of mass. 2]
(c) Particlesof mass1kg, 2kgand 3kgareat x =0, 1 and 4 on aline. Find the least value

of = m;(x; — p)? asp varies. [3]

Centres of Mass of Rods and Laminae

1 Write down the position of the centre of mass of each of the following uniform bodies.

(@ A rod AB of length 0.8 m. (1

(b) A rectangular lamina ABCD with AB =6 cm and BC =4 cm. 1
2 A uniform triangular lamina has a base of length 12 cm and perpendicular height 9 cm. Find

the distance of its centre of mass from the base. [2]
3 A uniform semicircular lamina has radius 6 cm. Find the distance of its centre of mass from

the centre of the straight edge, to 3 significant figures. [2]

4 A uniform wire is bent into an L shape OAB, with OA =4 cm aong the x-axis and OB = 3
cm aong the y-axis, where O is the origin and angle AOB = 90°. Find the coordinates of the

centre of mass of the wire. [2]
5 A uniform wireis bent into a semicircular arc of radius 5 cm. Find the distance of its centre of

mass from the centre of the circle, to 3 significant figures. [2]
6 Using standard results, find the distance of the centre of mass from the plane face of

(@ auniform solid hemisphere of radius 8 cm, [1

(b) auniform solid cone of height 12 cm. [

7 A uniform wire is bent into the shape of aright-angled triangle OAB with OA =4.cm, OB =3
cm and AB =5 cm, the right angle being at O. Taking O as origin with OA aong the x-axis,
find the coordinates of the centre of mass of the wire. [4]

8 A uniform laminais in the shape of a sector of a circle of radius 10 cm and centre O, with
angle 120° at O, as shown. Find the distance of its centre of mass from O, to 3 significant
figures.

>

O
(3]
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The region R is bounded by the curvey = x?, the x-axis and the line x = 2, as shown. A
uniform laminais cut in the shape of R. Find the coordinates of its centre of mass.

y

A

A uniform triangular lamina has vertices at (1, 1), (7, 2) and (4, 8). Find the coordinates of its
centre of mass.

A uniform laminais in the shape of a quarter of acircle of radius 9 cm, bounded by two
perpendicular straight edges OA and OB meeting at O. Find the distance of its centre of mass
from each of OA and OB, to 3 significant figures.

A uniform wire is bent into an arc of acircle of centre O and radius 12 cm, which subtends an
angle of 60° at O. Find the distance of the centre of mass of the arc from O, to 3 significant
figures.

A uniform rod AB has mass 2 kg and length 1.2 m. A particle of mass 1 kg is attached to the
rod at B. Find the distance of the centre of mass of the combined body from A.

A uniform wire of length (1ir + 2r) is bent into the shape of a semicircular arc together with its
diameter. Show that the distance of the centre of mass from the diameter is 2 and find

o+2’
the value of this distance when r = 5 cm, to 3 significant figures.

The region R is bounded by the curvey = sin x for 0 = x = 11 and the x-axis. A uniform lamina has the
shape of R.

y
0] | T x
(@) Findthe area of R, and write down the x-coordinate of the centre of mass.

(b)  Show that the y-coordinate of the centre of massis %.

Find the coordinates of the centre of mass of a uniform lamina bounded by the curvey = vx,
the x-axis and the line x = 4.

A uniform wireis bent into an isosceles triangle ABC with AB=AC=13cmand BC =10
cm. Find the distance of the centre of mass of the wire from BC.

(3]

(4]

(3]

(5]

(3]
(4]

(6]

(5]
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The region bounded by the curve y = x?, the x-axis and the line x = 3 is rotated through 211 radians about

the x-axis to form a uniform solid.
y

A

(0] 3 x

2430

(@  Show that the volume of the solid is 5

(b) Find the distance of the centre of mass of the solid from the origin.

A uniform laminais bounded by the curvey = % the x-axisand thelinesx = 1 and x = 3.

Find the coordinates of its centre of mass, to 3 significant figures.

A uniform wire is bent into the shape of the boundary of a sector of a circle of radius 10 cm
and centre O: two straight radii and a circular arc, with angle 120° at O. Find the distance of
the centre of mass of the wire from O, to 3 significant figures.

Prove that the centre of mass of a uniform semicircular lamina of radiusr is at a distance ;’—1;

from the centre of the straight edge.

A uniform solid cone has base radius r and height h. By considering the cone as a solid of

revolution, show that its centre of massis a distance % from its base.

A uniform solid hemisphere has radius r. By considering it as a solid of revolution formed by
rotating the region under the curve'y = vr? — x?, 0 < x < r, about the x-axis, show that its

. . 3 .
centre of mass is a distance @r from the centre of its plane face.

The finite region R is bounded by the curvesy = x? and y = x. A uniform lamina has the shape of R.

y

A

>
>

(0] X

(@ Findtheareaof R.
(b) Find the coordinates of the centre of mass of the lamina.

(2]
(3]

(6]

(6]

(6]

(6]

(3]
(4]
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A uniform wireis bent into a semicircular arc of radius 6 cm. A student writes: "The centre of

% = 2.55 cm from the centre
of the diameter." Explain the error, and find the correct distance, to 3 significant figures. Show
also how the distance would change if the body were a semicircular lamina of the same radius. [6]

.. .4 , .
mass of a semicircleis % from the centre, so the distanceis

The region bounded by the curvey = x?, the y-axis and the line y = 4 is rotated through 2

radians about the y-axis to form a uniform solid bowl-shaped body (a paraboloid). Find the

volume of the solid, and the distance of its centre of mass from the vertex, to 3 significant

figures. (6]

The region R is bounded by the curvey = 4 — x? and the x-axis. A uniform lamina has the shape of R, with
the x-axis as its base.

y

A

4

Iy
>

-z o 2

(@ Show that theareaof Ris % and that the centre of mass of the laminais at the point (O,

8

2). (6]
(b) Thelaminais freely suspended from the point A(2, 0) and hangs in equilibrium. Find

the angle between the x-axis and the downward vertical, to the nearest degree. [3]

Show that the centre of mass of a uniform hemispherical shell (a thin curved surface of radius
r, without its plane base) is at a distance % from the centre of the base. [Y ou may use the fact
that the area of the part of a sphere of radius r between two parallel planes at distance dz apart

is 2mr dz.] (8]
The finite region bounded by the curvey = cosx for 0 = x = % the x axis and the y axis is rotated through
21 radians about the x axis to form a uniform solid S.

2
(@ Show that the volume of Sis HT. 4

(b)  Show that the x-coordinate of the centre of mass of Sis % - % and find its value to 3

significant figures. (8]

A uniform lamina is bounded by the curve y = In x, the x-axis and the line x = e. Find the
exact coordinates of its centre of mass, and give them to 3 significant figures. [9
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Composite Bodies

1

A uniform rectangular lamina OABC has OA = 6 cm and OC =4 cm. A square of side 2 cm
is cut from the corner B, leaving the lamina shown. Find the coordinates of the centre of mass
of the remaining lamina, taking O as origin with OA along the x-axis.

SN
2 cm

A uniform laminais L-shaped, made from avertical rectangle 2 cm wide and 6 cm high and a
horizontal rectangle 4 cm long and 2 cm high joined to its foot on the right (so that the overall
width at the base is 6 cm), as shown. Find the coordinates of its centre of mass relative to the
bottom-left corner O, with axes along the two outer edges.

A uniform solid cylinder of radius 3 cm and height 4 cm has a second uniform solid cylinder
of the same material, of radius 1 cm and height 2 cm, placed on top of it with the same axis.
Find the height of the centre of mass above the base of the larger cylinder, to 3 significant
figures.

A uniform T-shaped lamina is made from a horizontal bar 6 cm by 2 cm on top of a vertical
stem 2 cm by 4 cm, the stem being centred under the bar. Find the distance of the centre of
mass from the top edge of the bar.

A uniform circular lamina has centre O and radius 5 cm. A circular hole of radius 2 cm is cut
out, with its centre 3 cm from O. Find the distance of the centre of mass of the remaining
lamina from O.

A uniform square lamina OABC of side 6 cm and mass 6 kg has a particle of mass 1 kg
attached at B. Find the distance of the centre of mass of the combined body from OC.

A uniform lamina consists of arectangle 6 cm wide and 8 cm high with a semicircle of radius
3 cm attached to one of its 6 cm sides, as shown. Find the distance of the centre of mass from
the opposite side of the rectangle, to 3 significant figures.

AR

(3]

(3]

(3]

(3]

(3]

(3]

(4]
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A uniform solid toy is made from a solid hemisphere of radius 6 cm and a solid cone of base
radius 6 cm and height 12 cm, joined so that their plane faces coincide. Find the distance of
the centre of mass from the plane face, and state which part of the toy contains it.

A uniform laminais formed by attaching an isosceles triangle, of base 8 cm and height 6 cm,
to one side of a square of side 8 cm, the base of the triangle coinciding with that side. Find the
distance of the centre of mass from the side of the square opposite to the triangle.

A uniform rectangular laminais 10 cm wide and 6 cm high. A semicircle of radius 2 cm, with
its diameter on the lower edge and its centre at the midpoint of that edge, is removed. Find the
distance of the centre of mass of the remaining lamina from the lower edge, to 3 significant
figures.

N

A uniform solid cylinder has radius 4 cm and height 10 cm. A cylindrical hole of radius 2 cm
and depth 5 cm is drilled into the centre of one circular end, along the axis. Find the distance
of the centre of mass of the remaining solid from the other (undrilled) end, to 3 significant
figures.

A uniform wire of total length 14 cm is bent into a U shape ABCD, withAB=4cm,BC=6
cm and CD = 4 cm, where angles ABC and BCD are right angles, A and D being on the same
side of BC. Find the distance of the centre of mass of the wire from BC.

A uniform sguare lamina ABCD has side 4 cm. An isosceles triangular piece, with base AB
and height 3 cm, is cut from the lamina. Find the distance of the centre of mass of the
remaining lamina from AB.

D C

4 cm

4 cm

A uniform laminais formed by removing a semicircle of radius 2a from a semicircle of radius
3a. The two semicircles have the same centre O and the same diameter, so that the laminais a
semicircular ring (a thick semicircular arc). Show that the centre of mass of the laminaisat a

76

distance FE from O along the axis of symmetry, and find this distance in terms of ato 3

significant figures.

A uniform solid is formed from a solid cylinder of radius r and height h joined to a solid
hemisphere of radius r, the plane face of the hemisphere coinciding with a circular end of the
cylinder. Given that the centre of mass of the solid is at the centre of the common plane face,

_ I
show that h = 73

A uniform solid cylinder has radius 4 cm and height 6 cm. A conical hole, with base radius 4
cm and height 6 cm, is hollowed out of one end of the cylinder, the base of the cone being the
circular end of the cylinder. Find the distance of the centre of mass of the remaining solid
from the other end, to 3 significant figures.

(4]

(4]

(3]

(6]

(5]
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A uniform solid hemisphere has radius r. A hemispherical hollow of radius % with the same

centre O and the same plane face, is removed. Show that the distance of the centre of mass of
45r

the remaining solid from O is 117"

A uniform laminais formed from a semicircle of radius r on top of an isosceles triangle with
base equal to the diameter of the semicircle and height 3r, as shown (an "ice cream cone"
shape). Find the distance of the centre of mass from the diameter, interms of r, to 3
significant figures, and state whether it lies in the triangle or the semicircle.

A uniform solid spindle is formed by joining together, at their circular bases, two solid cones of the same

(6]

(6]

material. The common base has radius 6 cm and centre O. The smaller cone has height 4 cm and the larger

cone has height 10 cm.

(@ Find the distance of the centre of mass of the spindle from O, and state which cone
contains it.

(b) Hence find the distance of the centre of mass from the vertex of the larger cone.

A uniform rectangular lamina ABCD has AB = 12 cm and AD = 8 cm. A circular hole of
radius 2 cm is cut from the lamina, its centre being 3 cm from AD and 4 cm from AB. The
remaining laminais freely suspended from A and hangs in equilibrium. Find the angle that
AB makes with the downward vertical, to 3 significant figures.

A uniform square lamina OABC has side 12 cm. A square of side acm is cut from the corner
B, with its sides along BA and BC. The centre of mass of the remaining laminais 5.5 cm
from OC (and, by symmetry, 5.5 cm from OA). Show that a® — 13a® + 144 = 0, and hence
find the value of a

A uniform solid is made from a solid cone of base radius r and height h joined to a solid hemisphere of
radius r, with their plane faces coinciding.

(@  Show that the centre of mass of the solid lies on the common plane faceif h=v3r.

(b) State, with areason, in which part of the solid the centre of mass lieswhen h > V3.

A uniform circular lamina has radius 5 cm and centre O. A circular hole of radius 2 cm, centre
H, is cut from the lamina, where OH = 3 cm. A student writes. "The mass of the remaining

4 x 3 _
o - 041

cm from O." Explain the error and find the correct distance and its direction relative to H.

laminais proportional to 251 + 411 = 2911, so the centre of mass s at a distance

(4]
(2]

(6]
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24 A uniform wireis bent to form the boundary of a rectangle ABCD with AB =6 cm and BC =
4 cm, together with a semicircular arc of diameter BC lying outside the rectangle. The wire
includes the side BC. Find the distance of the centre of mass of the wire from AD, to 3
significant figures.

D C

(6]

25 A uniform sguare lamina ABCD of side 12 cm has E and F as the midpoints of AB and AD respectively.
The corner triangle AEF isfolded along EF so that A lies on the centre of the square, and the folded triangle
lies flat on top of the lamina.

(@ Find the distances of the centre of mass of the folded lamina from AB and from AD. [6]
(b) Thefolded laminais freely suspended from the corner B and hangs in equilibrium. Find
the angle between BC and the vertical, to 3 significant figures. [3]

26 A solid hemisphere of radius r and uniform density p is joined to a solid cone with base radius
r, height 2r and uniform density kp, with their plane faces coinciding. The centre of mass of
the combined solid is at the centre of the common plane face. Find k. [6]

27 A uniform lamina consists of arectangle ABCD with AB = 2a and BC = b, together with a semicircle of
diameter AB attached on the side of AB away from the rectangle.

D C
A B
2a
(@  Show that the centre of mass of the laminalieson AB if b = a\/% [5]
(b) Find the distance of the centre of mass from AB when a= 6 and b = 6, stating on which
side of AB it lies. (4]
(c) Explain why the centre of massis on the rectangl€e's side whenever b > av % [1

28 A uniform trapezium lamina ABCD has AB paralel to DC, with AB = a, DC = b > a, and perpendicular
distance h between AB and DC.

a

A B
h
D C
b
(@ By dividing the trapezium into a rectangle and a triangle, or otherwise, show that the
. . . h(b + 2a)

distance of its centre of mass from DC is 3@ D) [6]
(b) Hence find the distance of the centre of mass from DC for atrapezium with AB = 4 cm,

DC=10cmand h=6cm. [2]

(c) Check your formulain the limiting casesa=b and a= 0. [2]
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A uniform laminais bounded by the curvey = x? and the liney = 4. A circular hole of radius

% cm, with centre on the y-axis at (0, 3), is cut from the lamina (units are cm). Find the

distance of the centre of mass of the remaining lamina from the x-axis, to 3 significant figures. [8]

A frustum of a uniform solid cone is made by removing, from a solid cone of height 3h and
base radius R, the smaller cone of height h cut off by a plane parallel to the base. Show that

%h

the centre of mass of the frustum is at a distance EE] from the larger plane face. Find aso the

distance when h = 13 cm. [9]

Equilibrium of Rigid Bodies

1

A uniform beam AB of mass 20 kg and length 4 m rests horizontally on two supports, one at
each end. Find the magnitude of the reaction at each support. Takeg = 9.8 ms™2. [2]

A uniform plank AB of mass 30 kg and length 6 m rests horizontally on supports at A and at
C, where AC = 4 m. Find the reaction at C. Takeg=9.8 ms™2. [2]

Two children sit on a light see-saw which balances horizontally on a pivot at its centre. One
child has mass 40 kg and sits 1.5 m from the pivot. The other has mass 30 kg. Find how far
from the pivot the second child sits. 2]

A uniform ladder of mass 15 kg rests with its lower end on rough horizontal ground and its
upper end against a smooth vertical wall. Find the normal reaction of the ground on the

ladder. Takeg=9.8 ms™2 [2]

A uniform rod AB of mass 4 kg is smoothly hinged to awall at A and is held horizonta by a
vertical string attached at B. Find the tension in the string. Takeg=9.8 ms™2 (2]

A light rod AB of length 1.2 m carries particles of mass 3 kg at A and 5 kg at B. Find the
distance from A of the point at which the rod balances on a pivot. [2]

A uniform beam AB of mass 40 kg and length 5 m rests horizontally on supports at A and at
C, where AC =4 m. A person of mass 30 kg stands at B. Find the reactions at the two
supports. Takeg = 9.8 ms™2,

40 kg 30 kg

} l

..3>‘.l>.

o>

(4]
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A uniform rod AB of mass 6 kg and length 1.6 m is smoothly hinged to a vertical wall at A
and held horizontal by alight string BC, attached to the wall at C vertically above A. The
string makes an angle of 35° with the rod. Find the tension in the string and the horizontal and

vertical components of the force exerted by the hinge on the rod. Takeg=9.8 ms™2.

(5]

A uniform ladder AB of length 5 m and mass 20 kg rests with A on rough horizontal ground
and B against a smooth vertical wall. The ladder makes an angle of 60° with the ground. Find
the frictional force at A and the least possible coefficient of friction between the ladder and

the ground. Takeg = 9.8 ms™2

B

60°

(5]

A uniform beam AB of mass 50 kg and length 4 m is held horizontally by two vertical ropes,
one attached at each end. A load of mass 30 kg is hung from the point of the beam 1 m from

A. Find the tension in each rope. Takeg = 9.8 ms™2 [4]

A uniform rod AB of mass 5 kg and length 2 m is smoothly hinged at A. A particle of mass 2
kg is attached at B. Therod is held horizontal by a vertical string attached at the point C of
the rod where AC = 1.5 m. Find the tension in the string and the magnitude and direction of

the force exerted by the hinge. Take g = 9.8 ms™2. [5]

A non-uniform rod AB of length 2 m and weight 30 N has its centre of mass 0.8 m from A. It
rests horizontally on supports at A and B. Find the reaction at each support. [3]

A uniform plank AB of mass 25 kg and length 4 m rests horizontally on two supports at C and
D, where AC = 0.5 m and BD = 1 m. Find the reaction at each support. Take g = 9.8 ms™2. [4
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14 A uniform ladder AB of length 6 m and mass 20 kg rests with A on rough horizontal ground

and B against a smooth vertical wall, at 65° to the horizontal. A man of mass 80 kg stands on
the ladder at a point 4 m from A, and the ladder is about to slip. Find the coefficient of

friction between the ladder and the ground, to 3 significant figures. Takeg = 9.8 ms™2.

B

man

65°

(6]
15 A uniform rod AB of mass 8 kg and length 2 m is smoothly hinged to a vertical wall at A. It
is held in equilibrium, inclined at 30° above the horizontal, by a horizontal string attached at B
and to the wall. Find the tension in the string, and the magnitude and direction of the force

exerted by the hinge on the rod. Take g = 9.8 ms™2.

B

Oo

16 A uniform beam AB of mass 40 kg and length 6 m rests horizontally on supports at A and at

C, where AC =4 m. A man of mass 60 kg walks from A towards B along the beam. Find how
far from A he is when the beam is about to tilt. Takeg = 9.8 ms™2.

man

)

A
C

..33‘.l>.

6 m

(5]
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17 A uniform rod AB of length 3 m and mass 8 kg rests with end A on rough horizontal ground,
in contact with a smooth horizontal peg at C, where AC = 2 m. The rod makes an angle of 50°
with the horizontal, as shown. Find the reaction at the peg, and the least value of the
coefficient of friction at A for the rod to remain in equilibrium, to 3 significant figures. Take g
=98ms 2

A

(7]

18 A uniform ladder of mass m rests with its lower end on rough horizontal ground, the coefficient of friction
being 0.4, and its upper end against a smoath vertical wall. The ladder makes an angle 6 with the horizontal .

B
0
i A
(& Show that the ladder can rest in equilibrium without anyone on it only if tan 6 = %
and find the least value of 0, to 3 significant figures. [4
(b) A man of mass 2m stands at the top of the ladder. Find the least value of 0 for
equilibrium, to 3 significant figures. [3]

19 A uniform rod AB of mass 40 kg and length 4 m hasits end A in contact with a rough vertical
wall. Therod is held in equilibrium in a horizontal position by alight string joining B to a
point C of the wall vertically above A, the string making an angle of 30° with the rod. Find
the tension in the string, and the least possible value of the coefficient of friction between the

rod and the wall, to 3 significant figures. Takeg = 9.8 ms™2, [6]

20 A uniform rectangular gate of weight 200 N and width 2 mis held in avertical plane by two
hinges A and B, with A vertically above B and AB =1 m. The lower hinge B supports the
entire weight of the gate and the hinges exert no vertical force at A. Find the horizontal
components of the forces at A and at B, and the magnitude of the resultant force at B. [6]



StemUp |

21

22

23

24

Further Mathematics | Further Mechanics: Centres of Mass and Rigid Bodies | Question Pack

A uniform ladder AB of length 5 m and mass 15 kg rests with A on rough horizontal ground,
the coefficient of friction being 0.3, and with B against a smooth vertical wall. The ladder
makes an angle of 60° with the horizontal. A man of mass 75 kg climbs the ladder. Find how
far along the ladder from A he can climb before it dlips, to 3 significant figures. Take g = 9.8
ms2,

B

man

60°

A uniform rod AB of mass 10 kg and length 2 m is smoothly hinged to a vertical wall at A. A
particle of mass 4 kg is attached to the rod at B. The rod is held horizontal by alight string
BC, where C ison the wall 2 m vertically above A. Find the tension in the string, and the
magnitude and direction of the force exerted by the hinge on the rod, to 3 significant figures.
Takeg=9.8ms™2

C

4k

A uniform ladder of mass 12 kg and length 4 m rests with its lower end A on rough horizontal
ground, the coefficient of friction being 0.5, and its upper end B against a smooth vertical
wall. The ladder makes an angle of 60° with the ground. A student writes: "The frictionisF =
R = 0.5 x 12g = 58.8 N, so the wall reaction is 58.8 N, and the ladder is in equilibrium."
Explain the error in this reasoning, find the frictional force actually acting, and find the
smallest angle with the horizontal at which the ladder can rest in equilibrium. Takeg=9.8 m
s2 (6]
A uniform rod AB of weight 40 N and length 2 m is smoothly hinged at A to afixed support.

A force P, perpendicular to the rod and in the vertical plane containing the rod, is applied at B

so that the rod isin equilibrium inclined at 30° above the horizontal. Find P, and the

magnitude of the force exerted by the hinge on the rod, to 3 significant figures.

B



StemUp | Further Mathematics | Further Mechanics: Centres of Mass and Rigid Bodies | Question Pack

25

26

27

Two uniform ladders AB and AC, each of mass 10 kg and length 3 m, are smoothly hinged
together at A and stand on a smooth horizontal floor with B and C on the floor, forming a
step-ladder. A light horizontal rope DE joins the midpoints D and E of the ladders, and each
ladder makes an angle of 60° with the floor, as shown. Find the tension in the rope, to 3
significant figures. Takeg = 9.8 ms™2

A
D F
60°
B C
(7]
A uniform ladder of mass 20 kg and length 5 m rests with its upper end against a smooth
vertical wall and its lower end A on a smooth horizontal floor. The ladder makes an angle of
65° with the floor and is prevented from slipping by a horizontal light string attached at A and
to the base of the wall. The string can withstand a tension of at most 120 N. A man of mass
70 kg climbs the ladder. Find the greatest distance along the ladder from A that he can climb,
to 3 significant figures. Takeg=9.8 ms™2,
B
man
65°
btr1
A
(7]

A uniform ladder AB of mass m rests in limiting equilibrium with A on rough horizontal
ground, coefficient of friction 11,, and B against a rough vertical wall, coefficient of friction

1 _
H,. The ladder makes an angle 6 with the horizontal. Show that tan 6 = ﬂ, and find 6
1
when 11, = 0.4 and p, = 0.25, to 3 significant figures.

2n

B

[10]



StemUp | Further Mathematics | Further Mechanics: Centres of Mass and Rigid Bodies | Question Pack

28 A uniform ladder of mass m and length L rests with its lower end A on rough horizontal ground, coefficient
of friction 11, and its upper end B against a smooth vertical wall. The ladder makes an angle 6 with the
horizontal. A man of mass M climbs the ladder.

B

A

(@  Show that, when the man is at a distance x from A, the frictional force at A is
(mL +2M x)g cotd

5L (4]
(b)  Show that the man can reach the top of the ladder without it dlipping if tan 6 =
m + 2M
2p(m+ M) (5]
(c) Giventhat m=15kg, M = 60 kg and 1 = 0.35, find the least angle 0, to 3 significant
figures. [2]

29 A uniform beam AB of mass 50 kg and length 8 m rests horizontally on two supports at C and D, where AC
=1mand AD = 6 m. A man of mass 80 kg walks along the beam from A towards B. When heis at a

distance x metres from A, the reactions at C and D are Rc and Rp,. Takeg=9.8 ms™2

man
A ¢ | D B
A A
<—> 1m :
6m

(& Find, for 1 < x < 6, expressions for R and Ry, in terms of x. [5]
(b) Find the greatest distance from A at which the man can stand without the beam tilting. [3]
() Find the greatest mass of a man who could walk the whole length of the beam to B

without it tilting. (2]

30 A uniform rod AB of mass m and length 2a rests with its lower end A on rough horizontal
ground, coefficient of friction 11, and rests against a smooth horizontal peg C at height h above
the ground. The rod makes an angle 6 with the horizontal. Show that the rod can rest in

acosd sin’Q
h — acos?0 sin®’
1.2 mand 6 = 50°, to 3 significant figures.

equilibrium only if 1 = Hence find the least value of p fora=1.5m, h=

[10]
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Moments and Couples

1 A force of magnitude 12 N acts at a perpendicular distance of 0.5 m from a point O. Find the
moment of the force about O.

2 A force of 8 N acts at one end A of alight rod AB of length 0.6 m, at an angle of 30° to the
rod. Find the moment of the force about B.

3 A couple consists of two parallel forces, each of magnitude 15 N, acting in opposite directions
along lines 0.4 m apart. Find the moment of the couple.

4 A couple of moment 4.5 N m is formed by two equal and opposite forces of 15 N. Find the
perpendicular distance between their lines of action.

5 A force F = (3i + 4j) N acts at the point with position vector (2i + j) m. Find the moment of
the force about the origin, stating its sense.

6 A force of 10 N acts along the side AB of a square ABCD of side 2 m, in the direction from
A to B. Find its moment about C.

7 Forcesof 5N, 6 N and 3 N act along the sides AB, BC and CD of arectangle ABCD, in the
directions A to B, B to C and C to D respectively, where AB =4 m and BC = 3 m. Find the
magnitude of the resultant force and the angle it makes with AB, and the total moment of the

forces about A.
3N
D «C
16 N
—
A 5 N B

8 A force F = (4i — 3j) N acts at the point A with position vector (i + 2j) m.
(@ Find its moment about the origin O.
(b) Find its moment about the point B with position vector 3i m.

(2]

(2]

(2]

(2]

(2]

(2]

(2]
(2]
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9 Forcesof 6 N, 8N, 6 N and 8 N act along the sides AB, BC, CD and DA of arectangle
ABCD, in the directionsA to B,Bto C, Cto D and D to A. Given that AB=4mand BC=3
m, show that the forces are equivalent to a couple and find its moment.

6 N
«— C

D
8 Nl

TSN
A—> B
6 N

(5]

10 A uniform rod AB of mass 3 kg and length 2 m is smoothly hinged at A and held in
equilibrium in a horizontal position by a couple. Find the moment of the couple. Take g = 9.8

ms™2. [3]

11 A forceof 12 N and a couple of moment 18 N m together act on a body. Show that they are
equivalent to a single force of 12 N, and find the distance of its line of action from the point at
which the origina force acts. [4]

12  Threeforces, each of magnitude 6 N, act along the sides AB, BC and CA of an equilateral
triangle ABC of side 2 m, in the directions A to B, B to C and C to A. Show that they are
equivalent to a couple and find its moment in exact form. [5]

13 Parallel forces of 12 N, 9 N and 4 N act downwards on a light rod AB at distancesOm, 1 m
and 3 m from A respectively. Find the magnitude of the resultant force and its distance from
A. [4]

14  Four forces act on arectangle ABCD with AB =6 mand BC=4m: 8 N along AB (A to B),
5N aong CB (Cto B), 3N along CD (Cto D) and 2 N along AD (A to D). Find the
magnitude and direction of the resultant, and the point at which its line of action crosses AB.

3N

D —

C

5~

21\!'_’
AT n B

15 Forcesof 8 N, PN, 8 N and Q N act aong the sides AB, BC, CD and DA of a square ABCD
of side2 m, inthedirections A toB,Bto C, Cto D and D to A. A clockwise couple of
moment 24 N m is also applied to the square, which isin equilibrium. Find P and Q.

8 N
«C

D
QNl
TPN
A—> B
8N

(5]



StemUp | Further Mathematics | Further Mechanics: Centres of Mass and Rigid Bodies | Question Pack

16

17

18

19

20

21

22

A force F = (6i — 2j) N acts at the point with position vector (3i + 4j) m. Find the moment of
F about the origin, and find the position vector of the point where the line of action of F
crosses the x axis. [5]

Three parallel forces act downwards on alight rod AB of length5m: 12N at A, PN a a
point C, and 8 N at B. The resultant of the three forcesis 30 N, acting at a point 2.2 m from
A. Find P and the distance AC.

12N PN 8N

Ay l vB

(5]

A uniform rod AB of mass 2.4 kg and length 1.5 m is smoothly hinged at A. A couple acts on

the rod, which isin equilibrium inclined at 40° above the horizontal. Find the moment of the

couple and the magnitude and direction of the force exerted by the hinge on the rod. Take g =

9.8ms™2 (5]

A rod AB of length 1.5 m has forces acting on it, al perpendicular to therod: 20N at A, 20 N

at B in the opposite direction, and 30 N at the midpoint M in the same direction as the force at

A. Show that the system reduces to a single force and find its magnitude and the distance of

its line of action from A. [6]

ThreeforcesF; = (2i + @) N, F, = (bi — 3j) N and F; = (—i + 2j) N act on arigid body at the points with
position vectorsi m, 2j m and (3i + j) m respectively, where a and b are constants. The three forces are
equivalent to a couple.

(@ Findthe values of aand b. [3]
(b) Find the moment of the couple about the origin, stating its sense. [4

Forcesof 10N, 7 N and 4 N act along AB (A to B), BC (B to C) and CD (C to D) of arectangle ABCD,
where AB=5mand BC=3m.

4N
< C

T7N
AN B

D

(@ Find the magnitude and direction of the resultant. [3]
(b) Find where the line of action of the resultant meets the line AD, extended if necessary. [4]
(c) A fourthforceisadded at A to make the system equivalent to a couple. Find this force

and the moment of the couple. [2]

A student says. "The forces in a couple are equal and opposite so they cancel. Hence a couple has no effect,
and its moment about a point is zero." The forces of a couple are 12 N, acting 0.5 m apart.
(@ Explain two errorsin the student's statement. [2]
(b)  Show that the moment of the couple about any point is the same, by finding it about a

point on the line of one force and about a point midway between the lines. [4
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Forces of 8N, 5N and 3 N act along the sides AB, BC and CA of an equilatera triangle ABC

of side4 m, in the directions A to B, B to C and C to A. Find the magnitude of the resultant

and the angle it makes with AB, and the perpendicular distance of its line of action from A,

giving answers to 3 significant figures. [8]

A uniform rod AB of mass 6 kg and length 2 m is smoothly hinged at A. A couple of constant moment 20
N m acts on the rod in a vertical plane, opposing the moment of the weight. Takeg = 9.8 ms™2.

(@ Find the angle that the rod makes with the horizontal in equilibrium. [3]
(b) State, with areason, the direction and magnitude of the force of the hinge on the rod. [2]
() Find the greatest couple that can hold the rod in equilibrium at some angle, and explain

the situation if the couple is greater than this. [3]

Forces F,, F,, F5 act on arigid body with F; + F, + F; = 0. Show that the total moment of the
three forces about a point P is independent of the position of P, and explain why this means
that a system of forces with zero resultant is equivalent to a couple. [6]

Three forces act in the x-y plane, with distances in metres and forces in newtons. F, = (3i —
2j) at the point (1, 2); F, = (—i + 4j) at the point (4, 0); F; = (2i +]) at the point (0, 3). Find
the resultant force, the total moment about the origin O, the eguation of the line of action of
the resultant, and the point where this line meets the y axis. [8]

Forcesof 6 N, 4N, 2 N and 1 N act along AB (A to B), BC (B to C), CD (Cto D) and DA (D to A) of a
rectangle ABCD, with AB =4 m and BC = 3 m. Take A asthe origin, AB aong the x axis and AD aong
they axis.

2N
‘_C

D
n

T4N
A—> B
6 N

(@ Show that the forces are equivalent to a single force and find its magnitude and

direction. [3]
(b) Find the equation of the line of action of the resultant. [3]
(c) Find the points where the line of action meets AB and AD (extended if necessary). [2]
(d) A single further forceis applied at A so that the whole system isin equilibrium. Find its

magnitude and direction, and the moment of the additional couple required. [3]

Two forces of magnitudes P and Q act in opposite directions along paralel lines a distance d apart, with P >

Q.
(@ Show that the resultant is a force of magnitude P — Q, and that its line of action lies at

distance PQTdQ from the line of P, on the side of Q, beyond the line of Q. [6]
(b) Forcesof 14 N and 9 N act in opposite directions along parallel lines 0.6 m apart. Find

the resultant force and the position of its line of action. [3]
(c) Explain what happens to the line of action as Q approaches P, and state what the limit

represents. (2

A uniform rectangular lamina ABCD of mass 12 kghasAB=0.8mand BC=0.6 m. Itis
smoothly hinged at A so that it can rotate in a vertical plane. A couple of moment 20 N m acts
on the lamina, which rests in equilibrium with the diagonal AC inclined at an acute angle 0 to
the downward vertical through A. Find 6, to 3 significant figures, the force exerted by the

hinge, and the greatest couple for which equilibrium is possible. Take g = 9.8 m s™2. [10]
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A light sguare frame ABCD of side 0.5 m lies on a smooth horizontal table. Forces act in its plane: 10 N
aong AB (A to B), 10N along CD (Cto D), 6 N along BC (B to C) and X N along DA (D to A).

(@  Show that the moment of the system about A does not depend on X. [4
(b) Find the value of X for which the system reduces to a couple, and the moment of this

couple. [3]
() For X =2, find the magnitude of the resultant force and the distance of its line of action

from A. [4]

Toppling and Sliding

1

A uniform cuboid has a rectangular base of width 0.4 m and height 1.2 m. It stands on a rough
horizontal table. It is tilted about one bottom edge. Find the angle through which it can be
tilted from the vertical before it topples. [2]

A block of mass 5 kg rests on arough horizontal surface, the coefficient of friction being 0.4.
A horizontal force P is applied to the block. Find the least value of P which makes the block
dide. Takeg=9.8ms™=2 [2]

A block rests on a rough plane inclined at 25° to the horizontal. The coefficient of friction
between the block and the plane is 0.5. Determine whether the block slides. [2]

A block of mass 12 kg rests on a rough horizontal surface with coefficient of friction 0.3. A
horizontal force of 30 N is applied to it. Find the frictional force acting on the block. Take g =
9.8ms™2 (2]

A uniform cube of side 0.4 m and mass 20 kg rests on a rough horizontal floor. A horizontal
force P is applied at the middle of atop edge, perpendicular to that edge, and is increased until
the cube is about to tip about the opposite bottom edge. Find P. Take g = 9.8 ms™2.

P

—
>

(2]
A uniform solid cylinder of radius 0.1 m and height 0.5 m stands with its base on a rough
plane. The plane is slowly tilted. Assuming the cylinder does not dlide, find the angle of
inclination at which it topples. [2]

A uniform cuboid of mass 15 kg has a rectangular base 0.3 m wide and height 0.8 m. It rests
on arough horizontal plane, the coefficient of friction being 0.4. A horizonta force Pis
applied at the top, in the vertical plane through the centre of mass and perpendicular to the
width, and is slowly increased. Find the value of P at which the cuboid starts to move, and
state whether it slides or topples. Takeg=9.8 ms™2

P

>
>

(5]
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A uniform rectangular block has base 0.2 m wide (measured down the slope) and height 0.5
m. It rests on a rough inclined plane, the coefficient of friction being 0.6. The incline is slowly
increased. Find the angle at which toppling would occur and the angle at which sliding would
occur, and state which happens first.

(5]

A uniform block of mass m, width 0.6 m and height 1.0 m rests on a rough horizontal floor. A
horizontal force P is applied at a point on the block 0.4 m above the floor. Find the least value
of the coefficient of friction between the block and the floor which alows the block to topple,
without sliding, when P is increased.

(5]

A uniform cube rests on a rough plane, with coefficient of friction 0.8, which is slowly tilted.
Find the angle at which the cube topples and the angle at which it dides, and say which
happens first. (4]

A block of mass 10 kg rests on a rough horizonta floor with coefficient of friction 0.35. It is
pulled by arope inclined at 30° above the horizontal. Find the tension at which the block is

about to slide. Takeg=9.8 ms™2 (5]

A uniform rectangular lamina ABCD has AB = 0.4 m and BC = 0.9 m. It rests on arough

plane inclined at angle O to the horizontal with the side AB in contact with the plane. The

plane is rough enough to prevent diding. Find the greatest value of 8 for which the lamina

does not topple, to 3 significant figures. [4]

A uniform solid cylinder of radius 5 cm and height 20 cm rests on a rough plane inclined at ©
with its base on the plane. Find the least value of the coefficient of friction for which the
cylinder topples before it slides as 0 is increased. [4

A uniform solid cone has base radius 4 cm and height 12 cm. It rests with its base on a rough

plane which is slowly tilted. Assuming no sliding, find the angle of tilt at which the cone

topples, to 3 significant figures. State the least coefficient of friction needed for it to topple

before it dlides. [5]

A uniform rectangular block of mass 20 kg has width 0.4 m and height 1.2 m, and stands on a
rough horizontal floor with coefficient of friction 0.3. A force P is applied at the top edge,
directed downwards at 20° below the horizontal, pushing towards the far edge. P is increased
until the block is about to tip about the far bottom edge. Find P, and determine whether the

block would slide before tipping. Takeg = 9.8 ms™2. (6]
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A uniform block of width 0.5 m stands on a rough horizontal floor, the coefficient of friction

being 0.4. A horizontal force P is applied to the block at height h above the floor, in the

vertical plane through the centre of mass. Find the greatest value of h for which the block

slides before it topples. [5]

A uniform block of mass 6 kg has a rectangular cross-section of width 0.4 m and height 0.6

m. A particle of mass 2 kg is attached to the block at the top corner nearest to the lower edge

of the slope. The block is placed on a rough plane inclined at 0 to the horizontal, with its

width measured down the slope. Find the greatest value of 0 for which the block does not

topple, to 3 significant figures. [5]

A uniform semicircular lamina of radius r has its diameter in contact with a rough plane
inclined at O to the horizontal, the curved edge uppermost, with the plane of the lamina
vertical. The laminais prevented from dliding. Find the greatest value of 6 for which the

lamina does not topple, to 3 significant figures. Y ou may use that the centre of massis ;—;I
from the diameter. [5]

A uniform rectangular block of mass 20 kg has width 0.6 m and height 1.0 m and rests on a
rough horizontal floor with coefficient of friction 0.5. A horizontal force P is applied at a
point 0.8 m above the floor and is gradually increased. Find the value of P at which the block

first moves, and describe the motion. Take g = 9.8 ms™2

P
——

(5]
Explain why the angle at which a uniform block topples on an inclined plane does not depend
on its mass, and find this angle for a block of base width 0.4 m (down the slope) and height
0.5 m, to 3 significant figures. [4]

A uniform solid hemisphere of radius r rests with its curved surface on arough plane inclined at 6 to the
horizontal. The centre of mass G is at distance % from the centre O of the plane face.

(@ Show that the hemisphere can rest in equilibrium with its plane face inclined at ¢ to the

horizontal where sing = % sind. [4]
(b) Find the greatest angle of the plane for which thisis possible, and find ¢ when 6 = 15°,

to 3 significant figures. [3]
(c) Statethe least coefficient of friction needed at 6 = 15°. [2]

A student writes: "A uniform block of width 0.3 m and height 0.9 m on a rough plane topples when tand =
0.15/0.9,s0 6 =9.5°."

(@ ldentify and correct the mistake. [3]
(b) The coefficient of friction between the block and the plane is 0.25. Say what happens as
the plane is tilted. [3]

A uniform cube A of side 0.4 m and mass 12 kg rests on a rough plane. A uniform cube B of

side 0.2 m and mass 3 kg rests on top of A, with the lower-slope faces of the cubes flush. The

coefficient of friction between A and the plane is 0.6 and B does not move relative to A. The

planeis slowly tilted. Find the angle at which the arrangement topples and the angle at which

it slides, and state which occurs first. (7
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A uniform rectangular block of mass 10 kg has width 0.4 m (along the slope) and height 0.6
m. It rests on a rough plane inclined at 20° to the horizontal, with coefficient of friction 0.7. A
force P acts parallel to the line of greatest slope, up the slope, at the top of the block, in the
vertical plane through the centre of mass. P is slowly increased from zero. Find the value of P

at which the block moves, and state whether it slides or topples. Takeg=9.8 ms™2

p

(7]

A solid is formed by joining a uniform solid cylinder of radius 0.1 m and height 0.3 m to a uniform solid
cone of the same material, radius 0.1 m and height 0.2 m, with the base of the cone on the top face of the
cylinder. The solid rests with the base of the cylinder on a rough plane. (The centre of mass of aconeisat a
quarter of its height from its base.)

(@  Show that the centre of massis 0.186 m above the base of the cylinder. [4
(b) The planeistilted, with no sliding. Find the angle at which the solid topples. [2]
(c) Find the least coefficient of friction that allows toppling before sliding. 2]

A uniform block of mass 30 kg has width 0.5 m and height 1.2 m. It rests on a rough horizontal floor, the
coefficient of friction being 0.4. A horizontal force P acts on the block at a height x metres above the floor,

in the vertical plane through the centre of mass. Take g = 9.8 ms™2.

P

—
(@ Show that the block dlides before it topples if x < 0.625. [4
(b) Find P and the type of motion when x = 1.0 m. [2]
(c) Find P and the type of motion when x = 0.5 m. [2]

A uniform rectangular block of mass m has width 2a and height 2b. It rests on arough horizontal floor, the
coefficient of friction being p. A horizontal force P is applied at the top of the block, in the vertical plane
through the centre of mass.

P

>

(8  Show that the block topples before it slides if p > 2—1. [4]
(b) Theblock hasa= 0.3 m, b = 0.5 m. Find the range of pu for which toppling occurs first,

and find the minimum force needed to tip a block of mass 40 kg. Takeg = 9.8 ms™2. [4
(c) Theforceisnow applied at height kb above the floor (0 < k < 2). Show that, for the

a
kb’
first when 11 = 0.5. [3]

same block, diding occurs first if p < and find the least k for which toppling occurs
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28 A uniform laminain the shape of an equilateral triangle ABC of side 0.6 m and mass 3m rests with BC on a
rough plane inclined at 6 to the horizontal, with C higher up the slope. The plane is rough enough to prevent

dliding.
(&  Show that the laminatopples when 6 = 60° if no other mass is attached. [4
(b) A particle of massm isfixed at A. Find the greatest angle for the plane for which the

lamina does not topple, to 3 significant figures. [5]
() Find the range of coefficients of friction for which the lamina topples rather than dlides. [2]

29 A uniform solid hemisphere of radius r and mass m rests with its curved surface on arough horizontal
plane. A horizontal force P is applied at the highest point of the rim of the plane face, and the hemisphere

rests in equilibrium with the plane face inclined at ¢ to the horizontal. The centre of massis % from the

centre O of the plane face.
3mg sing

(& ShowthatP= B(L+sng)" [6]
(b) Find Pwhen @ = 30° and m=2kg. Takeg=9.8ms2, [2]
(c)  Show that equilibrium is possible for every ¢ up to 90° provided that the coefficient of

friction exceeds a particular value, and find that value. [4]

30 A uniform solid cone of base radius r and height h rests with its base on a rough plane inclined at 0 to the
horizontal. The plane is rough enough to prevent diding.

(&  Show that the cone topples when tanf = %. [3]
(b) Forr=5cmandh= 12 cm find the toppling angle, to 3 significant figures, and the
least coefficient of friction needed for the cone to topple rather than dlide. [3]

(c) A particle of mass equal to a quarter of the mass of the cone is attached to the rim of the
base at the point highest up the slope. Find the new toppling angle. [6]



